Topic 2: C* algebras

Definition. A Banach algebra is an algebra A

over C with a given norm || ||
I|: A— {teR|t 20}

such that A is a complete normed algebra:

————

Xal| = |A] ||all e C a€ A
a+b|| < lall + |0 a,b€ A

abl| < llall lIB]l  a,b€ A

al| =0 = a=0

Every Cauchy sequence is convergent in A (with

respect to the metric |la — bl}).




C* algebras
A C* algebra x:A— A

A=A 1l #) a— a*
(A, || |I) is a Banach algebra

(@) =a

(a+b)* =a" +b

(ab)* =b*a”

(Aa)* = Aa* a,be A AeC

laa*|| = llall* = lla*|I*

A x-homorphism is an algebra homorphism

¢ : A — B such that p(a*) = (¢(a))* Va € A.

If p: A— Bis a *-homorphism

Lemma:

then [[p(a)l| £ [laf] Va €4




EXAMPLES OF C* ALGEBRAS

Example (1)

X topological space, Hausdorff, locally compact

X1t = one-point compactification of X

:XU{poo}

a continuous
Co(X)z{aiX+——)C }

o(poo) = 0

|| = sup|e(p)]
peEX

(a+B)(p) =alp) +B() peX
(aB)(p) = a(p)B(p)
(Aa)(p) = Aalp) reC

If X is compact Hausdorf, then

Co(X). =C(X) ={a:X — Cl|a continuous}




Example (2) H - Hilbert space

(separable = H admits a countable (or finite)

orthonormal basis.)

L(H) = {bounded operators T': H — H}

\T|| = sup ||T u| operator norm
A [laell= )2

T* = adjoint of T (T u,v) = (u, T*v)
u,veH

(T+S)u=Tu+Su

(TS)u = T(Su)

(AT)u = A(T u) AeC




Example 3 H Hilbert space .

K(H) ={T € L(H) | T is a compact operator}

={T € L(H) | dimc T(H) < oo}

(closure taken in operator norm)

K(H) is a sub C* algebra of L(H)

K(H) is an ideal in £(H)




G topological group
locally compact

Hausdorf

second countable

Example 4: C*G the reduced C* algebra of G

Fix a left-invariant Haar measure dg for G
“left-invariant” = whenever f : G = C is
continuous and compactly supported

[of(vg)dg = [5f(g)ddg Vv €EG

L2G Hilbert space
L°G = {u : G — C | / lu(g)|2dg < oo}
G

(u,0) = /G w@)olg) dg

u,v € L*G

P




L(L?G) = C* algebra of all
bounded operators

T : L2G — LG

f is continuous

C.G = { f:G—C|
C.G is an algebra
Ag=A(fg) AreC g€l

(f+h)g=fg+hg

multiplication in C.G is convolution

(f * h)go = /G F()h(g g0)dg

f has compact support}

g €G




0 — C.G— L(L*G)

Injection of algebras

f =Ty

Ti(u) = f*u u € L*G

(f xu)go = / f(g)u(g~ ' go)dyg go €G
G

C*G C L(L*G)

C*G = C.G = closure of CcG

in the operator norm

C*@G is a sub C* algebra of L(L?G)




Definition. A sub-algebra A of L(H) is
a C* algebra of operators iff

(1) A is closed with respect to the operator
norm.

(2) If T €A then the adjoint operator T*eA




Theorem. (I. Gelfand and V. Naimark)

Any C* algebra is isomorphic, as a C*
algebra, to a C* algebra of operators.

Theorem. (I. Gelfand) Let A be a
commutative C* algebra. Then A 1s -
(cannonically) isomorphic to CO(X) where

X is the space of maximal ideals of A.

Thus a non-commutative C* algebra can be
viewed as a “non-commutative locally
compact Hausdorff topological space.”

J0




