A,B separable C* algebras
EY(A,B) = {(H.¥,T)}
1 is a countably generated Hilbert B-module

W A — L(H) is a *-homomorphism

T e L(H)
(T =T*
{ pla)(I —T?) € K(H) Vae A
| ¥(a)T — T(a) € K(H) Vac A

(Ho, 0, To) and (H1,%1,T1) € £ (A, B)

are isomorphic if 3 an isomorphism of Hilbert

B-modules d . Hy — H; with
Dipo(a) =1(a)® Va€ A

Ty =119

4



A, B, D separable C* algebras

w:B—=D *-homomorphism
0. EY(A, B) — £(A, D)

o(H, 0, T) =(H@ D, @1, T Q1)
B B B

I = identity operator of D

Ila)=a , YaeD
PO (f)zf(())
con.5 28
& p1(f) = f(1)

(Ho, d)(), To) and (HlawlaTl) in gl(A, B) are homotopic
if 3 (H,v,T) € YA, C([0,1], B)) with

(pj)*(vaaT) = (Hj7¢j’Tj)

“homotopy” has been made precise.

.



< (A,8) = € (AR /(homstopy)

KK = &°
< (A)B> = & (A)8> /<\"°M°t°?7'>
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Topic 11: Equivariant K homology revisited

A G — C* algebra

Definition A G-Hilbert A-module is a Hilbert

A-module ‘H with a given continuous action

GxH-—H (g,v) —> gv

such that
g(u+v) = gu + gv u,v € H geG
g(ua) = (gu)(ga) ueEH a€ A geG
| (gu, gv) = g{u,v) u,v € H geG

“continuous” means that for each u € H, g — gu is

a continuous map G — H.

44,



Remark. A G — C* algebra
H G-Hilbert A-module

For each g € G, denote by L, the map

L,-H—H

ge @G

Lg(v) = gv
veH

Note that L, might not be in L(H). But it
T € L(H), then L,TL;' € L(H). Thus L(H) is a
G — C* algebra with

gT =LyTL;*

Example. A G — C* algebra

n positive integer
A™ is a G-Hilbert A — module with

g(a17a27°'° ,CLn) - (ga’hga'.?v' '°7ga’n)
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A, B G-C* algebras A, B separable
YA, B) = {(H,¢,T)}
H is a G-Hilbert B-module (countably generated)
Y : A — L(B) is a *-homomorphism with

vlga) = g¢(a)  V(g,a) EGx A
T e L(H)
(9T — T € K(H) Vge Q@)
V()T —Ty(a) € K(H) Vae A

Y(@)(I-T*T)e K(H) Yae A

\W(a)(I-TT*) e K(H) YVae€A|
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KKX(A, B) = EL(A, B)/homotopy
KKQ(A, B) is an abelian group

(H,T)+(H ¢, T)=HeH yo TeT)
—(Haw)T) — (H>¢;T*)

N.



A, B G-C* algebras A, B separable
Ea(A, B) = {(H,¢,T)}
H is a G-Hilbert B-module (countably generated)
Y A — L(B) is a *-homomorphism with

p(ga) = g¥la)  V(g,a)eGx A
T e L(H)
(e \
gT —T € K(H) Vged
Y ()T = T(a) € K(H) Vae Al

Y(a)(I-T?) e K(H) VacA

\ /
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KKA(A, B) = E4(A, B) /homotopy

KK}(A, B) is an abelian group

(H,T)+(H Y. T)=(He H oy, ToT)
—(H,%T) — (H7¢7—T)

2.
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