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‘ 1. Introduction |

Suppose that 7T is a linear operator, continuous from S
(Schwartz class) into S’ (tempered distributions), and let
v € R, M > 0Dbeaninteger, 0 < v < 1andD,; the space of
smooth compactly supported functions with vanishing mo-
ments up to order M € N. If there isa P € N and a kernel
K (z,y) such that

(T'f,g) = - K(z,y)f(y)g(z)dy dz,
for all f, g € Dp with disjoint support, and if K satisfies

1
x — y|rHlaltvtlal+[f]

IDADIK (2, y)| < ,

for a € NI with |a| +|8] < M and for all ,y,h € R" with
xr # y, and

IDYDUK (x + h,y) — DEDJK(x, )]

g 3 A
+ Dy Dy K(z,y) — Dy Dy K(z,y + h)| S 7 — g

for all z,y,h € R" satisfying |h| < |z —y|/2 and «, 8 € Nj
satisfying |a| + |5| = M, We will say that T is in the
class of v-order Singular Integral Operators, denoted
T e SIO,(M + 7).

Observe that, depending on the values of v, M and ~, we
can (essentially) recover important class of operators from
the above definition:

olf n<v<0,M>0and0 < v < 1, the above class
(without necessarily impose regularity in the y variable)
contain the entire class of fractional integral type opera-
tors;

e If » = 0, and we can extend the operator to a bounded lin-
ear operator from LP — LP, we recover (essentially) the
class of Calderon-Zygmund operators;

e Hypersingular integral operators arose from v > 0 opera-
tors in ST0,(M + ) that can be extended to a bounded
linear operator from W"? — LP.

In the study of this large class of operators, we discovered
that some Sobolev-BMO spaces play and important role. In
what follows, we will discuss shortly some interesting prop-
erties of the Sobolev-BMO spaces I;(BMO) and we will
give emphasis to some results obtained for the case v < 0,
that is, the fractional integral type operators. We will con-
clude with some results concerning the singular and hyper-
singular integral type operators.

‘ 2. Sobolev-BMO spaces |

The Sobolev-BMO spaces, denoted by/,(BMO), were ini-
tially introduced by Neri and further developed by Strichartz
in the seventies. We simply note that I;(BMO) is the col-
lection of tempered distributions f such that V|°f € BMO

AN

where |V|® is the Fourier multiplier |V|5f(&) = [£|°f(&).
Moreover, we define a norm in this space simply as

1z Broy = IIVI°fliBro:

These spaces have some interesting properties:

1. Theorem (Strichartz 1980) For s = k£ + 1 is an integer,
we have that

o C Is(BMO) ¢ Asé

2. Theorem (Zygmund 1945, Strichartz 1980 - Strichartz)
When s = k£ +~ > 0 Is a non-integer, we have that

I4(BMO) C C*7 = Ay

3. Theorem (Muckenhoupt and Wheeden 1975 for s = 0,
Hart-O. 2017 for s > 0) If w € A, we have that

4. Theorem (Strichartz 1980, Chaffee-Hart-O. 2017) For
0<s<land f e I,(BMO), we have that

() = fW)l < Clz =yl f 7, Bro):

Below, we include a picture describing the different typical
kinds of behavior of functions and how they relate to the
Sobolev-BMO spaces:
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‘ 3. Linear fractional integral type operators |

The Riesz potential 7, is given by

f(@) = [ fle- y| =) dy

IS the prototypical v-order linear fractional integral operator
and for it we can explain easily in what sense this operators
are smoothing operators:

e (Smoothing in Lebesgue spaces) I, : LP — L% continu-

ously forany 1 < p < Zwith L = 2 +“when 0 < v < n;

e (Smoothing in Sobolev spaces) I, : LP — W1 continu-
ously forany 1 < p < o0;

e (Smoothing in Sobolev-BMO spaces) I, : LP — I3(BMO)
continuously for any % < p < oo with - = ¥~ and also

I, : L'V — (BMO).

Let us see what happens for a general T' € STO_, (M + 9):
¢ \We have the bound

Tf(x)| < CL(f])(z),

for these operators; so, it trivially follows that 1" satisfies
the same LP-smoothing properties as I,;

e For the critical index p = 7, any such 7' can be extended
to a bounded linear operator from L™V into BMO (as
long as 0 < v < n);

e Harboure, Salinas, and Viviani extended the definition of
the Riesz potential I, to L? for a restricted range of val-
ues for p > n/v, and had proved some estimates for I,
mapping into Campanato type spaces;

e For non-convolution type operators, less is known about
the behavior of fractional integral operators when n/v <
p < 00.

Theorem 1. If v > 0, and T € SIO_, (M + §), then
T is bounded from LP into I3(BMO), for all 0 < s <
min(v, M +¢), with 1/p = (v — s)/n < 1.

Remarks:

e The LY — BMO was already know (probably due to
Stein-Zygmund or to Muckenhoupt-Wheden) when 0 <
v < n;

e There is no restriction on v > 0;
e The exponent restrictionis n/v < p < .

‘ 4. Bilinear fractional integral type operators |

We can obtain also a bilinear version of the above resuli.
Precisely, if we Consider the bilinear operator T' defined via

T(f,g)(x) = - K(z,y,2)f(y)g(z)dy dz

for appropriate functions f, g : R" — C, we will say that T" is
a v-order bilinear fractional integral operator with kernel
regularity M + ~ for some integer M > 0 and 0 < ~ < 1,
denoted T' € BSIO_,(M + ), if the kernel K satisfies

1
(12 =yl + | = 2] 1ol

for o € Njj with || < M and

DY K (x,y,2)] <

DYK (2,y.2) — DIK (2 + h,y.2)
_ np
~ (| =yl + [z — 2[2rtlal=v
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for a € Nj with |o| = M for all x,y,2,h € R"™ with
lz —y|+ |z —z| £ 0and |h| < (Jz — y| + |vr — z|)/4. For
this class of operators, we can prove the following result:

Theorem 2. Let 7' € BSIO_,(M + ~) for some integer
M>0,0<~y<1,v>0,and 0 < s <min(M + v, v).

.If0<y<nand1<p1,p2§oosuchthatpil+pi2:%,
then

T DN eyoy S I llznllgllpe
forall f € LP1and g € LP2.

olfv=mn,s#0,and 1 < py,py < co such that -+ = =5,
then

T 9l Broy S I flleellgll e
forall f € LPtand g € LP2.

olfn <v<2n,s>v—n,and 1 < py,pr < oo such that

min(p1, p2) < ;7 and p% + p% = ==, then

\T(f 91, Bmoy S Il zellgll e

forall f € LP1and g € LP2.
Remarks:

e The theorem above does in fact exhibit the appropriate
behavior in terms of smoothing action according to the
size of v.

ey = n IS a threshold value, where the operators in
BSIO_,(M + ~) behave significantly different on either
side of the v = n mark.

e For 0 < v < n, the exponents p; and p» must belong to
an interval of the form [, co), whereas for larger values
n < v < 2n the exponents are allowed to range all the
way down to 1 and at least one of p; or po must belong to

(1, 555).
e More can be said situation where v is large, but we will
not include this result here.

‘ 5. Final Remarks |

To finish we would like just to indicate that the results above
can be used to study problems about singular and hyper-
singular integral operators:

e In (Hart-O 2017), we use the weight invariance of the
Sobolev-BMO Spaces to obtain weighted Hardy space
estimates for singular integrals. To be precise, if T is a
CZO bounded on L? and if T*(z®) = 0 for all o € Ny veri-
fying |a| < M, then T : H, — H! foralln/(n+ M +1) <
p<ooandw € A, nr41)/n:

e Currently, in a joint work with Lucas Chaffee and Jarod
Hart, we are extending the Theorem 1 and Theorem 2
to the case of singular integral (v = 0) and hypersingular
iIntegral (v > 0) cases.
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