A NOTE ON GENERALIZED FUJII-WILSON CONDITIONS AND BMO
SPACES

SHELDY OMBROSI, CARLOS PEREZ, EZEQUIEL RELA, AND ISRAEL P. RIVERA-RIOS

ABSTRACT. In this note we generalize the definition of Fujii-Wilson condition providing
quantitative characterizations of some interesting classes of weights, such as Ao, ALC*
and Cj, in terms of BMO type spaces suited to them. We will provide as well some self
improvement properties for some of those generalized BMO spaces and some quantitative
estimates for Bloom’s BMO type spaces.

1. INTRODUCTION AND MAIN RESULTS

Given a weight v, namely, non-negative locally integrable function in R™, and a func-
tional Y : Q@ — (0, 00) defined over the family of all cubes in R™ with sides parallel to the
axes, we define the class of functions BMO, y by

BMO,y = {f € Lio(R") : | fllBMoO, , < 00}

where

1
Ill3v0, 1= 51 /Q 1 folv < o0,

and, as usual, fg = ﬁ fQ f denotes the average of f over (). In the case that Y (Q) = v(Q)

for every cube @, a classical result due to Muckenhoupt and Wheeden in [MW76] asserts
that

BMO = BMO,,,

holds whenever v € A.. Also the case of Y (Q) = w(Q) for some weight w and v = 1
was considered in [MW76] and independently by J. Garcia-Cuerva [GCT79] in the context
of Hardy spaces!. Later on, S. Bloom’s [Blo85] also considered this special case in the
context of commutators and used the notation BMO,, to denote the space BMO ,,. We
remit the reader to [GCHST91, HLW17, LORR17, LORR18, Hyt, AMPRR] for the latest
advances and related results in that direction. The unweighted case v = 1 and Y (Q) = |Q)|
corresponds, obviously, to the classical BMO space of John-Nirenberg [JN61] and in that
case we shall drop the subscripts.

More recently it was established that I : BMO — BMO,,,, is bounded with norm at
most ¢, [w] 4., namely

(1.1) [ fIBMOw.w < cn [w]ay, [IflBMO
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where [w] 4., denotes the Fujii-Wilson constant defined by
(1.2) [w]a, == sup / M( wXQ

and the dependence on [w]4_, is sharp. Deﬁnltlon (1.2) was introduced in [HP13] where
estimate (1.1) was obtained combining the classical John-Nirenberg theorem and the op-
timal reverse Holder inequality obtained as well in [HP13], namely, if w € A and if

1

r(w):=1+ o Tlas

then,

(1.3) (iz wT<w>)*(w’ < 2]2

with 7,, a dimensional constant that we may take to be 7, =~ 2™.

Up until now it was not known whether (1.1) would still be true for general weights, in
other words, whether the emdedding I : BMO — BMO,, ,, would hold for weights beyond
the A class. Our first result gives a negative answer to that question providing a new
quantitative characterization of A in terms of [w] 4, and the BMO class. We recommend
[DMRO16] for a detailed account on characterizations of A. Actually, we are going to
present a more general result that encloses the aforementioned results as particular cases.
For that purpose we introduce here the following variation of the Fujii-Wilson A, constant
(1.2).

Definition 1.1. Let v be a weight and Y : @ — (0,00) a functional defined over the
family of all cubes in R”. We define
/ M( UXQ

When the supremum above is finite, we say that vEAny.

(1.4) VA = sup

We include here some examples that motivate this definition and that will be used later
on.

(1) Y(Q) := w(Q). This corresponds to the Ay class of weights. See Section 2.1 for
a more detailed discussion on this subject.

(2) Y(Q) := w(2Q). Associated to this functional is the so called weak A, class of
weights and will be treated on Section 2.2.

(3) Y(Q) := M(XQ)pw. Associated to the C), class of weights, see Section 2.3.
RTL

1/r
4) Y(Q) = w(Q) := |Q| <]Q\/ de) , 1 < r < oo. Also related to the Ay

class which produces more precise estimates as shown in Corollary 2.1.

Theorem 1.2. Let v be a weight. There exist some dimensional constants c¢,, Cy, inde-
pendent of v such that

(1.5) ¢ [tlaey < sup bllByo,y < Cn [V]ag -
b bllaio=1

In other words, we have that

[V]Aey & SUD  SUP o= / |b(x vda;
blblevo=1 @ Y (@
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We will present some interesting corollaries of this result in Section 2. We observe that
no condition is assumed on the functional Y : @ — (0, c0) nor on the weight in the theorem
above. However, for the next theorem we need to restrict ourselves to a special class of
functionals Y. Before introducing this special class of functionals we recall the notion
of L-smallness that was introduced in [PR] within the context of generalized Poincaré
inequalities.

Definition 1.3. We say that a family of pairwise disjoint subcubes {Q;} contained in a
cube @ is L-small if

2]
(1.6) Zij\czﬂ <5

In that case we say that {Q;} € Sg(L) or if the cube @ is clear by the context that
{Qi} € S(L).

This condition arises tipically when considering the Calderén-Zygmund decomposition
of the level sets of a non-negative function f in a given cube @ at level L > 1 under the
assumption JCQ f=1

We define now the following class of functionals.

Definition 1.4. We say that a functional Y € ), for ¢ > 1 if there exists ¢ > 0 such that
for any cube @ and any family A of pairwise disjoint subcubes of @ with A € S(L), the
following inequality holds

(17) Sviryer@ (L)'

and we will denote by f3,, the smallest of the constants c.

Remark 1.5. Our model example in this class is given by

w9 V=@ (g | war) ol = / wir) ' i

where r > 1. Hoélder’s inequality yields (1.7) with constant B, <1 and exponent g = .
We can now state the following theorem.

Theorem 1.6. Let w be a weight and let Y € YV,, ¢ > 1, namely a functional satisfying
(1.7). Suppose further that there is a constant ¢ such that for any cube @

w(@) <Y(Q).
Then if f € BMO, there is dimensional constant ¢ such that for each cube Q,

1 ) 1/p
(Y(Q)/Q‘f_fQ’ wdx) < cpq Byl fllBmo

We will show some consequences of this result in Section 2. Our next result can be seen
as an update version of the work [MW76] which is related to the BMO,, classes following
our notation. Being more precise we obtain quantitative versions of the results in [MW76].

Theorem 1.7. Let b € BMOj 4, namely sup ﬁ fQ |f — fol < oc.
(1) If w € Ay we have that for every q > 1,

(i fo 5

1
q L

q : 1
w(m)d:c> < cullbllBMoy L q[w] G, (W] G,
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and hence for any cube QQ

(1.9) |5 < cfula, | flBon .

exp L(Q,w)
(2) If w € A, then,

(w(1Q) /Q ‘b(w)w— bo

The remainder of the paper is organized as follows. Section 2 is devoted to provide
consequences of some of the main results and in Section 3 we provide the proofs of the
main results.

%
(w4, -

P i 1
w(z)dz | < eap|bllBMO, ., (W] 4

P

2. SOME APPLICATIONS AND CONSEQUENCES OF THE MAIN RESULTS

2.1. The A class. Our first Corollary provides interesting information related to A
weights. In particular we will provide a new characterization of the class via Fujii-Wilson
constant.

Corollary 2.1. Let w be a weight. Then

1
~ b —b dzx.
lan = s s /Q Ib(z) — bo| w(z)dz

Our second corollary allows us to reprove known John-Nirenberg type estimates.

Corollary 2.2. Let w € Ay and f € BMO. There exists a dimensional constant c,
independent of f and w such that for each cube Q,

2.1 1 Pawd v <

1) (w(@/Q\f—er wis) " < cuplulas I lavo
and hence

(2:2) 17 = fallowp (g, 5 < Cn [l I fllmsro-

1/r
For the proof of the latter we consider the functional Y (Q) = w,(Q) = (ﬁ fQ wrd:c> Q|

which satisfies Definition 1.4 with constants 8, < 1 and exponent ¢ = r’ by Remark 1.5.
Hence by Theorem 1.6

1 1/p
(i L V= faPwie) ™ < conr v

Finally, if w € A, the reverse Holder inequality (1.3) with » = r(w) so that v’ ~ [w]a_,
yields (2.1). Inequality (2.2) will be obtained from the following well known measure
theory argument. Consider a probability space (X, u) and a function g such that for some
po > 1, ¢ >0, and a > 0 we have that

9l o (x ) < cP™ P = o

Then for a universal multiple of c,

Hg”expLé(X,p,) S C.

We conclude the section by mentioning that above argument cannot be so precise if we
use the more natural functional Y (Q) = w(Q) instead of the functional Y (Q) = w.(Q).
Indeed, if we check the details we would get an exponential growth e“*!4e both in (2.1)
and in (2.2) instead of linear c[w]a,,
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2.2. The weak A, class. Besides the example of functional displayed in (1.8) another
case of interest is the functional defined by the weak condition:

Y(Q) = w(2Q).

This is related to the condition introduced by E. Sawyer in [Saw82] by defining the
“weak” A class as those weights satisfying the estimate

w(E) < ¢ (:g’) w(2Q).

This class of weights is very interesting since appears in many contexts like the theory
of quasiregular mappings or regularity fot solutions of elliptic PDE’s (see, for example,
[BI&T]).

In [AHT17], the weak Ao class was characterized by means of a suitable Fujii-Wilson
type Ao, constant, namely

weak . __
[w] 42" - = sup 2@ /M wXg)-

Notice that the constant 2 in the average could be replaced by any parameter ¢ > 1 as
shown in [AHT17]. It is also shown there that the following reverse Holder’s inequality
holds

(2.3) (]{2 wr(“’))“lw) < 2]£Q w.

with r(w) := 1+

W where 7, is a dimensional constant that we may take to be
n W]y

[e]

T 2™,
Relying upon Theorems 1.2 and 1.6 and arguing as in the preceding section we obtain
the following corollaries

Corollary 2.3. Let w be weight. Then

Wl ~  sup / (@) — fol wd.
fillflliBmo=1 Q w(

Corollary 2.4. Let w € AY and f € BMO. There exists a dimensional constant c,
independent of f and w such that for each cube @,

<w(;Q)

1 = follexp L@ 225y < Cn lw T4 1 lBvo-

1/p
/Q |f—erpwdx) < o Pl | a0

and hence

2.3. The (), class. The (), class is a class of weights containing the weak A, class
considered above and hence larger than the A, class. It is a very interesting class of
weights which is related intimately to the theory of singular integrals although very recently
in [ABES] appeared some application to PDE. Indeed, it is a well known fact that w € A
is a sufficient condition for the so called Coifman-Fefferman estimate, namely

(2.4) /n T* f(z)Pw(x)de < cnp1w . M f(z)Pw(z)dx 0<p<oo

where T™ is the maximal singular integral operator associated to the Calderén-Zygmund
singular integral operator T
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Muckenhoupt [Muc81] proved that w € Ay is not necessary for (2.4) to hold. He showed
in the case of the Hilbert transform that for 1 < p < oo, the correct necessary condition
is that w € (), namely, that for every cube @ and every measurable subset of &/ C @,

|E]
Q|

Later on Sawyer [Saw83] showed that the C), condition is “almost” sufficient in the sense
that w € Cpye implies (2.4) for 1 < p < oo. A natural counterpart for the classical
Fefferman-Stein estimate relating M and M7, the classical sharp maximal function, was
provided by Yabuta [Yab90] and slightly improved by Lerner in [Lerl0]. Recently, in
[CLPR] Sawyer’s result was extended to the full range 0 < p < oo imposing as a sufficient
condition that w € Cax(1,p)+ and including estimates for other operators as well. Similar
estimates were settled too for the weak norm relying upon sparse domination. At this
point, note that whether C), is sufficient for (2.4) to hold remains an open question.

A fact that makes the (), classes interesting is that weights in those classes are allowed
to have “holes”, namely to be zero in sets of no null measure, in some reasonable sense.
Examples of those kind of weights can be found in [Muc81, Buc90].

Very recently Canto [Canl8] settled a suitable quantitative reverse Holder inequality
for C), classes in terms of the following Fujii-Wilson type constant

(2.5) w(F) < c( )5 . M(XQ)pw

[w] ., :=sup

1

Relying upon that reverse Holder inequality it was also established in [Canl8] that if
w € Cy for 1 < p < g < oo then

Cp

17 £l oy S [0, ok (& + [0, ) I £ oo

Our next Corollary, which is again a direct consequence of Theorem 1.2, provides a new
characterization of the C), class.

Corollary 2.5. Let w a weight and p > 1. We have that
1
[w], ~  sup sup/ |f(z) — folwdz
@ o= @ Jan M(xg)Pw Jq

3. PROOFS OF THE MAIN RESULTS

3.1. Proof of Theorem 1.2. We recall that a family of cubes § is n-sparse if for every
Q € S there exists a measurable subset Fg C @ such that

(1) nQ| < |Eg]-
(2) The sets Egq are pairwise disjoint.
We will start by showing the second inequality from (1.5). We will rely upon a simplified
version of [LORR17, Lemma 5.1] (see also [Hyt]).

Lemma 3.1. Let Q a cube. There exists a sparse family S C D(Q), where D(Q) stands
for the dyadic grid relative to Q, such that

o) ~ baligle) < e0 3 51 [ o) = brldyr(a).
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Armed with that lemma we can argue as follows:

1@)/le—()@|@ = Y(Q /Z(,p’/“’ bP|dy> X p(7)v(z)dr

Y<1Q <|P|/ bv) bP\dy)v<P>

Now, since b € BM O, we have that

1 1 1
G /Q b—bolv < crny(@;(uo| / \b<y>—bp\dy) o(P)

< cn|b|rBMoy(1@Zv<P>

P

A

1
S Iblovogrgs X B2 1Ew

PeS
1
< Mliwvoggy 3 [, Mioxg)
Pes
1
< Ilmoggy [, M) < lbvoll.-

This proves that
[bllBMO, y < [bllBMO [V] A,y

For the second part of the proof, let us denote

X := sup |bllBmoO, -
ll6ll BMO=1

Then it suffices to show that [v] , , Sn X and we shall assume that X < oo since

otherwise there’s nothing to prove. We note as well that from the definition of X it
follows that

(3.1) < X bl g0

15 5nt0,

Taking this into account, we claim first that for every cube Q)

(3-2) v(Q) < 4XY(Q).

We may assume first that v(Q) > 0 , otherwise is trivial. Now, for a cube @ we let QcQ
be another cube such that £|@Q| = |Q|. Then (XQ) = 1 and we have that

Q
v(@
& =7 /Q g = (xglalv < 2lxgllmio,

< 2X|xgllBmo < 4X,

from which the claim follows.
We now observe that to prove the theorem it suffices to show that there exists some
finite constant «a,, > 1 such that for every cube @, the inequality
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holds. Indeed, provided (3.3) holds, and taking into account (3.2),

o g (b (2

IR R (O‘%U(x)> o()dz

Ql 1Rl Jg azvQ
SZ”U|(c§2|)l"g+(o‘) a1 1" () vt
< 3log* (an)v|(g|)+ nXY‘gf)

S0 o,

and this yields
1
/ M(xqu)dr <n X.

Now, to prove (3 3) we note first that

a1 e (G ) viovte = g [ vom* (i ) v

where Lo = {z € Q : v(z) > a2vg} and «,, is to be chosen. Hence, settling (3.3) is
equivalent to prove that

1 oot v(@) o(z)da Y(Q)
o a1 o () e <G

for appropriate constants au,, v, > 1.
Now, recall that if w € Ay then log(w) € BMO. Furthermore, tracking the dependence
on the A; constant in [GCRAF85, Theorem 3.3 p. 157]

[Hog(w)| gyo < 2log([w]a,)-

Hence, in particular, if we choose
vx 1/2
(%)
vQ

it is well known (see for instance [GCRAF85, Theorem 3.4 p. 158]) that w € A; with
[w]Al <d,.

Hence, if we let
b=logw
there exists a constant a dimensional constant p,, i.e. independent of @), such that
1bllBro < P

Observe that although b depends on @ its BMO constant is just dimensional. Combining
this estimate with (3.1)

: /
— b—bolv(x)dr < X ||b < Xpp,
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namely
Y@
Q-
In view of the preceding estimate, to settle (3.4), and hence ending the proof, it suffices
to check that for every o € Lg for a,, > 1 to be chosen we have that

(3.5) ) = ol = 5108 (5 )

2
anvQ

][ 1b— bo| v(z)dz < Xpp
Q

To verify this we observe first that combining Jensen’s inequality and Kolmogorov’s in-
1

equality with dimensional constant ¢, = 2\|M||El( (see [Grald, Ex. 2.1.5 p.

Rn)—s L 1,00 (R")
100]), we have

1/2 1/2
b —][ log w —][ log <JW(UXQ)> < log ][ <JW(UXQ)> < logcy.
Q
Q Q vQ Q vQ

If we further assume that « € Lg, namely that v(z) > a%vQ, where o, is yet to be chosen,

we have
1/2 M 1/2
bg < logc, < log (Cnv(x)) <log <(UXQ)(JU)> <logw =15

an(vg)'/? (vQ)!/?
choosing o, = ¢,,. Hence, for these x € Lg

|b(z) — bg| = b(x) — bg > b(x) — logc, = log <w(x)>

Cn

1 1 /M 1 1
= —log |+ 7(UXQ) > —log |— —U(x) .
2 c2 vQ 2 2 \ vg
This ends the proof of (3.5) and hence the proof of (3.4) with oy, = ¢, and v, = 2py,.

3.2. Proof of Theorem 1.6. In this section we will present two different approaches for
Theorem 1.6. One of them is based in some new ideas from [PR] involving self improving
properties for smallness preserving functionals related to generalized Poincaré inequalities.
This was in fact inspired by the proof of John-Nirenberg’s lemma given in [Jou83]. Relying
upon this approach we will establish the following inequality

(3.6) (Y(l@/Q!f—lepwda:)p < ¢ pg max {1, 8% } || fllBmo,

Even though that the estimate above doesn’t provide the best dependence on By we have
included its proof for the sake of the interest of the approach used.

The other proof that we will present here can be seen as a very interesting application
of the so called sparse approach for studying singular integrals. We remark that in this
BMO type estimate this approach provides a linear bound in terms of Sy, namely, we will
prove that

! '
Q«wé”‘mwwﬁ < ¢ pa By | fllenio-

Unfortunately, this method does not work so precisely in the general scenario of generalized
Poincaré inequalities
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3.2.1. Proof based on the smallness property. As we announced above, in this section we
will settle (3.6). By homogeneity we may assume that || f|smo = 1,

1
(3.7) m/@u—fm <1

We may assume that f is bounded. Fixed one cube ). We can consider the local
Calderén-Zygmund decomposition of |f — fg| relative to @ at level L on @ for a large
universal constant L > 1 to be chosen. Let D(Q) be the family of dyadic subcubes of Q.
The Calderén-Zygmund (C-Z) decomposition yields a collection {Q;} of cubes such that
Q; € D(Q), maximal with respect to inclusion, satisfying

(3.8) L< \Q|/ |f = foldy.
INJQj
Then, if P is dyadic with P D Q;
1
(39) 5 1= telau <L
and hence
(3.10) <7 ,/ = faldy < L2
J
for each integer j. Also note that
{e€Q: ME(f - falxo) () > L} = UQJ

where Mg stands for the dyadic maximal function adapted to the cube Q. That is,

M (f)(x) —sup][lf Jdy weQ,PeDQ)

Then, by the Lebesgue differentiation theorem it follows that

|lf —fol <L ae. v ¢ Qp

Also, observe that by (3.8) (or the weak type (1,1) property of M) and recalling our
starting assumption (3.7), we have that {Q;} € S(L), namely

ol = oy < “l

Now, given the C-Z decomposition of the cube @), we perform the classical C-Z of the
function f — fg as

(3.11) f=fq=9q +bq,
where the functions gg and bg are defined as usual. We have that

= fao x & QL
(3.12) 9Q(x) =
\é(‘f—fQ)a $€QL,$€QZ‘
Note that this definition makes sense since the cubes {Q;} are disjoint, so any = €
belongs to only one @;. Also note that condition (3.10) implies that
(3.13) gg(x) <2"L
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for almost all x € Q). The function bg is determined by this choice of gg as the difference
but we also have a representation as
(3.14) bo(x) =Y (f(2) — fo.) xq: (= Zme

i

where bo, = (f(2) — fq.)xq;(2).
Now we start with the estimation of the desired LP norm from (3.6). Consider on @
the measure p defined by dp = ( Xq- Then, by the triangle inequality, we have

@

3=

1
<Y(Q) /Q = fel wda;) < lgellze + lbellLe

1/p

IN

1
2"L + / bo. [P wdx
Y(Q) Qsz:|Q]|

since we assume w(Q) < Y (Q).
Let us observe that the last integral of the sum, by the localization properties of the
functions bg,, can be controlled:

p
/QL|;ij|Pwda: < ;/Qj |bo, |” wdz
;Y(Qj)/cgj‘f fo, " wa

XP ZY(QJ')7
J

IN

where X is the quantity defined by

ce (e [ fopwde)

which is finite since we are assuming that f is bounded. Then we obtain that

(st - sarwse)” < e ()

n PY yi/p
< 2L+ X(57)

by the smallness preserving hypothesis. This holds for every cube @, so taking the supre-
mum we obtain

X <Lt (77, by )X
Now we choose L = 2e max { By, 1} so the above inequality yields
X < 2"2emax {ﬁg/, 1} ( (2¢) 1/1"1) < 22 pq max{ﬁg,, 1} ,

using that ((26)1/5)/ < 2s, s > 1. This is the desired inequality (3.6):

. g
(Y(Q)/Qu_wiwdx) < copgmax {8y, 1}
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3.2.2. Proof based on the sparse approach. First we need to prove that the smallness con-
dition implies suitable sparse conditions for functionals.

Lemma 3.2. Let ¢ > 1 and Y € Y, be a functional. Let F C D(Q) be a family of cubes.
If there exists L > 1 such that for every P € F

1
Z ‘R|SE‘P‘

ReF,RCP,R mazimal
then

> Y(P) < kY (Q)

where k = By Y reo —x
L4

Proof. We observe that

Yv(p)=> > v(p)

PeF k=0 PEF},
where Fo = {Q}, Fr ={P C R : P € F,R € Fj_1, P maximal }. We note that, taking
into account the properties of F,

1
1
Z |Pj’§Z|Q‘

le eF1

1 1
> IPI< 1 > IFl< el

P]~2€.7:2 Pj1€]:1

and in general

1
Pfe}'k
Then, since Y € ),

S S ven Y (5) v@
k=0 PcFy k=0
and the desired estimate holds with k= By Y o, 1. O
L
We may assume, without loss of the generality that the sparse family in Lemma 3.1
satisfies a sparseness property as the one in the preceding Lemma with L = 2. We remit
the reader to [LN17, Section 6] for the equivalence between Carleson families, as the ones
in the lemma, and sparse families and futher details. Taking that into account we can
proceed as follows. Let k be the only non-negative integer such that £ < p < k+ 1. Then,

: w(Q)
since y¢5) <1

(@/ngf—fmpw)‘l’ < (Y(l@/Q\f—f@r'mw)'“l“

k+1 k+1
1 1
< cn W/@(};}_W/PU_]CPXP(@> w

1

k+1 k+1
< cnl| fllBMO Y(lQ)/Q (Z XP(:U)) w(z)dw

PeF
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k+1
1 1
< eallfllmvo (B D)7 | Soos 30 [ xooxn e
Ppt1CP,C-CPICQ
P,eF
1
k+1
1 1
< call fllsno ((k + 1)) T %) > w(Py+1)
Pp41CP,C-CPICQ
P,eF
1
k+1
1 1
< el fllBMmo ((k + 1)) <+ ) > Y (Piy1)
P 1CPL,C-CPICQ
P,eF
1
k+1
1
< allfllsvio (h+ D51 | grooms 30 V(A
PCP,_1C--CPCQ
PeF

1
1

< eall flnio ((k + 1)) F (Y(l@m’;“m)) o

< eall fllmno (K + DY kg

where kg = By Zi":o CLIcR Finally, a simple computation, using elementary Stirling esti-
mates for (k + 1)!, shows that this final inequality yields the desired estimate:

1

1 p
<Y<Q>/Q'f ‘prw) < cap By |fllro.

4. PROOF OF THEOREM 1.7
We rely upon Lemma 3.1 to provide the proof of Theorem 1.7.

Proof. We start with the second estimate

(w(lQ) /Q ‘b(x)w_ balf w(ﬂl?)dw) ’

nt2 [ L1 o(x)dx
<2t w(Q)/Q > ’P| /!b bplxp(z (z)d

PeS.PCQ
CRPRY '
n 1 w(P
< 2"2||bllBMmo, w(Q)/ Z P xp(z) | o(x)dx
Q \ pes,PcqQ
L/

(k4 1)! ¢ - p

< cullbllBM7O, w(0Q) > H (w)p,,)" " 0 (Prsa)

Pyy1CPLCCPICQ
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taking into account [Hyt14, Lemma 5.1] and choosing k to be the unique integer such that
k <p <k+1. A careful tracking of the constants involved in the argument in [Hyt14, p.
102] allows us to obtain the desired result.

For the first estimate it suffices to notice that if ¢ > 1 then, [w]s , < [w]a,. Then using
the computations above we are done. ]
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