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The problem

e¥(—A)Yu+ V(x)u—f(u)y=0 inRV

where
> 0<s<l,
1<p< e

>
> N >2s, f(t) = [t|P1t
>
B>

V € L®(RN), infgy V > 0.

(—A)® is the fractional Laplace operator

(—A)u(x) = c(n,s)p.v./ Mdy

RN [x — y|NT2s



e The fractional nonlinear Schrodinger equation

iy = 2°(—A) Y + W(x)y — [P~y

e We look for standing-wave solutions,
B(x, 1) = u(x)e™

with u a real-valued function.

o If we consider V(x) = W(x) + E,

e¥(=A)Yu+ V(x)u—|uftlu=0 inRV
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Schrodinger 1925
ihe = (=AY + U(x)y  in RY x (0, +00)
Laskin 2000

ihe = B3 (=D) Y + Ux)Y — [$P ' in RV x (0, +00)

Frank-Lenzmann-Silvestre 2016 positive solutions to

(-AYv+v—f(v)=0 inR"

Davila-Del Pino-Wei 2014 positive solutions to

e (-AYu+Vu—|uflu=0 inRY

Long-Lv 2017 sign-changing solutions to
(-AYu+Vu—|uflu=0 inRY

with V(x) = V(|x]).
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Goal

We look for a sign-changing solution to the equation
e¥(=A)Yu+Vu—f(u)=0 inRN

with positive spikes and negative spikes, both concentrating at a
local minimum of V/(x), as € — 0.

After absorbing ¢, the equation becomes

(=A)v+ V(ex)v — f(v) =0 inRN
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Looking for a candidate
We follow the ideas from Davila-Del Pino-Wei 2014

» Frank-Lenzmann-Silvestre 2016
There exists a positive radial ground solution to the equation

(-A¥w+w—f(w)=0 inRN
w(0) = maxgn w

w € H?(RN)

» For A > 0, define

which is a solution to

(~APv+Av—f(v)=0 inRV
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If T is such that
(=AY a+ V(ex)a—f(a) =0,

consider

Q
qg=—
€

then V(x) = @(x + q) solves the equation

(mAPV+ V(ex+Q)v—f(v)=0

Then, e — 0,
(=A)°v+ V(Q)v—f(v)=0

i(x) = wy(g)(x —q) close to q
u: ~ Wy, — Wy, )\i — V(QI)
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Assumptions over the potential V

(Vo) V € L®(RN) and infgn V > 0.
(V1) There exists an open bounded smooth domain Q in RN such
that V € C}(Q) and there exists unique Qo € Q such that

V(Qo) = |?2f V < gg %
(V2) There exists an open set ' compactly contained in € such
that @ €T, V € C?%(I) and

V(Q) > V(Qy) forall Qe T\ {Q};

e Denote

Wy, (x) == wy, <X_601> = )\Jf’%lw ()\J?ls <X_601>>



Main result

Theorem
Assume (Vo) — (V2)

Then, for e > 0 small enough, there exists u. € H**(RN) solution
to
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Main result

Theorem
Assume (Vo) — (V2)
Then, for e > 0 small enough, there exists u. € H**(RN) solution

to
e¥(=A¥u+Vu—f(u)=0 inRN
h 2h
u(x) =D W (x) = D> Was(x) + Be(x)
i=1 i=h+1
where

> 3. € H*(RN), with . — 0 in H**(RN),as ¢ — 0.
>\ = V(QF), with QF € Q
> V(QF) = minq V, ase — 0.
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Steps of the proof

» Reduce the problem in H?$(RV) into a finite-dimensional
problem on the space of bumps

» The proof is based on the Lyapunov-Schmidt reduction
method following ideas from

» Del Pino-Felmer-Musso
» Didvila-Del Pino-Wei

» A minimization argument
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Let ¢ = 2h
qi = —, qa=1(q1,---,9)

1 S
Ae = {q ert| rpijx!qf — gl > _max,z’qf’ < E}

i=1,...

> <kl
> c>1

2h
W(x) = Z Tiwi(x)
i=1

i€ {—1,1} forevery i =1,...,¢
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» Candidate W + ¢

» Consider Z;; = %

Z=(Zj:i=1,....6,j=1,... N)

P> We project the equation and look a solution ¢ such that

£ N
(AP (W + @) + V(eX)(W + ¢) = F(W +¢) =Y > caZs inRY
i=1 I=1

(Zi, ) =0 for all i, !,
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» Rewrite the equation in terms of ¢

i=1 I=1

£ N
Le(¢) = Ns(¢) + E. + ZZ ciZy in RN,
(Zi, ) =0 for all i, 1,

where

L(¢) := (=A) ¢+ V(ex)g — £/(W)e,

N(¢) = (W + ¢) — F(W) — F'(W)é
14

E. = Zr,-(V(Q,-) — V(ex))wi + F (W) =) mif(wy).

l
i=1 i=1
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Step 1 Existence of ¢
» Consider
¢ = {h e CRM): [l i 5 hllwuny < o0}

where

N—2s

N+ 2s

: N
Z(lqt\qu,P) ’ 2(Nf2s)<'u<Nf2s

i=1

» Given 1 ¢ C7, we first find ¢ and ¢j; such that

{(_A)s¢ + V(ex)p— /(W) =h+)ciZj

peZ+

» Banach fixed point Theorem
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Step 2 Equivalences

> u.(x) = W(ex) + ¢(q)(ex) is solution
» cj(q)=0foreveryi=1,...,4,j=1,...,N
» qis a critical point of Jz(q) = J.(W + ¢(q)) where

Je(v) = ;/RN v(=A)*v + V(ex)v? dx — /RN F(v)dx

with F(t) = S17[t[P*.
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Step 3 Minimization

ZF{Q%: acr’, m;n|q,-—q,-|>g—m}
17)

> Je(q) = (W) + O(ESth>0) =[.]+ O(ESth>0)

> mins, J:(q)
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l
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In A,

l
pHl_N 7ii(1 + o(1))
o VIQFSE =y Y i )
i=1 i#j
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In A,

l
Pil_f 7ii(1 + o(1))
IWZV p—1 25772 I_j|q |N+2S
i=1 i#j

) (Emln{N+2s,2}> L0 (520—NH2(N+25—U)> L0 (K/v+2s)

where ¥ 5> <o <N+ 2s,
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In A,

¢

p;l_, 7ii(1 + o(1))

= b D V(@) =y ) i (i p—— R
i=1 i#j

40 (Emln{N+2s,2}> L0 <€2J—NH2(N+25—J)> L0 (K/v+2s>

where ¥ 5> <o <N+ 2s,

N+2s

i = V(Q)7T 3 V(Q)FT, for i # ),

_0 [ ey
2/RNW X

IW:2/RN(W(—A)SW—1—W2)dX—/ F(w) dx

RN

and
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Proposition
miny_ J-(q) has a solution q. € ¥,

Proof
1. J- cont +X. compact — 3q. € L. s.t. J-(q:) = miny_ J-(q)
2. ¢g- €2,

» upper bound for J-(q:)

> Iqu ¢ ZE!

» q;. € Ol for some i, or

> |gic — qjc| = e~ ™= for some i,
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Upper bound

Consider Xi,..., Xy, the 2h vertices of a regular polygon centered
at 0

1Xi — Xip1] = 1 = ming | X — X;|

Let QY = Qo + 5N+2sX

q° = (zo+£ N+2sX el.
Then,
1 2s 1 2
=€ and —————— > (Ce”°
g2 — 04|V +2s |q) — gP|N+2s
Therefore, qp € X,
T:(02) < Te(qo) < 2kl V(Qo) P12 4 Cemin{2s.aiis}



If . ¢ .



Ifq. ¢ ¥,

e Case gj. € OI'. for some |



Ifq. ¢ ¥,

e Case gj. € OI'. for some |

Qis = &Qje € r



Ifq. ¢ ¥,

e Case gj. € OI'. for some |

Qic = eqie €l
For (V2), V(Qi:) > V(Qp) + 1 for some constant p3 > 0.



Ifq. ¢ ¥,
e Case gj. € OI'. for some |
Qis = &Qje € r

For (V2), V(Qjs) > V(Qp) + p1 for some constant 3 > 0. Then,

2h
LS V(Qie) i E

i=1



Ifq. ¢ ¥,

e Case gj. € OI'. for some |
Qis = &Qje € r
For (V2), V(Qjs) > V(Qp) + p1 for some constant 3 > 0. Then,

2h N . o
WIV(Q)F TR = V()P TR Y V(@) R

i=1 J#



Ifq. ¢ ¥,

e Case gj. € OI'. for some |

Qis = &Qje € r
For (V2), V(Qjs) > V(Qp) + p1 for some constant 3 > 0. Then,
2h
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Ifq. ¢ ¥,

e Case gj. € OI'. for some |

Qis = &Qje € r
For (V2), V(Qjs) > V(Qp) + p1 for some constant 3 > 0. Then,

2h
ptl_ N pHL_ N pHL_ N

Iw Z V(Qi,e)”71 s = IWV(QI',E)P71 2 + IWZ \/(Qj,s)’i’L1 2s

i=1 j#i

1
S I V(Q)FE 4+ 1, S V(@) E
J#i

N
=+ pe,
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Ifq. ¢ ¥,

e Case gj. € OI'. for some |

Qis = &Qje € r
For (V2), V(Qjs) > V(Qp) + p1 for some constant 3 > 0. Then,

2h
WY V(Q)FTTE = V(Qe)P R Y V(@) R
i=1 J#i
1 +1 N
S I V(Q)F T 5 o+ 1,3 V(Qe) ik
pt+1 N 7
> 2hh, V(Qo)P=17 2 + p,
for some up > 0, that is a contradiction, since

1 .
p2 + 2hly, V(Qo)/,%l72% +0 (Emln{Zs,%})

4
S IWZ V(le)%_% + (0] (Emin{Zs,%}> - js(qa)
i=1

< 2kl V(Qo) P % 4 Cemniz i
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e Case |gjc — gjc| = ¢ W+2 for some i,

1

21, V(Qu)F 1 # + Coe® + O (et ))

14
< /WZ V(Qis)%_% +0 ( mln{2s,N+2s})

= J:(a:)
ptl_ N i 2N
< 2h/WV(QO)p—1 2 Cgmln{25,m}



— ..
e Case |gjc — gjc| = ¢ W+2 for some i,

2hh V(Qo) 715 + Coe® + O (o))

< /Wi: V(Qe)5 1% 4 0 (o))

= Je(q:)
< 2hly, V(Qo)lg;—rll_% + Csmin{25=%}

which is a contradiction,



— ..
e Case |gjc — gjc| = ¢ W+2 for some i,

2hh V(Qo) 715 + Coe® + O (o))

< /Wi: V(Qe)5 1% 4 0 (o))

= Je(q:)
< 2hly, V(Qo)lg;—rll_% + Csmin{25=%}

2N}

which is a contradiction, since s < min{2s, Nios )
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Comment: ¢ = h+ h with h # K

» Principal reference: D'Aprile-Pistoia 2009

P> min-max argument



Hay brownie casero de premio!



