
���������
	������������������������������ ����	��"!"�$#&%
'�(*) +-,/.10324(*+5,5.1)7698:+

;=<?>A@B<�C1DE>F@G<IH�DBJ:JAKL<:MNDGCPOQKLC�@SRT@SHFUV@EJARW@YX[Z\C]>AJ:DQOQ^PHLH�_W`GC&@SRW@B<Ia/RWbGKdcPJA@B<�O1K�e/DGM1f\gOQKLR�hiKdjk_WCP@EJA_WDSOQK�l5Rm^PjSCPDB</OQKLRon5KLMP@EJ:>A@GjkKdC]>:D
OQK�pq@E>:KLjkrE>:_THd@SOQK$RT@Ss5C1_WtGKdJF<:_WO1@BOOQK�u�^1KLC1DB<�l/_WJAKL<Lv
wx.P0�,-y5zN{Q0|{i(�+5}]0~.P8?) �

hiK�@EC
V � W

OQDB</KL<:MP@GHd_mD]<�tGKLH�>:DBJ:_T@ERWKL<�<:DGc1JAK
C
vP;~R*M1JADQOQ^PH�>:Dk>:KLCP<:DGJA_W@GRoOQK

V �
W �Q� ^1K-CPDE>A@GJ:KLjkDB< V ⊗W � KL<�KdR�KL<:MP@BH�_WD�tGK�H�>ADGJA_W@GRVH�^ � DB<�DGc1�[K�>:D]<�<:DGC�OQKYRW@�f�DGJAjk@

v1 ⊗ w1 + v2 ⊗ w2 + · · · + vk ⊗ wk

H�DBC�RT@G<�JAKdRT@GHd_mDBC1KL<
λ1(v1 ⊗ w) + λ2(v2 ⊗ w) = (λ1v1 + λ2v2) ⊗ w

λ1(v ⊗ w1) + λ2(v ⊗ w2) = v ⊗ (λ1w1 + λ2w2)

hi_
f : U → U ′ � g : V → V ′

<:DGC�>AJA@GCQf�DGJAj
@GH�_WDGCPKL<
RW_mCPKL@ERWKL<�<?K4OQK��PCPKxRT@>:JF@EC1f�DGJAjk@BH�_W`GCSRm_WC1K�@ER
f ⊗ g : U ⊗V → U ′⊗V ′

MNDGJ
u⊗ v 7→ f(u)⊗ g(v)

v]�*KLC1KdjkD]<KdC]>ADGCPHdKL<�^1CP@�>AJA@GCQf�DGJAj
@GH�_W`GC�Rm_WC1K�@ER

α : hom(U, U ′) ⊗ hom(V, V ′) → hom(U ⊗ V, U ′ ⊗ V ′)

���������B� �����G���V�����P�����V� �¡�1¢
V ⊗W

<:KIOQK��VC1K�f�DGJAjk@GRmjkKLCB>AK�HdDGjkDYKdRQK�<?MP@BH�_WD-tBKLH�>:DGJA_T@ERiH�DQH�_WKdC]>:K
C[V ×W ]/S �OQDBCPOQK

C[V ×W ]
K�<7KdR

C £ KL<:MP@GHd_mDYtBKLH�>ADGJA_W@GRQbGKLC1KdJF@GOQD¤MNDGJ V ×W � S
KLRP<:^1cVK�<?MV@GH�_WDbGKLC1KdJF@GO1D�MNDGJIRWDB<�KLRmKLjSKLC]>:DB<IO1K¤RT@Sf�DGJAj
@

(v1 + v2) ⊗ w − v1 ⊗ w − v2 ⊗ w

v ⊗ (w1 + w2) − v ⊗ w1 − v ⊗ w2

(λv) ⊗ w − λ(v ⊗ w)

v ⊗ (λw) − λ(v ⊗ w)

¥Y�¦�P§ ���i���1���]�S¨ �1�����G�P�k©ª��«��B�¦�B���G���V�
;~C�f�DGJAjk@5OQK�K?�[KdJFH�_TH�_WDB<*M1J:K�<?KLC]>A@EjkD]<o@ERWbG^1CV@G<oMPJ:DBM1_mK�O1@GO1KL<ocVrG<:_WHL@G<*O1KdRiM1JADiO1^PH�>AD>:KLCP<:DGJA_W@GR�O1K$KL<:MP@GHd_mD]<�tBKLH�>:DGJA_T@ERWKL<

¬ v®�DGCP<?>:JA^1_WJ�^1CV@-cP_ � KLHdHd_m`BC�KLCB>AJ:K�KdR1HdDGC¦�[^PCB>AD¤O1K�f�^PCPH�_WDGC1K�< c1_WRm_WC1KL@GRmK�< V ×W →
U � KLR*H�DBC¦�[^1C]>:D
OQKYf�^PCPH�_WDGC1K�<�Rm_WC1K�@ERWKL< V ⊗ W → U

¯ v±°~J:DBcP@EJ � ^1K/<:_ {vi}i∈I

KL<7cP@B<?K/O1K
V � {wj}j∈J

KL<~cP@G<:K/OQK
W

KdC]>:DBCPH�K�<
{vi⊗

wj}i∈I,j∈J

KL< cP@B<?K�OQK
V ⊗W

v ;~CkMP@GJ?>A_WHd^1RW@GJ � <:_ dim(V ) = n � dim(W ) = mKdC]>:DBCPH�K�<
dim(V ⊗ W ) = nm

² v±°~J:DBcP@EJ � ^1KYt¦@ERWKdC&RWDB<I<:_mbB^1_mKLC]>:KL<�_T<?DBjkDGJ:�V<?jkD]<d³
´]µ (U⊗V )⊗W ' U⊗(V ⊗W )

MNDGJ�RW@¤@EM1RW_THd@GHd_m`BC
(u⊗v)⊗w 7→ u⊗(v⊗w)

¬



¶ µ
C⊗ V ' V

MNDGJ�RW@S@EMPRm_THd@BH�_W`GC
λ⊗ v 7→ λv

v1l5CPrERWDGb]@EjkKdC]>:K � V ⊗C ' V·�µ V ⊗ W ' W ⊗ V
MVDBJIRW@k@EMPRm_THd@BH�_W`GC

u ⊗ w 7→ w ⊗ v

¸ v ´]µ °~JADGcP@GJ � ^1K�<?_ V K�<�OQK�OQ_WjSKLCP<:_m`BC$�PC1_m>A@5KdC]>:DBCPH�K�<
V ∗⊗W ' hom(V, W )¶ µ °~JADGcP@GJ � ^1K hom(U ⊗ V, W ) ' hom(U, hom(V, W ))

¹ v±°~J:DBcP@EJ � ^1KYt¦@ERWK
(

⊕

i∈I

Ui

)

⊗ V '
⊕

i∈I

(Ui ⊗ V )

º v±°~J:DBcP@EJ � ^1K (f1 ◦ f2) ⊗ (g1 ◦ g2) = (f1 ⊗ g1) ◦ (f2 ⊗ g2)» v±°~J:DBcP@EJ � ^1K¼<:_ f
K�<k^1C�KdM1_WjkDGJ:�V<?jkD�KdC]>ADGCPHdKL<

f ⊗
_WOª>A@Gj�c1_W½dC � HL@ERTH�^1RT@EJ

ker(f ⊗
_TO

)

¾ v±°~J:DBcP@EJ � ^1KYRT@S>:JF@ECQf�DBJ:j
@GHd_m`BC¿RW_mC1K�@ER α
KL<�_WC � KLH�>:_Wt @Pv

À �[Á=(oÂ5.1)7}NÃYz�0~Ä7�[Á~(oÂ-.1)7}ÆÅÇÂ¤8[Ä7�[Á=(oÂ5.1)7}
È ¢�ÉV�]¨��¦�1�

s/C��1¢�ÉV�]¨�� �Ê<:DGc1JAK
C
KL<Y^1CÊKL<:MP@BH�_WD�tBKLH�>ADGJA_W@GR

A
M1JAD¦ti_W<?>:D�OQKk^1CP@�f�^1CPHd_m`BC4c1_ £RW_mC1K�@ER

m : A × A → A � a ⊗ b 7→ ab � >A@ER � ^PK a(bc) = (ab)c
vNhi^1MNDGCPOQJAKdjkD]<I@GOQKLjkrB<

� ^1KYKdR*rGRmbBKdc1JF@�>:_WKdC1K�Ë��������P�=³QKdÌi_T<?>:K$^1C&KdRWKdjkKLCB>AD 1 ∈ A
>A@GR � ^1K a1 = 1a = a

v
hi_

A � B
<?DBC�rERWbGKLc1JA@B< � ^1CP@5>:JF@ECQf�DBJ:j
@GHd_m`BCYRm_WC1KL@GR f : A → B

<?K�OQ_TH�K����P� � �L�¡����q�1¢�ÉN�]¨��¦�1�$<:_
f(aa′) = f(a)f(a′) � f(1) = 1

v
Í «L�i�Æ§ ¢��N�
¬ v

A = C
K�<�^1C¼rERWbGKLc1JA@SH�DBC1j�^1>A@¦>A_mt¦@kH�DBC�^PC1_WOP@GOÎv

¯ v
A = C[X1, X2, . . . , Xn]

KLRBrGRmbBKdc1JF@�O1K~MVDBRm_WC1DBjS_WDB<�KLC$RW@B<Ît¦@EJA_W@Gc1RWKL<
X1, X2, . . . , Xn

v
² v

A = Cn×n
KLR*rERWbGKLc1JA@SOQKYj
@¦>AJ:_TH�K�<IOQK

n × n
v

¸ v
A =

KdCPO
(V )

KdR�rGRmbBKdc1JF@�OQK¿KdCVOQDGjkDGJ:�V<:jkDB<YOQK¿^1CÆK�<?MV@GH�_WD&tGK�H�>:DBJ:_T@ER
V
v�Ï*@j�^1Rm>:_WM1RW_WHL@GH�_W`GC&OQK

A
KL<?>ArkO1@BO1@SMVDBJIRW@
HdDGjkMNDB<:_WHd_m`BC�OQK$KLCPOQDGjkDBJ?�V<:jkDB<Lv

¹ v
A = C〈x1, x2, . . . , xn〉

KLRorERWbGKdcPJA@�Rm_Wc1JAK-KLC
x1, x2, . . . , xn

v1s/C�cP@B<?K$OQK
A
<?DBCMP@ERT@Ec1JF@G</KdCxRT@G<5RmKd>:JF@G<

x1, x2, . . . , xn � KLR M1J:DQOQ^VH�>:DÐKL<-RW@�H�DBCPHd@E>:KdCV@GH�_W`GC¼OQKMP@ERT@Ec1JF@G<Lv
º v"hi_

A
K�<7^1C¿rERWbGKLc1JF@¤<:K/OQKd�PC1K/KLRPrERWbGKLc1JA@¤DBM1^1KL<?>A@

A Ñ:Ò HdDGC
KdRPM1J:DQOQ^VH�>:D a ·a′ =
a′a

v
» v"hi_

A � B
<?DBCSrGRmbBKdc1JF@G< KLCB>ADGCPHdKL<

A⊗B
K�<7^1C¿rGRmbBKdc1JF@-O1K��PC1_WKdCVOQD

(a⊗b)(a′⊗
b′) = aa′ ⊗ bb′

vVÓ-cV<?KLJ:t¦@EJ � ^1K 1A ⊗ 1B

KL<�RT@S^1C1_TO1@GO&OQKLR*rERWbGKLc1JA@
A ⊗ B

v

¯



Í¤¢���«��i�Æ§�¢��*Ô��]¢��1¢�ÉV�]¨�� �Ê���¼ÉP�¦Ë�§=�
hiK�@

G
^1CqbBJ:^PMVDVvÎ�DBCP<?_TOQKLJ:D¿KLR�rGRmbBKdc1JF@
OQK�bGJA^1MVD

A = CG � ^1K�K�<5^1C4KL<:MP@GHd_mDtGK�H�>ADGJA_W@GR�HdDGC�cP@G<:K
{g | g ∈ G}

v1;=RoM1JADiO1^PH�>ADSti_WKdC1K$O1@BOQDkMVDBJ




∑

g∈G

αgg









∑

g∈G

βgg



 =
∑

g,h∈G

αgβh(gh) =
∑

g∈G

(

∑

h∈G

αhβh−1g

)

g

Ó-cP<:KdJAtGKLjSD]< � ^1KYKLC�MP@GJA@SOQKd�PC1_WJ�K�<[>F@SKL<?>A@�KL<?>:JA^PH�>A^1JA@SOQK�rGRmbBKdc1JF@�<:DGc1JAK CG
C1DkKL<C1K�H�KL<A@EJA_WD � ^PK/>:DQOQD�KdRWKdjkKdC]>AD�OQK g

>:KLC1bB@�^1C¿_WCitGKdJF<:DP³G@GRWHL@EC1Õ�@�H�DBC¿MVK�OQ_WJ � ^1K G
<:KL@^1C&jkDGC1DB_WO1KGv

Ö×�o��Ë�¢��N�����P¨��¦�¼�1¢�ÉN�]¨��¦�1�
s/C&K�<?MP@BH�_WD�tBKLH�>:DGJA_T@ER

V
KL<I^PC

A Ø ���*��Ë�¢��ÊÙ�@S_WÕ � ^1_WKdJAOP@ µ <?_*K�ÌQ_W<?>:K$^PCP@�f�^1CPH�_W`GCc1_WRm_WC1K�@ER
A × V → V � (a, v) 7→ a · v

>F@ER � ^1K a · (a′ · v) = (aa′) · v � 1 · v = vMP@GJA@�>:DQOQD
a, a′ ∈ A � v ∈ V

vVhi_
V � W

<?DBC
A £ jk`QOQ^1RWDB</^1CP@S>:JF@EC1f�DGJAjk@BH�_W`GC�Rm_WC1K�@ER

f : V → W
<:K�OQ_TH�K��¡�P� � �L�������

A Ø ���*��Ë�¢��N�$<?_ f(a · v) = a · f(v)
MP@EJF@k>:DQOQD

a ∈ A � v ∈ V
v

Í «L�i�Æ§ ¢��ÛÚ[�VÜd�¦�ÊÝV�iÞ&�i�ß�]¢��1¢�ÉV�]¨�� �Ê���qÉP�¦Ë�§=�Îà
hiK�@EC

G
^1C¼bGJA^1MND � A = CG

KdR�rERWbGKLc1JA@kOQK�bGJA^1MVDVvVhi_
V � W

<:DGC
A £ jk`iO1^1RmD]<KdC]>ADGCPHdKL<

C,V ⊗ W � V ∗ = hom(V, C)
<?DBC

A £ jk`QOQ^1RWDB<IOQKd�PC1_WKdCPO1D
g · 1 = 1

g · (v ⊗ w) = g · v ⊗ g · w

(g · f)(v) = f(g−1 · v)

á �V�P¢�ÉN�B¨��¦�1�
n-K��PC1_WJAKdjkDB<o@IHdDGC]>:_WCi^P@GHd_m`BC-^PCP@�C1DQH�_W`GC/X:OQ^P@ERâg~@�RW@IOQK�rERWbGKdcPJA@Pv�s/CP@I�B�V�1¢�ÉV�]¨��¦�<:DGc1JAK

C
KL<�^PC

C £ KL<:MP@GHd_mDStGK�H�>ADGJA_W@GRV>F@ER � ^1K
¬ vãÙ��G�V§�� �*��Ë��EÜ�� µ ;7ÌQ_T<[>AK¿^1CP@�>AJA@GCQf�DGJAj
@GHd_m`BCxRW_mC1K�@ER ∆ : C → C ⊗ C

>F@ER � ^1K
(∆ ⊗

_TO
)∆ = (

_TO
⊗ ∆)∆

¯ vãÙ��G�NË��������1� µ ;7ÌQ_W<?>:K�^1CP@/>:JF@ECQf�DBJ:j
@GHd_m`BC$Rm_WC1K�@ER ε : C → C
>A@GR � ^PK (

_TO
⊗ε)∆ =_WO

= (ε ⊗
_WO

)∆

Í «L�i�Æ§ ¢��N�
¬ v

C
KL<�^PC&HdDBrGRmbBKdc1JF@�HdDGC

∆(1) = 1 ⊗ 1 � ε(1) = 1
v

¯ v±;~R�O1^P@ER�OQKÐ^PCP@xHdDBrERWbGKLc1JF@
C
KL<�^PCªrERWbGKLc1JF@¼OQK��PCP_mKLCPOQD � MP@GJA@ f, g ∈ C∗ �

c ∈ C �
(fg)(c) = m(f ⊗ g)∆(c)

1C∗ = ε

²



² v±;~RPOQ^P@GRPOQKI^1C
rGRmbBKdc1JF@
A
OQK/OQ_WjSKLCP<:_m`BC��VC1_â>F@YKL<7^PCP@YH�DBrGRmbBKdc1JF@1vEhi_PKdRPrGRmbBKdc1JF@

A
K�<
OQK¼OQ_WjSKLCP<:_m`BCª�VC1_â>F@ÊKdC]>:DBCPH�K�<

(A ⊗ A)∗ ' A∗ ⊗ A∗
v���_mKLC1K¼<?KLCB>A_WO1DKdC]>:DBCPH�K�<�O1K��PC1_WJ

∆(f)(x ⊗ y) = f(xy)

ε(f) = f(1)

¸ v
C = CG

KL<I^PCP@kH�DBrGRmbBKdc1JF@�HdDGC
∆(g) = g ⊗ g � ε(g) = 1

v
¹ v"hi_

C
K�<�^1CP@kH�D]rERWbGKLc1JA@�<?K$OQKd�PC1K$RT@kH�DBrGRmbBKdc1JF@�DBM1^1K�<[>F@

C ä\ÑAÒ MVDBJ ∆ ÑAÒ = τ∆ �OQDGCPO1K
τ : C ⊗ C → C ⊗ C

KL<?>ArkOQKd�PC1_TOQDkMVDBJ
c ⊗ c′ 7→ c′ ⊗ c

v
º v"hi_

C � C ′
<?DBCßH�DBrGRmbBKdc1JF@G<SKLCB>ADGCPHdKL<

C ⊗ C ′
K�<¿H�D]rERWbGKdcPJA@ÊH�DBC

∆C⊗C′ =
(
_TO

⊗ τ ⊗
_TO

)(∆C ⊗ ∆C′) � εC⊗C′ = εC ⊗ εC′

v
» v"hiKL@

A =
p

(n, C)
KdR�KdR�rGRmbBKdc1JF@&OQK¿j
@¦>AJ:_TH�K�<�OQK

n × n
H�DBCÆH�DiK��VHd_mKLC]>:KL<�KdC

C
vihQ@GcVKLjkDB< � ^1K-RW@B<=j
@E>:JA_WHdKL< Eij

f�DBJ:j
@GC
^1CP@�cV@G<:K-OQKLRVK�<?MP@BH�_WD�tGK�H�>ADGJA_W@GR
A
vhiKL@

{eij}
RW@ScP@B<?K$OQ^P@GRo@

{Eij}
vQ;=CB>ADGCPHdKL<

A∗
KL<I^PCP@kH�DBrGRmbBKdc1JF@�HdDGC

∆(eij) =
∑

k

eik ⊗ ekj

ε(eij) = δij

å ¨ ���B� Ý1�1�B���N�
hiK�@

A
^PCkrGRmbBKdc1JF@ � <?K�@EC V � W

O1DB<
A £ jk`QOQ^1RWDB<7KLCB>ADGCPHdKL< V ⊗W

K�< ^1C
A⊗A £jk`QOQ^1RWDPv]hQ_PK�ÌQ_T<[>AK/^1C
jkDGJ:�V<:jkD�OQK5rERWbGKLc1JF@G<

∆ : A → A⊗A
KL<=MVD]<?_Wc1RWK5OQK��VC1_mJ�^1CP@KL<?>:JA^PH�>:^1JF@kOQK

A £ jS`QOQ^PRmD
KLC V ⊗ W
³

a · (v ⊗ w) = ∆(a) · (v ⊗ w)

��KdC1KLjSD]<�KdC]>:DBCPH�K�<
¬ v"hi_

V � W � X
<:DGC

A £ jk`QOQ^1RWDB<�KdC]>:DBCPH�K�< (V ⊗ W ) ⊗ X ' V ⊗ (W ⊗ X)H�DGjkD
K�<?MP@BH�_WDB<5tGKLH�>:DBJ:_T@ERWKL<LvPæ¦�^PrECPO1DÐKL<?>:K�_W<:DGjkDGJ:�V<:jkD¿OQK�K�<?MP@BH�_WDB<ItBKLH�>:DGJA_ £@ERWKL<�K�<�@BOQKdj
rG<�_W<:DGjkDBJ?�V<:jkDqOQK
A £ jk`QOQ^1RWDB<Fç�èIKL<:M1^1K�<[>F@1³�<:_ � <:`GRWDx<:_ ∆

KL<H�DB@B<?DQHd_W@E>:_Wt @Pv
¯ v±;~R�_T<:DGjkDGJ:�V<:jSDqHL@EC1`BC1_TH�DxOQK�KL<:MP@GHd_mD]<$tGK�H�>ADGJA_W@GRmK�<

V ⊗ C → V é J:K�<?M*v C ⊗
V → V ê K�<$_W<:DGjkDBJ?�V<:jkD¼OQK A £ jk`QOQ^1RWDB<�<:_ � <?`BRmD¼<:_ (

_TO
⊗ ε)∆ =

_WO é JAKL<:Mov
(ε ⊗

_WO
)∆ =

_WO ê v
ëS���1¢�ÉV�]¨�� �P�

n-_mJAKdjkDB< � ^1K~^1C�K�<?MV@GH�_WDItGK�H�>ADGJA_W@GR B K�<o^1CP@5¨����1¢�ÉN�]¨��¦�
Ù�<?DBc1J:K
C
µ <?_]<?K�tGKLJ:_m�VHd@GCRT@G<I<:_mbB^1_mKLC]>:KL<IHdDGCPO1_WHd_mDBC1KL<L³

¬ v
B
K�</rERWbGKLc1JF@

¯ v
B
K�</H�D]rERWbGKLc1JA@

² v
∆ : B → B ⊗ B � ε : B → C

<:DGC�jSDBJ?�N<?jkDB<�OQK�rGRmbBKdc1JF@G<Lv

¸



¥Y�¦�o��Ë��GÜL�Æ��� á �V��ÝN�V¢�Ë��B���N�
hi_

B
^1CP@�c1_TrERWbGKLc1JA@ � OQK��VC1_mjkD]<ÎKdC homC(B, B)

RT@IH�DBC]tBDGRW^PH�_W`GC*³�<?_
f, g ∈ homC(B, B)KdC]>ADGCPHdKL<

f ? g = m(f ⊗ g)∆ì~@ERWKYKdC]>:DBCPH�K�< � ^1K (hom(B, B), ?, ηε)
KL<�^1C¼rERWbGKLc1JF@1v

í ��Ü�î�§=�*���
s/CV@�>:JF@ECQf�DBJ:j
@GHd_m`BC4RW_WC1KL@GR

S ∈ homC(B, B)
<?K
RWRT@Ej
@¼�1��ÜLî�§=�o���Æ<?_

S ?
_TO

=_TO
? S = ηε

v�Ó-cV<?KLJ:tBKdjkDB< � ^1K
C1Dq<:_mKLjkM1J:KkKdÌi_T<?>:K
RT@¼@EC]>:ïWMVDQO1@�MNKdJADqOQK
K�ÌQ_T<[>A_mJ�KL<ð C1_THd@ÊÙ�MNDGJ$<:KdJ¤KdR7_WCitGKdJF<:DÐOQKSRW@�_WO1KdC]>:_TO1@GO4H�DBCxJAKL<:MVK�H�>:D�@ÐRT@�H�DGCitBDGRW^PH�_W`GC µ vPì~@GRmKLCRT@G<I<:_mbB^1_mKLC]>:KL<�MPJ:DBM1_mK�O1@GO1KL<�OQK$RT@S@GC]>:ïWMVDQO1@
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