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Given a finite set A we consider the sum-set

A+A:

and the product-set

AA

={a1+a; a,acA}

= {2132;
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AA = {a1a2; a1, € A}.

We are interested in lower bound estimates for |A + A| or |AA|.
If A C R, then we order its elements a; < a» < ... < ap and get

aatar<aita<...<atapn<ata<at+an<...<ap-1+an.

So we always have |A+ A| > 2|A| — 1.
If Ais an arithmetic progression — |A+ A|=2|A|— 1

If Ais a geometric progression = |AA|=2|A]—1.
Erd8s and Szemerédi (1983): if A C Z, then

max{|A + A|,|AA|} > a A", ¢, > 0.

The best known result is due to Konyagin+Shkredov (2015) improving
on earlier result of Solymosi: if A C R, then Ve > 0

max{|A + A|,|AA|} > c|A[*/3T/%8=e. o — ¢(g) > 0.
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The main conjecture: for A C R,

max{|A + A, |AA[} > |A.

Ve > 0, max{|A + A, |AA|} > c.|A*7=.
Some easy variants.
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Another variation. Let A C R;. We shall prove
|AA + AA — AA| > |A].

Here AA+ AA — AA = {3132 + aszas — asas;

that

ai € A}.
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instance, if p =13 and if A C F,, say, A= {2,6,7}, then

A+ A={4,89,12,13,14} = {4,8,9,12,0,1}.
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Let p be a prime number, IF, be the field of residue classes modulo p.
We shall associate elements of F, with {0,1,2,...,p — 1}. For
instance, if p =13 and if A C F,, say, A= {2,6,7}, then

A+ A={4,89,12,13,14} = {4,8,9,12,0,1}.

AA = {4,12,14,36,42,49} = {4,12,1,10,3,10} = {4,12, 1,10, 3}.

If |A] = |Fp| = p, then
A+ Al = [A],  |AAl = |A].
It is reasonable to assume that
|A| < p'™¢  for some & > 0.
THEOREM. (Bourgain, Katz, Tao 4+ Konyagin; 2003). Let A C F, with

|A| < p'~°  for some & > 0.
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Let p be a prime number, IF, be the field of residue classes modulo p.

We shall associate elements of F, with {0,1,2,...,p — 1}. For
instance, if p =13 and if A C F,, say, A= {2,6,7}, then

A+ A={4,89,12,13,14} = {4,8,9,12,0,1}.

AA = {4,12,14,36,42,49} = {4,12,1,10,3,10} = {4,12, 1,10, 3}.

If |A] = |Fp| = p, then
A+ Al = [Al,  |AA] = |A|.
It is reasonable to assume that

|A| < p'™¢  for some & > 0.

THEOREM. (Bourgain, Katz, Tao 4+ Konyagin; 2003). Let A C F, with

|A| < p'~°  for some & > 0.

Then
max{|A + A[,|AA|} > |A]*°, §=6(c) > 0.
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SOME SIMPLE OBSERVATIONS

Let A,B C F, and J be the number of solutions of the equation

a—l—b:al—l—bl,

a,a; € A,

b, by € B.
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SOME SIMPLE OBSERVATIONS

Let A,B C F, and J be the number of solutions of the equation
at+b=a+b, aa€A bb €B.

Then

2 2
|A+B|ZM.
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at+b=a+b, aa€A bb €B.

Then oo
|A|%|B|
A+B|l > ——-.

| e J

Indeed, if for a given A € A+ B we denote by T(\) the number of
representation
at+tb=X)\ acA beaB,

then T2(\) = a+ b=A=a1 + bi; a,a1 € A b, b € B,
J= 3 T Y. T(\)=IAlBI.
AEA+B AEA+B
By Cauchy-Schwarz inequality we get
1 > |APIBP
= T?(\) > T = :
J= 2 TNz g (X TW) =

AEA+B AEA+B



In particular, if J is the number of solutions of the equation

a—|—b:al—|—b1,

a, ai, b, b € A7
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In particular, if J is the number of solutions of the equation UNAM, campus
MORELIA, MEXICO

a+b=a+ b1, a,ai,b b €A,

then .

The trivial estimate J < |AJ?, implies |A+A| > |A].
If J < AP, then |A+ A > |A]**<.

The proof of the sum-product estimate uses a number of observations
and ideas.

Let us have a bit closer look at the case |A| < p*/2.
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The equation

. A—A
X+gy =u+gv; X, y,u,v €A, ge]FpCAiA

has at most (p — 1)|A]* + |A|* < 2(p — 1)|AJ? solutions. Thus,
Jg = go € F}, s.t. the equation

X+ goy = u—+ gov; X,y,u,v €A,
has at most 2|A|* solutions. Then by the previous observation

A _ Lz

A+ gAl > -
|+g0|_2|A|2 2

Thus, there exist a1, a2, a3, as € A such that

A+ L7224l > 0548
a3 — a4

It follows that |(a1 — a2)A + (as — as)A| > 0.5|A.
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A—A A—A
+1+4 .
A-A A—-A

It means that there are elements a1, a2, a3, as € A such that

al) — a2 A—A
1 .
a3—a4+ gA—A

Observation: if g & 4=4 then |A + gA| = |A[]°. This implies that

‘A+(31732+1)A’:\A|2.
as — a4

It follows that
|(a3 — 24)A + (33 — 24)A + (al — 22)A| > |A|2

The rest of the proof uses known results from additive combinatorics,
such as Plunnecke inequality, Ruzsa triangle inequality.
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spectacular applications in different areas of mathematics.
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Bourgain, Breuillard, Chang, Gamburd, Glibichuk, Helfgott, Katz, Bitermi, MIESEED
Konyagin, Rudnev, Sarnak, Shkredov, Shparlinski, Tao,....

1. Bourgain, Konyagin and Glibichuk (2006): A long standing problem
on estimates of Gauss trigonometric sums.

2. Bourgain (2005): some problems that originated from Computer
Science.

3. Helfgott (2008): initiation of very important works on diameters
and expansion theory of Cayley graphs of finite groups.

4. Many new results on additive problems in finite fields.
56,7,...

Bourgain & G (2014). Estimates of very short Kloosterman sums.
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RATIONAL TRIGONOMETRIC SUMS
Let m > 2 be an integer. Consider the trigonometric sum
S .= Z e27'ri></m7
X

where x runs a system of N integers.
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S| < N.

SUM-PRODUCT
ESTIMATES IN FINITE
FIELDS

M. Z. GARAEV
CENTRO DE CIENCIAS
MATEMATICAS,
UNAM, caMPUS
MORELIA, MEXICO



SUM-PRODUCT
ESTIMATES IN FINITE
FIELDS

RATIONAL TRIGONOMETRIC SUMS
M. Z. GARAEV

CENTRO DE CIENCIAS
MATEMATICAS,

Let m > 2 be an integer. Consider the trigonometric sum UNAM, campus

MORELIA, MEXICO
27mix/m
S .= E g2/ ,
X

where x runs a system of N integers.

From |e™| = 1 it follows the trivial estimate

S| < N.

The central problem is to obtain a nontrivial estimate of the form
S| < AN

with A = A(N) as small as possible.



SUM-PRODUCT
ESTIMATES IN FINITE
FIELDS

RATIONAL TRIGONOMETRIC SUMS
M. Z. GARAEV

CENTRO DE CIENCIAS
MATEMATICAS,

Let m > 2 be an integer. Consider the trigonometric sum UNAM, campus

MORELIA, MEXICO
27mix/m
S .= E g2/ ,
X

where x runs a system of N integers.

From |e™| = 1 it follows the trivial estimate

S| < N.

The central problem is to obtain a nontrivial estimate of the form
S| < AN

with A = A(N) as small as possible. Especially are interesting

estimates with
A=A(N)—0 as N — oo



There are relations between trigonometric sums and additive
congruences observed by Vinogradov in 1926.

SUM-PRODUCT
ESTIMATES IN FINITE
FIELDS

M. Z. GARAEV
CENTRO DE CIENCIAS
MATEMATICAS,
UNAM, caMPUS
MORELIA, MEXICO



There are relations between trigonometric sums and additive

congruences observed by Vinogradov in 1926.

LEMMA. Let m > 2 be an integer, u,v run system of integers

u=uy,u,...

s UL,

V=V, V...

, VM.

SUM-PRODUCT
ESTIMATES IN FINITE
FIELDS

M. Z. GARAEV
CENTRO DE CIENCIAS
MATEMATICAS,
UNAM, caMPUS
MORELIA, MEXICO



There are relations between trigonometric sums and additive
congruences observed by Vinogradov in 1926.

LEMMA. Let m > 2 be an integer, u,v run system of integers

u=u,u,...,up,

Assume that

i
max 2 :e Tiau/m < R;
1<a<m-1

u

V=V, V...

m—1

Z Ze}n’iav/m < D.

a=1

v

, VM.
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LEMMA. Let m > 2 be an integer, u,v run system of integers
u=u,u,...,up, V=V, V2,...,VMm.

Assume that

m—1
2miau/m . 2miav/m
1<aBX Ze <R Z Ze <D
- u a=1 v
Then for any integer A\ the number T of solutions of the congruence
u+v=X (mod m)

can be represented in the form

T = 1+0—
+L/\/I

LM( RD) 0] < 1.
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14z424.42"'=(E"-1)/(z—1)=0.



The starting point:

m—1

1 2miax/m __ 17
1S
a=

if x=0 (mod m),
if x#0 (mod m).

For x # 0 (mod m) take z = €*™*/™ and use

Z"-1/(z—1)=0.

14z+224+.. 42"t =

Substitute x = u+v — \:

e27rla ut+v—2X)/ :{ 17

m—1

1
m

0,
a=0

ifu+v=2XA
ifu+vZA

(mod m),
(mod m).
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The starting point: SUM-PRODUCT

ESTIMATES IN FINITE
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m—
1 = M. Z. GARAEV
l Z 2‘n'rax/m _ 17 ifx=0 (mOd m)’ CENTRO DE C{lENCYAS
m 0 If X 7_é 0 (mod m) MATEMATICAS,
a=0 ’ UNAM, caMPUS

MORELIA, MEXICO
For x # 0 (mod m) take z = €*™*/™ and use

14z424+.42"'=(="-1)/(z—1)=0.

Substitute x = u+v — \:

l = e27ria(u+v7>\)/m _ 1, ifut+v=A (mOd m)a
m < 10, if u+vZX (mod m).
We sum over u = w1, u2,...,u and v = vi, va, ..., Vum;

T ZZ Z 2mia(utv—A)/m _ ;I:z_;lzu:zv: o2mia(utv—2)/m

Separate a = 0 and obtain

T= M + Error,
m
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where
m—1
Error = l z : e27riau/m z :e27riav/m e727ria)\/m.
m
a=1 u v

The conditions of the Lemma imply

-1
\Error| < lmz Ze27riu/m ZeQWiav/m @
om a=1 u v m 7

and the claim follows.

IN



LEMMA. Let U, V C {1,2,...,p}. Then for any a € {1,2,...

the following holds:

SN < /plU V],

uelveV

7p_1}
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SN < /plU V],
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LEMMA. Let U, V C {1,2,...,p}. Then for any ac {1,2,...,p—1} MorELiA, Mixico
the following holds:

ZZeZTriauv/p < P|UHV‘7

uelveV

U||V| > p**=, then

Z Z eQ‘/riauv/p

uelUveV

If, say,

< [U|IVIp~*"2.

The proof of the Lemma follows from the Cauchy-Schwarz inequality
+ Trigonometric identity.



G AUSS SUMS
The Gauss sum:

p—1
Sn(ay P) = Z eZ'rrlaX /p7
x=0

(a.p)=1.

(ar T <
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v
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GAUSS SUMS

The Gauss sum:
p—1 )
Si(ap) =™ /P (ap)=1.
x=0

Gauss proved that |Sy(a, p)| = /P
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The Gauss sum:
p—1 )
Si(ap) =™ /P (ap)=1.
x=0

Gauss proved that |Sy(a, p)| = /P

Iff d = (n, p — 1), then S,(a, p) = Sa(a, p). We assume that n divides
p—1.

Hardy-Littlewood 1917:
|Sn(a, p)| < (n—1)p*2.

Is nontrivial when n < pl/z.



SUM-PRODUCT
ESTIMATES IN FINITE
FIELDS
M. Z. GARAEV
CENTRO DE CIENCIAS
MATEMATICAS,

UNAM, caMPUS
MORELIA, MEXICO

p—1

S (ap) =1,

x=0

S"(37 P)

The problem of obtaining nontrivial estimates for larger values of n
was a topic of investigation of many mathematicians.
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The problem of obtaining nontrivial estimates for larger values of n
was a topic of investigation of many mathematicians.

1991: Shparlinski using a result of Garcia and Voloch (1988) obtained
a nontrivial estimate for n < p*/7—¢
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p—1

S (ap) =1,

x=0

S"(37 P)

The problem of obtaining nontrivial estimates for larger values of n
was a topic of investigation of many mathematicians.

1991: Shparlinski using a result of Garcia and Voloch (1988) obtained
a nontrivial estimate for n < p*/7—¢

Heath-Brown and Konyagin (2000) extended the range to n < p?/37¢

Konyagin (2003): obtained nontrivial estimate for n < p3/4—¢.
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Another view to Gauss sum

Sa(a,p) =1+ ™™/,

The set

H:={x" (modp): 1<x<p-1}

is a multiplicative subgroup of I}, of the order (p —1)/n.
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Sa(a,p) =1+ ™™/,

The set

H:={x" (modp): 1<x<p-1}

is a multiplicative subgroup of I}, of the order (p —1)/n.
element h € H has exactly n representation in the form

h=x" (modp), 1<x<p-1.
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x=1

The set
H:={x" (modp): 1<x<p-1}

is a multiplicative subgroup of F, of the order (p — 1)/n. Each
element h € H has exactly n representation in the form

h=x" (modp), 1<x<p-1.
For this reason one has

Sn(a,p) =1+ ”Z e?m /P

heH

Thus, the problem is equivalent to the problem of estimating the sum

z : eZﬂ'iax/p'

xeH

The result of Konyagin applies to the case |H| > pt/Ate.



We have the representation

z : 27rlax/p

xeH

|H|k 1

-

x1€EH
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xeH x1EH x€EH MORELIA, MEXICO
If we take k = 2, then we can estimate it using Vinogradov's bound:

2miax/ _i‘ 2771 /
|Ze iax p‘_ ‘H| Z Ze iaxyxp /p

xeH x1€EH xxeH

<p2

But this estimate is nontrivial only in the case |H| > p'/2.

Using the sum-product estimate Bourgain, Glibichuk and Konyagin
proved the following result.

THEOREM (BGK). For any € > 0 there exists a positive integer
k = k(e) such that if X C F, and |X| > p®, then

(Z Y ez""aX1-~Xk/"] <IX|p™®, §=46() > 0.

x1€X xx€X



As a corollary it follows that if H is a subgroup of F,, with |H| > p®,

then for (a, p) = 1 we have

‘Ze%rfax/pl < |H‘175;
xeH

d=46()>0.
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As a corollary it follows that if H is a subgroup of F,, with |H| > p®,
then for (a, p) = 1 we have

1> TP < H'TY 5 =6(e) > 0.
xeH

In other words, the Gauss sum

p—1
Si(a,p) = > ™7 (ap) =1,
x=0

admits a nontrivial estimate for n < p'~¢

constant € > 0.

, with any small fixed



We know that if | X| > p/2*¢ then

xeX yeX

‘Zze?m’axy/p‘ < |X|2p—a
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We know that if | X| > p!/2*¢ then

‘ Z Z e27-ria><y/p

xeXyeX

< |IXPpe

If |X| ~ p'/2, then there is no nontrivial estimate of this bilinear

sum.
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The idea is to use the sum-product estimate and try to substitute this
sum with a double sum over sets with larger cardinalities.
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If |X| ~ p'/2, then there is no nontrivial estimate of this bilinear sum.
Let us consider the trilinear sum

S = Z Z Z e27-r/'axyz/p
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The idea is to use the sum-product estimate and try to substitute this
sum with a double sum over sets with larger cardinalities. This
trilinear sum already contains product-set:

{xy; x € X,y € X} = XX.

Furthermore,
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H 1/2+4¢ SUM-PRODUCT
We know that if |X| >p then ESTIMATES IN FINITE
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‘z : z :e2wiaxy/p

2 —e M. Z. GARAEV
S |X| P : CENTRO DE CIENCIAS
xeXyeX
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If |X| ~ p'/2, then there is no nontrivial estimate of this bilinear sum.
Let us consider the trilinear sum

S = Z Z Z e27-r/'axyz/p

xeXyeXzeX

The idea is to use the sum-product estimate and try to substitute this
sum with a double sum over sets with larger cardinalities. This
trilinear sum already contains product-set:

{xy; x € X,y € X} = XX.

Furthermore,

ISP < IXP D DC| 3T 3 emrele]

yeEXzeEX x1EX xpEX
And here we have the sum-set

X+ X={x1+x;x € X,x € X}.



In general, the sum-product estimate eventually reduces the problem

of estimating 2k-linear sum

2 : 2 : 2 : e2TriX1X2...X2k/p

x1 EX1 xp €Xp

Xok €Xok
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In general, the sum-product estimate eventually reduces the problem
of estimating 2k-linear sum

2 : 2 : . 2 : e2TriX1X2...X2k/p
X1 EX1 X0 E€EX3 Xok € Xog
to the problem of estimating k-linear sum:

E E 2™k /P

yIEYL YK€ Yk
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In general, the sum-product estimate eventually reduces the problem
of estimating 2k-linear sum

2 : 2 : 2 : e2TriX1X2...X2k/p
X1 EX1 X0 E€EX3 Xok € Xog
to the problem of estimating k-linear sum:
E E 2™k /P
nevr  yEYi

but now the cardinalities of Y; are much larger than of X; (say,
‘YI‘ 2 ‘X,“LOOOI).
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In general, the sum-product estimate eventually reduces the problem M. Z. GARAEV
CENTRO DE CIENCIAS

of estimating 2k-linear sum MATEMATICAS,

UNAM, caMPUS
2 : 2 : 2 : e2TriX1X2...X2k/p

MORELIA, MEXICO
x1EX1 x2€Xp ok €Xok
to the problem of estimating k-linear sum:
Z Z e2mivi--yi/p
nev YKEYk

but now the cardinalities of Y; are much larger than of X; (say,
|Y:] > |X:|*%%%). Take k to be a big power of 2 and iterate it until we

arrive at bilinear sum
j :2 :e27'riuv/p

uvelveV
with |U||V| > p'*°. Then apply Vinogradov's bilinear sum estimate.

To implement into reality one more tool is needed,
Balog-Szemeredi-Gowers type estimates.
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One recent application, in 2014.
The incomplete n-linear Kloosterman sums

My +Ny
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x1=M;+1

Mnp+Np
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(a,p) =1

SUM-PRODUCT
ESTIMATES IN FINITE
FIELDS

M. Z. GARAEV
CENTRO DE CIENCIAS
MATEMATICAS,
UNAM, caMPUS
MORELIA, MEXICO



SUM-PRODUCT
ESTIMATES IN FINITE

One recent application, in 2014. FIFLDS
The incomplete n-linear Kloosterman sums M. Z. GARAEV
CENTRO DE CIENCIAS
MATEMATICAS,
My +Ny Mp+Np UNAM, CAMPUS

. * MORELIA, MEXICO
E : o 2 : e27rla(x1...x,,) /p; (27 P) -1

x1=M;+1 Xp=Mp+1

The trivial bound is < Ny N5 --- N,.



SUM-PRODUCT
ESTIMATES IN FINITE

One recent application, in 2014. FIFLDS
The incomplete n-linear Kloosterman sums M. Z. GARAEV
CENTRO DE CIENCIAS
MATEMATICAS,
My +Ny Mp+Np UNAM, CAMPUS

. * MORELIA, MEXICO
E : o 2 : e27rla(x1...x,,) /p; (27 P) -1

x1=M;+1 Xp=Mp+1

The trivial bound is < N1 N, --- N,. The problem is to obtain a
nontrivial bound. Consider the case Ny = ... = N, = N.
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The incomplete n-linear Kloosterman sums

Mi+Ny Mp+Np

Z o Z e27ria(x1...x,,)*/p;

x1=M;+1 Xp=Mp+1

The trivial bound is < N1 N, --- N,. The problem is to obtain a
nontrivial bound. Consider the case Ny = ...

Luo in 1999

(a,p) =1

:Nn

N.
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One recent application, in 2014.
The incomplete n-linear Kloosterman sums

Mi+Ny Mp+Np

Z o Z e27ria(x1...x,,)*/p;

x1=M;+1 Xp=Mp+1

The trivial bound is < N1 N, --- N,. The problem is to obtain a
nontrivial bound. Consider the case Ny = ...

Luo in 1999 and Shparlinski in 2007:

(a,p) =1

:Nn

N.
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One recent application, in 2014. FIFLDS
The incomplete n-linear Kloosterman sums M. Z. GARAEV
CENTRO DE CIENCIAS
MATEMATICAS,
Mi+Nqy Mp+Np UNAM, CAMPUS

. * MORELIA, MEXICO
E : o 2 : e27rla(x1...x,,) /p; (27 P) -1

x1=M;+1 Xp=Mp+1

The trivial bound is < N1 N, --- N,. The problem is to obtain a

nontrivial bound. Consider the case Ny = ... = N, = N.

Luo in 1999 and Shparlinski in 2007: for large values of n one has a

nontrivial bound in the range
Nn > pn/4+ n/2+.4..

Now the sum-product estimates eventually leads to the following result

THEOREM. (Bourgain & G., 2014). For N > p4/”2, we have

My+N Mp+N

’ Z Z e27r"a(xl“-xn)*/P<an76

x1=M;+1 Xp=Mp+1

for some § = é(n) > 0.
Suffices N" > p*/".
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Investigations on very short Kloosterman sums started with works of MORELIA, MEXICO
Karatsuba continued by Korolev.

THEOREM. (Bourgain & G., 2014). The following bound holds:
3
ax ‘Z e(an’) (loglog p)” log p

(@:p)=1 n<N

< lognypz

where the implied constant is absolute.
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Investigations on very short Kloosterman sums started with works of MORELIA, MEXICO
Karatsuba continued by Korolev.

THEOREM. (Bourgain & G., 2014). The following bound holds:

. log | 3
max ‘Z ep(an®) \loglog p) o8 P p)”log p
(a,p)=1 oy

(
< lognypz

where the implied constant is absolute.

It follows that if N = p® with £ > 0 fixed, the saving is
O((log log p)*/(log p)'/?) and the estimate is nontrivial if

N > exp((log p) (log log p)?).
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Let A C FFp. Obtain optimal sum-product estimate.

What is a conjectured bound? One should be careful.

The seemingly reasonable conjecture
max{|A + A[,|AA[} Z min{p, |A["}

is false.

For any N € [1, p] one can construct a subset A C FF,,

such that
max{|A + A|, |AA|} < ca/p|A|.
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Let A C FFp. Obtain optimal sum-product estimate. MoRELIA, MEXICO
What is a conjectured bound? One should be careful.

The seemingly reasonable conjecture
max{|A + A[,|AA[} Z min{p, |A["}

is false.

For any N € [1, p] one can construct a subset A C F,, with |A| = N
such that
max{|A + A|, |AA|} < ca/p|A|.

|
1/2

For instance, if |A] = p*/“ then

max{|A + A|, |AA|} < al|AP? ~ p*/*.



COnjeCtUre.

max{|A + A|> |AA|} ,Z min{|A|2’ \/M}
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Conjecture.

max{|A+ AL, |AA[} Z min{|A1%, v/plA]}.

THEOREM. (G., 2008). If |A| > p*/3, then the conjecture is true:

max{|A+ AL, |AA]} > c\/p]A],

c>0.
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Conjectu re. MORELIA, MEXICO

max{|A+ AL, |AA[} Z min{|A1%, v/plA]}.

THEOREM. (G., 2008). If |A| > p*/3, then the conjecture is true:
max{|A + A, |AA|} > c\/p|A|, c¢>0.
THEOREM. (Roche-Newton, Rudnev, Shkredov, 2016). If |A| < p*/¢,

then
max{|A + A|,|AA[} > c|A]*®, ¢ >o0.



