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Introduction

The aim of this thesis is to analyze part of the results presented by R.E. Borcherds
in his article on renormalization and quantum field theories [23]. To facilitate
this, the first chapter presents the basic facts on category theory, sheaf theory
and the theory of distributions on a manifold. In the particular case of distribu-
tions on manifolds we differentiate between the H-distribution (introduced by
Hormander [15]) and the D-distributions (described in the book of Dieudonné
[14]) and extend the product of distributions defined by Héormander only for
H-distibution, to an action from H-distributions over D-distributions. Each
one of these facts will be used along the thesis in order to exhibit more de-
tailed descriptions and explanations for the results.

In Chapter 2 the concepts of spacetime, fields, Lagrangians, propagators
and Feynman measure are defined. The notion of Feynman measure is in-
troduced with a more detailed explanation of the Gaussian condition and its
relation with the cut propagator.

In the last chapter we define the renormalization group and immediately
characterize it using the results from Chapter 1. The algebraic structure of this
group is described in detail. We present a descending filtration of the renor-
malization group by normal subgroups, compute the corresponding quotients
and commutators, and show that any element of the renormalization group
can be written as an infinite product of elements each one living in one of the
aforementioned subgroups. Lastly we show that an action from the renormal-
ization group over the set of Feynman measures is well defined and prove that
this action is transitive over the Feynman measures associated with a given cut
local propagator.
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Chapter 1

Preliminary results

Along this thesis we will need certain level of knowledge in category theory,
sheaf theory and the theory of distributions on manifolds. Since we shall just
use some specific result in each of these areas, we shall present them. The
reader familiarized with these concepts can omit this chapter and eventually
come back next to regard a specific result if needed.

1.1 Results on category theory

1.1.1 Basic notions

For the basic definitions on category theory, we refer the reader to [1], Ch.9,
or [7], Ch.XI.1. Moreover, the definitions of monoidal (or tensor) category,
monoidal (or tensor) functor and monoidal natural transformation can be found
in [7], Ch.XI1.2. and XI.4.

We shall use the letters C, D,... to denote a monoidal category. If C is a
monoidal category we will denote by ®@¢ : CxC — C the tensor product bifunctor
and by 1¢ the unit object. The left and right unit morphisms will be denoted
by ly i 1e®@c M — M and ry; : M ®c1c — M for any M € Obj(C); whereas the
associativity morphism will be denoted by a4 5 : (AR B)®C — A® (B®C)
for any A, B and C objects of C.

A strict monoidal category is a category where the associativity and unit
morphism are the identities of the category, i.e. for all X, Y and Z objects of C
wehave (X ®Y)®Z=X®@(Y®Z)and1l: @ X = X = X ® 1c.

We present a well-known result about monoidal categories, whose proof
can be found in [7] Theorem XI.5.3

Theorem 1.1.1. Any monoidal category is monoidal (or tensor) equivalent to a strict
one.
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This theorem implies Mac Lane’s coherence theorem which states that in
a monoidal category all diagrams built with the unit, associativity or identity
morphisms commute.

Hence from now on we will suppose for simplicity in the exposition that
all our monoidal categories are strict.

Definition 1.1.2. Given a monoidal category C, a triplet (A, m,u) with A € Obj(C),
m € Home(A® A, A) and u € Home(1, A) is called an unitary algebra in C if we
have:

mo (m®Ida) =mo (Ids ® m),
mo(u@]dA) = IdA,
m O (IdA®U> :IdA

Remark 1.1.3. 1; with the product l;, = 71, (see [7], Lemma XI.2.3) and unit
Id,, is a unitary algebra.

Notice that the natural domain of m ® Id is (A® A) ® A and for Id4 ® m it
is A® (A® A), so the only reason why the first equation of the definition makes
sense is because in a strict monoidal category the two domains are equal. A
similar observation applies to the second and third equations: if we were not
in a strict monoidal category the first of the equations above should take the
formmo (m ® Ids) =mo (Idsg ® m) o aa a4, and the same applies to the rest.

The morphism between two unitary algebras (A, ma,u4) and (B, mp,up)
in C is a morphism f € Hom¢ (A, B) such that

ugo f =1y and mpo(fQf)=f®ma.

The class of unitary algebras in C together with the previous morphisms
form a category which we note by Alge. Since we will be interested in unitary
algebras, we will drop the adjective unitary and refer to them as algebras.

Definition 1.1.4. Let C be a monoidal category and (A, m, u) a unitary algebra in C.
A right module over A is a pair (M, p) such that M € Obj(C) and p € Home(M ®
A, M) satisfying the following equations

po(Idy @m)=mo (p® Idy),
po(Idy ®u) = Idy.

One defines left modules over an algebra A analogously. A bimodule over
A is a triple (M, ), p) such that (M, \) is a left module and (M, p) is a right
module over A and po (A ® Ids) = Ao (Idy ® p). Note that (A, pu,p) is a
bimodule, called reqular. A morphism of bimodules is a morphism of left and
right modules. They clearly form a category.
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Definition 1.1.5. Let C be a monoidal category and (A, m, ) a unitary algebra in C.
Anideal I of A is a subobject of A in the category of bimodules over (A, m, ).

Let A be a commutative algebra and 4 M od be the category of A-modules.
It is a symmetric monoidal category for the canonical tensor product over A
and the usual braiding denote by 7. A good category C will be a symmetric
monoidal category together with a fully faithfull monoidal functor from C to
the symmetric monoidal category 4 M od, for some A.

For the following definition we suppose our category satisfies Grothendieck’s
axiom Ab3* (see [5], Appendix for the definition).

Definition 1.1.6. Given an algebra A in a monoidal category C, and a subobject X of
A, the ideal generated by X is the intersection of the family of ideals I of A such that
X is a subobject of I (see [3] Ch.I, section 9).

Definition 1.1.7. Given a monoidal category C, a counitary coalgebra in C is a
triplet (C,ec, Ac) where C' € Obj(C), e¢c € Hom(C,1), Ac € Hom(C,C & C)
such that

(Ac®ldc) OAC = (Idc@Ac) OAc,
Idc = (€C®]dc) OAc,
Idc = (Idc@&‘c) OAc.

The morphism e is called the counit of C'and A the coproduct.

Remark 1.1.8. The object 1¢ together with coproduct I ' = ry ' (see previous
remark) and counit /d¢ is a counitary coalgebra.

Since we are mainly interested in counitary coalgebras, we will only refer
to them as coalgebras.

Similarly to the case of algebras the class of coalgebras in C constitute a
category if we take as morphism from (C,e¢, A¢) to (D, ep, Ap) the maps g €
Home(C, D), satisfying

fO&TC:&TD and (f®f)OAC:ADOf

We denote this category by C'oalge. Similarly one defines coalgebras with-
out counit and their morphisms. We denote this category ,,Coalgc

We refer the reader to [7], Ch XIII for the definition of braided category. For
each pair of objects V and W of the category C denote by ¢y € Hom(V ®
W, W ® V) the braiding isomorphism. A symmetric monoidal category is a
braided monoidal category such that cy.w o ¢y = Idwgy for all objects V' and
W in the category.
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Definition 1.1.9. Given a symmetric monoidal category C, a unitary algebra (A, m,u)
in C is called a commutative if m = m o cy 4.

If (A,ma,uas) and (B,mp,up) are two commutative unitary algebras, a
morphism between them will be a map f € Hom . (A, B). The class of com-
mutative unitary algebras together with these morphisms forms a category
which we note by Alg¢.

Definition 1.1.10. Given a symmetric monoidal category C, a cocommutative couni-
tary coalgebra in C is a coalgebra (C, A¢, e¢) such that Ac = coc 0 Ac.

If (C,Ac,uc) and (D, Ap, Ap) are two cocommutative counitary coalge-
bras, a morphism between them will be a map f € Homeoay, (C, D). The class
of cocommutative counitary coalgebras together with these morphisms forms
a category which we note by C'oalgg.

The basic example of a braided (non-strict) monoidal category is the cat-
egory of vector spaces over a field. Note that the category of algebras in a
braided monoidal category is also braided, as recalled in [27], Ch.1.

Definition 1.1.11. Given a monoidal category C and a coalgebra (C, A, €) in C a right
comodule over C' is pair (M, ) where M € Obj(C) and 6 € Hom(M,M ® C)

satisfy

The morphism ¢ is called the coaction. We denote by Com the category
whose objects are right comodules over C' and whose morphisms are given as
follows. If (M, 0,) and (NN, dx) are two right comodules over C, a morphism f
from M to N isamap f € Home(M, N) such that

f

M N (1.2)
5ML léN
Meco—L2% Ngo

is commutative.

Since we shall work only with right comodules, we shall refer to them just
as comodules.

Proposition 1.1.12. Let C be a monoidal category, W € Obj(C) and (C,A¢,ec) a
coalgebra in C. Then W & C' has structure of right comodule over C, with coaction
di=Ildy @Ac - WRC—-WaC)C(C.
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Proof. To see that this is a right comodule over C, one must check equation
(1.1). First we will show that the following diagram

WeC g Wed)eC
él lfdvv@C ®Ac
Wel)eC WeC)eCeC

RIdc

commutes.
Indeed, we have the following chain of identities

where we have used the strictness of the category in the second equality and
the property (f ® g)o (f'®¢') = (fo f') ® (9o g'). Moreover,

= ([dw® ([do@Ao)) ¢} (IdW ®Ao) = (([dw@[dc) ®AC> e} (IdW ®Ao)
= (Idwgc ®@ Acg) o (Idw ® Ac) = (Idwege @ Ag) 06,

where in the last row we have used that Idyygc = Idw ® Idc.
Finally we must show the commutation of the following diagram

WecC P - (WeC)eC
m LIdW@C@EC
Wel) el

Indeed, we have the following chain of identities

({dwec ®ec) 0 d = (Idwegce ®ec) o (Idw ® Ac)
= ((]dw®]dc) ®€C) o (]dW ®Ac) = (Idw® (]dC®5C)) o] (IdW ®Ac)
= ([dwo[dw) & (([dc@&c) OAc) = IdW ®[dc = [dW®Ca

where we have used the strictness of the category in the third equality. O

Definition 1.1.13. Given a (respectively symmetric) monoidal category C, a (respec-
tively cocommutative) coaugmented coalgebra in C is a cocommutative coalgebra
(C, A, ¢) in C provided with a morphism of (respectively cocommutative) coalgebras
n € Hom(1c, C) such that

1 ! C (1.3)

[A A
1
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Given two cocommutative coaugmented coalgebras (C, A¢, ¢, nc) and
(D, Ap,ep,np), a morphism of cocommutative coaugmented coalgebras from
C'to D is an element f € Homcoay, (C, D) such that f o ne = np.

The class of all cocommutative coaugmented coalgebras in C with mor-
phisms between them form a category for the usual composition and identity
morphisms, that we denote by .Coalgc.

Example 1.1.14. If V is a K-vector space, let TV = @,5,V®" its tensor con-
struction. We define a counit morphism as the map ¢ : TV — K given by
the projection on the zero degree component and a coproduct as follows. If
V=1 ® - R v, is an element of TV then

n—1

A(U>:Zvl"'Ui®vi+1"'Un+1K®U+U®1K_

i=1

We also define A(1x) = 1 ® 1. The coproduct is a linear extension of the previ-
ous definitions. The coaugmentation morphism is the map n : K — TV given
by n(lx) = 1 € T°V. It is easy to verify that (TV, A, ¢,n) is a coaugmented
coalgebra in the symmetric monoidal category of vector spaces over the field
K.

1.1.2 Relation between coaugmented and noncounitary coal-
gebras in an abelian category

All along this section C will be an abelian symmetric monoidal category. We
shall define two functors F' : .Coalge — ,Coalge and G : ,Coalge — .Coalgc
which are quasi-inverses of each other.

If (C, Ac,ec,nc) is a coaugmented coalgebra in C, we will denote (C, 7¢) =
Coker(nc). The universal property of the cokernel gives us a map Ag such
that the following diagram

cCeC (1.4)
|
1 C C

el el

commutes. The morphism Ag is the only one such that the diagram com-
mutes, and it exists because (7¢ ® 7¢) o A¢ o ne = 0. Indeed by the definition
of cocommutative coaugmented coalgebra we have that (7¢ ® 71¢) 0 Ac one =
(e ®@7e)o(ne®@ne)ot = ((rcone) @ (meone)) o, which is zero by definition
of the cokernel of 7¢.

If (C,Ac,ec,nc) € obj(.Coalge) we define F(C, Ac,cc,nc) = (C,Ag). If
f:(C,Ac,ec,nc) = (D,Ap,ep,np) is a morphism in the category .Coalge,
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we see that there exists a unique map in the category ,,C'oalge, which we call
[, satistfying that

D (1.5)
2
1——+C = C

In order to guarantee the existence of a mapping f in C making (1.5) com-
mute, we must only see that (7o f)one = 0. By definition of Hom, coaig, (C, D)
we have that (mpo f)one = mpo(fone) = mponp which is zero because (D, 7p)
is the cokernel of 7)p. In order to see that f € H OM., Coalge (C, D), itis enough to
prove the diagram

f

C D (1.6)
Acl Aﬁ
C®C———>D®D
fef

commutes.

We will prove the equality Apo f = (f® f) oAz by using that ro : C — C'is
an epimorphism, because it is a cokernel. So it is enough proving m50 fomc =
(f ® f) o Az o mc. Indeed,

AﬁO?O’]TC:Aﬁoﬂpof:(’/TD®7TD)OADOf
=(mp@mp)o(f®f)odc=(f&f)o(tc®mc)oAc
=(f®[f)oAgomc

where we have used that f o ¢ = 7p o f in the first equality and the fact that
the morphisms of coalgebras satisfy Ap o f = (f ® f) o A¢ in the third one
together with common properties of the morphisms of monoidal categories.

If f € Hom, coag. (C, D) we define F(f) = f € Hom,,coay. (C, D). To prove
that this assignment is a functor we must see that

o Flgof)=F(g)oF(f),

In the following we suppose that f € Hom, coag, (C, D) and g € Hom coag. (D, E).
We know that F'(g o f) is the only morphism such that F'(g o f) o m¢ =
mg o (go f). Since

F(g)o F(f)omc=F(g)o forg=gompo f=mgogof,
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then, by uniqueness we conclude that F'(g o f) = F(g) o F(f). Diagram (1.5)
implies that F'(Id¢) = Idg. Then F : .Coalge — ,Coalge is a functor. More-
over; we will prove that it is a categorical equivalence, and in order to see that
we will construct its quasi-inverse functor G : ,,Coalge — .Coalge.

Given an object (£, Ag) in the category ,,Coalgc, we define its image under
Gby (E®1c, Agai,, T2, i2), where m : E®1e — 1¢ is the canonical projection of
the direct sum and i, : 1- — E @ 1¢ is the canonical inclusion map of the direct
sum. The definition of Agg;,. is a little more involved. We write 1 instead of 1¢
to denote the unit object. We first define the morphisms

Ap = (i1 ®i1) 0 Ap + (i1 ®iz) o rg' + (2 ®i1) o I,
Ay = (iz®iz) 01

Hence, there is a unique morphism
AEEBl € HOmc(E ®1, (E ) 1) X (E D 1))

such that Apg; ® i1 = Ap and Aper ® is = A4, ie. making the following
diagram

1 (1.7)
Ay L
ia
3 AEED]
(E@1)®(E@1)~—- -2 __ Eel
= Th
Ap
FE

commute.

From now on, for simplicity we shall write £, = E & 1. The next step is
to define G on morphisms. If f is in Hom,,coaug. (C, D), then we define G(f) =
iPofort+ilony, wherei? : D — D,,and 7p, : Dy — (D,) is the cokernel
of i¥ : 1 — D, (i.e. the coaugmentation of D). We will denote G(f) by f.

Example 1.1.15. If we are in the category of vector spaces over a field K, the
previous constructions are of the form:

e G(F)=FE®1willactuallybe £ @ K - 1p,,

The coaugmentation n(lx) = 15,,

o Apai(e)=Agle)+1p, ®e+e®1p,,

Iff S HomnCoalgc(EaH>/ then G(f)(@ + A 1E+> = f(e) + A 1H+~
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Theorem 1.1.16. Let C be a monoidal abelian category. Then, the functor
F: .Coalge — ,,Coalge
is a categorical equivalence whose quasi-inverse functor is

G : ,Coalge — .Coalge.

Proof. If X € Obj(,Coalgc) we construct the natural map Nx : X — (X})
given by the composition Ny = my, oi. Given two objects X, Y € Obj(,,Coalgc)
and f € Hom, coag. (X, Y ), we will show that

X Y (1.8)
W e
o) —— %)

is commutative. In order to do that, note that

froi = o for +i} om¥) o
— ¥ o forf o +i) om¥ o

=i ofoldx +1iy o0=14] of,

where we have used the bilinearity of the composition in an abelian category
in the second equality and the facts that 7;* 0 if* = Idx and 73 oif = 0in the
third one. Hence,

Nyof=my oif of =my, ofyoiy =(fy)omy, oty =(fy)oNx

where in the third equality we use the commutation of the diagram (1.5) and
in the last one the definition of the natural transformation. Then the functor
F o G is naturally isomorphic to Id,coaig, -

Also it is possible to construct a natural map between Idc_,,,. and G o
F. Suppose (X,Ax,ex,nx) € Obj(.Coalge), we define Lx : X — (X), by
Ly = i omx +if oex, where i¥ : X — (X), and iy : 1 — (X), are the
inclusion maps, 7x : X — X is the cokernel of ny and 7¥ : (X); — X and
7% : (X)4 — 1 are the projections.

Note that

(AroLx=(if o form +i} om¥) o (iff omy + iy oex)

_ Y o F X 5 X Y O F o X o X
=14 ofomi ol omx+1i ofomioiy ocx

+i) 0Ty 0dy omy + iy oMy 0y OEx,
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where we have used the bilinearity of the composition, the definition of the
functor G and the natural map Ny defined above. Using that 7 o i = Idx,
i oiy =0,m oi =0and my oiy = Idy, we get that

(7>+CLLXIzi?13f()ﬁx”+i§’ogx.

On the other hand, the computation of Ny o f gives us

Nyof=( ony+iloey)of=i omyof+il ocyof
::i?k37(>ﬂX”+i§yo€Xa

where we have used the definition of f and the fact that f is a morphism of

(counitary) coalgebras in the last equality. Hence Ny o f = (f); o Lx which
together with the previous result implies that ' and G are quasi-inverse func-
tors. [

Let us denote AWM = Idg, Ag) = Az and A(g) = (Ag ® [d®™D) o A(g*l) if

n > 3. Notice that there is a canonical morphism K erA(g IR ¢ erA(g D for all
n = 2.

Definition 1.1.17. A (respectively cocommutative) coaugmented coalgebra (C, A, e, n)
is cocomplete (or conilpotent) if C = colim,, o K erAgL ),

1.1.3 Symmetric coalgebras

Let us begin this section with an example.

Example 1.1.18. Let C be a good symmetric monoidal category. Given V &
Obj(C), let us consider the tensor algebra

(V)= ver (1.9)

n€eNg

where V®% = A and the product is given by concatenation. The algebra S(V)
is defined by S(V') = T(V)/I, where [ is the ideal in T'(V') generated by the
image of 1d* — 7y as a subobject of V®2 (where 7 is the braiding given by the
usual twist). We write

S(V)=&p sv. (1.10)

n€Ng

We will define a structure of cocommutative coaugmented coalgebra on it,
denoted by S°V. The coproduct is defined as follows. We set A(lgey) =
lgey ® lgey, and for an element of the form vy - - - v, with v; € V we define
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Avy -+ vy) = Z vr @AV, (1.11)
1,J/TUJ={1--n}
where vy = v;, v, if I = {iy < -+ < i} # 0 and vy = lgey The counit
e: 5°V) — Ais given by the canonical projection onto the zeroeth component,
and the coaugmentation n : A — S°(V') is the canonical inclusion.

From now on, we denote this coalgebra only by SV, unless we say the
opposite. Note that SV defined in 1.1.2. is just SV = @,enS™V and Agy is

Agp(vy---vy) = Z v @ vy (1.12)
LJ#0/TUJ={1--n}

for n > 2 and is zero over V.

Remark 1.1.19. Notice that SV is cocomplete. To prove that, it is sufficient note
that A% vanishes on elements of &7_, S*V.

Remark 1.1.20. Note that the construction of the coalgebra SV can be done for
any object V' in a symmetric monoidal category C with arbitrary direct sums
such that ®: commutes with &. The Theorem 1 in Chapter XI.1 from [25] give
us a canonical action from §,, to the tensor construction of degree n, T'V'. This
theorem allow us to construct the symmetric coalgebra as equivalence classes
of this action. Let us denote by m; : "V — SV the projection map in the
symmetric product with componentin / C {1,--- ,n}. Then we can consider
the maps A, : S"V — SV ® SV given by

A, = @ T ® 7y,

LJIUJ={1,- n}

and define the coproduct A : SV — SV ®@ SV for SV as A = ), .y, An-

However in [25] there is another result in Chapter XI, establishing that there
is a strong monoidal functor between the tensor algebra construction and a free
algebra in the category algebras in a monoidal category. This result is equally
valid for the case of coalgebras.

If C is a coaugmented coalgebra in C, we shall denote by 1- the image
n(1x). Note it is a distinguished group-like element of C.

Proposition 1.1.21. Given a symmetric monoidal category C with arbitrary direct
sums such that @c commutes with &, for any (C, Ac,ec,ne) € Coalgs, any V €
Obj(C)and p : C' — V morphism in Hom¢(C, V') such that p o nc = 0, there exists
a unique morphism P € Hom, coags (C, SV') such that the following diagram

C P 1% (1.13)
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commutes, where  is the canonical projection to the elements of degree one.

Proof. The reader may suppose that C is a good category. If he or she is willing
to, but the proof is exactly the same.

If C is as in the statement, by Theorem 1.1.16 we can write C' ~~ C @ A. So,
it suffices to define P by its restrictions to each direct summand. We first set

P such that P o e = ngy. In the sequel we shill denote p®* : % = 5V to
denote the symmetric product of the map p : C' — V, i.e. p® composed with
the quotient projection 7"V — S™V. Moreover, we define P = P|z by

1 or i
_ Zm(pG o A, (1.14)

neN

|

where we are committing the abuse of calling p the morphism C — V induced
by p : €' — V. This induced map exists because of the universal property of
the cokernel since p o ¢ = 0, as depicted below

1% (1.15)

A
b I31p
|

A C C

nc e

In order to see that P is a coalgebra morphism we must prove the commu-
tation of

c r S (1.16)
Az Agv
CC——=SVeSV

PoP

_Changing some parentheses in the firsts equalities and using the definition
of P and the equation (1.12) in the fourth equality, we have

_ 1w 1 -
AWOP:AWO(ZE@Q OA%))):ZEAWO(Z?Q OA(@))

neN neN
1 o 1 n
=S asrermea =L S giflagihony.
neN neN I,J#£0/IUJ={1--n}

By rewriting A" and using that in a monoidal category the morphisms
satisfy (f ® g) o (h®71) = (f o h) @ (g or), we see that the latter sum coincides
with
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1

= Y 0Mep)o(azeId) o (Idw Ag)Y 1 0 A
neN Vg J;é(Z)/IuJ:{lmn}
_ Z Z ( ol 4 A%II) ®p®|J\) o (Id® A6)|J\—1 o Aé
nGN T LJAD/IuJ={1--n}
_ ol (1) o|J| (71 _
Z >, 0MeazVeploag) oAy
nGN T 1,J#£0/IuJ={1--n}
_ Z Z (1 o A%II) @ p® Ml o A(g—lll)) o Ag.

nGN T IC{1--n}/1<|I|<n

Since © is a symmetric product, any term who has p@t o A @p®"to A n)

is equal to any other who has p®" o A(I) ®Q po" T o A ") f and only if t = r.
Therefore for a fixed r € {1,...,n — 1} there are (") terms equal to p®” o A

ponT" o A(g_r). Hence,

_ Z 3 ( ) (p°M 0 AL @ pontl g A=) 6 A

nEN 1<|I|<n

I n— n—|1

_Z Z | “ ’[| (p®|1|oA%|)®p® |I|OA(€ I\))OA6

neN 1<|I|<n

=D > k, P o AF @ p7 o AGTY) 0 Az

neN 1<k<n
:(Z QTOA(T) ®Z )OA*

’!’EN ! SGN !
= (F ® ﬁ) © Aﬁ’

which is exactly the commutation we want. O

Remark 1.1.22. The previous proposition implies that there is a bijection

HomcCoalg (C,8V) e {f € Hom,,coalge (C,V)/fone = 0} (1.17)
for all cocommutative coaugmented coalgebra (C, Ac,ec, ne) € Coalgé in any
symmetric monoidal category C.

Since P is the restriction of P, we shall omit the bar in order to simplify the
notation.

Given V' € Obj(C), we specialize Proposition 1.1.21 in the case C' = SV.
To every P € Hom . ‘ (SV,SV) it corresponds a unique p = 7o Plgy €
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Homc(SV, V) that will be represented by a denumerable family of maps 7 o
P|gny, which we denote {p, },en and call it the sequential representation of P. If

we apply the formula Plgi = Y, =

nen m (P9 0 A in this case, we get

n

SnV(Ul .. 'Un) = Z Z %pm(vl) ® ... @p‘[m|(2}[m) (1.18)

m=1 Iy Ly A0 11U ULy ={1---n}

P

where | X | is the cardinality of the set X. Note that the sequential representa-
tion of w o Idgy is {Idy,0,0,--- }.

Proposition 1.1.23. Let C be a symmetric monoidal category with arbitrary direct
sums such that @c commutes with ©, the morphisms P € Hom, coags(SV,SV)
are represented by maps p € Home(SV, V). Moreover P is an isomorphism if and
only if p, is an isomorphism, where we use the notation of sequential representation
introduced previously.

Proof. As before, the reader may assume that C is a good category if he or she is
willing to, but the proof applies analogously to the general case. It is sufficient
to prove the second statement, for the first is a consequence of Remark 1.1.22.
We will prove that P : SV — SV is an isomorphism if and only if 7o P|g1y = p;
is an isomorphism. Consider P,() € H omchlgé(SV, SV). By formula (1.18),

we obtain that 7 o P o Q|- = >, oy i Where

n

1
ha(vi-vaeov,) = > ) > Pl @i (vn) - @1, (vr,,)-
m=1 I I A0 1 Uee Uy ={1---n}
(1.19)

Suppose that P is bijective and take Q = P~'. Then (1.19) for n = 1 implies
that ¢ is the inverse of p;.

On the other hand assume that p, is bijective. We will prove that P is bijec-
tive. In order to do so, we will exhibit a left and right inverses of P.

Define recursively the family {g, } ey Where ¢, € Hom¢(S™V, V) is given as
follows. Set ¢; = p;* and if we have defined all the ¢,,’s with m < n then

n—1

Gn(wy - wo - - wy) = —Z Z (1| (W1,) -+ - D11, (W1,,))
m=1 I I;m#0; 11 U---ULp={1-n}

(1.20)
for n > 2,where w, = q?llkl(wlk). Let Q : SV — SV be the morphism of
coalgebras whose sequential representation is {g, } ,en. Then by means of (1.19)
one can see that the sequential representation of 7o (Q o P) is {Idy,0, - - - } and
thus by uniqueness of the correspondence in Proposition 1.1.21 we get that
Q) o P = Idg and consequently P is injective.
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Let us now prove the surjectivity of P. Define a family of morphisms
{Gn}nen, where G, € Home(S"V,V) is defined as follows. Set §; = p;' and
if ¢1, - - - Go—1 for n € N5, are defined, we fix

i ~ 1 o )
Gn(w1-wz -+ wy,) = — Z ml Z G (P G (wr) -~ G, (wr,,)))
m=2"" " I-Lp#0:l U0l ={1-n}
(1.21)
forn > 2.

This sequential representation defines a unique Q € H oM, Coatgs (SV, SV)

for which P o ) = Idgy. Then, P is surjective. As a consequence, P is bijective
if and only if p; is bijective. O

Proposition 1.1.24. Let C be a monoidal abelian category, (D, Ap, p) a coalgebra in
C and M a D-comodulein C. If W € Obj(C), then there is a one to one correspondence

Homcom, (M, W ® D) <~— Homc(M, W) (1.22)

given by f — (Idw ® ep) o f, where W @ D is the right D comodule described in
Proposition 1.1.12. The inverse is given by sending g to g = (¢ ® Idp) o pp, where
P 1S the coaction of M.

Proof. Letusshow thatif h € Home(M, W) then the morphism . : M — W®D
is an isomorphism of D-comodules, i.e. satisfies that (h® Idp)opy = pwepoh,
where py g p is the coaction of W @ D. Indeed, we have the equations

(h® Idp) o prr = ((h® Idp) o par) ® Idp) © pu
= ((h® Idp) ® Idp) o (par @ Idp) o pas (1.23)
= (h® (Idp ® Idp)) o (pm @ Idp) o pur,
where we have used the definition of / in this first equality. Moreover, since
Idp ® Idp = Idpgp, the latter member of (1.23) coincides with
(h®]dD®D) O (_[dM ®AD) o pm = (]’LO]dM ®IdD®D O AD) O Pm
= pwap © (h® Idp) o pa = pwep o h,
where we have used equation (1.1) in the first equality. This proves that the
map g — ¢ is well defined.
To see that the correspondence is biunivocal take f € Homeom, (M, W& D).
If we apply (1.22) to f we get (Idw ® ep) o f, and the allowed inverse gives us
(((dw ®ep) o f) @ Idp) o py = ((Idw ® ep) ® Idp) o (f @ Idp) o pu
- ((IdW ®€D> ®IdD) O PweD © f = (]dW & (€D ®]dD)) O (IdW ®AD) O f
= (IdWOIdW(X) (8D ®IdD) OAD) Of = (Idw®IdD> Of = [dW®D Of = f7
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where we have used the property (f ® g)o (f' ®¢') = (fo f)® (go¢)inthe
tirst step, the fact that f commutes with the coactions in the second equality,
the definition of the coaction of W ® D and the strictness of the category in
the third equality and lastly the definition of coalgebra by mean of equation
(ep ® Idp) o Ap = Idp and the property (f @ g)o (' ®¢') = (fof)®(god)
again. [

1.2 The category of sheaves and the topology of its
sections

For the basic definitions and general references about sheaf theory we refer the
reader to [4] chapters 1 to 4.

Given a topological space M and a ringed space (M, O), we shall denote
by o Mod the category of sheaves of O-modules. If F, G € pMod, F®»G stands
for the tensor product in the category o Mod. If F' € pMod, we denote by 7,
the topology of M and by rycy : F(U) — F(V) the corresponding restriction
map. I'(F) will denote the sections of the sheaf and, I'.(F') will be sections of
compact support.

Given two sheaves of O-modules F' and G and a morphism f from F to G,
we shall denote by fi; : F(U) — G(U) the family of maps indexed by the open
sets U in M that form the morphism f.

If M is a smooth manifold, and 7, its topology, then the assignment C* :
Tm — rAlg such that C*(U) = C*(U) = C>(U,R) is an example of sheaf of
R-algebras, where the restrictions maps are the usual restrictions of functions.
Moreover the pair (M, C®) satisfy the definition of ringed space of R-algebras.

We refer the reader to [20] to general references about vector bundles, adapted
coordinated system and related concepts.

Let p : £ — M be a complex finite dimensional vector bundle over a
smooth manifold M. Let us denote by ¢ the assignment sending each U C M
opento ®(U) =I'(U,E) = {0 € C*(U,E)/poo = Idy}. Itis clear that ®(U) is
amodule over C*°(U). Letbe U, V' € T such that V' C U. We define restriction
maps ®(U) — @(V) by rycy(o) = o|y where o € ®&(U). It is clear that they
satisfies the axiom of presheaf.

Moreover the restriction map rycy : (U) — ®(V) is a C*°(U)-linear mor-
phism, because it is linear and if f € C>*(U) and 0 € ®(U), then rycy(fo) =
(fo)lv = flvely = rvcu(f)rvcu(o), where rycy(f) are the restriction maps of
the aforementioned sheaf C*. This proves that @ is a presheaf of modules over
the ringed space (M, CF).

Furthermore, the following is also true, whose proof is immediate.

Lemma 1.2.1. Let M be a smooth manifold and p : E — M a finite dimensional
complex vector bundle over M. Then the above mentioned assignment



Chapter 1 25

P : 7pr — rVect is a sheaf of C*-modules.

1.2.1 Sheaf of jets and sheaf of densities

Definition 1.2.2. Consider a finite dimensional complex vector bundle (E, p, M) and
let ¢ € M. Two local sections ¢, € I',(p) around q are said to be k-equivalent at
q if p(q) = ¥(q) and if in some adapted coordinate system (x*,u®) around ¢(p), we
have that
ol M lqpe>

oxl 17T "ol o
foreach 1 < |I| < kand 1 < o < Rank(E). This is an equivalence relation on the
local sections around q, and the equivalent class containing ¢ is called the k-jet of ¢
at q and is denoted by j¢

(1.24)

Given ¢ € M, define the set of k-th jets of p at ¢
Jip = {jf;gb | ¢ € M and ¢ is a local section of p arround ¢}

The k-th jet manifold of p is the disjoint union Uz r(.JFp. Lots of properties of
this set can be found in [8]. The most important to us are the following two.

Lemma 1.2.3 (See [8], Proposition 4.1.7). J*p is a smooth finite dimensional mani-
fold for any k € No.

For the manifold J*p we define the projection 7 : J*p — M such that
(Jg®) = ¢

Lemma 1.2.4 (See [8], Proposition 6.2.13). Let (E,p, M) be a finite dimensional
vector bundle. Then (J*p, w1, M) is a finite dimensional vector bundle for k € Ny,.

For a fixed k € N, the last lemma enables us to consider sections of the finite
dimensional vector bundle (J*p, 7, M) of jets of order k which by Lemma
1.2.1 is a sheaf of modules over the ringed space (M,C®). We shall denote
this sheaf by J*®. Analogously one define the jets of infinite order over a
tibre bundle p : E — M (see [8], Chapter 7) which we denote by J>*® and
also conform a vector bundle over M, whose projection is called , the only
difference is that the fibres are infinite dimensional.

All along this thesis when we write J® we will refer to J* for k € NU {oo}.

The category of sheaves over a sheaf of commutative algebras is a symmet-
ric monoidal category which satisfies Ab3* (even Ab4*) axioms and ®» com-
mutes with @ (see [4], Chapter 4). Therefore, given any sheaf F' € o Mod, we
define SF' the symmetric sheaf of F' as in Remark 1.1.20.

We shall also use the notion of sheaf of densities of a smooth manifold. The
reader is refereed to [22], Chapter 7, or [29], Chapter 1, for the definition and
basic properties. Given a smooth manifold M, we shall denote by w the sheaf
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of 1-densities over M. We recall it is the sheaf of sections of a complex vector
bundle over M, so it has structure of C¥-module in the natural way.

Given a vector bundle p : £ — M and we have just defined the sheaf
J® of jets and its symmetric sheaf SJ®, also we have the sheaf of densities w
and both have structure of C¥-modules. Then we consider its tensor product
w ®cx SJ® in the category of C¥-modules and denote it only by wSJ®.

1.2.2 Topology on the spaces of sections

We refer the reader to [30] or [13] for general references about locally convex
spaces (LCS).

We will now describe the topology of several spaces of sections of sheaves.
We begin with I'.wSJ®, following the steps of [14] Chapter 17, Section 2.

Let (2 be an open set of R” and consider a fundamental sequence of compact
sets { Ky }fmen, ie. K, € K7, forallm € Nand |J,,.y Km = Q. Denote by
C2(€2) the subspace of C*(£2) formed by functions whose support is contained
in K,. One can define a family of seminorms on C*(£2) by

Pm(f) = max{[D*f(x)|/2 € K, |a] <m}

that turns C>°(Q2) into a Fréchet space (see [30], 1.46). It is easy to prove that
C(Q2) is a closed subspace of C*(12).

We regard C;°(€2) as a topological subspace of C*°(£2) with its Fréchet topol-
ogy. Finally we endow C:°(2) with the final LCS topology from the family of
inclusions {i,, : C*(Q2) — C*(2)}. One can see that with this topology on
C> (1) is a complete LCS.

The space C°(92) is an example of LF-space, and we shall topologize the
space of compact supported sections in a very similar way as a LF-space.

We will now recall the topology on I'cwSJ®. We will use the following
diagram

wt

wSLJ® <2 7Y (U,) —=2 2, (U,) x S'E (1.25)
T< >u T|< >u LF2

M<——1, S'E————SE

R <— 2,(U,)

wmc

where 7 is the projection of the vector bundle wS'J® and w!, is a local trivializa-
tion of such bundle over the domain U, for | € N. By reducing the domains if
necessary one can always think that the domains of the charts are trivializants
for the vector bundle.
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Topology for the fibres of the vector bundle J®

We began for define a topology on the fibres of the vector bundle J®. This
fibres are typically the space [, oy, L%,,(C", C"™) where L%, denotes the space
of symmetric k-multilinear maps from C" to C™. Let us denote this fibre by E,
as we did in the diagram (1.25). In [2], Lewis introduced a family of seminorms
{\r}ren on the space [, .y, L%, (C",C™) which turns it into a Frechét space.
More precisely if A € [],cy, Ls,m(C",C™) and we write A = [], .y, Ax then A,
is given by
A (A) = ma{|| Aol s 1Al £, . 1AL},

where ||—||; arenorms on L, (C*,C™) and we recall that, if M € L7, (C",C™),
then
|IM[; = sup{|[M (v, ,v)[|/v € C",[[v]] = 1}.

Possibles topologies for the tensor product of LCS

We shall use the seminorms )\, to define the projective topology over T*E fol-
lowing which was done at [13] Chapter 3, Section 6. Given two LCS F' and
E, the projective topology for F' ® E is the finest LCS topology such that
the universal mapping x : F' x £ — F' ® E is continuous. We recall that
in a LCS there is a correspondence between the Minkowski functionals and
the zero open neighbourhoods. Indeed, given U an open neighbourhood, set
pu(z) = inf{t € R.o/x € tU}, called the associated Minkowski functional. Con-
versely, given a Minkowski functional p, then p~*([0, 1)) is an open neighbour-
hood of zero. Given two LCS E and F, the projective topology of £ ® F' can
be explicitly defined by its Minkowski functionals. If x : £ x F' — EF® F'is
the universal mapping, then a base of zero neighbourhoods for £ ® F' is the
balanced convex hull of

{x(U x V)/U is a open neighbourhood of zero in £ and V in F'}

which is denoted by CH (U ® V). Moreover if py is the Minkowski functional
associated to U C E and py of V C F, then

perwev)(u) = iﬂf{z pu(@a)py (i) /u = Z T @ y;} (1.26)

is a seminorms on £ ® F which coincide with the Minkowski functional asso-
ciated to CH(U ® V) (see result 6.3. from [13], chapter 3, section 6.). We denote
it by Pu X py.

We denote by £'®, F' the algebraic tensor product with the projective topol-
ogy just described and call it the projective tensor product between E and F'
If £ and F are LCS then also is £ ®, F. But with this topology if £ and F
are Fréchet spaces then £/ @, F' is not necessarily a Fréchet space and the same
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holds for LF' (inductive strict limit of Fréchet, whose principal example are the
compactly supported sections over a manifold).

Denoting by E®, F' the completion of E @, I, we obtain a categorical defi-
nition of tensor product in the category of Fréchet spaces or LE.

In both cases, if E is a LCS by recursive applications of the LCS structure on
the tensor products give us a family of countable seminorms on T'E for [ € N
(that may be is a Fréchet topology, depending if E is Fréchet and if we take ®,
or ®,). We note them by || — ||715 3 with 3 € No.

Topologies for the symmetric product S'E

Let us consider the linear inclusion of S'E inside T' E given by the symmetriza-
tionmap -2 = ) g To(1) ® - - ® T,(). It is easy to show that it is a closed
subspace of T'E. Then, we may consider the induced LCS topology on S'E by
means of this inclusion. We shall denote it by (T'E)". If E is a Fréchet space,
note that 7' E is also a Fréchet space and the same holds for the closed subspace
(T'E), provided we are using the completion of the projective topology for
the algebraic tensor product.

On the other hand, since S'E is a quotient of T'E, the LCS topology on
the latter induces a LCS topology on the former (see [17], section 3). If E'is a
Fréchet space, then S'E is also.

Note that the composition (T'E)* — T'E — S'F is clearly linear and con-
tinuous, because the inclusion is linear and continuous by definition of sub-
space topology at (T"E)® and the quotient projection is clearly linear and con-
tinuous. Also, one can see that the composition is bijective. If E is Fréchet the
open map theorem for Fréchet spaces (see [30] chapter 1), implies that the in-
verse map of this composition is also continuous and as a conclusion S'F and
(T'E)® are homeomorphic. Note that the open map theorem can be used only
if the LCS involved are Fréchet spaces and it is true only if we use the tensor
product ®,.

Adding the fibre of the density bundle

Continuing the construction of the topology for the section space given the
vector bundle 7 : wS'J® — M we denote by W', : 771(U,) = x,(U,) x S'E as
its local trivialization. Notice that this vector bundle has the same local fibre
as S'J®, because the tensor product on the fibres are over R and w is a line
bundle, the typical fibre of S'.J® is S'E and for wS'J® is R ®g S'F.

Topology on I'wSJ® and I'.w S J P

For each chart (U,, z,,) of the aforementioned atlas of M we consider a funda-
mental sequence of compacts { K2 },,en and denote by I',,,wS'J® the sections
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with compact support contained in K,,.
Given n € N, define the following family of seminorms on I',,wS'J® (see
[14], chapter XV, section 2) defined as

Pspam(u) = sup Y || (mowh ouoay)(@)lsimp,

C . )
T€RmEUe 11 <5 jenp

where s indicates the maximum order of derivation, « is the index of the chart
and 3 the index of the seminorm of S'E.

Note that the (partial) derivatives appearing in the previous definition are
the classical ones (of any function of the form f : W C R" — L, where L is a
Fréchet space).

We finally consider the final LCS topology on I'.wS'J® given by the fam-
ily of inclusions i,,; : I',wS'J® — T.wS'J®, and on I'.wSJ® with the LCS
topology of the direct sum, i.e. the final LCS topology given by the inclusions
i : TewS'JP — I'wSJP. With this final topology I'.wS' J® is a LE-space.

1.3 Distributions on manifolds

1.3.1 H-distributions & D-distributions

We refer the reader to [15], [14], [29] and [18] for general references about the
theory of distributions on manifolds. During this section X and Y will be open
sets of R”, and M will be a manifold of dimension n. We denote by D’(X) the
space of distributions on X C R" (see [15] for a definition). Finally we denote
by Hy(M) to the distributions with density character 0 on M and by Dy(M) to
the distributions with density character 1 over M (see [18] for a reference). We
will call these two types of distributions H-distributions and D-distributions
respectively and shall present a formal definition later in this subsection.

We recall that a subset V' of R™ is said to be conic if foreach £ € V and t > 0,
t¢ belongs to V. If £'(R™) are the distributions of compact support then for any
u € £'(R") we define the set X (u) C R"\ {0} as the points having no conic
neighbourhood V' C R™ \ {0} and positive constants Cy such that

la(€)] < Cn(1+ )™

holds for all £ € V and all N € N, where 4 is the Fourier transform of u. With
this definition X(u) is clearly a closed cone in R™ \ {0}.

For any v € D'(X) and ¢ € C.(X), the distribution ¢u belongs to £'(X).
Given u € D'(X), for each xz € X we set

%, (u) = [([{B(¢w)/¢ € CF(X), () # 0}
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and call it the cone of u at x. For a nice exposition of these concepts, and to-
gether with a definition of the wavefront set of a distribution on R™ and also
the definition of wavefront set for an H-distribution on a manifold, see [29],
Chapter 2.

The objective of this section is to generalise the product of H-distributions
defined by L.Hormander in [15] (see [29], Chapter 2.3) to an action of the space
of H-distributions over the space of D-distributions. It will be very useful to
describe H;(M) and D4(M) as families of distributions in open sets of R" sat-
isfying some sort of covariance, which we briefly recall.

If f: X — Y is a diffeomorphism, the pullback of f, noted by f*: D'(Y) —
D'(X), is defined as

Fr(w)(@) = w(ldet(f~)|¢ o f7), (1.27)

where w € D'(Y) and ¢ is a test function in X, i.e. ¢ € C(X).
Take a differentiable structure on M given by charts (Uy, ¢a)aen. Then
{¢a(Us) }aen is a family of open sets of R”, so it makes sense to consider D’ (¢, (U,)).

Definition 1.3.1. The space H;(M) is the set whose elements are families of the form
U = {Uq }aen, Where u, € D'(pa(Us,)), obeying the equality

ug = (a0 5" ) Uq (1.28)
of distributions on pg(U, N Up).

Analogously, if f is a diffeomorphism, the semi-pullback is given by

Frw)(¢) =w(po f7), (1.29)
where w € D'(Y') and ¢ is a test function in X, i.e. ¢ € C2°(X). Notice that
f*(w) = [det(f)[f*(w), (1.30)

forallw € D'(Y)

Definition 1.3.2 (see [14]). The space D (M) is the set whose elements are the fam-
ilies u = {uq }acn, Where u, € D'(p(U,)), satisfying that

ug = (pa 095" ) Ua (1.31)
as distributions on ©z(U, N Ug).
Note that (1.30) tells us that equation (1.31) can be rewritten as
ug = | det(pa 0 95 ")'[(a 0 ¢5") Ua. (1.32)

Definitions 1.3.1 and 1.3.2 are particular examples of what is called distri-
bution with density character q (see [18] Chapter 3, Section 1, where they are also
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described as continuous dual spaces of sections of certain density bundles).

We will extend the definition of wavefront set of H-distributions to D-
distributions. We remark that the definition of wavefront set of H-distribution
was introduced by L. Hérmander in [15] (see [29] for a short exposition).

Lemma 1.3.3. Let f € C°(W) positive, W C R"™ open and . € D'(W'). Hence

Ya(p) = Xalf1r)
forallz € W.

Proof. We take ¢ € C2°(W) such that ¢ takes the value 1 in a closed neighbour-
hood of z and 0 in the complement of an open set containing that closed set.
We also consider ¢ € C°(W) such that p(z) # 0. Then, o € D'(W) has com-
pact support. If we apply [29], Lemma 2.5, to the compact support distribution
o and the smooth compact support function f1, we see that X((f¢)(¢p)) C
Y(pp). Since X((fy)(ep)) = X((p)(fn)), intersecting the above contention
forall ¢ € C2*(W) such that p(x) # 0, we get that (), Z((p¢)(fpr)) € Ee(p). On
the other hand, as ¢ = ¢ on a neighbourhood of = and ¥, is a local property,
we also conclude that ¥, (fu) C X, (u).

We apply the argument of the previous paragraph to the positive function
o= % and the distribution v = fu, to deduce that

Sa(gu) € Ba(u),

%fu) C . (fu),

Se(p) CEa(fu).

E:p(

As a consequence X, (1) = X, (fu), which is what we want. O

Equation (2.133) of [29], tells us that

Sa(p) (Uz) = S (| det(y 0 27)|(y 0 271) (uy)) = S ((y 0 27)"(uy)),  (1.33)

where (z,U,) is an atlas for M, p € M and we have used equation (1.32) and
Lemma 1.3.3.

As we can see in [29], equation (2.111), each diffeomorphism f : X — YV
satisfies

So(f*u) = () S () (1.34)

for any € X, where f'(x) is the differential of f. Now if v = {u.}. v, is a D-
distribution on M and p € M is such that the charts (z, U,) and (y, U,) satisfy
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that p € U, and p € U,, then using the Einstein’s summation convention, we
get that

{6rdzy /€ € Ta(ur)} = {&rday /€ € Tap((y 0 w™")"uy)}
={(yo x_l)’(fv(p))Tn)kdx’;/n € Ey(p)(uy)} = {((%)pﬁjdfﬁﬁ/n S Ey(p)(uy)}
= {mdyi;/n € Ty (uy) },

where we have used equations (1.33) and (1.34) in the first equality and in the
second one respectively. This allow us to introduce the following notion.

Definition 1.3.4. Let u € D,(M). The wave front set of u is the set
WE(u) = {{p} x Ep(u)/p € M} CT"M,

where ¥, (u) = {&dxlk /€ € Sy (ug)} for any chart (x, U,) such that p € U,, and
T M is the cotangent bundle of the manifold.

The pullback of distributions defined on open sets of R" is also defined for
maps which are not diffeomorphisms.

Theorem 1.3.5 ([29], Theorem 2.61). Let X and Y be open subsets of R™ and R"
respectively and let f : X — Y be an smooth map. Define

Ny ={(f(z),v) €Y xR"/z € X, f'(x)"v = 0}.
Then there is a unique way of defining the pullback
o {u e D(YV)/N N WF(u) =0} — D'(X),
such that f*u=wo f forallu € C*(Y).

We recall that given u € D'(X) and v € D'(Y), the exterior tensor product
u ® v is a distribution over X x Y (see for instance [29], Definition 1.48). The
hypotheses of Theorem 1.3.5 are satisfied for A : R" — R™ x R" and a distribu-
tion of the form p ® v if there is no (x,¢) € W F(u) such that (z, —§) € WF(v)
(as explained in [29], Theorem 2.167) where i« and v are distributions over R".

The family {A} (u, ® v4) }aen Will be of interest to us: these are distributions
A (ug @ V) C D'(pa(Uy)) where A, 1 00(Us) = ©a(Us) X 0a(U,) C R*™ are
the diagonal maps.

The following will be useful.

Lemma 1.3.6. Given f : Z — X and g : W — Y diffeomorphisms between open sets
of R", let f x g: ZxW — X xY bedefined by (f x g)(z,w) = (f(2),g(w)). Then

(fxg)(u@v)(pei)=(f(u) @g"(v))(eP), (1.35)
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forall w € D'(X), v € DY), ¢ € C*(Z) and vp € CX(W). Since C*(Z) &
CX(W) C CX(Z x W) is dense and the pullback is sequentially continuous (see
[29]), we can conclude that

(f xg)'(u®v) = f(u) ©g*(v) (1.36)
as elements of D'(Z x W).

Proof. First of all we take sequences {u;};jen and {vy, }men of continuous func-
tions over X and Y/, respectively, such that v, — v and v,, = v. We recall that
D'(X) has the weak*-topology induced by C>°(X), and the same holds for Y.
Then,

(% 9)" (@) ® ¥) = m ((f x g)"(w & ) & ),

because the pullback is sequentially continuous. Hence,

lim ((f > g)* (w@w))(p@¢) = lim ((w@wr)o(fxg))(z, w)-(p&¢)(z, w)dzdw,

=0 l=oo J 7w

for the pullback map is an extension of the precompositions from functions to
distributions. Moreover, by definition we see that

lim (uro f(2) - ¢(2)) - (v 0 g)(w) - P(w))dzdw,

l—o00 ZXW

which by Fubinni’s Theorem gives us

lim / (w0 (2) - p(2))dz - /W (w1 0 g)(w) - (w))du]

=lim [ (uy 0 f(2) p(2))dz-lim [ ((v;0g)(w)- ¥ (w))dw

l—oo [, l=oo Jyr
= lim fu(g) - Jim g*u () = fulp) - g"o(®) = (Fu® gv)(p © ¥).
The lemma is thus proved. O

Consider now the pullback of A%, (uq ® v4) € D'(¢a(Us NUs)) by @q 0 @5
Note that the following diagram

Ag

©s(Ua NUp) 0s(Ua NU3) x @3(Us NUp)

Paopy (Paopys )X (pacpyt)
s s s

Aa
Qpa(Ua N U,B)

a(Ua N Uﬁ) X Pa(Ua N Uﬂ)
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is commutative. As a consequence,
(Pa0 @y ) (A% (ta ®va)) = (Pa0@y') 0 AL(Ua ®Vs) = (Aa0Pa0ws') (Ua @ Va)

— (0095 X (£a007 )0 As* (10 @ra) = Ajo((Pa03") X (20093 )) (Ua@va),
(1.37)
where we have used Theorem 2.126 of [29] in the second equality, the commu-
tation of the previous diagram and Lemma 2.130 of [29].
By Lemma 1.3.6, Definitions 14 and 15, and equation (1.32), the last member
of (1.37) coincides with

1
| det(a 0 05|

A% o ((pa 095 ) (ta) ® (Pa 0 5') (va)) = Aj(ug ® vs)

1
| det(pa 0 05"
Hence , by multiplying this equality by | det(¢, o ¢5')'| we obtain

AE(Uﬂ X "Uﬁ).

Ay (ug ® vg) = | det(a 0 95" ) |(0a 0 95")" (A7 (110 @ va)).
By equation (1.32) we get that

Aj(ug @ vg) = (0o 0 05" ) (AL (Ue @ ). (1.38)

Hence, the family {A} (uq ®v4) }aen defines an element of D,(M) which we
will denote u - v. Indeed we have just proved the following proposition.

Proposition 1.3.7. There exist an action of H,(M) over Dy(M) which we note

Ha(M) x Dg(M) —— Da(M) (1.39)

(u, v)

provided that for each o € N, there are not points (x, &) in W F (u,,) such that (x, —¢§)
is in WF(v,).

u-v

Remark 1.3.8. Lastly we want mention that there is an alternative definition
of H-distributions on a manifold which was introduced by [15] or [29], as el-
ements of the continuous dual of I'.(w) (the compact support sections of the
density bundle of M (the manifold)) respect to a topology given by seminorms
(this topology is explicitly defined in both text and was described here in the
previous section) which makes of I'.(w) a Fréchet space.

On the other hand if we follow the text [14] the distributions were intro-
duced as elements of the continuous dual of C;°(M) (in [15] these were called
distribution densities), we will call these D-distributions.
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The relation between this and the above definitions is clearly established in
both texts, but we say that for any family {u, }+en Which satisfies the Definition
1.3.1 there exists only one element % in the continuous dual of I'.(w) such that
locally works in the following way;,

a(6) = / talps))'s
Soa(Ua)

where ¢ is an element of I'.(w) whose support is in U,. Using the Definition
1.3.1 one sees that u is well defined independently of U,. Similar considera-
tions are valid for the D-distributions. We invite the reader to deepen on these
topics in the aforementioned books.
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Basic facts on Feynman measures

2.1 Lagrangian formulation

We begin by expressing in mathematical terminology certain ideas that are
common in physics. The manifolds will allways be 75 and satisfy the second
axiom of countability in this thesis and consequently they are paracompact
and a have locally finite partition of the unity.

A relation R in a topological space X is said to be closed if the set {(z,y) €
X?/xRy} C X?is closed for the product topology of X?.

Definition 2.1.1. A spacetime will be a smooth finite-dimensional manifold M, to-
gether with a closed, reflexive and transitive relation <. Two points in the spacetime
will be called spacelike separated if v A yand y A x.

Example 2.1.2. A first example of spacetime is R with the usual manifold struc-
ture and the classical order < relation, which is obviously reflexive and tran-
sitive. The relation < is also closed because the set {(z,y) € R?/z < y} has as
complement the positivity set of the continuous function f(z,y) = z —y. In
this example there are no spacelike separated points, for < is a total order. J

Example 2.1.3. We shall now consider the space R"3, also denoted by M*, and
called the Minkowski spacetime. Its underlying manifold is R* and the relation
is given as follows. Define the bilinear form (—; —) : R* x R* — Rby (2!, 2?) =
2822 — 2127 — 2322 — 2122 where 2 = (2, 21, 24, 21) for i = 1, 2. Then the relation
is the following, 21 < 29 iff (20 — 21; 20 — 21) > 0 and 22 > zj.

The relation < is clearly reflexive. Itis transitive, because if 2% = (2§, 23, 23, 23

37

)
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and z; < 29 and 2z, < z3, then:

(2% =2l 2 =2 = (5 — 2)" — (& —21)" — (55 — )" — (25 — 73)"
= (s~ 2+ — %) — (& -2+ —2n)
(B -mtm—n) - (f -+ n)

= (20 = 20)" + (20 — 20)" +2(=20 — 20)(2% — %)
=02, 23, 25) = (21, 23, 25)) + (1, 23, 28) — (21, 22, 23))II”
Applying the triangle inequality we have that

(2% = 2112 = 21) = (25 — 20)* + (26 — 20)* + 2(20 — 20) (26 — 20)

_"(2%7Z§7Z??) - (Z%,Z%72§)|‘2 - ”(2%72227232)) - (2%72%7Z§)‘|2
(25 — 20)* — I1(27, 23, 23) — (21, 25, 23)|17] + 2(28 — 25) (25 — %)

= (23— 2% 28 =2+ (22— 2422 — 2+ 2(28 — 22) (22 — 7).

The three last summands are > 0 because of the hypotheses z; < z; and 25 < z3.
The transitivity of =, follows from the fact that 23 > z{.

This relation is also closed, because the complement of {(z', z?) € R%/z! <
22} is the preimage of the open set {(x,y) € R?*/z > 0 or y > 0} by the contin-
uous function f : R® — R? defined by f(z2',2%) = (||(21, 23, 23) — (2%, 23, 23)||* —
(20— 26)% 20 — 20)- O

As we mentioned in Section 1.2, if M is a spacetime then it has an structure
(M, C®) of ringed space over R. Let (E,p, M) be a finite dimensional com-
plex vector bundle over M and ¢ the sheaf of modules over the ringed space
(M, C®) associated to it (see Lemma 1.2.1). This vector bundle and the corre-
sponding sheaf are fixed from now on. It will be called the sheaf of classical fields
over M and its local sections, i.e. elements of ®(U) = I'(U, E') where U is open
in M, are called classical fields.

Example 2.1.4. (Classical mechanics) Consider the spacetime with the under-
lying manifold R? and the identity relation, and the vector bundle 7 : TR* —
R? given by the tangent bundle. A classical field in classical mechanics is a sec-
tion of the previous vector bundle. O

Example 2.1.5. (Classical field theory) In a classical field theory, one usually
considers the trivial line vector bundle over the Minkowski spacetime 7 : M* x
R — M*. A classical field in this situation is just a section of 7. So a classical
field @ is given by a function ¢ : M* — R.

We recall that the d’Alembertian operator [J on a function g : M* — R is
given by (g = g _ % - g%g — gixg. A massive scalar field of mass m is a classi-
cal field @(z) = (z, ¢(z)) such that ¢ satisfies the Klein-Gordon equation (—C +
m?)¢ = 0. O
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Example 2.1.6. (Electromagnetism) Let M* be the Minkowski spacetime and
?M* be the vector bundle of antisymmetric two forms over M*. If U C M* is
an open set, a local section of Q*M* over U is of the form

1
F(t, %) = EF’“’(t’ Z)dz" A dx”

and is a classical field (where the Einstein’s summation convention and the
notation 2° = ¢, 2! = x,,2® = x5 and 2® = x5 were used).
We define the electric £ : U — R?® and the magnetic B : U — R? fields by

Eu(t,7) = Fou(t,7), E,(t,%) = Foo(t, %), E.(t,7) = Fy(t, ),
B.(t,T) = —Fis(t,7), B,(t,%) = Fis(t,7), Ba(t,T) = —Fy(t, ).

The classical Maxwell’s equations in electromagnetism are written in the
form

0yFp + 0, Fyy + 0,F,, =0 and 0, F" = j.

where j°(t,Z) = p(t,7) is the charge density, ;' the density current in the di-
rection of z; for 1 < i < 3, and F* = gt*g"’F, 5 with g the metric tensor g =
diag(—1,1,1,1). O

Definition 2.1.7. Given the vector bundle (E,p, M) over the spacetime M and ®
the associated sheaf, the sheaf of jets J® constructed after Lemma 1.2.4 is called the
sheaf of derivatives of classical fields.

Definition 2.1.8. The sheaf SczJ® given by the symmetric construction of the sheaf
of modules J® over the ringed space (M, C®) is called the sheaf of Lagrangians (or
composite fields).

If ¢ is a massive scalar field of mass m as in Example 2.1.5, then

1 1
L = 5 uﬁb ©Mp — §m2gb®2

is an example of Lagrangian, where we have used Einstein’s convention for
the sum. We will usually omit the symmetric product to lighten the notation
and just write [; = 30,00"¢ — 3m*¢*.

An example of Lagrangian for Example 2.1.6 is

lg = FH?VF‘M’U.
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We will give a few more examples. If ¢ and v are classical fields over an
spacetime M (see Example 2.1.5) and f, g are smooth functions over M; then

l3 = Ei/%
ls = fooi + gp* 01037,
ls = (fo) = o(fb) = f(py),

are examples of Lagrangians.

Any combination of this Lagrangians with coefficients in the ring of smooth
functions over the spacetime is also a Lagrangian.

We recall that we denote by w the sheaf of densities of the spacetime.

Definition 2.1.9. The sheaf of Lagrangian densities is wS.J®. A Lagrangian den-
sity is any of its sections.

For example, if M is orientable of dimension n and ¢ is a classical field with
support contained in an open set U of M, we can regard d"x (where (U, z) is
a chart) as a local section of the density bundle w which together with any
Lagrangian over U can produce a Lagrangian density £ as for example

L= (p+mp°dp)dz,
where m is a constant.

Definition 2.1.10. A non-local action is an element of the symmetric algebra STwS J P
of the R-vector space of global sections of the sheaf wSJ®.

Remark 2.1.11. In order to topologize the symmetric algebra ST'wSJ® of the
R-vector space of global sections of the sheaf wSJ®, we must first consider
the algebra TTwSJ®. And as we saw in Section 1.2.2 there are two ways of
topologize T*T'wSJ® ( for k € N) one considering the projective ®, topology
over the tensor product and the second one considering its completation &...

We can choose the topology we want for T*T'wS J®, but if we take the topol-
ogy given by ®, then the two ways of topologize S*I'wS.J® will be homeomor-
phic as we saw in Section 1.2.2.

The proofs for the next facts can be found in [16], Theorem 7.5.5 and Corol-
lary 7.5.6.

Theorem 2.1.12. Let E and F be two finite dimensional complex vector bundles M.
The C*°(M)-linear map o : I'(E) @cooa['(F) = T'(E®F), defined by a(s®t)(x) =
s(ry@tzx) e B, F, = (E®F),, wheres € I'(E),t € I'(F)and x € M, isa
canonical isomorphism of C>(M)-modules.

As a corollary of this theorem we have
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Corollary 2.1.13. Given a finite dimensional complex vector bundle E over M, there
exists a canonical isomorphism of C*° (M )-modules between I'(S*E) and S... wl(E)
forall k € N,.

In Section 1.2.1 we told that J® denote the vector bundle J*® for some
k € NU{oc} and unless k = oo, J*® is a finite dimensional vector bundle over
M and we can apply the Theorem 2.1.12 and Corollary 2.1.13 to it.

We want to mention a result similar to Theorem 2.1.12, whose proof in-
volves the Serre-Swan Theorem for non compact manifolds, which establishes
that the C*°(M)-module of global sections of a smooth vector bundle over a
manifold M is projective over C>°(M) (see [12]).

Proposition 2.1.14. Given E and F two finite dimensional complex vector bundles
over a manifold M, the restriction of the morphism o of Theorem 2.1.12 establishes an
isomorphism | : I'o(E) @coorg) I'(F) = Te(E ® F).

Proof. Given a finite dimensional vector bundle H over a manifold M, we con-
sider the map x : C*(M) x I'(H) — TI'.(H) defined by x(f,¢) = f¢ where
fecCxM), pel(H)andif p e M, fo(p) = f(p)p(p), then fyp is a compact
support section of H. The map Y is clearly C>°(,M)-balanced, hence it factors
throughout the tensor product as X : C2°(M) ®cee(pmy I'(H) — To(H).

The map ¥ is an isomorphism. It is surjective because if ¢ € I'.(H) then
suppose U is an open set containing the support of ) and V' is a compact set
such that supp(y)) C U C V, then if we take f € C:°(M) such that f takes the
value 1 on U and the value zero outside V and X(f ® ¢) = fi = 4.

On the other hand the map Y is injective because if X(f ® ¢) =0 € I'.(H),
then there is no point p € M such that both f(p) # 0 and ¢(p) # 0. Let us
consider an elemental sequence of compact sets C,, ,* supp(¢) and using the
Urysohn’s lemma a sequence of functions g,, € C;°(M) such that g = 1 over C,,
and g = 0 over supp(f). Then we have f ®coo(r) ¢ = limy 00 f Qcoo(m) Gnp =
limy, o0 fGn @coo(m) @ = 0 € C°(M) Rcoo(my I'(H), as we want.

As the module I'(F) is C2°(M)-projective then we can apply the functor
(=) ®coomy T'(F) to the precedent isomorphism

X+ (M) @ ap) T(E) = To( )
taking H = E and still have an isomorphism of C2°(M)-modules,
CZ(M) ®coo () T(E) @coe(my D(F) = Te(E) @coo ) ().
Moreover by applying Theorem 2.1.12 we have an isomorphism,
C*(M) @coopy T(E @ F) = T'e(E) Qcoo ) I'(F)

and by applying the above result again using / = E ® F' then we have the
isomorphism
T (E®F) = T(E) Qc ) I'(F)
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which is what we established.
L]

Remark 2.1.15. In this remark we will apply the above results to the case of
sections of the vector bundle J® (always under the hypothesis of finite order
jets).

Given k € N, the sections of the vector bundle S*J®, that is ['S*J® are
isomorphic by Corollary 2.1.13 to Sk.. ' J®. Moreover by Theorem 2.1.12

together with the recent comment we have an isomorphism between I'wS*.J®
and Tw oo (M) Sgw(M)FJ(I).

Lastly by Proposition 2.1.14 we have an isomorphism similar to the last
one, but very important if we want integrate a local action over the spacetime,
chsqu) ~ I .w @coe (M) Sgoo(M)FJCI).

As a consequence a monomial element of the space of non-local actions A &
S"TwS*J® with n € N can be written A = [, o; ® (@é?:llj-), a; € T'(w) and
I’ € T(J®), and [] denotes the product of SV for V' = I'wS.J®. In view of the
above remarks the densities o; € I'(w) can be taken of compact support, i.e.
a; € I'.(w), if A has compact support.

2.2 Propagators

2.2.1 Types of propagators

Given a complex finite dimensional vector bundle 7 : E — M over the space-
time and ¢ € I'(J®) we denote by ¢* its complex conjugate section, i.e. the
section such that ¢*(p) = ¢(p) for all p € M (the bar indicates the complex
conjugate). And if f = d0p € I''wJ®P, we denote by f* the section d¢* where
« does not work over the real densities, i.e. f*(p) = §(p) ® ¢(p) if 0 is a real

density an p € M.

Definition 2.2.1. A propagator associated to the vector bundle w : E — M (or its
associated sheaf ®) is a continuous and R-bilinear function

A:TwJ® xT'wJd — C.

We denote the space of propagators associated to m : E — M by Prop(E). We say
that the propagator is

e local if A(f,9) = A(g, f) for each f and g whose supports are spacelike sepa-
rated (see Definition 2.1.1) .

e Feynman if it is symmetric.

e Hermitian if A* = A, where A*(f*,¢*) := A(g, f) and f* is the section of
[.wJ® given by a x-operation on it.
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e positive if A(f*, f) > 0.

Given two finite dimensional vector bundles 7 : £ — M and 7y : F' — N,
we consider the manifold N x M and pull-back these bundles by the projec-
tions pry : N x M — N and pry : N x M — M to construct the bundles,
pri(mp) : pri(F) — N x M and pri(ng) : pri(E) — N x M, so we have two
bundles over N x M and we denote by F'X E the bundle pri (F') ® pr3(E) over
N ® M.

Proposition 2.2.2. Given two finite dimensional K (real or complex) vector bundles
E and F, we have an isomorphism T'(E X F) ~ T'(E)® ' (F) where the completion
is with respect to the just described Fréchet topologies.

The next proposition give us a link between propagators and distributions

over M x M.

Proposition 2.2.3. There is a linear map v : Prop(E) — INwmsm @ (JO X JP))
given by ((A)((0; ® §2) ® (f ® g)) = A(61 @ f,02 @ g), for all 6,,05 € T'(w) and
f,g € T(JD).

Proof. Since I'waxpm @ (JOR JP)) = T'((wm Rwp) @ (JPR JP)) for wpxm =
wm Rwyy, the previous conditions determine precisely one unique (J@ X .J®)*-
valued distribution on M x M

O

Definition 2.2.4. The space of bilinear maps with respect to C*(M)®? associated to
abundler : E — M

I.J® x I'.J® — {H-distibutions of compact support on M x M} = T'(wrixm)
will be denoted by Prop'(E)

Remark 2.2.5. There is a linear map ¢ : Prop(E) — Prop/(E) satisfying that
EAA®B)(f®g) = A(fA,¢gB) forall A,B € I'.J® and f,¢ € I'(wx). This
map is clearly injective, because if £(A) = £(A) then by using the Proposition
2.1.14 and the definition of ¢ we conclude that A(A, B) = A(A, B) forall A, B €
FwJ®,ie. Aisequal to A.

Reciprocally each map in Prop/(E) induces a morphism of C* (M )®?-modules

between I'.J®®T.J® and T'(waxnq)', then € is bijective.
There is an important family of propagators that we want to use.

Definition 2.2.6. Given a vector space V', we say that a set C C V isaconeif £ € C
implies that t§ € C forall t > 0.

If we are working in a t.v.s. we can talk about closed cones.
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Definition 2.2.7. A cone which is properly contained in a semispace is called proper.

Note that a semispace is not a proper cone.
Given a closed proper convex cone C of a t.v.s. Z, we can define a partial
order on Z of the form z X yify —x € C.

Definition 2.2.8. A propagator A : T'.wJ® x I'cwJ® — C is called cut, if for each
v, € I'.J®and each z € M the H-distribution over M x M: £(A)(p, 1) possesses
a partial order in the cotangent space defined by a proper closed convex cone C,, such
that if (p, q) is in the wavefront set of £(A)(p, ¥) at some point (x,y) € M x M then
p X 0and 0 X q. Moreover if x =y then p+ q = 0.

Example 2.2.9. In Quantum Field Theory one often encounters the so-called
advanced propagator Ay such that its associated element in Prop’(E). If it is
evaluated in the scalar field, that is {(A(y))(¢, ¢), (see [11] chapter 6) in local
coordinates is given by the function

i o~ ipur
A = dp1dpod
+(z) 22n) /R3 0 P1dp2ap3,

where py = +/[p]? + m?. This means that the H-distribution £(A4))(¢, ¢) eval-
uated in two compact support densities f(z)d*z and g(y)d*y is given by

(D) (6, 0)(f()d'x, g(y)d'y) = —i / A (z — ) f(2)g(y)d zdly.

supp(f)x supp(g)

The wavefront set of this distributions was calculated in [19], Theorem
IX.48, and it gives

WE(AL) = {(0,—|p],p)/0 € R*, 5 € R*\{0}YU{(&|7], T, —\|F|, FAT) /7 € R*, X > 0}
2.1)
By pulling back this distribution with the map R* x R* — R?, (z,y) — z—y
we obtain the wavefront set of {(A(4)) (g, ¢) over M* x M*, which is

WEE(AW) (e, 9) = {(z,p,y, —p) € R'®/(z —y,p) € WF(A,)}.

Example 2.2.10. Consider the distribution 6,0 on M* defined by 0,0 (f) = |-, f(2)d’Z.
In this case
WE(0,0) ={(0,Z,1,0)/ZcR3 X eR\ {0}} (2.2)
(see [29]). Since WF(6,0) and W F(A,) satisfy that there is no point (z,p) €
W F(6,0) such that (z, —p) € W F(A.), because the only x which is in both sin-
gular supports is 0 but in this case the cones has not intersections (see formu-
las (2.1) and (2.2)), we can define their product §,0A (see [19]). The Feynman
propagator is given by

Ap(x) =00 - Ap(x) +0_40 - Ay (—2).
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The wavefront set of this distribution was computed in [6], Proposition 26.
If we pull back the Feynman propagator by the diagonal map we obtain an
H-distribution on M* x M*.

Definition 2.2.11. A propagator A : I'ewJ® x I'cwJ® — C is called polynomially
smooth if the expression in local coordinates of {(A)(A, B) is a sum of products of
smooth functions and powers of logarithms of polynomials, for any A, B € I'.J®.

Example 2.2.12. We recall that the Feynman propagator of the massive scalar
tield described in Example 2.2.10 is

—iwpltl+ipE g3
o . [ e p
Ap(t,7) =
r(1 ) Z/ 2w, (2m)%’

where w, = /|p]? +m?. The integral can be explicitly computed (see [11]
Chapter 6, Section 5) and it gives

., m — S .
AF(t,x) = WKI (m\/ |ZL”2 - t2) on R4 \ {(t,x)/|t| = |1‘|},

where K| is the modified Bessel function of order 1. Then Ap is polynomially
smooth. For more examples of smooth polynomial propagators see the Dirac
and the Proca propagators in Chapter 6, Section 5 of [11].

2.2.2 Generalized propagators

We now proceed to extend the propagator to a bigger domain.

We recall that a propagator A gives a bilinear map £(A) : ['.J® x ' .J® —
C(wamxa) (see Remark 2.2.5).

We first define A : T.SJ® x T.SJ® — T(wpixn)’ by means of the formula

Aa1© .. ©an, by ©..0by) = Y E(A)(a1,b51) - £(A) (a2, bsy) - .. - §(A)(an, by, ),
o€Sn
(2.3)
where the - is a product of H-distributions (recall the product of H-distribution
is described in [29], Chapter 2) and we define A to be zero if it is evaluated at
different degree elements.

If V. =TSJ®, then SV admits two structures of coalgebra. The first one is
the cocommutative cofree coaugmented symmetric coalgebra of V, with this
structure the elements of V' are primitives. Let us call A¢ to the coproduct of
this coalgebra.

For the other hand if we make the construction described in 1.1.20 to the
object J®, we obtain the symmetric coalgebra S.J®, in which the elements of
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J® are primitive elements. This structure has a unique extension to the alge-
bra SV, such that SV is a Hopf algebra (see [28]). Let us denote by A the
coproduct of SV with this structure.

If p,9 € J®, then pyp € S2JP® C S I'S?2Jd C SV (we will denote with an
underline the elements of J® viewed as elements of S'.J®) and,

Ac(py) =1 +pp @1

but

AT(%) :AT(E)‘AT(@
=(1®e+ee])- (1Y +1¥e1)
=1+ Y@+ + Y 1.

In the following when we refer to the coproduct of an element in SV, it will
be in the sense of Ar.

Finally, we extend Atoa map A from S™T".SJ®x S"T".S.J® to H-distributions
of compact support on M™ x M" by the recursive expression

A(AB,C)=> A(A,C")® A(B,C"), (2.4)

~

A(A 1) = e(A),
where 3" ' ® C" is the coproduct of C in S"T',S.J®, and A(A,C") @ A(B,C");
an H-distribution on M™ x M™. Note that (2.4) is precisely the definition of a
Laplace pairing (see [27], Definition 10.2).

As an example suppose A, B and C' are Lagrangian fields of compact sup-
port, ie. A, B,C € T.SJ®, then AB € S?T.SJ® and C € S'T'.SJ®. Then the
distribution A(AB, C)) must be evaluated in densities on M2 x M. Assume
a, 3,7 € Tw, then (o ® B) ® 7 is a density over M? x M and the definition of
A indicates the following,

A(AB,C)((a@B)@7y) =Y AA,C)awy)-AB,C")(Boy) (25

where we put A in the right hand side, instead of A, because when we restrict
to elements of degree zero or one it takes the same values, and A, B,C",C" €
SSIT.SJ®. The product - in (2.5), is a product of complex numbers.

With this successive extensions of a given propagator A, we define A whose
restrictions A| smr.sJexsr.sJo satisfy the following.

Definition 2.2.13. A generalized propagator is a family A = {A, ., mnen of
continuous and R-bilinear functions

At S™T.SJ® x S"TSJD — Hy(M™ x M)
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where the topology for the codomain is the weak-* topology (see [30], Chapter 3, Sec-
tion 11 and Chapter 6 for a general description of the weak-+ topology and Section 16
for the specific case M™ x M" = RF).

Definition 2.2.14. A generalized propagator A = { A, ,, }mnen is called cut if for all
x € M there is a partial order in the cotangent space of M at x defined by a proper
closed convex cone C., such that for all (m,n) € N? and (p1,- -+ ,Pm, @1, ,qn) i
the wavefront set of A, ,, at the point (x1,- -+ ,Zp, Y1, ,Yp) all the p; X 0 and all
the 0 < q;. And if (p1,-- ,Dm, @1, - ,qn) i5 in the wavefront set of A, ,, on the
diagonal of M™ x M" thenp, +---+pm + @1 + -+ ¢, = 0.

2.3 Feynman measure

We are interested in integrating expressions of the form e’“7 £, where L is a
lagrangian density.

Let us define a collection of maps x,, : (ST .wSJ®) x S"T'.wSJP — C>®°(M™)
forn e Nby x,(6,41 © - 0A)[i® - ® f,) =0(fiAi ®---© f,A,), where
fi € C*(M)and A; € T.wSJP, Vi = 1,--- ,n. Since the subspace of C*(M)
formed by sums of functions of the form f; ® - - - ® f,, is dense, the maps x,, are
well-defined.

Set

X : (STwSJP) x ST wSJP — BpenC>(M™)

the direct sum of those maps.

Definition 2.3.1. Let 6 : ST .wSJ® — C be a continuous and linear map. We

.....

P+ +p,=0,forall Ae S"T' wSJP.
We are now ready to introduce the notion of Feynman measure.

Definition 2.3.2. A Feynman measure is a continuous linear map from ST .wSJ® to
C. Let 6 : ST .wSJ® — C be a continuous linear map and let A : T' . JP x'wJ P —
C be a propagator. Then, ¢ is said to be associated to the propagator A if it satisfies the
following conditions:

1. ¢ is smooth in the diagonal;

2. (non-degeneracy) There is a smooth nowhere vanishing function g so that 6(v) =
Sy gv forallv € S'TwS°J® = T'ew;

3. (Gaussian condition or weak translational invariance) Let A € S™I'.wSJ®
and B € S"I'.wSJ® such that there is no point in supp(A) that is < to some
point in the supp(B). This means that there is not point at supp(A) which is
< to some point at supp(B), we actually should say that there is no point in
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supp(A) C M™ such that any of its coordinate be < to some coordinate of some
point in supp(B) C M™. Then the following equality holds

X(57 A- B) = Z(X(57 A/) ® X(5> B,)) ’ A(Allv B”) (2.6)

where ), A/@A" € ST wSJP®ST .S J® is the image of A given by the coaction
ST wSJP — ST wSJP @ SIS JP.

Remark 2.3.3. The product in (2.6) will be regarded in the following manner.
Given A” € S"I'.SJ® and B” € S"I'.SJ®, A(A”, B") defines an element of
Hy(M™ x M™) that can be multiplied by x(d, A') ® x(d, B') € Dg(M™ x M™)
using the product in 1.39.

Remark 2.3.4. Let us explain the coaction involved in the Gaussian condition
in more detail.

By using the Theorem 2.1.12 and its Corollary 2.1.13, I'.wSJ® can be written
in the form I'.w ®¢oc(aq) I'SJ®. Then by using Proposition 1.1.12 we conclude
that I':wSJ® is a comodule over I'SJ® (call p the coaction), and consequently
ST . wSJ® is a comodule over ST'SJ® and then it has sense to talk about a
coaction.

In Sweedler notation if £ € TwSJ® then p(L) = ) L) ® L1) where L(g) €
['wSJ® and L) € I'SJ®P, then we can define a coaction p" : S"TwSJ® —
S"TwSJP @ S"I'SJ® that over sections works as

PULLO O L)) = (L10) @ O L) ® (L101) © -+ @ Laqn))
0

where L) € TwSJ® foralll < j <nand L) € 'SJP forall 1 <k < n,note
that £y1) © --- © L,,(1) belongs to ['SJ®. We denote by o the coaction induced
by ®,en, " which makes of STwSJ® a I'SJP-comodule.

Remark 2.3.5. Provided our propagator A is cut, the smoothness on the di-
agonal allows us to compute the product at the right hand of (2.6). Indeed,
suppose we have (p1,- -+ ,Pm,q1, - - - o) in the wave front set of A(A”, B”) at

a point (z, -+ ,z,y,---,y), thenp, X 0and 0 X ¢; forall 1 < i < m and
I<y<n

If (—=p1, -+, —Pm, —q1, -+ — qn) is in the wave front set of x(0, A") ® x(9, B)
Lemma 2.175 in [29] implies that g; = O forall 1 < j <nor(—q,---,—¢,)isin
the wave front set of x(6, B') at (z,--- ,z). Consequently —¢; — g2+ — ¢, =0

by the smoothness on the diagonal condition of the Feynman measure. In
other words we get that ¢; + --- + ¢, = 0. This condition together with the
previous one stating that 0 < ¢; (i.e. g is in the proper convex closed cone
C;) implies that all the ¢; must be zero. A similar argument can be used to
see that all the p; are zero. This is absurd, for (p1,- - ,pm,q1, - qn) is in the
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wave front set of A(A”, B”). The contradiction came from the assumption that
(—=p1, s —Dm, —q1," - — Gn) Was in the wave front set of x,,,(9, A") ® x,.(5, B).

As a consequence, we conclude that the product between these distribu-
tions is well defined.

The idea is to think of the Feynman measure in A as the integral of A over
all the classical fields, that is 6(A) = [, A(¢)De.

Remark 2.3.6. Given A a Feynman measure and A € S"I'.wSJ®, then §(A)
is a complex number and x,,(d, A) is an element of D;(M™). The latter can
be thought of a density over M" in the sense that the densities take functions
and assign numbers (by integration over M), i.e. x,,(9, A)(f) = 0(fA) for f €
C>°(M™). By using the notation for the complex number §(A) = x,, (4, 4)(1),
where 1 is the function identically 1 over M", and as a consequence of this, if
we want to see that §(A) = §(B) for two elements A, B € S"['.wSJ®P then we
need only to examine x,,(d, A) and x,(9, B) as elements of D,;(M"), and lastly
conclude the equality by evaluating in the function 1, x,,(d, 4)(1) = xx»(d, B)(1)
or §(A) = 0(B) as complex numbers.

As a conclusion, if we want to prove that 6(A) = §(B) for two elements
A, B € ST .wSJ® then it is sufficient to prove it for x (9, A) and x(d, B).

Remark 2.3.7. A last comment concerning the physics picture of the Feynman
measure is that the smoothness on the diagonal is exactly the conservation of
the momentum, because the momentum coordinates are the coordinates of the
Fourier transform of a field.
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Chapter 3

Renormalization

3.1 Characterization of the renormalization group

As we saw in the precedent chapter the sheaf SwSJ® has a structure of co-
module over SJ®.

Definition 3.1.1. A renormalization is an automorphism of the sheaf of coalgebras
SwSJP which preserves the coaction of SJ®. The set of renormalizations is a group
under composition and is called the renormalization group.

The next theorem characterizes the renormalization group in a nice manner.

Theorem 3.1.2. The elements of the renormalization group are in correspondence
with the elements in Hom(SwSJ®,w) that are zero over S°wSJ® and are isomor-
phisms when they are restricted to S*'wS°J® = w.

Proof. By Proposition 1.1.23 there is a correspondence between the coalge-
bra automorphisms R € Homceay(SwSJP, SwSJP) and the morphisms r €
Homer _p10q(SwSJP, wSJP) whose sequential representation satisfies ry = 0
and 7 is an isomorphism.

At the beginning of this chapter we mentioned that SwSJ® is a comodule
over SJ®. We use Proposition 1.1.24 in the monoidal abelian category of sheafs
over the ringed space (M,C¥), taking D as the sheaf SJ®, M as the sheaf
SwSJP of SJP-comodules and W as the sheaf w. It gives a correspondence
between the comodule morphisms r € Homecomg,q (SwSJP, wSJP) and the
morphisms 1 € Homer_y10q(SwSJP, w).

If we begin this process with an R € Homcoag(SwSJ®, SwSJ®) which
is a renormalization, then it is a coalgebra morphism and also a comodule
morphism so we successively apply both correspondences to obtain the de-
sired total correspondence between the renormalizations and the subset of
n € Homer_p10q(SwSJP,w) such that ng = 0, ;1 = (Id, ® €59) © T1|ws0s 1S
an isomorphism (because r; is). [

51
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3.2 The structure of the renormalization group

Notice that the renormalization group (which we will denote by G) preserves
the increasing filtration SS"wSJ® C S<"*1w S JP, because if we apply P € G to
an element v € SS"wSJ®, from equation (1.18) is clear that P(v) € SS"wSJP.

If C is a monoidal abelian subcategory of 4Mod or C¥-Modules, we denote
by G’ the group of automorphisms of the cocommutative coaugmented coal-
gebra SV (withV € Obj(C)) and G, = {9 € G'/g(a) = o, Yox € S5*V'}, where
a € Ny. Notice that G*  is exactly G'.

Proposition 3.2.1. Given a € Nand P € G'. Then P € G, if and only if the
sequential representation of P satisfies p; = Idy and p,, =0, V2 < n < a.

Proof. The proof follows directly from equation (1.18). If we apply the formula
forn = 1and P € G, then we obtain:

v=P=3 ¥ 1nn)=n)

m=1 I #0;1,={1}

that is p; is the identity of V.
Let us do the same for n = 2 (supposing that a > 2), in this case the equation
(1.18) gives us,

1 1
vy - Vg = §p1(U1) - p1(v2) + §p1(02) -pr(v1) + pa(v1 - va),
where we use the previous result, p;(vy) - p1(v2) = vy - v9, and P(v; - v2) = vy - vy
and so po (v - v2) = 0.

Let us proceed by induction. Given j € N such that 2 < j < a and suppos-
ing that p, = 0 for all k¥ € N satistying 2 < k£ < j and p; = Idy, we write the
equation (1.18)(taking n = j),

1
Vv = Plog - v;) = Z 7p1(vl)---p1(vj)

all permutations ¥

+ Z """pj(Ul"‘Uj)

terms with p, with2 < k < j
A1
:j!ﬁvl...ij+O+...+O_’_pj(v1...vj)7
hence p;(v;---v;) =0forallvy---v; € STV.

Reciprocally if the sequential representation of P satisfies p; = Idy and
pn = 0 forall 2 < n < a then if we apply P to vy ---v, € S"V by means of
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equation (1.18), only the terms such that |/;| = 1 survive, that is when m = n.
Hence,

1
P(oy v+ vp) = Z %pull(vh) S DUl (V1)
m=11 - Lp£0; [ U---UL,={1--n}

1
= > —ip(en) - pa(r,)
I In#0; U Ul ={1--n}

1
= Z a]dv(vh)"'ldv(vjn)

LT #0: LU Ul ={1--n}

1 n!
— _'Ul...fun:_'/Ul...fUn:fUI...fUT“
Z n!
Iy I #0; 1y ULl ={1--n}

where we use the fact that there are n! forms of take intervals I; such that
|L[|=1land L U---UI,={1,--- ,n} O

If P € G', we call p its sequential representation and usually say thatp € G'.
Proposition 3.2.2. G, is a subgroup of G' for all a € N

Proof. By composing with 7 : SV — V it is clear that 1. has the sequential
representation {/dy,0,0, - - - }, then by the precedent proposition 1 € G, for
all a € N.

If the sequential representation of P and () € G’ are {p, }n and {¢, }n respec-
tively, then the product representation of P o () has sequential representation
{pntn-{anty = {(p- ¢)n}n given by the following formula (see equation (1.19)),

0 @ulor- 1) =0 3 Pl (on) -+ G (01,)):

m=1 " Ij--Ipn#0; I U Ul ={1--n}

With this formula it is possible to show that p- ¢ € G , provided that p and
q are there. For example if 2 < n < @, having in account that ¢, = 0 for all
2 < k < a, we see that in the sum only the terms with all ¢; survive, i.e. m = n.
Also as ¢, is the identity: ¢;(vy,) - q1(vr,) = vy, - - vy, but v, = v;, because
|I;| = 1 when m = n, then ¢, (vy,) - - - q1(v1,) = vy, - - - v;,. But as - is a symmetric
product then all the terms v;, - - - v;, are equal, so there are n! summands which
are equal and consequently the last equality can be written as

<p . Q)n(vl .. 'Un) = n!%pn(m .. "Um)-

This is zero because p, = 0. From the same equation (1.19), but this time
taking n = 1, we can conclude (p - ¢); = Idy.
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/

Finally if p € G, we take ¢ = p~! in G’. Suppose ¢ ¢ G, and let n, be
the first natural > 2 such that g,,, # 0. Equation (1.19) show us that ¢; = p;'
(taking n = 1). But ¢ ¢ G, then ny < a. Then by using again the equation
(1.19) taking n = n and using the fact that {(p-q), }n = {{dy,0,0- - - } we obtain
0 = p1(qny(v1 - - U,)). But as p; = Idy the equation turns to: 0 = gy, (v1 - - - Vpy)
i.e. ¢p, = 0, which is absurd. Hence ¢ € G*,. O

Notice that the precedent proposition is trivially valid for the case a = 0.
For a > 2 we define the sets

G;:{PGG//p:{]dVaO 707pa70"'}}7
and
Gi={PeG/p={p,0---}}

were we use the just described notation of sequential representation intro-
duced in Chapter 1. An element in P € G/, will be an automorphism P € G’
such that when we restrict 7o P to S™V itis zero (7 : SV — V is the canonical
projection), and lessn = 1 or n = a.

The next proposition is proved by induction on a.

Proposition 3.2.3. Let a € Nand P € G'. There are unique Py, P»,--- P,, P' € G’
such that P, € G, P € GL,and P=Pyo Py---P,0o P’

The proof is deduced from the next lemma:

Lemma 3.2.4. Given a € Nand P € G, there exist unique P,, and P’ € G’ such
th&ltPQ_HEG;_H,P/EG;a_,’_l[lndP:Pa_,_lOP/.

Proof. We give the proof for the case a > 2, the case a = 1 is similar. If the
representation of P is given by {Idy,0---0, po+1,Pat2 - - - }, we take P,;; as the
only one whose sequential representation is p = {Idy,0- - ps+1,0---} and P’
whose representation is {(p! - p),}nen. By using the equation (1.19) it is not
difficult to see that (p~* - p); = Idy, and as p,p € G, (which is a group as
we saw in Proposition 3.2.2) then (5! - p), = 0 for all 2 < n < a. By means
of (1.19) and computing p—* up to degree a + 1 with (1.20), we can see that
pt={Idy,0---0,—pat1,--- }and (p ' - plas1 = 0,50 p ' - p € GL,.,. Letus
see in detail that, if p = {Idy,0- - pay1,0-- - } then its inverse satisfies (p~!); =
(p1)~' = Idy,' = Idy and then by using the equation (1.21) for 2 < k < a we
have

(P~ (vr - v+ - vg)

- Y EGME ) )

m=2"" " [Ty 201U Ul ={1--k}
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but as we say (p ') is the identity and then

(P vy - vg - vg)

- _Z % Z ﬁm((ﬁ_1)|f1\(vh>""(ﬁ_l)wn\(vlm))’

m=2 ' Il"‘Inﬁéwﬂlu"'UIm:{l"'k?}

which is zero because all the p,, has m < k < a, and then p,, = 0.
Lastly if we take n = a + 1 in (1.21), we obtain:

(P ar1(v1 - v+ Vap1)
a+1

=Y 2 (o RO B s PRI C)]

m=2"""" [ Im#0 [ U Ul ={1, ,a+1}

By the same aforementioned considerations all the summands are zero except
the only ones in which appears p,1, so

(P asr (v - v2 -+ - vat1)

= — ! Z ﬁa+1((ﬁ71)|l1|<vh) T (ﬁil)\la+1|<vla+1))'

1)!
(a+ ) Il---Ia+175@;11Ll---|_|1a+1={1,---,a+1}

The only way such that a + 1 non-empty sets have disjoint union equal to
{1,---,a + 1} is that each one of them has cardinal 1 and then forall 1 < j <
a+1wehave (p7'),(vg,) = (P )1(vi,) = Iv(vi;) = v;,. Consequently,

(p

1 -
= - | Z pa+1(vi1 e Uia+1)'

(a + 1)' Il“'Ia‘i’l750;11u"'\—|[a+1:{17"' ,(l+1}

)a+1(U1 R 'Ua+1)

Since the - is a symmetric product we can write,

(ﬁ_l)a-‘rl(vl "V Ua+1) - _ﬁa—i-l(vl ce Ua+1>.

Thatis (p™')as1 = —Pas1- Now we know that p=! = {Idy,0---0, —pai1, - },
it is no so difficult to see that (5 - p),+1 = 0 by using the equation (1.19) for
n=a+ 1.

The uniqueness is deduced from a similar argument, if P = P, - P’ =
Qat1-Q With Py1,Quy1 € Gy and P,Q' € GLythen Pl - Qo = P-Q L

If the sequential representation of P, is {/dy,0 - ,Dst1,0,- -} the ele-
ment a + 1 of the sequential representation of P, +11 is —Per1 and if Q1 has
representation {/dy,0--- ,{,11,0, -} so the a + 1-element of the representa-
tion of P, Yy - Qui118 —Pat1 + Gas1, but Pl - Qui1 € GLyiy SO —Pas1 + Gap1 = 0
and P,41 = (Qq4+1, which says us that P’ = ()'. l
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The proof of Proposition 3.2.3 is deduced by repeated application of the
precedent lemma.

For Proposition 3.2.3 and Lemma 3.2.4 there exist similar statements in
which the order of the compositions is the opposite. We rewrite Proposition
3.2.3 in these terms:

Proposition 3.2.5. Let a € Nand P € G'. There are unique Py, P,,--- P,, P' € G’
such that P, € G}, P € GL,and P=P' o P,0oP,_;--- P,

Proposition 3.2.6. G, is a normal subgroup of G' for all a € N.

Proof. Thanks to Propositions 3.2.2 and 3.2.3 it is sufficient to prove that P~ -
GL, - PCG,, forall P e G;withl <i<a.

Ifi = 1and ) € G, then abusing the notation () = {Idy,0---,0,¢at1,- - },
and with (1.19) is deduced P~ - Q- P = {Idy,0--- ,0,p; © @ay1 © p?(‘”l), e}
which is in G, (where ® denotes the symmetric product).

If2<i<a@={ldy,0,---,0,¢u+1, -~} and P = {Idy,0,--- ,0,p;,0---}
by using (1.19) obtain @ - P = {Idy,0,---,0,p;,0,---,0,¢,,, - }.

By using (1.20) P! = {Idy,0--- ,0, —p;, Tis1,** ,Ta, - - }.But when we mul-
tiply P! - Q - P the first a elements are calculated in the same manner which
the first a elements of P~! - P, because the elements with order bigger than a
do not appear. So (ro P! - Q - P)|gny = (mo P~! - P)|sny forall 1 < n < g,
which implicates that P~! - Q- P € G.,,. O

The preceding proposition is valid in the case a = 0 too but in this case the
proof is immediate. The next corollary is a consequence of the above results.

Corollary 3.2.7. For all a € Nwe have G' /G, ~ G'_,.
Proposition 3.2.8. Forall a,b € N; [G.,,G.,] C G

>a+b

Proof. Without loss of generality we can suppose a < b. Let P € G_,and @ €

G~ ,. Then the sequential representation of P is {p,, }nen = {Idy,0,- -, 0, pat1, Pat2; - - -

and similarly for @), {g,}nen = {Idv,0,---,0, @11, Gp+2, - - - }. By the composi-
tion formula we have

n

P o)=Y Y palanon) cau(en) G

If n =1in (3.1) we have (p - ¢); = Idy. Forn € {2,--- | a}, in the sum over
m only the terms with m = 1 survive, because p; = 0 for 2 < j < n < q, then
(p-@)n(v1---vy) = gu(v1 - - - v,) which is equal to zero because of 2 < n < a < b.
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Fora+1 < n < b, in (3.1) only the terms withm = 1,a+ 1,a+2,---n
survive, so

(p.q)n(Ul-.-Un) = qn('Ul--.'Un)—l— Z % Z pm(q\hl(vh)"'QIIm\('UIm))
m=a+1 LAQum  Li={1, n}
(3.2)
but g, = 0. Moreover, if m € {a+1,--- ,n — 1} then there exists at least one [;,

such that |;,| > 2 (and |I;,| < b) and consequently g7, | = 0 and (3.2) becomes

(P @n(vr---vy) = pulvr---vp).

Lastly if b+ 1 < n < a + b, as before in the sum over m only the terms with
m=1,a+1,a+2,---npersist. Then with similar arguments as in the previous
cases we have,

(p . Q)n(U1 .. 'Un) = Qn(Ul .. 'Un) +pn(U1 .. ‘Un>~

So we have

{(pQ)}neN = {[d’uaO?'" a07pa+17"' apbapb+1+Qb+17"' apb+a+Qb+a>"'}- (33)

The computation of the sequential representation of () o P is a bit easier and
gives us the same result up to the a + b term. For this composition we have the
formula

n

@ ol o) = S aulonon) b)) B4

m=1""" LA Li={1, n}

Itis easy to check the (¢-p); = Idy, and thatifn € {2,--- ,a} then (¢-p), =0,
because (3.4) becomes

(¢ p)nlvr---vn) = (P (vn,)) = Pa(vr- - vn) =0, (3.5)
for I; = {1,--- ,n}.
Forn e {a+1,---,b} we have
(@ PInlvr---vn) = (P (vn)) = palvr---on), (3-6)

but this time p,, # 0, because n > a + 1.
Finally forn € {b+1,--- ,b+a} in (3.4) only the terms withm = 1,b+1,b+
2,--+ ,nsurvive so,

"1
(gp)n(vi--vn) = qu(Pa(v1- - vp))+ Z ] 4m (P (vn) - D1 (V)
m=b+1 " LA0U7 [;={1, n}
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and for m € {b+ 1,--- ,n — 1} there exists at least one /;, with more than
one element and less then a + 1, hence pi,| = 0. That is, (¢ - p)u(v1---v,) =
Pa(V1 - 0) + gulvr -+ V).

Then the sequential representation of () o P is the same that the right hand
side of (3.3) up to the a + b-term. Whence Po() = Qo P in G'_, ,,, which proves
what we want. O

We have just seen that it has sense to talk about G'/G%, for all « € N it is
possible to see that G’ is the inverse limit of G’ /G ,,.

Lemma 3.2.9. G’ is the direct limit of the projective system {G' /G~ }nen -

Proof. If a < b are natural numbers then we can define 7, : G'/G., — G'/G~,
as mo(P Py B) = PP,--- P, where we have used that each element that
belongs to G’ /G, can be written uniquely as a product by Lemma 3.2.7. This
function clearly satisfies 7, © T, = 7, and so we have a projective system.

Moreover the morphisms 7, : G' — G'/G%, such that 7,(P) = [Plg/ja., =
Py --- P, commutes with 7,, (¢ < b) because 7y, o m(P) = 7(Py -+ B) =
Py P, = m,(P).

Suppose that IV is another group with a family of arrows f, : W — G'/G%,
satisfying 7, o f, = f, too, for a < b. We can define a unique morphism
f W — G’ such that the following diagram

GGG,
’) / l”ab
[
w /G,
commutes. O

We will define a topology on G’ (its projective topology, the finest such that
7, are all continuous), where a subbase of the open neighbourhoods of zero
is given by the G.,. Then in the above diagram we can define as f(w) =
lim, e fn(w) € G'/GL,, = G --- G, € G’ which exists because f,, commutes
with 7,,. With this definition we have m,(f(w)) = mp(limy, 00 fr(w)) = limy, 00 7 fr (w)
where used the continuity of 7, with respect to this topology. Note that for all
n > b, f,(w) has more than b "elements", and so m,(f,(w)) = fi(w) and conse-
quently m, o f = f;.

As a major consequence of the last results we can stablish the next corollary,
its proof is immediate.

Corollary 3.2.10. G’ is equal to G} G4,GY - - - in the sense that any element P € G’
can be written as an infinite product P = Py o Py o Py--- of elements P, € G/, and
conversely each of this infinite products in such conditions belongs to G'.
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Proof. Given P € G', call F; the morphisms belonging to G proportioned by
Proposition 3.2.3. The limit Py o Pyo Py - - - (i.e. lim,, o, P, - - - P,, ) where P; € G,
converges in GG’ because a subbase of open sets for the projective topology in
G" are G, for k € N and then the difference between P and P, - - - P, belongs
to any G, ,, provided n is sufficiently large. O

This corollary has also a version with the products in the opposite order.

Corollary 3.2.11. G’ is equal to - - - G4GLGYin the sense that any element P € G’
can be written as an infinite product P = --- Py o P, o Py of elements P, € G} and
conversely each of this infinite products in such conditions belongs to G'.

It is of central interest for us the case V = wSJ®. In this case G’ is not the
renormalization group, because an element belonging to G’ may not preserve
the coaction of SJ®.

The natural map STwSJ® — I'SwSJP is not an isomorphism because as
we mentioned, there is a difference between the symmetric product in the cat-
egory of sheafs of modules over the ringed space (M, C*) and the symmetric
product in the category of R-vector spaces. For example if we denote by © the
symmetric product in the category of sheafs of modules over the ringed space
(M,C®) and by - in the category of R-vector spaces, the natural map sends
Y - n — 1 ® n where 1 and 7 are lagrangian densities.

The difference between these product is that if f is a smooth function over
M then fi-n # ¢ - fnpbut fov ©n = ¥ © fn, hence the natural map is not
injective.

Lemma 3.2.12. The induced action of a renormalization over I'SwSJ® can be lifted
to an action over ST'wSJ® preserving the coproduct, the coaction of I'SJ® and the
product of elements with disjoint support.

Proof. By Theorem 2.1.12 TwSJ® ~ I'w ®c¢oo () I'SJP, then applying Proposi-
tion 1.1.12, I'w ®c¢ee(pq) I'SJP can be seen as a 'S JP-comodule over C*(M).

Call N the natural map STwSJ® — I'SwSJ®, and ¢ the isomorphism ex-
istent between I'SwSJ® and Sgee (v 'wSJ® (see Corollary 2.1.13). In this con-
text, given a renormalization P, we still call P the induced map on the sections
of SwSJ® and then we consider the composition p := mopoPoN : STwSJ® —
TwSJo.

By using Proposition 1.1.23, p : STwSJ® — I'wSJ® is in correspondence
with a morphism which we call P’ : STwSJ® — STwSJ® and is written (as in
Proposition 1.1.21)

P)=3" %p@% 0 A(e), (3.7)

neN

where C = STwSJ® and A%") was defined in Section 1.1.2.
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Now we prove that P’ preserves the product of elements with disjoint sup-
port, so let ¢ = Hle fi and ¢ = [],_, g be elements of STwS.J® with disjoint
support, ¢ - ¢ € STwSJ®, call x; = f;foralll < ¢ < k and xy = ¢ for
all 1 < I < r. From the statement over the supports we can suppose that
supp(f;) C U and supp(g;) C V for some U and V' disjoint open sets in M.

Consider

Ag%)wSJQ(QO ' ¢) = Z Xn @ & X1,
117"'7In7£®§[1\—|"“—|[n:{17'“7k+r}

so by applying p“" we obtain

P70 Aglsselp ) = > plxi) @ ©p(xs,).  (38)
Ly I A0 UL ={1, k+7}
Let [, be a subset of {1,--- ,k + r} such that has at least one index i, €

{1,--- ,k} and one index jo € {k + 1,--- ,k 4+ r}, and h € C§°(M) such that
hlsup(p) = 1 and hlgupw) = 0, this function exists because the spacetime is
paracompact. Then,

NOx) = N(Xa Xio - Xio "~ X112
:XOz@"'QhXio®"'®on®“'®X\Ik\
:XaQ"'QXio®"'®hon®"'®X\Ik\
=Xa® - OXip OO0 - O X =0

where « is the the first element of /..

Then, in equation (3.8) only terms such that all the /; are totally included
in{l,--- ,k}orin{k+1,--- ,k+r} survive. We will call ! to the first and J to
the seconds.

In the equation (3.8), we have terms with only one I and n — 1 subsets J,
or terms with two I and n — 2 J’s, three I’s, four I’s ... n — 1. In the following
sums all the I’s are contained in {1, -- - k} and the J'sin {k + 1, - -k +r}, all of
them are # () and its disjoint union is {1,--- , k + r}.

po Agbr)wsm(SO 1)

= Z n[p(xh) @p(XJl) ORER QP(XJn_J}

+ > (5) ) © p) ©p0n) @+ @ s, )]

Iy, I2;J1 - Jn—3={k+1,- k+r}

+ [1...[3;~Jn_3 (g) p(xn) © - ©pxe) ©pxs) @ Op(xs,_ )]+,
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where the binomial coefficients appear because of the possible reorderings of
the expression. We will make the computations for n = 1,2,3,4... For the
general case one must proceed with a combinatorial argument as in the proof
of Proposition 1.1.21. For the case n=1 the result of the above computation is
zero because there are no subset J.

Case n=2, p* o Agrusse(e - 1) = 2p(xn) © p(x5) = 2p(¢) © (V).
Case n=3:

PP AR ssa(0 1) =3p(@) 01D p(xs) Op(xn)] 31D plxn) ©p(x5) ©p(t)
J1,J2 J1,J2

= 3p(p) @ p®2 0 AP s6(¥) + 32 0 AL ¢ 10(9) © p(¥)
For n=4,

“to AglngJ@(¢ ) = 4p(p) © p®* o A§3w51¢(¢)

4
+ <2> “%o A(sr)wsm(@ ®p?o Agp)wsm(w +4p3 o A(;F)wsm(@) ® p(¥)
Multiplying the last equations by % and adding them as in equation (3.

7)
we can see how are the first terms of P'( - ¢), using easy facts as % (3) = 31.
Then we conclude,

P 1) = p(0) © p() + 5p(9) © 57 0 Al g (8) + 357 0 Mlrusnle) © p()

2
1 3 11 2
+ QP(SO) ©pPo qur)wsm(@/f) + §§P o A(s?r)wsm(@) ®p*o Agr)wsm(w
1
+ 5™ 0 Afussa(®) ©p(W) + - (3.9)

On the other hand if we compute P'(p) ® P'(¢), we have

1 1 s
(Z HPQk © Ag@wm(@)) © (Z EPQS o A,(S'lZwSJ'iD(q/)))

keN keN

1 ) 1 .
( o Idsrusya(p) + 5]9@2 o AE‘?I)‘WSJQ(SO) + gpm o Aé‘lwaJé(QO) + - )

1 1
po Idsrusse() + 511@2 ° Agr)wsm(w} + 517@3 ° A.(S?IZwSJ@(w) + - )

1 1
= p(p) © p(¥) + 51’(%0) ®pPo A(szr)wSJé(w) + 5]9@2 o Adryusse(p) ©p(¥)
1 3 1 2 1 2
+ gp(w) ®pPo Afsr)wsm(w + 5]7@2 o Af@r)wsm(@) © 5]0@2 o AglwaJQ(w)

1
+ 5]9@3 ° A?IZwSJ@((p) Opp) +--,
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which is equal to P'(y - 1) by equation (3.9). Notice that we used the fact that
Agsrwsse = Idsrgse (see the definition of A™ in Section 1.1.2). O

As an observation we can say that renormalizations do not necessarily pre-
serve the product of elements of ST'.wSJ® if they have not disjoint support.

3.3 Renormalizations ~ Feynman measures

Thanks to the Lemma 3.2.12, given a renormalization P we can think it as an
automorphism of STwS.J® which preserves the coaction of I'SJ®. A Feynman
measure (see Definition 2.3.2) is a linear map from ST'.wSJ® to C; then we can
define the action from the renormalization group over the Feynman measures
as follows. If P is a renormalization and § is a Feynman measure, we can lift
P by using Lemma 3.2.12 that is still called P. Then a new Feynman measure
P() is define by P(8)(A) := §(P~1(A))if A€ ST .wSJ®, .

It will be interesting to prove that P(J) is still a Feynman measure associ-
ated with the propagator A if ¢ is associated with A too. First of all we will
prove the smoothness on the diagonal.

Suppose ¢ is a Feynman measure and let P the lift of some renormalization,
and take A € S"T .wSJ®. P! is an element of the renormalization group that
preserves the filtration, so P~!(A) is a polynomial in monomials of degree at
leastn , say By +-- -+ B,,. Given (py,--- ,px) € Z(%'" 2 X (9, By) one can affirm
that p; +- - -+ py = 0 because ¢ is smooth in the diagonal, as a conclusion P4 is
smooth in the diagonal.

To see that P¢ is non-degenerate we can use Theorem 3.1.2 to establish that
if P is a renormalization P|r,, is an isomorphism. But the isomorphisms of
sheafs (induced by vector bundles) are in correspondence whith the isomor-
phisms of vector bundles supported by the identity over M . Given two vec-
tor bundles, an isomorphism between them must be linear on each fiber, but
in our case the bundle has range 1, because it is the density bundle. Hence
the isomorphism is given (on the fibers) by multiplication by a constant A # 0,
so the bundle morphism is given globally by the multiplication by a nowhere-
vanishing function A\ € C*°(M).

Applying this to P!, given v € I'.w, we obtain,

Pi(e) = (P w) = [ aP o)

where g is a nowhere-vanishing function that exists because 4 is non-degenerate.
Moreover,

Pé(v) = /M<gA><v>,
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where ) is the nowhere-vanishing function described above. Then P is non-
degenerate.

Let 0 be a Feynman measure, () an element of the renormalization group
(whose inverse is P) and let A € S"T'.wSJ® and B € S"I'.wSJ® such that
there is no coordinate of any element in Sup(A) which is < to some coordinate
of any element in Sup(B), this particularly implies that Sup(A) N Sup(B) = 0,
and then by Lemma 3.2.12, P preserves the product. Then,

Qo(A-B) =0(P(A-B)) =d(P(A)- P(B))

and as A is cut the products involved in the Gaussian condition are well de-
fined (see Observation 2.3.5), so

Q3(A-B) = (x(6,(P(4))) ® x(6, (P(B))) - A((P(A))", (P(B))"). (3.10)

We will now compute (P(A))’, (P(A))", (P(B))" and (P(B))". Consider

STwS.J® % STWS TP Qs (pr) STSTP
P P®Id
STwS.J® % STWS TP Qs (pr) STSTP

which is commutative.
Applying this maps to the element A, and remembering thato(A) = Y A'®
A" we have
A// — (P(A))//

and the same for B. Substituting the results in equation (3.10), we obtain

QS(A-B) =Y (x(6,(P(A))) @ x(6, (P(B)))) - A(A", B").
/)’

The commutative diagram tells us that (P(A))’ = P(A’), using this we have

QS(A- B) = (x(6, P(A") @ x(6, P(B))) - A(A", B")
=) (x(Q3, A") @ x(Q5, B)) - A(A”, B"),

which is exactly the Gaussian condition for ()§. As a conclusion we can say
that if P is a renormalization and 6 a Feynman measure then P¢ is a Feynman

measure too. So we have an action of the renormalization group over the set
of Feynman measures associated to a fixed cut propagator.

We will need the following result.
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Lemma 3.3.1. Given k € N, if \ : S*T'.wSJ® — C is a continuous function satisfy-
ing Sup(\) C Diag(MPF) then X is C>(M)-balanced.

Proof. Let f be a smooth function over M. To prove that
MAy - fAy - Ajy - Ag) = MAy -+ Ay -+ fAj -+ A) (Aj’s are Lagrangian
densities of compact support) as complex numbers, we use Remark 2.3.6 and
reduce it to prove the equality in D;(MF).

Let g1 ®- - -® gy, be an element of C>(M)®* ( recall these element are dense in
C>(MPF), and X is continuous ) whose support is included in Diag(M¥), then
we must compare (A, Ay -+ fA; - Ajp - Ap) (1 ® - - ® gg) and

Xe(A, Ar - Aiy - fAj, - Ap)(1®- - -®gi ), so if they are equal then A(A; - -- fA;, - -

and A\(A;--- A, -+ fAj, - -+ Ax) will also be equal. But,
e Ay fA Ay A (1 © - @ gi)

= )\(glAl c 'giofAio t 'gjOAjO o gkAk)
=Xe(N A Ay Ajy - A) (1 @ @ fgi, @+ © gie) (3.11)

using that g @ -+ @ fgi, @ -+ @ gp = g1 @ -+ @ fgj, @ -+ @ gy (that is be-
cause evaluating the left hand side in a point (zy,--- ,7;) € M* we obtain
g1(z1) -+ f(2iy) i (xiy) - - - gr(xy), which is zero if there are two points z; # x;.
But in the relevant case (71, - ,z;) € Diag(M?*), that is (z,--- ,x) we ob-
tain g, (x) - - f(2)gio (%) - - gr(x) = 92(2) - gio () - - f(x)gjo (x) - - - g (x) where
we can move f(x) because it is a product on C) we conclude that the last term
in Equation (3.11) is equal to

Xk()\,Al“‘Aio"‘Ajo"'Ak)(gl®“'®fgjo®“'®gk)

XeA A fAjy - Ajy - A (1 @ - @ gi).

Then from Remark 2.3.6 we conclude that (X, Ay -+ fA;, -~ Aj, -+ Ay) =
Xe(A, Ay Ay fA, -+ Ag) as element of Dy(MP) for all k € N, which im-
plies that N(Ay -+ fA; - - Ajy - Ap) = MA1--- Ay - -+ fA;, - - Ag) as complex
numbers. O

To prove the next theorem we will use a well-known result,

Lemma 3.3.2 (See [24]). If E — M is a finite rank vector bundle over a manifold,
then I'.(E) is a projective C*>°(M)-module.

Consider the vector bundle wS* J®, which will be of finite rank if and only
we take finite order jets J®. Then from now on we must understand J® as
the vector bundle of finite jets up to some fixed order, i.e. J® = J*® for some
ke N.

Another result we will use is,
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Lemma 3.3.3. If A and B are projective modules over a commutative ring R, then the
symmetric tensor product (A @r B)/I is also a projective R-module (I is the ideal of
the vectors which give symmetry).

Proof. Can be found in many books of elementary algebra as [5], and it is de-
duced from the fact that the tensor product commutes with the direct sum. [J

With all these results we are ready to establish and prove the following
theorem which gives us an important property of this action.

Theorem 3.3.4. The group of renormalizations acts transitively on the set of Feynman
measures associated with a given cut local propagator.

Proof. We already proved that the action is well defined in the sense that the
result is also a Feynman measure associated to the same given cut local prop-
agator.

To finish the proof we must prove the transitivity. Given § and ¢’ Feynman
measures associated with the same cut local propagator, we want to prove the
existence ofa g € G (g : STwSJ® — STwSJP ) such that go = ¢, expressing g
as - - - gs-g2- g1 (see Corollary 3.2.11). We proceed by induction, on the degree of
the elements of STwSJ® i.e. S"TwS*J® for (n, k) € N x Ny in the lexicographic
order.

We begin proving the existence of g, : STwSJ® — ST'wSJP whose sequen-
tial representation is {¢1 }neny = {f1,0,---} where f; : TwSJP — TwSJP ~
['cw® Seoo () J @ (Where we use Theorems 2.1.12 and 2.1.13). Hence by Propo-
sition 1.1.24, there exits amap h; : [wSJ® — I''w such that f; = (h1 ® [drsse)o
(Idr,, ® Argje).

Takingn = land £ = 0 in S"TwS*J®, we want to define f; over the ele-
ments £ = a ® l where « € T.wand [ = 1 € ST J®. We do that by means of
ha,

91(£) = f1(£)

= fila®l) = (h1 ® Idrsje) o (Idr., ® Arsse)(a® 1)
= (h1 ® Idpysye) o (a® (1®1))

= (hy ® Idrysje) o ((a®1)®1)

=hi(a®1)® Idrsse(l) = hi (L) ® 1 = hi(L).

Applying ¢’ we have
d'(g1(L£)) = 0'(f1(£)) = 0'(h(L)).

We want h; to satisfy 6’ o hy = ¢ over the elements with degree n = 1 and
k = 0. In the case where TwS°J® is a free C*>*(M)-module so it is easy to define
h1|rws0e Over a basis such that hq|r,s0¢ satisfies 0’ o hy|r,s076 = d because ¢’
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is epimorphism.

In the general case were T'wS"J® (is not necessarily a free C*°(M)-module)
is a projective C*°(M)-module, then it is a direct summand of a free C>°(M)-
module (call it F), so we apply the previous argument to define &, over F and
then by restricting , to the direct summand we are interested to have /1 |r,,s0 ¢
satisfying ¢’ o hi|p,s05¢ = 0. Hence the diagram,

_Tw (3.12)
h1|s(ljoo(M)FWS0J/q>/ —-
=7 &'
St TS T® —— C

can be completed with a map A, | Sho gy TS0 I OF which is the same hq|r,50 5.
But ¢16(£) = ¢'(£) if and only if 6(L) = ¢'(¢1(£)), and this is exactly what
we have with the aforementioned election of A4 |50 s.
Continuing this process by defining h, over elements of Séoo( amlwS LJ® (ie.
n = 1and k = 1), we consider the Lagrangian density £ = a ®[ where o € I' .w

and [ = p € S'T'J® and compute

91(L) = fi(£)

= fila®1!) = (h1 ® Idrsje) o (Idr.w ® Argse)(a® @)
= (h ®Idrsse)o (@@ [1® 0+ ®1])

= (h @ Ildrsse)((a®@1) @ ¢+ (a®p)®1)
=hi(a®1) ® Idrsse(p) + hi(a ® @) @ Idrussa(l)
=hi(a®1)® @+ hi(L).

Applying ¢ to both sides of this equation we have,
"(g1(L£) = 0" (h(a®1) @ @) + 8" 0 hy (L).

But as we want ¢’ o g; = J then we are looking for a ;| s} rwstse such that

) 0 (M)
the equation

5,(h1(01) X (p) + e hl(ﬁ) = 5(£)a
ord o hl(ﬁ) — (5 —4do (hllSl )FWSOJ(I) & IdFSJ‘ID))(/:’)

Coo(M

holds. Take a h;| Shoo gy [0S I such that the next diagram

T (3.13)
hllséw(M)msOm - l
. 5
St T SLT® —— C

6—¢8'o(h1 \Séw(M)pwsl 76®ldrsa)
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commutes. The existence of this h| Shoopgy TS I follows from the same argu-

ments given for h; |Séoo(M)FwSoJ¢.

Continuing this process we can recursively define A Shoo gy TwSE T for all
k € Ny and so we have just defined h; : S'TwSJ® — T'.w. Proceeding by
induction we can define b, : S"TwSJ® — TI'«w for each n € N (using the
Lemma 3.3.2 and Lemma 3.3.3 to affirm that I'wSJ® is a projective module
and so is STwSJ®. And consequently a is direct addend of a free C*>°(M)-
module), each one of is in correspondence with a g, : STwSJ® — STwSJP
whose sequential representation is {0, - - - ,0, f,,0,--- }.

The maps g,, define by Corollary 3.2.11 a renormalization g = ...¢g3g2¢1, such
that 6(£) = 0'(g(£)) for all £ € Seee(py[wSJ®. Thatis g(d) = 0" O
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