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The problem

ε2s(−∆)su + V (x)u − f (u) = 0 in RN

where

I 0 < s < 1,

I 1 < p < N+2s
N−2s ,

I N > 2s, f (t) = |t|p−1t

I V ∈ L∞(RN), infRN V > 0.

I (−∆)s is the fractional Laplace operator

(−∆)su(x) = c(n, s)p.v.

∫
RN

u(x)− u(y)

|x − y |N+2s
dy



The problem

ε2s(−∆)su + V (x)u − f (u) = 0 in RN

where

I 0 < s < 1,

I 1 < p < N+2s
N−2s ,

I N > 2s, f (t) = |t|p−1t

I V ∈ L∞(RN), infRN V > 0.

I (−∆)s is the fractional Laplace operator

(−∆)su(x) = c(n, s)p.v.

∫
RN

u(x)− u(y)

|x − y |N+2s
dy



• The fractional nonlinear Schrödinger equation

iψt = ε2s(−∆)sψ + W (x)ψ − |ψ|p−1ψ

• We look for standing-wave solutions,

ψ(x , t) = u(x)e iEt

with u a real-valued function.

• If we consider V (x) = W (x) + E ,

ε2s(−∆)su + V (x)u − |u|p−1u = 0 in RN



I Schrödinger 1925

i hψt = h2s(−∆)sψ + U(x)ψ in RN × (0,+∞)

I Laskin 2000

i hψt = h2s(−∆)sψ + U(x)ψ − |ψ|p−1ψ in RN × (0,+∞)

I Frank-Lenzmann-Silvestre 2016 positive solutions to

(−∆)sv + v − f (v) = 0 in RN

I Dávila-Del Pino-Wei 2014 positive solutions to

ε2s(−∆)su + Vu − |u|p−1u = 0 in RN

I Long-Lv 2017 sign-changing solutions to

ε2s(−∆)su + Vu − |u|p−1u = 0 in RN

with V (x) = V (|x |).
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Goal

We look for a sign-changing solution to the equation

ε2s(−∆)su + Vu − f (u) = 0 in RN

with positive spikes and negative spikes, both concentrating at a
local minimum of V (x), as ε→ 0.

After absorbing ε, the equation becomes

(−∆)sv + V (εx)v − f (v) = 0 in RN
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Looking for a candidate
We follow the ideas from Dávila-Del Pino-Wei 2014

I Frank-Lenzmann-Silvestre 2016
There exists a positive radial ground solution to the equation

(−∆)sw + w − f (w) = 0 in RN

w(0) = maxRN w

w ∈ H2s(RN)

I For λ > 0, define

wλ(x) = λ
1

p−1w
(
λ

1
2s x
)

which is a solution to

(−∆)sv + λv − f (v) = 0 in RN
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I If ū is such that

(−∆)s ū + V (εx)ū − f (ū) = 0,

consider

q =
Q

ε

then v̄(x) = ū(x + q) solves the equation

(−∆)s v̄ + V (εx + Q)v̄ − f (v̄) = 0

I Then, ε→ 0,

(−∆)sv + V (Q)v − f (v) = 0

I ū(x) ≈ wV (Q)(x − q) close to q

I uε ≈ wλ1 − wλ2 , λi = V (Qi )
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I ū(x) ≈ wV (Q)(x − q) close to q

I uε ≈ wλ1 − wλ2 , λi = V (Qi )
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Assumptions over the potential V

(V0) V ∈ L∞(RN) and infRN V > 0.

(V1) There exists an open bounded smooth domain Ω in RN such
that V ∈ C 1(Ω) and there exists unique Q0 ∈ Ω such that

V (Q0) = inf
Ω

V < inf
∂Ω

V

(V2) There exists an open set Γ compactly contained in Ω such
that Q0 ∈ Γ, V ∈ C 2,θ(Γ) and

V (Q) > V (Q0) for all Q ∈ Γ \ {Q0};

• Denote

w̄λj (x) := wλj

(
x − Qj

ε

)
= λ

1
p−1

j w

(
λ

1
2s
j

(
x − Qj

ε

))
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Main result

Theorem
Assume (V0)− (V2)
Then, for ε > 0 small enough, there exists uε ∈ H2s(RN) solution
to

ε2s(−∆)su + Vu − f (u) = 0 in RN

uε(x) =
h∑

i=1

w̄λεi (x)−
2h∑

i=h+1

w̄λεi (x) + ϕ̄ε(x)

where

I ϕ̄ε ∈ H2s(RN), with ϕ̄ε → 0 in H2s(RN),as ε→ 0.

I λεi = V (Qε
i ), with Qε

i ∈ Ω

I V (Qε
i )→ minΩ V , as ε→ 0.
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Steps of the proof

I Reduce the problem in H2s(RN) into a finite-dimensional
problem on the space of bumps

I The proof is based on the Lyapunov-Schmidt reduction
method following ideas from
I Del Pino-Felmer-Musso
I Dávila-Del Pino-Wei

I A minimization argument
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Let ` = 2h

qi :=
Qi

ε
, q = (q1, . . . , q`)

Λε :=

{
q ∈ Γ`ε | max

i 6=j
|qi − qj | >

1

κ
, max

i=1,...,`
|qi | <

ς

ε

}
I 0 < κ� 1

I ς ≥ 1

wi (x) = λ
1

p−1

i w(λ
1
2s
i (x − qi ))

W (x) =
2h∑
i=1

τiwi (x)

τi ∈ {−1, 1} for every i = 1, . . . , `



Let ` = 2h

qi :=
Qi

ε
, q = (q1, . . . , q`)

Λε :=

{
q ∈ Γ`ε | max

i 6=j
|qi − qj | >

1

κ
, max

i=1,...,`
|qi | <

ς

ε

}
I 0 < κ� 1

I ς ≥ 1

wi (x) = λ
1

p−1

i w(λ
1
2s
i (x − qi ))

W (x) =
2h∑
i=1

τiwi (x)

τi ∈ {−1, 1} for every i = 1, . . . , `



Let ` = 2h

qi :=
Qi

ε
, q = (q1, . . . , q`)

Λε :=

{
q ∈ Γ`ε | max

i 6=j
|qi − qj | >

1

κ
, max

i=1,...,`
|qi | <

ς

ε

}

I 0 < κ� 1

I ς ≥ 1

wi (x) = λ
1

p−1

i w(λ
1
2s
i (x − qi ))

W (x) =
2h∑
i=1

τiwi (x)

τi ∈ {−1, 1} for every i = 1, . . . , `



Let ` = 2h

qi :=
Qi

ε
, q = (q1, . . . , q`)

Λε :=

{
q ∈ Γ`ε | max

i 6=j
|qi − qj | >

1

κ
, max

i=1,...,`
|qi | <

ς

ε

}
I 0 < κ� 1

I ς ≥ 1

wi (x) = λ
1

p−1

i w(λ
1
2s
i (x − qi ))

W (x) =
2h∑
i=1

τiwi (x)

τi ∈ {−1, 1} for every i = 1, . . . , `



Let ` = 2h

qi :=
Qi

ε
, q = (q1, . . . , q`)

Λε :=

{
q ∈ Γ`ε | max

i 6=j
|qi − qj | >

1

κ
, max

i=1,...,`
|qi | <

ς

ε

}
I 0 < κ� 1

I ς ≥ 1

wi (x) = λ
1

p−1

i w(λ
1
2s
i (x − qi ))

W (x) =
2h∑
i=1

τiwi (x)

τi ∈ {−1, 1} for every i = 1, . . . , `



Let ` = 2h

qi :=
Qi

ε
, q = (q1, . . . , q`)

Λε :=

{
q ∈ Γ`ε | max

i 6=j
|qi − qj | >

1

κ
, max

i=1,...,`
|qi | <

ς

ε

}
I 0 < κ� 1

I ς ≥ 1

wi (x) = λ
1

p−1

i w(λ
1
2s
i (x − qi ))

W (x) =
2h∑
i=1

τiwi (x)

τi ∈ {−1, 1} for every i = 1, . . . , `



I Candidate W + φ

I Consider Zij = ∂wi
∂xj

Z = 〈Zij : i = 1, . . . , `, j = 1, . . . ,N〉

I We project the equation and look a solution φ such that (−∆)s(W + φ) + V (εx)(W + φ)− f (W + φ) =
∑̀
i=1

N∑
l=1

cilZil in RN

〈Zil , φ〉 = 0 for all i , l ,
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I Rewrite the equation in terms of φ

 Lε(φ) = Nε(φ) + Eε +
∑̀
i=1

N∑
l=1

cilZil in RN ,

〈Zil , φ〉 = 0 for all i , l ,

where
Lε(φ) := (−∆)sφ+ V (εx)φ− f ′(W )φ,

Nε(φ) := f (W + φ)− f (W )− f ′(W )φ

Eε :=
∑̀
i=1

τi (V (Qi )− V (εx))wi + f (W )−
∑̀
i=1

τi f (wi ).
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Step 1 Existence of φ

I Consider

C ∗ =
{
h ∈ C (RN) : ‖h‖∗ := ‖ρ−µh‖L∞(RN) <∞

}
where

ρ(x) =
∑̀
i=1

(
1

1 + |x − qi |2

) N−2s
2

,
N

2(N − 2s)
< µ <

N + 2s

N − 2s

I Given h ∈ C ∗, we first find φ and cij such that{
(−∆)sφ+ V (εx)φ− f ′ (W )φ = h +

∑
cijZij

φ ∈ Z⊥

I Banach fixed point Theorem
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Step 2 Equivalences

I uε(x) = W (εx) + φ(q)(εx) is solution

I cij(q) = 0 for every i = 1, . . . , `, j = 1, . . . ,N

I q is a critical point of Jε(q) = Jε(W + φ(q)) where

Jε(v) =
1
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∫
RN

v(−∆)sv + V (εx)v2 dx −
∫
RN

F (v) dx

with F (t) = 1
p+1 |t|

p+1.
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Step 3 Minimization

Σε =

{
q ∈ Λε : q ∈ Γ`ε, min

i 6=j
|qi − qj | > ε−

s
N+2s

}
I Jε(q) = Jε(W ) + O(εsth>0) = [. . .] + O(εsth>0)

I minΣε Jε(q)
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minΣε Jε(q) has a solution qε ∈ Σε

Proof

1. Jε cont +Σε compact → ∃qε ∈ Σε s.t. Jε(qε) = minΣε Jε(q)

2. qε ∈ Σε

I upper bound for Jε(qε)

I If qε /∈ Σε,

I qiε ∈ ∂Γε for some i , or

I |qiε − qjε| = ε−
s

N+2s for some i , j
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Upper bound

Consider X1, . . . ,X2h the 2h vertices of a regular polygon centered
at 0

|Xi − Xi+1| = 1 = minl 6=j |Xl − Xj |

Let Q0
i = Q0 + ε

N
N+2s Xi

q0
i =

Q0

ε
+ ε−

2s
N+2s Xi ∈ Γε

Then,

1

|q0
i − q0

i+1|N+2s
= ε2s and

1

|q0
i − q0

j |N+2s
≥ Cε2s

Therefore, q0 ∈ Σε

Jε(qε) ≤ Jε(q0) ≤ 2hIwV (Q0)
p+1
p−1
− N

2s + Cεmin{2s, 2N
N+2s
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Hay brownie casero de premio!


