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Setting

Let S = {¢:[0,00) — [0,00), continuous, non decreasing such that ©(t) > 0Vt > 0 and ¢ € Ag}.
Recall that ¢ € Ay iff A, > 0 such that ¢(2a) < Ayp(a) forall a > 0.

If p € S, we consider O(z) = [; p(t) dt = @ : [0,00) — [0, 00) is convex and d(a) = 0iff a = 0.
If (Dgc) » 0as x — 0 and cpgjx) » 00 as ¥ — 0o = ® is an N-function and &’ = ¢ satisfies
©0(07) = 0and p(x) — 0o as x — oo.

Why Ay condition on ¢ € $§ ?

e c No<—= D c Ay
o € Ny = 3(pla) + ¢(b)) < wla+b) < Ay(p(a) + (b)), Va, b > 0.
o b e Ay = 5-p(z) < O(z) < 29p(7), VT > 0.
¥

Let B be a bounded measurable set in R°. If ¢ € , then

LY(B) = { f : B — R, Lebesgue measurable function such that / o(|f|)dx < oo} .
B

For the convex function ¢, Lq)(B) 1s the classical Orlicz space treated in [1] and [2].

Best polynomial approximation operator

Let II"" be the space of algebraic polynomials, defined on R®, of degree at most m.
A polynomial P € II"" is said to be a best approximation of f € Lq)(B ) iff

[ @ =Phda= inf [ ®(f-Ql)da (1)

Definition 1. For f € L*(B) we denote by ug(f) the set of all polynomials P that satisfy (1) and we
refer to this set as the multivalued best polynomial approximation operator (b.p.a.o).

Theorem 1 (Existence). Let ¢ € S and f € L¥(B). Then, there exists P € 11" such that

[ @ =Phda= inf [ ®(f-Ql)da

Theorem 2 (Characterization). Let o € S and f € L*(B). Then, P € IT"™ belongs to jg(f) iff

[ olls = Phsents = PIQus| < 50") [ JQlas, v@ e
B (/=P}

Remark3.Let o € S, O(z) = [ p(t)dt and f € L*(B).
If p(07) =0, then P € [1™ is in pg( f) if and only if

[ (s = Phsentf = P)Qdz =0, vQ e T @
Theorem 4. Let p € S and let f € L¥(B). Suppose the polynomial P € 11" satisfies
| (s = Plisen(f = P)Qa
with K > 0 and for every () € 11"". Then

[ elpbilar <o, [ olishiQlds+ K, [

for every (Q € 11" satisfying sgn(Q(t)P(t)) = (=1)" at any t € B such that Q(t)P(t) # 0 and where
n=0orn=1.

Corollary 5. Let ¢ € S and f € L®(B).

If o(07) > 0 and P is a best polynomial approximation of f € L¥(B), then

/B (1P| P|dz < K| P|loc.

< K Q| du,
{/=P}

Qldz,
P}

Extension of the best polynomial approximation operator

Prior knowledge

[3]: Extension of the b.p.a.0. from LP(B) to LP~Y(B) for p > 1.
[4]: Extension of the b.p.a.o. from L¥(B) to L¥(B) where @ is an N-function, i.e.
p(xr) — 0asz — 0and p(z) — 00 as & — 0.

Extension technique

Let f € L¥Y(B) = nl £
frn = min(max(f, —n),n) € L*(B) c L¥(B). x

Then
e Uniformly boundedness: IM > 0 : ||Ppllocc < M Vn € N= 3P, } C {F,} and P € 1" such

that P,, — P on B. Essential ¢(x) — 0o as  — 00,

e Convergence: [ ¢(|fn, — Pnyl)sgn(fn, — Pn,)Qdx — [po(|f — P|)sgn(f — P)Qdx =0 = P
is b.p.a.o extended for f € L¥(B). Essential o(x) — 0 as z — 0.

Objective

We want to extend the b.p.a.o from L?(B) to L¥(B) where ® is not an N-function, i.e.,
®" =  does not satisfy p(z) — 0asz — 0 or (r) — coasx — oo.

Result

Theorem 6. Let p € . If f € L¥(B), then there exists P € 11" such that

[ olls = Plsen(s = P@as| < o0%) [ [Qlar, vQ ™
B (/=P)
[ ePhdz <ciPl ([ e+ 1),
B B
Definition 2. Let ¢ € S

for a suitable constant C.
For f € L¥Y(B) we denote by uy(f) the set of polynomials P € 11" that satisfy

/B o(f — Pl)sgn(f — P)Qdx

And

< o(0) / Q| de, ¥Q € TI™. 3)
{f=P}

We refer to ny(f) as the multivalued extended best polinomial approximation operator (e.b.p.a.o).

Remark 7. We get an extension of jq(f) without requesting the function ¢ to satisfy p(07) = 0 or
p(r) = 0o as x — 00

Outline of the proof

Uniformly boundedness

Given ¢ € S, we choose {¢,} such that v, € S, ¢, — © asn — oo on [§,00) for every § > 0,
©0n(07) =0Vn € Nand p,(z) < ¢o(x) Vo > 0and Vn € N,

Yy Yy Yy
Y Ky —
¥
Koo n
Kq rn Y =%n K ‘
05— 0 r 05 .

Let f,, € L% (B) for every n € N where ®,,(z) = o en(t) dt.

Lemma 8.Let ¢ € S be an upper unbounded function such that o(07) > 0. If the se-
quence Ny is bounded and there exists C' > 0 that satisfies [pon(|fal)de < C, then
{1 Pnlloc : Pn € pa, (fn),n=1,2,...} is bounded.

Lemma 9. Let ¢ € S be an upper bounded function such that o(0%) > 0. If P, € 1o (fn) for each
n € N, then { P, } is uniformly bounded.

Convergence+Boundedness

3{ Py} € {P,} and 3P € 11" such that P,, —— P on B and Py, € pig (fn,)- Then

k— 00

\ [ #l1f = Plisents - PIQ s

|/ o(f = Plsgn(f — P)Qdx — / on(| e — Posen(fo, — P )Qdz| <
b B

0<op, <¢p

/ o(|f — Pl)sgn(f — P)Q dx — / o (| fr, — P, )sgn(fn, — Pn,)Q dx| +
B (=P} B-{f=P)

[ el Publeldr | <
{/=P}

L.D.C.T.
2e + gp(O+)/ Q| dz, YQ € II"" and Ve > 0.
Pj

Final remarks

o If p(0™) = 0, uniqueness of the e.b.p.a.o can be obtained working as in [4].

o If p(z) = 1 0n [0, 00), (3) gives the extension of the b.p.a.o. from L'(B) to L(B), being L'(B)
the set of all measurable functions. This problem was studied in [3] for functions belonging to a
proper subset of LY(B).

e We obtain 1u,(f) # () in a different way to that to that developed in [3].

Forthcoming Research

We are exploring the possibility of extending the b.p.a.o. using norms in Orlicz spaces instead of the
modular.
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