Equivariant K homology even case

A G-C* algebra

58’(14) = {(Ha ¥, T, 7T>}

(H,, ) is a covariant representation of A

T € L(H)
(7(9)T —T'm(g) € K(H) Vg€ G
()T — T(a) € K(H) Va € A

W) I -=TT)e K(H) Vae A

| W(a)(I -TT*) € K(H) Va€ A



A, B G-C* algebras
w:A— B G-equivariant x-homomorphism
p": EG(B) — Eg(A)
(H,%,T,7) = (H,pop,T,m)
KKY(A,C) = EL(4)/ ~
~ = “homotopy”
“homotopy” will be made precise later
addition in K K2 (A, C) is direct sum

(H,y,T,m)+ (H, ¢, T, 7)
= (HEBH’,¢€B¢’,T@T’,W@W’>
—(HawaTa 7T> — (H7¢7T*77T>
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Topic 7: Hilbert modules

A C* algebra

Definition. a € A is positive (Notation: a 2> 0)

iff 3b € A with b*b = a.

Definition. A pre-Hilbert A-module is a right

A-module with a given A-valued inner product

(, ) such that:
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<u,’l)1 + 'UQ-) = (’LL,’Ul> + <’LL,UQ> u, V1,02 € H

(u,va) = (u,v)a u,v € H
a €A
(u,v) = (v,u)" u,v €H

(u,u) 20 YueA

(u,u) =0+ u=0

Definition. A Hilbert A-module 1s a pre-Hilbert

A-module H which is complete in the norm

= [l w) |2

Example. A Hilbert C-module is a Hilbert space

(viewed as a right C-module).
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Remark. If H is a Hilbert A-module, and A has a

unit 14, then H is a C vector space with
ul = u(Alya) AeC

Moreover, even if A does not have a unit, then by
using an “approximate identity” in A, it is a € vector

space.

Example. A C* algebra
| 4 n —|
n=12,3,... AP =AGASD - - DA

(al’a'Q" t ’a’n) + (blvb?‘;,bn) =

(a1+b1,ag+b2,,...,an+bn) CLj,bjEA

(a1,a2,...,an)a = (a1a,a20, ... ,0na) a;j,a €A

<(a’17a'27 s e 7a/n), (bl,bQ, .« oo ’bn)> =

a’{bl + a;bg + -+ a:;bn
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Example.

( ajEA }

and L
Hzﬁ(alaa'?’aﬂ)"')\ . (
Za; a; is norm-convergent in A
k j=1 J

(&1,&2,&3,.. ) + (bl’b27b3"".) =

(a1+b1,a2+b2,a3+b3,...)

(a1, az2,as, - .a = (a14a,a24a, asa,...)
o0
<(a’17a'27a37°")7 (blab23b37"‘)> - Zla’;bJ
J:

Example. L?(G,A)

locally compact
G topological group Hausdorfl

second countable

Fix a left-invariant Haar measure dg for G.
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A G —C* algebra

Gx A— A

L%(G,A) =

{ftG—Hl /Gg‘l[f(g)*f(g)]dg

is norm-convergent in A}

L2(G, A) is a Hilbert A-module

(f + h)g = f(9) + h(g) geG

(fa)(g) = f(9)lgal a€ A
(h = [ a7 bl
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Definition. An A-module map T : H — H is

adjointable if 3 an A-module map T* : H — H with

(Tu,v) = (u, T*v) Vu,v € H.
If T* exists, it is unique.

If T* exists then Sup ||Tul| < oo.
lull=1
Set L(H)={T:A—A|Tis adjointable }

L(H) is a C* algebra

(T + S)u =Tu+ Su u€EH
(ST)(u) = S(Tw)

(TA)u = (Tu)X reC

T
1Tl = ”Shl__glllTuH



Reduced crossed-product C7 (G, A)

Let A be a G — C* algebra

GxA—A

’

Co(G,A)={ f:G— A

\

C.(G, A) is an algebra

f is continuous )

and \

f has compact support
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(f‘+h)(_g) = f(g) + h(g) geG

(fA)(g) = fg)A reC

(f * h)(g0) = /Gf(g)[gh(g"lgo)]dg go € G

“twisted” convolution

Injection of algebras C.(G, A) — L(L?*(G, A))

fr—"T;
T(u) = f*u

(f *u)(go) =/Gf(g>[QU(g“1go)]dg

C*(G,A) is C.(G, A) completed with respect to
the norm || f|| = ||T%| T; € L(L*(G, A))
Cx(G,A) is a C* algebra.

g0-



