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Motivation

von Neumann and Gabor

J. von Neumann (1932), Foundations of quantum mechanics
The set of functions {e2πilte−π(t−k)2

: k , l ∈ Z} spans a dense
subspace of L2(R)
Answer: YES (Bargmann, Perelomov, etc. 1970s)

D. Gabor (1946), information theory
Every function f ∈ L2(R) can be expanded into a series

f (t) =
∑

k ,l∈Z
ckle2πilte−π(t−k)2

Discrete expansion with respect to coherent states.
Answer: YES and NO (Bastiaans, Janssen, etc. 1980s)
Series is unstable and converges only in S ′(R)

Gabor expansions
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Motivation

Local Fourier Analysis

Expand f into local Fourier series by segmentation

f (t)χ[k ,k+1](t) =
∑

l∈Z
ckle2πilt

with

ckl =

∫ k+1

k
f (t)e−2πilt dt

so that
f (t) =

∑

k ,l∈Z
ckle2πiltχ[k ,k+1](t)

in L2(R.
Not interesting, because |ckl | = O

(
|l |−1)

Representation of f is not sparse
Improvement: smooth cut-off
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Motivation

Time-Frequency Shifts

Translation operator: Tx f (t) = f (t − x)

Modulation operator Mξf (t) = e2πiξ·t f (t)

Time-frequency shift (phase-space shift): z = (x , ξ) ∈ R2d , t ∈ Rd

π(z)f (t) = e2πiξ·t
︸ ︷︷ ︸ f (t − x)︸ ︷︷ ︸

Mξ Tx f (t)

π(z) is unitary on L2(Rd ) and an isometry on Lp(Rd )
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Motivation

Time-Frequency Shifts
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Motivation

Filter banks

Fix “filter” g with supp ĝ ⊆ [−L/2,L/2] (low pass filter)
Idea: decompose a signal f into frequency bands and then sample.

supp M̂βlg = supp Tβl ĝ ⊆ [−L/2 + βl ,L/2 + βl]

Then

(f ∗Mβlg)(αk) =

∫

Rd
f (t)e2πiβλ(αk−t)g(αk − t) dt

= 〈f ,MβlTαk g̃〉e2πiαβkl

Issues: • reconstruction of f
• interpretation
• choice of g, α, β
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Motivation

Transmission of Information by OFDM

Transmission of “digital word” (ck ), ck ∈ C via pulse g
Transmitted signal is

f (t) =
∞∑

k=0

ckg(t − αk)

Multiplexing
Transmission of several “words” (⇐⇒ simultaneous transmission of a
symbol group) by distribution to different frequency bands with
modulations
Partial signal for `-th word c(`) =

(
ck`
)

k∈Z is

f` = Mβ`

(∑

k

ck`Tαkg
)
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Motivation

OFDM

Total signal is the Gabor series (Gabor expansion)

f =
∑

k ,`

ck`Mβ`Tαkg

Requirements: • supp g ⊆ [−α/2, α/2] and supp ĝ ⊆ [−β/2, β/2].

pulse shaping

• Conditions so that the coefficients ckl are uniquely determined:
• G(g, αZ× βZ) is orthonormal sequence, then ckl = 〈f ,MβlTαkg〉

OFDM (orthogonal frequency division multiplexing)

• G(g, αZ× βZ) is Riesz sequence, then ckl = 〈f ,MβlTαkγ〉 for some
“dual” window.
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Motivation

Figure: Each cell carries a coefficient ck`.
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Motivation

Gabor Systems — the Objects

Time for definitions, x , ξ, t ∈ Rd

• Point z = (x , ξ) ∈ R2d time-frequency space (phase space)
• time-frequency shift, phase-space shift

π(z)g(t) = e2πiξ·tg(t − x)

• Lattice Λ = AZ2d for 2d × 2d-matrix A with det A 6= 0,
vol(Λ) = |det A| (more generally, Λ ⊆ R2d arbitrary countable set)

• “Window” g ∈ L2(Rd ), g 6= 0

• Gabor family
G(g,Λ) = {π(λ)g : λ ∈ Λ}

Rectangular lattice Λ = αZd × βZd

Separable lattice Λ = PZd ×QZd , P,Q ∈ GL (d ,R)
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Motivation

Gabor Frames

Definition
(i) G(g,Λ) is a Gabor frame, if for some A,B > 0

A‖f‖22 ≤
∑

λ∈Λ

|〈f , π(λ)g〉|2 ≤ B‖f‖22 ∀f ∈ L2(Rd )

Equivalently, the frame operator

Sf =
∑

λ∈Λ

〈f , π(λ)g〉π(λ)g

is invertible on L2(Rd ), since

A‖f‖22 = 〈Sf , f 〉 =
∑

λ

〈f , π(λ)g〉〈π(λ)g, f 〉 ≤ B‖f‖22
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Motivation

Gabor Riesz Sequences

Definition
(ii) G(g,Λ) is a (Gabor) Riesz sequence, if for some A,B > 0

A‖c‖22 ≤ ‖
∑

λ∈Λ

|cλπ(λ)g‖22 ≤ B‖c‖22 ∀c ∈ `2(Λ)

Equivalently, the Gramian

(Gc)λ =
∑

µ∈Λ

〈π(µ)g, π(λ)g〉cµ

is invertible on `2(Λ), since

A‖c‖22 ≤ ‖
∑

λ∈Λ

cλπ(λ)g‖22 = 〈G c,c〉 ≤ B‖c‖22
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Motivation

Gabor Expansions — Solution to Reconstruction Problem

Lemma
If G(g,Λ) = {π(λ)g : λ ∈ Λ} is a frame, then there exists a γ ∈ L2(Rd )
(dual window), e.g., γ = S−1g, such that

f =
∑

λ∈Λ

〈f , π(λ)g〉π(λ)γ =
∑

λ∈Λ

〈f , π(λ)γ〉π(λ)g

with unconditional convergence of the series in L2(Rd ).

Proof:

Sπ(λ) = π(λ)S ∀λ ∈ Λ

f = S−1Sf =
∑

λ∈Λ

〈f , π(λ)g〉π(λ)S−1g
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Motivation

Riesz Sequences and Wireless Communication

Assume that G(g,Λ) is a Riesz sequence.
Transmit signal f =

∑
µ∈Λ cµπ(λ)g.

At receiver compute correlations

yλ = 〈f , π(λ)g〉 =
∑

µ∈Λ

cµ〈π(µ)g, π(λ)g〉 = (G c)λ

so y = G c.

Consequently
c = G−1G c = G−1y
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Motivation

Mathematical Problems

• Find conditions on g and Λ, such that G(g,Λ) is a frame or a Riesz
sequence.

• Find characterizations of Gabor frames

• Find (classes of) examples

• Given g, characterize all lattices Λ, such that G(g,Λ) is a frame.

• Relevance and relations to other fields?

Gabor analysis
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Coarse Structure of Gabor Frames

Coarse Structure of Gabor Frames
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Coarse Structure of Gabor Frames

Duality of Gabor Systems

Definition: Let J =

(
0 I
−I 0

)
. If Λ = AZ2d is a lattice, the lattice

Λ◦ = J (AT )−1Z2d is called the adjoint lattice.

Theorem (Janssen, Ron-Shen, Feichtinger-Kozek-Zimmermann)

Let g ∈ L2(Rd ),g 6= 0 and Λ ⊆ R2d be a lattice. TFAE:

(i) G(g,Λ) is a frame.
(ii) G(g,Λ◦) is a Riesz sequence.
(iii) G(g,Λ) is a Bessel sequence and there exists a dual window

γ ∈ L2(Rd ), such that G(γ,Λ) is Bessel and γ satisfies the
biorthogonality condition

(vol(Λ))−1〈γ, π(µ)g〉 = δµ,0 ∀µ ∈ Λ◦ .
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Coarse Structure of Gabor Frames

Duality II

A‖f‖22 ≤
∑

λ∈Λ

|〈f , π(λ)g〉|2 ≤ B‖f‖22 ∀f ∈ L2(Rd )

if and only if

A′‖c‖22 ≤ ‖
∑

µ∈Λ◦

cµπ(µ)g‖22 ≤ B′‖c‖22 ∀c ∈ `2(Λ◦)

Keywords for proof: gymnastics of time-frequency shifts, orthogonality
relations for short-time Fourier transform, Poisson summation formula
applied to spectrogram.

Karlheinz Gröchenig (Vienna) Gabor Frames and their Mysteries August 2017 19 / 43



Coarse Structure of Gabor Frames

Characterization of Gabor Frames for Rectangular Lattices

Lemma

Let g ∈ L2(Rd ) and α, β > 0. TFAE:

(i) G(g, α, β) is a frame.
(ii) There exist A,B > 0, such that for all c ∈ `2(Zd ) and almost all

x ∈ Rd

A‖c‖22 ≤
∑

j∈Zd

∣∣ ∑

k∈Zd

ckg(x + αj − k
β

)
|2 ≤ B‖c‖22 .

Note connection to sampling in shift-invariant spaces.
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Coarse Structure of Gabor Frames

Frame Set

Definition
Given g ∈ L2(Rd ) fixed. Then

Ffull(g) = {Λ lattice : G(g,Λ) is frame}

is called the full frame set of g, and

F(g) = {(α, β) ∈ R2
+ : G(g, αZd × βZd ) is frame}

is called the reduced frame set of g

Likewise

Rfull(g) = {Λ lattice : G(g,Λ) is Riesz sequence }
and

R(g) = {(α, β) ∈ R2
+ : G(g, αZd × βZd ) is Riesz sequence }
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Coarse Structure of Gabor Frames

Modulation Spaces

A function g belongs to the modulation space M1(Rd ) (Feichtinger’s
algebra), if ∫

R2d
|〈g, π(z)g〉|dz <∞ .

Lemma
For f ∈ M1(Rd ) the Poisson summation formula is valid.

∑

k∈Zd

f (k) =
∑

k∈Zd

f̂ (k) f ∈ M1 .

Note: If h(z) = f (Az), then ĥ(ζ) = |det A|−1 f̂ ((AT )−1ζ).
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Coarse Structure of Gabor Frames

Coarse Structure — Main Theorem

Theorem
Assume that g ∈ M1(Rd ). Then Ffull(g) is an open subset of
{Λ lattice : vol (Λ) < 1} and contains a neighborhood of 0.

Likewise, F(g) is an open subset of {(α, β) ∈ R2
+ : αβ < 1} and

contains a neighborhood of (0,0).
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Figure: Frame set
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Fine Structure of Gabor Frames

Fine Structure of Gabor Frames

How can we test when G(g, αZ× βZ) is a frame?

Philosophical answer: apply one of two dozen characterizations.
Successful in certain cases:
(i) construct a dual window (Janssen, Christensen, KG-Stöckler)
(ii) Apply Lemma 4.

BUT
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Fine Structure of Gabor Frames

Examples/Questions

• Let g(t) = te−πt2
(first Hermite function)

Is G(g, 2
3Z× Z) a frame?

Is G(g,0.666666Z× Z) a frame?
Is G(g,0,4Z× Z) a frame?
[Are the points (2/3,1) and (0.66666,1) in F(g)?]

• Let g(t) = χ[−1/2,1/2] ∗ χ[−1/2,1/2] = (1− |x |)+.
Is G(g, 2

3Z× Z) a frame?
Is G(g, 1

7Z× 2Z) a frame?
Is G(g, 1

7Z× 2.0001Z) a frame?
[Are (2/3,1), (1/7,2), (1/7,2.0001) ∈ F(g)?]

??
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Fine Structure of Gabor Frames

Examples/Questions

• Let g(t) = te−πt2
(first Hermite function)

Is G(g, 2
3Z× Z) a frame? NO

Is G(g,0.666666Z× Z) a frame? ??
Is G(g,0,4Z× Z) a frame? YES
[Are the points (2/3,1) and (0.66666,1) in F(g)?]

• Let g(t) = χ[−1/2,1/2] ∗ χ[−1/2,1/2] = (1− |x |)+.

Is G(g, 2
3Z× Z) a frame? YES

Is G(g, 1
7Z× 2Z) a frame? NO

Is G(g, 1
7Z× 2.0001Z) a frame? ??

[Are (2/3,1), (1/7,2), (1/7,2.0001) ∈ F(g)?]
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Fine Structure of Gabor Frames

Precise Results about Gabor Frames in 1− D

1 Lyubarski-Seip (1992) for Gaussian g(t) = e−at2

G(g,Λ) is frame ⇔ vol(Λ) < 1
2 Janssen-Strohmer (2002) for hyperbolic cosine g(t) = (cosh at)−1

G(g, αZ× βZ) is frame ⇔ αβ < 1
3 Janssen (2003) for exponential g(t) = e−a|t |

G(g, αZ× βZ) is frame ⇔ αβ < 1
4 Janssen (1996) for one-sided exponential function

g(t) = e−atχR+(t)
G(g, αZ× βZ) is frame ⇔ αβ ≤ 1

5 g(t) = (1 + at2)−1

G(g, αZ× βZ) is frame ⇔ αβ < 1
6 g(t) = (1− iat)−1 for a > 0
G(g, αZ× βZ) is frame ⇔ αβ ≤ 1
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Fine Structure of Gabor Frames

Some (False) Conjectures

• I. Daubechies (1990): If g > 0 and ĝ > 0, then
F(g) = {(α, β) ∈ R2

+ : αβ < 1}
Disproved (1996) disproved by Janssen (1996)
Updated conjecture with different concept of positivity by KG.

and Stöckler (2013) (almost completed)

• Gröchenig (2014): frame set for Hermite functions and B-splines:
In the absence of additional obstructions, or, more precisely, as long as
we do not discover other types of obstructions, the next best
conjecture . . . is as follows.

Disproved in two papers by Lemvig (2016) (after numerical
simulations)
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Fine Structure of Gabor Frames

Totally positive functions

φ is totally positive, if for all finite sequences x1 < x2 < · · · < xn and
y1 < y2 · · · < yn

det
(
φ(xj − yk )

)
j,k=1,...,n

≥ 0

Schoenberg: φ ∈ L1(R) is totally positive, if and only if

φ̂(ξ) = ce−γξ
2
e2πiνξ

N∏

j=1

(1 + 2πiνjξ)−1

with ν, νj ∈ R, γ ≥ 0, N ∈ N ∪ {∞} and 0 < γ +
∑

j ν
2
j <∞.

• finite type: γ = 0 and N ∈ N
• Gaussian type: γ > 0 and N ∈ N
• infinite type: N =∞.
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Fine Structure of Gabor Frames

Totally positive functions II

Examples of finite type
• φ(x) = ν−1e−x/νχ[0,∞)(νx) (one-sided exponential)
• e−ν|x | (symmetric exponential)
• xne−νxχ[0,∞)(x)
• general formula (by partial fraction decomposition)

φ(x) =
N∑

j=1


 1
νj

e
− x

νj χ[0,∞)(νjx)
N∏

k=1, k 6=j

(
1− νk

νj

)−1

 .

Gaussian type: φ(x) = e−γx2

Infinite type: φ(x) = cosh(βx)−1 = (eβx + e−βx )−1
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Fine Structure of Gabor Frames

Gabor Frames and Totally Positive Functions

Theorem (G., Stöckler (2013))
Assume that g is a totally positive function of finite type M ≥ 2. Then
G(g, αZ× βZ) is a frame, if and only if αβ < 1.

New

Theorem (G., Romero, Stöckler (2016))
Assume that g is a totally positive function of Gaussian type and Λ ⊆ R
separated.
Then G(g,Λ× βZ) is a frame for L2(R) if and only if 0 < β < D−(Λ).

Corollary
Assume g totally positive function of Gaussian type. Then
G(g, αZ× βZ) is a frame, if and only if αβ < 1.
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Fine Structure of Gabor Frames

Proof uses ideas from

• complex analysis (counting density of zeros),
• spectral invariance
• connection to Gabor frames
• Beurling technique of weak limits of sets
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Fine Structure of Gabor Frames

Zero sets for Gaussian generator

Proposition

Let f =
∑

k∈Z cke−π(x−k)2
with c ∈ `2(Z) or c ∈ `∞ and

Nf = {x ∈ R : f (x) = 0}. Then D−(Nf ) ≤ 1.

Proof.
e−π(x+iy−k)2

= e−π(x−k)2
eπy2

e−2πixye2πiky

leads to

• Observation 1: |f (x + iy)| ≤ Ceπy2

• Observation 2: If f (x) = 0, then f (x + il) = 0 for all l ∈ Z.

f (x + iy) =
∑

k∈Z
cke−π(x+iy−k)2

= eπy2
e−2πixy

∑

k∈Z
cke2πikye−π(x−k)2
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Fine Structure of Gabor Frames

Zero sets for Gaussian generator

Jensen’s formula for n(r) = #{z ∈ C : |z| ≤ r , f (z) = 0}

1
2π

∫ 2π

0
log |f (Reit )|dt = log |f (0)|+

∫ R

0

n(r)

r
dr

Obs. 1 implies

1
2π

∫ 2π

0
log |f (Reit )|dt =

1
2π

∫ 2π

0
(log C + πR2 sin2 t) dt � πR2

2

Obs. 2 leads to

n(r) ≥ (D−(Nf )− ε)πr2

∫ R

R0

n(r)

r
dr ≥ (D−(Nf )− ε)πR2

2
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Mysteries

Splines

g = χ[0,1] ∗ · · · ∗ χ[0,1] (n + 1-times)

Lemvig, Nielsen Counterexamples to the B-spline conjecture for Gabor frames

set for B-splines of order n ≥ 2 is F(Bn) =
{
(a, b) ∈ R2

+ : ab < 1, a < n, b ̸= 2, 3, . . .
}
.

On the other hand, the set F(B1) has a very complicated structure. This phenomenon is
partly explained by the fact that B1 is the only B-spline that does not belong to M1(R).
Indeed, F(B1) is not open and (a, b) = (1, 1) ∈ F(B1).

The main messages of this note are that the B-spline conjecture is false and that
the frame set for B-splines of all orders must have a very complicated structure, sharing
several similarities with F(B1).

Kloos and Stöckler [11] and Christensen, Kim, and Kim [4] reported positive results to
support of the frame set conjecture for B-splines, adding new parameter values (a, b) ∈ R2

+

to the known parts of F(Bn); these new values are illustrated in Figure 1 for the case
of B2. Along the same lines, we verify the frame set conjecture for B-spline for a new

a

b

n
2

n 3n
2

1
n

1

2

3

Figure 1: A sketch of the frame set for Bn, n = 2, for 0 < ab < 1. Red, pink and purple indicate
(a, b)-values, where G(B2, a, b) is not a frame. All other colors indicate the frame property. The
green region is the classical “painless expansions” [6], the yellow region is the result from [4],
while the dark green lines follow from [1] or [11]. The blue region is the result in Theorem 3.
The pink hyperbola pieces ab = p

q are the counterexamples from Theorem 7 (only illustrated for

q ≤ 6). The purple hyperbolic curve through (1
3 , 5

2) is the counterexamples in Theorem 8.

region, marked with blue in Figure 1 for the case B2. The idea of the proof is a painless
construction of an alternate dual frame; the details are presented in Section 2.

date/time: 20-Aug-2015/6:35 2 of 10

Figure: Frame set

Lemvig (2015)
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Mysteries

Hermite Functions

hn = cneπx2 dn

dxn (e−2πx2
)

Theorem (KG, Lyubarski)

If vol(Λ) < 1
n+1 , then G(hn,Λ) is a frame.

However

Proposition (Lyubarski, Nes)

If g ∈ L2(R) is odd and αβ = 1− 1
N for N = 2,3, . . . , then

G(g, αZ× βZ) is NOT a frame.
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Mysteries

Hermite Functions
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Figure: Possible frame set of odd function

Karlheinz Gröchenig (Vienna) Gabor Frames and their Mysteries August 2017 37 / 43



Mysteries

Frame Bounds

Estimates for frame bounds for Λ = αZ2

A(α)‖f‖22 ≤
∑

λ∈αZ2

|〈f , π(λ)ϕ〉|2 ≤ B(α)‖f‖22 ∀f ∈ L2(Rd )

Theorem (Borichev, KG, Lyubarski.)
For 1/2 ≤ α < 1

c ≤ B(α) ≤ C
c(1− α2) ≤ A(α) ≤ C(1− α2)

• Can be extended to other windows.
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Mysteries

Frame Bounds II

Estimates for frame bounds for Λ = αZ2

Let φ(t) = e−πt2
and A(Λ) = ‖S−1‖−1 and B(Λ) = ‖S‖ be the optimal

frame bounds in

A‖f‖22 ≤
∑

λ∈Λ

|〈f , π(λ)g〉|2 ≤ B‖f‖22 ∀f ∈ L2(Rd )

Conjecture (Strohmer 2001):
(i) Among all rectangular lattices with αβ = σ < 1, the condition
number B(Λ)/A(Λ) is minimized by the square lattice

√
σZ2.

(Proved by Faulhuber/Steinerberger for σ = (2N)−1,N ∈ N)
(ii) Among all lattices with vol(Λ) = σ < 1, the condition number
B(Λ)/A(Λ) is minimized by the hexagonal lattice. (open)
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Mysteries

Further Directions

• Zak transform methods

• Gabor frames and function spaces (characterizations of modulation
spaces)

• Gabor frames and pseudodifferential operators (almost
diagonalization of pseudodifferential operators with Gabor frames)

• Gabor frames on finite Abelian groups

• Deformation results

• Gabor frames and Schrödinger equation

• . . .

Karlheinz Gröchenig (Vienna) Gabor Frames and their Mysteries August 2017 40 / 43



References

References

K. Gröchenig.
The mystery of Gabor frames.
J. Fourier Anal. Appl., 20(4):865–895, 2014.

H. G. Feichtinger and G. Zimmermann.
A Banach space of test functions for Gabor analysis.
In Gabor analysis and algorithms, pages 123–170. Birkhäuser Boston, Boston, MA, 1998.

H. G. Feichtinger and F. Luef.
Wiener amalgam spaces for the fundamental identity of Gabor analysis.
Collect. Math., (Vol. Extra):233–253, 2006.

K. Gröchenig.
Foundations of time-frequency analysis.
Birkhäuser Boston Inc., Boston, MA, 2001.

K. Gröchenig and Y. Lyubarskii.
Gabor (super)frames with Hermite functions.
Math. Ann., 345(2):267–286, 2009.

K. Gröchenig and J. Stöckler.
Gabor frames and totally positive functions.
Duke Math. J, 162(6):1003-1031, 2013.

K. Gröchenig, J.-L. Romero, and J. Stöckler.
Sampling theorems for shift-invariant spaces, Gabor frames, and totally positive functions.
https://arxiv.org/pdf/1612.00651v1.pdf

Karlheinz Gröchenig (Vienna) Gabor Frames and their Mysteries August 2017 41 / 43



References

C. Heil.
History and evolution of the density theorem for Gabor frames.
J. Fourier Anal. Appl., 13(2):113–166, 2007.

A. J. E. M. Janssen.
Duality and biorthogonality for Weyl-Heisenberg frames.
J. Fourier Anal. Appl., 1(4):403–436, 1995.

A. J. E. M. Janssen.
Some Weyl-Heisenberg frame bound calculations.
Indag. Math., 7:165–182, 1996.

A. J. E. M. Janssen.
Zak transforms with few zeros and the tie.
In Advances in Gabor Analysis. Birkhäuser Boston, Boston, MA, 2002.

J. Lemvig
On some Hermite series identities and their applications to Gabor analysis, and Counterexamples to the B-spline
conjecture for Gabor frames.
arXiv:1511.09470 and arXiv:1507.03982

A. Ron and Z. Shen.

Weyl–Heisenberg frames and Riesz bases in L2(Rd ).
Duke Math. J., 89(2):237–282, 1997.

Karlheinz Gröchenig (Vienna) Gabor Frames and their Mysteries August 2017 42 / 43



References

Links

• My homepage:
http://homepage.univie.ac.at/karlheinz.groechenig/

• Numerical Harmonic Analysis Group:
www.nuhag.eu <http://www.nuhag.eu>
http://www.univie.ac.at/nuhag-php/bibtex/index.php (contains most/all
papers related to Gabor Analysis)

• The Large Time-Frequency Analysis Toolbox
http://ltfat.sourceforge.net/
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