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Abstract

The goal of this work is to describe translation and rotation invariant bounded linear operators over the sections of each homogeneous vector bundle of
the euclidean motion group. From the Schwartz kernel theorem, each such operator can be represented in a unique way as a convolution operator and the
composition coincides with the convolution of their kernels. In order to change these operators simultaneously into multiplicative ones we need a condition
about commutation of their kernels with respect to the convolution product. This motivates a generalization of the notion of Gelfand pair. The linear
functionals which “diagonalize” these operators are called spherical functions. We present their computation in three different ways.

Notation: G = K nN, N = R3, K = SO(3), where (k, x)(h, y) = (kh, x + k · y), (τ, Vτ) ∈ ŜO(3) of dimension 2m + 1 with m ∈ Z≥0.

Scalar case: τ is the trivial representation Vτ = C

•Homogeneous space: G/K ' R3, g ∼ gk ⇒ (I, x) ∼ (I, k)(k, 0) = (k, x).
Action of SO(3) nR3 on R3: translation & rotation.

•Sections: ũ : SO(3) nR3→ C / ũ(gk) = ũ(g) or u : R3→ C.

SO(3) nR3 acts on ũ ≡



R3 acts on u by translation
SO(3) acts on u by (k · u)(x) := u(k−1 · x)

Matrix case: τ non-trivial

•Homogeneous fiber bundle: G×τ Vτ , (g, v) ∼ (gk, τ (k)−1v).
Action of G on the fiber bundle: g′ · (g, v) = (g′g, v) (left action)

•Sections: ũ : SO(3) nR3→ Vτ / ũ(gk) = τ (k)−1ũ(g) or
u : R3→ Vτ via u(x) 7−→ u(k, x) = τ (k)−1u0(x).

SO(3)nR3 acts on ũ ≡



R3 acts on u by translation
SO(3) acts on u by (k · u)(x) := τ (k)u(k−1 · x)

•Kernel: f : R3→ C such that f (k · x) = f (x) i.e. radial function.
• (K nN,K) is a Gelfand pair if the algebra of K-invariant integrable
functions on N is commutative with respect to the convolution product. X

• rotation-invariant (radial) bounded function φ is spherical if the map

f 7−→ (F(f ))(φ) :=
∫
R3
f (x)φ(−x) dx (spherical transform)

is a homomorphism from integrable rotation-invariant kernels to C
or equivalently if φ(0) = 1 and φ is a joint eigenfunction for all
translation & rotation invariant differential operators.

• translation & rotation invariant differential operators: Laplacian ∆.
•Eigenvalues: −s2 with s ∈ R≥0 .

•Kernel: F : R3→ End(Vτ) bi-τ -equivariant i.e. F (k ·x) = τ (k)F (x)τ (k)−1

• (K nN,K, τ ) is a commutative triple if the algebra of such integrable
kernels is commutative with respect to the convolution product. X

• a non-trivial bi-τ -equivariant bounded function Φ is τ -spherical if the map

F 7−→ (F(F ))(Φ) := 1
2m + 1

∫
N

Tr[F (x)Φ(x−1)] dx (τ -spherical transform)

is a homomorphism from integrable bi-τ -equivariant kernels to C
or equivalently if Φ(0) = I and Φ is a joint eigenfunction for all
N -invariant and bi-τ -equivariant differential operators.

• translation-invariant & bi-τ -equivariant differential operators: ∆ & dτ (∂x).
•Eigenvalues: (−s2, sj) with s ∈ R≥0 and j ∈ Z −m ≤ j ≤ m.

τ−spherical functions (matrix case)

as linear combination of scalar SO(3)-invariant functions as Fourier transforms of proyection-valued as bi-τ -equivariant differential operators

times End(Vτ)-valued bi-τ -equivariant polynomials measures on SO(3)-orbits applied to scalar-valued spherical functions

Φs,j(x) = φs(|x|)I + v
(s,j)
1 φ1

s(|x|)Q1(x) + ... + v
(s,j)
2m φ2m

s (|x|)Q2m(x) Φs,j = (2m + 1)P̂j( .s)σs where: Φs,j = (2m + 1)Ds,j(φsI)

where: φks(r) multiple of Jj+1
2
(sr)/(sr2 )j+

1
2 (J Bessel function) σs: O(3)-inv measure of s-sphere in R3 where: φs is scalar-spherical function

Qk: bi-τ -equivariant matrix - entries: harmonic homogeneous deg. k polynomials Pj(ξ) ∼ Π
√
−1dτm(ξ) + lI, ξ ∈ S2, Ds,j ∼ Π 1

sdτ (∂x)− lI

{Qk}2m
k=0 generates (as C[|x|2]-module) the bi-τ -equivariant polynomials product over −m ≤ l 6= j ≤ m, which arises from (product over l 6= j; −m ≤ l ≤ m)

(v(s,j)
k ) eigenvector of dτ (∂x) on < {φksQk}2m

k=0 > decomposing the action of {k ∈ K/k · ξ = ξ} on Vτ proof: uses the characteristic polynomial of dτ (x)

• Inversion formula: for f radial integrable function such that its Fourier
transform is integrable

f (x) =
∫∞

0
F(f )(φs) φs(x) s2 ds.

• Plancherel measure: s2 ds,
the dual space is identified with [0,∞) via the correspondence s 7−→ φs.

• Inversion formula: for F bi-τ -equivariant integrable function such that its
classical Fourier transform is integrable

F (x) =
m∑

j=−m

∫∞
0
F(F )(Φs,j) Φs,j(x) s2 ds.

• Plancherel measure: is the product measure of the Plancherel measure
associated to the Gelfand pair and a finite sum of deltas.
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