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Abstract

Given an Aj,-Muckenhoupt weight on a fractal ob-
tained as the attractor of an iterated function system
(IFS) with an aditional property, we construct a sequence
of approximating weights, which are simple functions
belonging uniformly to the A, class on the approximating
spaces.

Introduction

Let (X,d, ) be an Ahlfors compact metric space of dimen-
sion v with diam(X) = 1.

Let @ be a set of contractive similitudes
b={p;: X >X,1=1,2,...,H}

such that
1. d(¢i(x),9i(y)) = Bd(x,y) for every x,y € X and some
constant 0 < 8 < 1 (IFS).

2. there exists an open set U ¢ X with

H

and ¢;(U) n¢;(U) =@ if i # j (OSC).

Set J" = {1,2,..
denote

.,H}n, and for 7 = (il,ig,...,in) € ’Jn) weE

¢; (X) = (@i, 09, 0 0di,00;) (X)
and define X" = ¢;'(X) and X" = Ujegn X7

The sequences (X™),, converges in the sense of the Hausdorff
distance to a non-empty compact set X (attractor of the
system ®) and

H
X =Jai(X>)
i=1
and it is the only set in X satisfying this property. Moreover,

since ¢;(X) € X for every ¢, then X =2, X" (see [4] or
3]). So that the system & defines or represents the set X .

Assume O satisfies the adjacency property:
B(¢;(z),r)n X} c B(¢j(z),cr)n Xy

holds for every n € N, every 2,7 € J%, every r > 0 and every
zeX.
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<l

=

(a) ¥: usual IFS (b) ®: new IFS

Z

Y

X

First iteration

X

Second iteration

Let p™ be the natural “uniformly distributed” probability
measure induced by p on X" :

(B = 2 2 (@) E)) = 7 2 i (E)

Jeqn geJn

for £/ a Borel set in X",

The sequence of measures (u"), converges in the weak star
sense to a Borel probability measure pu® supported on the
attractor X *°. This measure 1s called wnvariant measure or
self-affine measure since is the unique satistying

0, 1 H 0. -
p(A) = 23 (67 (A))
i=1
for every Borel set A, and also

[ e@dn=@)= 2% [ eoe)) dn (@),

for every continuos function ¢ on X (see 4] or [3]). More-
over, the results in [5] show that (X, d, u>) is an Ahlfors
space of dimension s = —logz H.

Finally we shall assume that the system ® has null overlap-
ping it p (X n X7) = p® (X7 n X7) =0 for every n and
every ¢, J € J". 1 # 3.

Remark 1. This property is not strong in the sense that
the most of the typical fractals satisfying it. The property
15 equivalent to that the measures pu"™ and p*® are uni-
formly distributed, in the sense that p®(X73) = p"(X7) =
H=" for every 3 € J".

Theorem 1

Let v = S (i) i, with ui(E) = (@) (E)). Then

1.if v(i) € A, (I, d, card) uniformly in n, then dv" =
wydp, with w, € Ay(X", d, u") uniformly in n;

2.if also we have that v" = v, then dv = wdu®, with
w e Ay(X>,d, p1>).

For the proof, we need the following resul given in [1]:

There exists a constant C' such that

M, f(i(z)) < CM, (M(f o @")(2)) (¢) (1)

holds for every f e LY X", u"), z € X, 2 € J" and n € N,
where M (fo¢")(z) denotes the function g on J” defined by

9(3) = M(f o ¢5)(2).

Proof: Using (1), the hypothesis 1. and the L? boundedness
of M on (X,d, ) and 9, on (I", d, card) we obtain

I gpar =3 [0 (@3 () dia(2)

2eJn

<O [ 31 (M(f 0 8")(2)) ) o) di(2)

zeJn

<C [ S IM(fogi)(2)Po(d) du(2)

zeJn

<CY [ (o)) du(z)u(i)

zeJn
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Then, by Theorem 4 in 2] we have that " is absolutely con-
tinuous with respect to u”, and its Radon-Nikodym derivative
isan A,(X", d, u") weight. Finally, if v" = v, by Theorem 8
in [2] we have that v is absolutely continuous with respect to
p®, and its Radon-Nikodym derivative is an A, (X, d, u*)
weight. ]

Theorem 2

Given w € A,(X*,d,u>), for each natural number n
let us define a measure v"™ on X by

i S u(i)dud.
1eJn
where v() = 7 £y w(y) du>(y). Then
1. dv" = w,dp, with w, € A,(X", u") uniformly in n,
2.1" 5 v where dv == wdu®.

Moreover,

wa(2) = 3 ( £ wiy) du“’(y)) Xy (7).

e Jn i

where X4 denotes the indicator function on the set A.

Proof:e We shall prove that v(3) € A,(3",d, card) :

p—1
> v(g) Zv(])ﬁ < C card(B)?,
jeB jeB

Hence, by Theorem 1 dv" = w,du™ with w,, € A,(X", d, u")
uniformly in n.

e Moreover, by definition of v we have

Lnf(x) wy(z) dp™(z) = 5 Lnf(w)v(z) dus ()

- Y H" L f(x) 0(@) Xy () dyr" ()
— .[an(x) (H“ va(z) szn(x)) du"(x).

Then

0 (@)= 5 £ 00 d=w) o)

’L'Ej” /)

e [inally we prove the weak star convergence:

i [ p(@)w(@)du = [ p(@)w(@)dp™

TL—>00

Notice first that

Ls&(fﬂ)wn(x)dun
:fw(x)Z( 1 fw(y)?(xn(y)dﬂm)%xn(x)du”
X i \ e (X]) X1 i i

-> [ P X () o0 () X () ™

AL
- [

. (uoo(an) [X S0(5‘5)/"")Xz?"(f)dﬂn) Xxr(y)w(y) dp

= fX gn(y) w(y) du(y),

where from the null overlaping property and the fact that
p(XP) = (X)) = H™ for each y € X

1 n — n
90(0) = Ty Sy OB (D) (@) = £, o(a) du @)

Since X 1s compact, ¢ is uniformly continuous on X, so that
given € > 0 there exists § > 0 such that |p(x) — p(y)| < €
provided that d(z,y) < 0. Let Ny be such that 5" < ¢ if
n > Ny. Hence, since diam(X,Z)) = (", for every n > Ny we
have

90(1) = oWl < £, (@)~ ()| di'(x) <.

So that lim, e g,(y) = ©(y), and from the Lebesgue domi-
nated convergence theorem we obtain

i [ gu(p)w(y)du™ = [ p(e)wly)dp™

n—00
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