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*�h

S̃(n, k) =
F (n, k)

k!
= S(n, k)

* O�=�Ec.7=LDG,/8"D>=LE>*@<>?�.1DG,LAB?
* S(n, k) *@<�.X,L4-,/8BDF07N
,�NzN�*YO�,/EFDF074507=�8
*@<+N�*Z?�8n4@=�8 � ?�8BD>=\N�* n
*5.7*5SL*58"D>=�<W*58 k O�,/EFD>*@<�8
=Td�,�4 !X,�< * O�=�Ec*@<>=T*@<c?�8x8"f�SL*5E>=\8�,/DF?�EG,/.�9

010 y���*58
*5SL=�<WA"?
* xn =
n

∑

k=1

S(n, k)x(x − 1) . . . (x − (k − 1)) 9 �W01d]07N�07*58
N�=LO&=�E x <>*IDF07*58
*�h

xn−1 = S(n, 1) +

n
∑

k=2

S(n, k)(x − 1) . . . (x − (k − 1)).
v r3y

� =�DG,/EIAB?
* S(n, n) = S(n, 1) = 1 O�?
*@<W4@=�SL=�d]01SL=�<+*58}*5. !1D>*5S ,/8BD>*5EF07=�E-b S(n, k) *@<W.X,
4-,/8"DF07N
,�N�N�*ZO�,/EFDF074507=�8
*@<kN�*Z?�8x4@=�8 � ?�8"D>=�N�* n *5.7*5SL*58"D>=�<W*58 k O�,/EFD>*@<c8
=!d�,�4 !X,�<-9
[B?�O�=�8�M",/SL=�<+A"?
* n N�01d]07N�*Y, S(n, k) ∀ 2 ≤ k ≤ n − 1 9
� d�,/.1?�,/8
N�= v r3yR*58 x = n * D>=�S\,/8
N�=L4@=�8�M�EF?
*58
450X,LSL6BN�?�.7= n AB?
*@N
,�h

0 ≡ nn−1 = S(n, 1) + S(n, 2)(n − 1) + · · · + S(n, n − 1)(n − 1) . . . 2 + S(n, n)(n − 1)!
≡ 1 + (n − 1)! ( SL=BN n).

; ?
*5M�=�b (n − 1)! ≡ −1 ( SL=]N n) * O&=�Ec*5.�D>*@=�E>*5S\,LN�*���01.7<>=�8:b n N�*5g&*Z<>*5E�O�EF01SL=�9
[B?�O�=�8�M",/SL=�<H,/�
=�EG,iAB?
* n *@<TO�EF01SL=�b n 6= 2 9 � d�,/.1?�,/8
N�= v r3y!*58 x = 2 * D>=�S\,/8
N�=
4@=�8�M�EF?
*58
450X,TSL6]N�?�.7= n, O�=�Ec*5.�D>*@=�E>*5S\,TN�* ' *5EFS\,/Dk<G*IDF07*58
*_A"?
*�h

2n−1 = 1 + S(n, 2) · 1 + 0 ≡ 1 ( SL=BN n)

* O&=�E�.7=TDG,/8BD>= S(n, 2) ≡ 0 ( SL=]N n) 9
[B0�,/�
=�EG,L*5d�,/.1?�,/SL=�< v r3yC*58 x = 3 * D>=�S\,/SL=�<+4@=�8�M�EF?
*58
450X,LSL=]N�?�.7= n <>*IDF07*58
*_AB?
*

1 ≡ 3n−1 = 1 + S(n, 2) · 2 + S(n, 3)2 · 1 + 0 ≡ 1 + S(n, 3)2! ( SL=BN n)

O�=�E�.7=\45?�,/. S(n, 3) ≡ 0 ( SL=]N n) b * ,TAB?
*_�T*@<C018"d�*5E><>01g�.7*_SL6]N�?�.7= n 9
%k�
=�EG,L<>*Z<F01M�?
*IO&=�E�018
N�?
4@45076�8zM�.7=�g�,/.�h

~



[B?�O�=�8�M",/SL=�<tAB?
* k < n − 1 * n N�01dB07N�*}, S(n, 2), . . . , S(n, k) 9 � d�,/.1?�,/8
N�= v r3yL*58
x = k + 1 ≤ n − 1 * D>=�S\,/8
N�=}4@=�8�M�EF?
*58
450X,}SL6]N�?�.7= n <>*�DF07*58
*�bPO�=�ET*5.RD>*@=�E>*5S\,}N�*
' *5EFS\,/D-h

1 ≡ (1 + k)n−1 = 1 + S(n, 2)k + S(n, 3)k(k − 1) + · · · + S(n, k)k . . . 2 + S(n, k + 1)k!
≡ 1 + S(n, k + 1)k! ( SL=BN n).

QR=�SL= k! *@<�018"d�*5E><>01g�.7*�SL6]N�?�.7= n b/<>*�<F01M�?
* A"?
* S(n, k+1) ≡ 0 ( SL=]N n) b/4@=�SL=kAB?
*5E"!X,/SL=�<
d�*5E-9

�



��� *5E>45074507=\� v ����b��]b
�]b�r5�By
[]*-,/8 T ?�8�DFEF0Xa/8�M�?�.7=H*@AB?�01.Xa/D>*5E>=�45? * =�<I.X,�N�=�<WST07N�*58 r�b o *5.e4@*58"DFE>=tN�* T * C *5.e4@=�8 � ?�8BD>=tN�*
D>=]N�=�< .7=�<�O�?�8BD>=�<�N�* T A"?
*+*@<FDGa/8�S\a�<C4@*5E>4-,wN�* o A"?
*+N�*5.
g&=�E>N�*+N�* T 9(QC,/.745?�.X,/E�*5.&a/E>*-,wN�* C 9
	�

��������������� v�� ,�< ,�N
,_*58�.X,_N�*c.7=�< O�,/EFDF074501O�,/8"D>*@<Zr-p�s���p�b �I*5.1.X, � *@4@4>��0X,�b � ?�M�*58�0X, #P[Bg&*5EFM",/SL=�b
�Z*5EG,/E>N�=�9 � � )k=�< ,/EF07="y

o

P Q

R

[B?�O&=�8�M",/SL=�<xD>*58
*5Ez?�8 <F07<FD>*5S\,jN�*i4@=]=�E>N�*58�,�N
,�<z4-,/EFD>*@<F0X,/8�,�<�*58 *5.ZO�.X,/8
=�bZN�=�8
N�*i*5._* � * x
4@=�8BDF07*58
*w,/.�.X,�N�= PQ * *5.:=�EF01M�*58nN�*5.:<F07<FD>*5S\,T*@<k*5.�O�?�8"D>=LSL*@N�07=\N�*ZN�074>�
=L.X,�N�=�9
QC,/.745?�.7*5SL=�<kO�EF01SL*5E>=L.X,T,/.1DF?�EG, H N�*5.�DFEF0Xa/8�M�?�.7=�h (

1
2

)2
+ H2 = 1 ⇒ h =

√
3

2
9

; ,�<�E>*@45DG,�<kAB?
*Z4@=�8"DF07*58
*58},!.7=�<�.X,�N�=�<cN�*5.:DFEF0Xa/8�M�?�.7=�<>=�8

L1 : y = 0 L2 : y =

√
3

2
+

√
3x L3 : y =

√
3

2
−

√
3x

* *5.�.1?�M",/EcM�*@=�SLU5DFEF074@=\g�?
<>4-,�N�=L*@<c*5.�4@=�8 � ?�8"D>=�,�4@=�DG,�N�=LO&=�E�DFE>*@<�O�,/EGa/g�=�.X,�<39� ?
<>4-,/SL=�<c.X,T*@45?�,�45076�8zN�*Z?�8�,TN�*I.X,�<cO�,/EGa/g�=�.X,�<-h

N�07<FD (p,o) = N�07<FD (p, * � * x)

N�07<FD (p,o) =

√

x2 +
(

y −
√

3

6

)2
= |y| = y = N�07<FD (p, * � * x)

x2 + y2 −
√

3

3
y +

1

12
= y2 ⇒ x2 − 1√

3
y = − 1

12
⇒ y =

√
3(x2 +

1

12
)

� =�Ek<F01SL*5DFE"!X,�b
g�?
<>4-,/SL=�<k*5.�a/E>*-,!N�*5.�DFEF0Xa/8�M�?�.7= * .X, �
M�?�EG,T<>=�SYg�E>*-,�N
,

� ?
<>4-,/SL=�<c.X,!018"D>*5E><>*@4@45076�8nN�*I.X,!O�,/EGa/g&=�.X,T4@=�8x.X,`E>*@45DG, y =
√

3
6 +

√
3

3 x �

√
3

6
+

√
3

3
x =

√
3(x2 +

1

12
) ⇒ x2 − 1

3
x − 1

12
= 0 ⇒ x =

1

2
= x = −1

6
.

o



� .�O�?�8"D>=Lg�?
<G4-,�N�=TDF07*58
*_4@=]=�E>N�*58�,�N
,�< x = −1
6 , y =

√
3

9
9

; ,L,/.1DF?�EG,TN�*5.�DFEF0Xa/8�M�?�.7=\*@<k*58"D>=�8
4@*@< h =
√

3
18 * *5.�a/E>*-,!E>*@<F?�.1DG, B0 =

√
3

18 · 1
6 · 1

2 =
√

3
216
9

� .ka/E>*-,�N�*H.X,}=�DFEG, �
M�?�EG,n.X,}O�.X,/8BD>*-,/SL=�<\4@=�SL=�.X,nE>*@<FDG,}*58BDFE>*x.X,�<La/E>*-,�<�N�*5.�E>*@45DGa/8�M�?�.7=qN�*
d�U5EFDF074@*@< (−1

6 , 0), (− 1
6 ,

√
3

9 ), (1
6 ,

√
3

9 ) * (1
6 , 0) * *5.
a/E>*-,Ig�, � =I.X,IO�,/EGa/g&=�.X,Z*58"DFE>* x = − 1

6 * x = 1
6
9

� .�a/E>*-,TN�*5.:E>*@45DGa/8�M�?�.7=�b A1 = 2
6 ·

√
3

9 =
√

3
27
9

� .�a/E>*-,TN�*5g�, � =\N�*Z.X,`O�,/EGa/g�=�.X,L*@<-h

A2 =

∫ 1

6

− 1

6

√
3(x2 +

1

12
)dx =

√
3 · 2 ·

[

(1

6

)3 1

3
+

1

12
· 1

6

]

=
5
√

3

162
.

; ?
*5M�=�b
*5.�a/E>*-,TN�*I.X, �
M�?�EG,L*@< A1 − A2 =
√

3
162 = B1

9
' 018�,/.1SL*58BD>*�b�*5.�a/E>*-,`E>*@AB?
*5EF07N
,L*@<

A = 6B0 + 3B1 =
√

3
( 6

216
+

3

162

)

=
5
√

3

108
.

p



��� *5E>45074507=T� v ��b�r�b:r�r�b
����y

0 y �Z,�N�=�< p1, p2, p3, p4 ∈ R2 b�4@=�8
<F07N�*5E>*5SL=�<c.X,!S\,/DFEF012

A =









0 d12 d13 d14

d21 0 d23 d24

d31 d32 0 d34

d41 d42 d43 0









N�=�8
N�* dij = ||pi−pj ||2 9
� E>=�g�,/E�AB?
*�<F0 p1, . . . , p4

8
=Z*@<FDGa/8\,/.1018
*-,�N�=�<-b".7=�<(45?�,/DFE>=ZO�?�8BD>=�<
*@<FDGa/8z*58t?�8�,T4501E>45?�8�J *5E>*58
450X,L<>0 * <>=�.7=T<>0 det(A) = 0 9

010 yx[]*-,/8�,/�
=�EG, p1, p2, p3, p4, p5 ∈ R3 * <>*Z4@=�8
<F07N�*5EG,!.X,`S\,/DFEF012

A =













0 d12 d13 d14 d15

d21 0 d23 d24 d25

d31 d32 0 d34 d35

d41 d42 d43 0 d45

d51 d52 d53 d54 0













N�=�8
N�*�b
4@=�SL=\,/8BD>*@<-b dij = ||pi − pj||2 9
� E>=�g�,/EkAB?
*I<F0 p1, . . . , p5

8
=T*@<>DGa/8x*58t?�8tST07<FSL=
O�.X,/8
=�b�.7=�<c45018
4@=TO�?�8BD>=�<+*@<>DGa/8x*58x?�8�,T*@< J *5EG,!<F0 * <G=�.7=L<F0 det(A) = 0 9

	�

��������������� v�� ,�<G,�N
,c*58_.X,cN�*�.7=�<:O�,/EFDF074501O�,/8"D>*@<Cr-p�s���~�b�QR*5.X, * *@<3b � ,/g�.7= * � ,�<FDG,��c<��]0�b ' *5EF8�,/8
N�=
# ' %(�)% ' y
[]*-,/8 p1, p2, p3, p4 ∈ R2 8
= ,/.1018
*-,�N�=�<-9 � 8BDFE>*�*5.1.7=�<t*-,]07<>D>*58m�l8
= ,/.1018
*-,�N�=�<-bW<F?�O&=�8�M",/SL=�<
p1, p2, p3

9 � ,]07<>D>*\*58"D>=�8
4@*@<!?�8�,z4501E>45?�8�JK*5E>*58
450X,nAB?
*TO�,�<G,xO�=�E p1, p2, p3
N�*�4@*58"DFE>= ~o * EG,�N�07=

r > 0 9 ; ?
*5M�=�*-,]07<FD>*58 x1, x2, x3
4@=�8 ||xi|| = 1 DG,/.7*@<cAB?
* pi = ~o + rxi

O�,/EG, i = 1, 2, 3 9
QR=�SL=�DFEG,�<F.X,�N
,/EI.7=�< pi

<>*5M�f�8n?�8�,\4@=�8
<>DG,/8"D>*`8
=�,/.1D>*5EG,�.7=�< dij
b�,�<F?�ST01SL=�<IAB?
* ~o = 0 9 ; ?
*5M�=

pi = rxi

v
i = 1, 2, 3 y�9 �W01dB07N�01E+.7=�< pi

v
i = 1, 2, 3, 4 ykO&=�Ec?�8�,L4@=�8
<FDG,/8BD>* c > 0 <>=�.7=\SY?�.1DF01O�.1074-,

.7=�< dij
O&=�E c2 * O�=�E_.7=xDG,/8"D>=x8
=�,/.1D>*5EG,H.X,t4@=�8
N�0745076�8lN�*L8"?�.107N
,�N^N�*5. det(A) 9 � =�Ew.7=HDG,/8"D>=�b

D>=�S\,/8
N�= xi = pi

r
, i = 1, 2, 3, 4 b�*5.�O�E>=�g�.7*5S\,L*@<c*@AB?�01d�,/.7*58BD>*w,/.:<F01M�?�07*58BD>*�h

�Z,�N�=�< x1, x2, x3, x4 ∈ R2 N�07<FDF018"D>=�<W*58"DFE>*`<"!�b
4@=�8 ||x1|| = ||x2|| = ||x3|| = 1, * 4@=�8
<FDFEF? * *58
N�=
A 4@=�SL=L*58z*5.:*58B?�8
450X,�N�=LO�,/EG,!.7=�< xi

b

||x4|| = 1 ⇔ det(A) = 0.

[B0(*@<G45EF01g�01SL=�<_4-,�N
, xi = (xix, xiy)
O�,/EG,t4-,�N
, i = 1, 2, 3, 4 <>*!O�?
*@N�*Td�*5EF0 ��4-,/Ew<F018�N�0 �
45?�.1DG,�N

AB?
*

A = AL · AR =









||x1||2 2x1x 2x1y 1
||x2||2 2x2x 2x2y 1
||x3||2 2x3x 2x3y 1
||x4||2 2x4x 2x4y 1









·









1 1 1 1
−x1x −x2x −x3x −x4x

−x1y −x2y −x3y −x4y

||x1||2 ||x2||2 ||x3||2 ||x4||2









.

��*58
*5SL=�<k*58BD>=�8
4@*@<+AB?
* det(AL) = 4 det(AR) * *58"D>=�8
4@*@<

r-s



det(A) = 0 ⇔ det(AL) = det(AR) = 0.

[B0 ||x4|| = 1 .X,!S\,/DFEF074@*@<k<G=�8x45.X,/EG,/SL*58"D>*`<F018�M�?�.X,/E>*@<-9
[B0 ||x4|| 6= 1 b]*58"D>=�8
4@*@<CO&=BN�*5SL=�< E>*@<FDG,/ER.X,Zf�.1DF01S\,w4@=�.1?�ST8�,`N�*c?�8
=�<�,Z.X,YO�EF01SL*5EG,Y*58 AL * 8
=�<
AB?
*@N
,









0 2x1x 2x1y 1
0 2x2x 2x2y 1
0 2x3x 2x3y 1

||x4||2 − 1 2x4x 2x4y 1









.

� .:N�*5D>*5EFST018�,/8"D>*`N�*_*@<FDG,`S\,/DFEF012w*@<

(||x4||2 − 1) · det





2x1x 2x1y 1
2x2x 2x2y 1
2x3x 2x3y 1



 .

� .
N�*5D>*5EFST018�,/8"D>*kN�*�*@<>DG,kf�.1DF01S\,ZS\,/DFEF012k*@<P4@*5E>=Z<F0 * <>=�.7=Z<>0�*-,�07<FD>*58 α, β DG,/.7*@<(A"?
* αx1 +βx2 =
x3 * α + β = 1 b�AB?
*T*@<_*@A"?�01d�,/.7*58"D>*�,HN�*@4501EYA"?
* x3

*@<>DGaH*58i.X,�E>*@45DG,tN�*��
8�07N
,HO&=�E x1 * x2
9

� *5E>=^*@<FD>=i8
=l*@<�,�<"! * ,iAB?
*x��,/g !X,/SL=�<�D>=�S\,�N�= x1, x2 * x3
8
=l,/.1018
*-,�N�=�<-bcO�=�E�.7=iDG,/8"D>=^*5.

N�*5D>*5EFST018�,/8BD>*w*@<kN�07<FDF018"D>=LN�*Y4@*5E>=�9
%+8�a/.7=�M",/SL*58"D>*w,_.X,wO�EF01SL*5ECO�,/EFD>*�b�D>=�S\,/8
N�=!�wO�?�8BD>=�<�8
=!4@=�O�.X,/8�,/E>*@<-b�<F?H*@< J *5EG,Y4501E>45?�8
<>45EF01DG, *
,/O�.1074-,/8
N�=\?�8�,`DFEG,�<F.X,�45076�8 * ?�8�,`�
=�SL=�D>*@450X,\,/O�E>=�O�0X,�N
,�<3b�*5.�O�E>=�g�.7*5S\,L<G*IE>*@N�?
4@*Y,�h
[]*-,/8 x1, x2, x3, x4, x5 ∈ R3 N�07<>DF018"D>=�<W*58"DFE>*Y< !:DG,/.7*@<kAB?
* ||x1|| = ||x2|| = ||x3|| = ||x4|| = 1 *
A ∈ R5×5 .X,!S\,/DFEF012wN
,�N
,!O�=�E Aij = ||xi − xj ||2 b�*58"D>=�8
4@*@<

||x5|| = 1 ⇔ det(A) = 0.

[B0 xi = (xix, xiy, xiz), i = 1, 2, 3, 4, 5 O�=]N�*5SL=�<!*@<>45EF01g�01E`S\,/DFEF074@*@< AL * AR
N�*�| �
.X,�< * |

4@=�.1?�ST8�,�<

AL













||x1||2 2x1x 2x1y 2x1z 1
||x2||2 2x2x 2x2y 2x2z 1
||x3||2 2x3x 2x3y 2x3z 1
||x4||2 2x4x 2x4y x4z 1
||x5||2 2x5x 2x5y 2x5z 1













AR =













1 1 1 1 1
−x1x −x2x −x3x −x4x x5x

−x1y −x2y −x3y −x4y x5y

−x1z −x2z −x3z −x4z x5z

||x1||2 ||x2||2 ||x3||2 ||x4||2 ||x5||2













* .X,�4@=�8
N�0745076�8�N�*5.eN�*5D>*5EFST018�,/8"D>*\s\O�,/EG, A <>*wN�*@N�?
4@*!N�*w.X,LST07<>S\,LJ =�EFS\,�,L.X,�4@=�8
N�0745076�8iN�*
.7=�<cO�EF01SL*5E>=�<c�TO�?�8"D>=�<39

r�r



��� *5E>45074507=\| v r-s�b�r�r�b���b
��o�y
[]*-, f : [0, 1] → R ?�8�,�J ?�8
45076�8 4@=�8BDF018"?�, * *@<FDFEF0745DG,/SL*58BD>*�45E>*@4507*58BD>*�bRDG,/.kA"?
* f(0) < 0 *
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