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Purpose of the talk.

| would like to present some existence results for an equation of the
form

—Au+ o = pu in Q
u = 0 on 09,
where
e () is a smooth bounded open subset of R",

e o, are bounded measures in Q with o > 0
the well-studied case is o = dfx,

e ¢: R — Ris a continuous function of absorbing type i.e.
forany r ¢ R

typical example: g(r) = ||~ 'r with ¢ > 1.
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Plan of the talk.

© Classical results in the linear case

—Au = u in Q,
u = 0 on 012,
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Plan of the talk.

© Classical results in the linear case

—Au = u in Q,
u = 0 on 012,

® What happens when adding an absorbing nonlinearity ?

—Au+gu) = p in €,
u = 0 on 01,
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Plan of the talk.

© Classical results in the linear case

—Au = u in Q,
u = 0 on 012,

® What happens when adding an absorbing nonlinearity ?

—Au+gu) = p in €,
u = 0 on 01,

® When g(r) = |r|“"!r with ¢ > 1, there are two cases:
@ if ¢ < "5, there exists a unique solution for any p,
® if ¢ > ;5 there exists a solution iff 11 is not too concentrated
(depending on ¢ in a precise way.)
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Plan of the talk.

© Classical results in the linear case

—Au = pu in Q,
u = 0 on 09,

® What happens when adding an absorbing nonlinearity ?

—Au+gu) = p in €,
u = 0 on 01,

® When g(r) = |r|“"!r with ¢ > 1, there are two cases:
@ if ¢ < "5, there exists a unique solution for any p,
® if ¢ > ;5 there exists a solution iff 11 is not too concentrated
(depending on g in a precise way.)
@ How do the previous alternative generalize when the nonlinearity
is g(u)o ? What is “not too concentrated” ?

N. Saintier 17 de abril de 2018, Seminario de Ecuaciones del DM 3



Classical results in the linear case.
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Notion of solution

u € L'(Q) is a very weak solution of

—Au = pu in Q
u = 0 on 09,

if for any ¢ € C1(Q) such that A¢ € L™, there holds

—/QuACdx:/QCdu
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Existence

For any 1 bounded measure, there exists a unique solution u.
It can be obtained

e directly by
u(x) = /Q G(x,y) duy) = Glu](x)

where G is the Green function of €.
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Existence

For any 1 bounded measure, there exists a unique solution u.
It can be obtained

e directly by
u(x) = /Q G(x,y) duy) = Glu](x)

where G is the Green function of €.

« or a) first prove existence when u € L'(Q) using the a priori
estimate

ullt < Cllpully

Then b) when . is a measure, regularize 1 = i, up,.
To prove that u,, — u weakly in L!, use Dunford-Pettis thm - need
that (u,) is uniformly equiintegrable in L':

/|un|dx<6 if w) <o
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Regularity (sharp)

There holds

N
|lullwra < c|lp]] =: c|p](£2) q< T
More precisely (sharp):

ety e+ IV < ]
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Equation with absorption nonlinearity.
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Notion of solution

u € L'(Q) is a very weak solution of

—Au+g(u) = p in Q,
u = 0 on 09,

if g(u) € L1(, pdx), where p(x) = dist(x, 092), and

—/QuAgdx—i-/Qg(u)Cdx:/QCdﬂ

for any ¢ € C!(Q) such that A¢ € L.
Notice that |(/p| < C so that

gu)¢ = (¢/p)pglu) € L,
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Existence when ;. € L!

Brezis and Strauss (1975) proved that:
1) for any i € L' there exists a solution.

2) if moreover g is nondecreasing then this solution is unique and the
map p — u is non-decreasing.

What happens when p is a measure ?

N. Saintier 17 de abril de 2018, Seminario de Ecuaciones del DM 10



Existence when ;; is a bounded measure
Benilan and Brezis (80’) noticed that the equation
—Au+|ult"u = & in €,
u = 0 on 99,

N .

(with 0 € £2) has no solution when g > 75
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Existence when ;. is a bounded measure
Benilan and Brezis (80’) noticed that the equation

—Au+|ult"u = & in €,
u = 0 on 99,

(with 0 € Q) has no solution when ¢ > % if u were a solution then
taking ¢ (x) := ¢(kx) as test-function with ¢ € C°(By(1)), ¢(0) =1,

1 = —k2/ u(x)A¢(kx)dx+/ ()7 ua(x) p (kxc) dx
lx|<1/k lx|<1/k

sz””L‘I(BO(l/k))||A¢(kx)”Lq’(BO(1/k)) +o(1)

= o(1)K*N) 4 o(1)

o) ifg>N/(N-2)

IN

N. Saintier 17 de abril de 2018, Seminario de Ecuaciones del DM 11



Existence when ;. is a bounded measure
Benilan and Brezis (80’) noticed that the equation

—Au+|ult"u = & in €,
u = 0 on 99,

(with 0 € Q) has no solution when ¢ > % if u were a solution then
taking ¢ (x) := ¢(kx) as test-function with ¢ € C°(By(1)), ¢(0) =1,

1 = —k2/ u(x)A¢(kx)dx+/ ()7 ua(x) p (kxc) dx
[x|<1/k lx|<1/k

kz“”HLfI(BO(l/k))||A¢(kx)”m’(30(1/k)) +o(1)

= o(DKFN) 4 o(1)

= o) g N/N-2)

IN

Contrary to the case u € L' (),
there does not always exist a solution !

N. Saintier 17 de abril de 2018, Seminario de Ecuaciones del DM 11



Existence when ;. is a bounded measure

e To prove existence, one regularize p and truncate g.
« Main difficulty: passing to the limitin [, g(u,)¢ dx.
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Existence when ;. is a bounded measure

e To prove existence, one regularize p and truncate g.
« Main difficulty: passing to the limitin [, g(u,)¢ dx.

 Possible solution: use Vitali’s theorem - need {g(«,)} to be
uniformly equiintegrable in L!:

/g(un)dx <e if |w] <é.
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Existence when  is a bounded measure

To prove existence, one regularize 1 and truncate g.
Main difficulty: passing to the limitin [ g(u,)¢ dx.

Possible solution: use Vitali’s theorem - need {g(«,)} to be
uniformly equiintegrable in L!:

/g(un)dx <e if |w] <é.

If |g(r)| < g(|r|) with g continuous nondecreasing and
© cither

/ BN TR dt < oo,

® or
/Q &G ull)pdx < o

then there exists a solution. (G[|u| solution de —Au = || + Dirichlet B.C)
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Consequence of the 1st existence condition

There exists a solution if

/ g0 " dr < 0.
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Consequence of the 1st existence condition

There exists a solution if
o0 1 N
/ g TN dt < 0.

1 does not appear ! We get existence for any p.
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Consequence of the 1st existence condition

There exists a solution if
o0 1 N
/ g TN dt < 0.

u does not appear ! We get existence for any ..
In particular when g(r) = |r|7~ 7,

N . )
Ifg < N3 then there exists a solution for any .
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Consequence of the 1st existence condition
There exists a solution if
/ g0 " dr < 0.

u does not appear ! We get existence for any ..
In particular when g(r) = |r|7~ 7,

N . )
Ifg < N3 then there exists a solution for any .

Optimal exponent (false when g > > take n a Dirac mass). So

N "y . . .
Ifg > N3 condition on . giving existence of a solution ?

Let’s examine the 2nd existence condition.
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Consequence of the 2nd existence condition
Assume that g(r) = |r|~'r. There exists a solution if

/Q IGllul]|p dx < oo,

in particular if
Gllpl] € L*(92).

(G[|p| solution de —Au = |p| + Dirichlet B.C)
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__ Consequence of the 2nd existence condition

Assume that g(r) = |r|~'r. There exists a solution if

/Q IGllul]|p dx < oo,

in particular if
Gllpl] € L*(92).

(G[|p| solution de —Au = |p| + Dirichlet B.C)
This holds if the measure . is such that

lul € W™29(Q).
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__ Consequence of the 2nd existence condition
Assume that g(r) = |r|~'r. There exists a solution if

/Q IGllul]|p dx < oo,

in particular if
Gllpl] € L*(92).

(G[|p| solution de —Au = |p| + Dirichlet B.C)
This holds if the measure p is such that
u| € W29(92).

What kind of measure can be approximated by measures in W—249(Q) ?
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__ Consequence of the 2nd existence condition
Assume that g(r) = |r|~'r. There exists a solution if

/Q IGllul]|p dx < oo,

in particular if
Gllpl] € L*(92).

(G[|p| solution de —Au = |p| + Dirichlet B.C)
This holds if the measure p is such that

lul € W™29(Q).

What kind of measure can be approximated by measures in W—249(Q) ?

— measures that are diffuse with respect to the W4 -capacity.
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Bessel capacity

The Wk?-capacity of a compact set K ¢ RY is
crp(K) = inf {||¢[[}, = ¢ € C(RY), ¢ > 1x on K.}.

The capacity of an open set U and then of an arbitrary set E are then
defined by
ckp(U) = sup {cxp(K) : K C U compact},

ckp(E) = inf{ck,(U) : EC U, U open}.
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Bessel capacity

The Wk?-capacity of a compact set K ¢ RY is
crp(K) = inf {||¢[[}, = ¢ € C(RY), ¢ > 1x on K.}.

The capacity of an open set U and then of an arbitrary set E are then
defined by
ckp(U) = sup {cxp(K) : K C U compact},

ckp(E) = inf{ck,(U) : EC U, U open}.

The same definition holds for Bessel potential spaces H**(RY):
HPRN) = {f=G,xg, g e "(RY)}, Gy =F (1 +[¢H)™/?).

They coincide with W*» when s = k (Calderon’s theorem).

N. Saintier 17 de abril de 2018, Seminario de Ecuaciones del DM 15



Diffuse measures

A measure p is diffuse w.r.t ¢, , if for any E,

cop(E) = 0 = |ul(E) = 0.
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Diffuse measures

A measure p is diffuse w.r.t ¢, , if for any E,
¢sp(E) =0 == |ul(E) = 0.

A measure p s.t. |u| € H*P (R?) is ¢, ,~diffuse.
Indeed if u > 1x then

ul(K) < /udlul = (el w) < {1l =s.pr llualls.p-
Taking the inf on u gives

|l (K) < ]| s prsp (K) VP
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Diffuse measures

A measure p is diffuse w.r.t ¢, , if for any E,
¢sp(E) =0 == |ul(E) = 0.

A measure p s.t. |u| € H*P (R?) is ¢, ,~diffuse.
Indeed if u > 1x then

ul(K) < /udlul = (el w) < {1l =s.pr llualls.p-
Taking the inf on u gives

|l (K) < ]| s prsp (K) VP

Feyel - De La Pradel (1977) showed that any 1 € M, () ¢, ,-diffuse is
limit of a nondecreasing sequence p, € M, (Q) NH™*7 (Q).
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Baras and Pierre result

Recall that for any ¢ the equation

—Au+|u ' = p in €,
u = 0 on 99,

has a solution if |u| € H=24.
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Baras and Pierre result

Recall that for any ¢ the equation

—Au+u?lu = p in Q, )
u = 0 on 99,

has a solution if |u| € H=24.

Baras and Pierre proved in 1984 that

(1) has a solution <= 1 is ¢, -diffuse.
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N. Saintier

Equation with measure-valued potential.
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Position of the problem

We consider the equation

~Au+|uli"ue = p in €,
0 on 01,

u =
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Position of the problem

We consider the equation

~Au+|uli"ue = p in €,
u = 0 on 92,

2 questions:

1) is there a critical exponent g, such that
e if ¢ < g, there is a solution for any p
e if ¢ > g., not all u are good

How does ¢. depend on ¢ ?
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Position of the problem

We consider the equation

~Au+|uli"ue = p in €,
u = 0 on 92,

2 questions:

1) is there a critical exponent g, such that
e if ¢ < g, there is a solution for any p
e if ¢ > g., not all u are good

How does ¢. depend on ¢ ?

2) If ¢ > q., is there a sufficient existence condition like n being diffuse
w.r.t. some capacity (depending on o) ?
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Related results
* Veron-Yarur (2012) studied the linear problem
—Au+Vu = 0 in
u = pu in 09
where € M,(092) and 0 < V € L2 ().

loc

* Malusa y Orsina (1996) considered the linear problem
—Au+uo = u in Q
u = 0 in 09)
where p € M,(02) and v € M(ON) vanishes on polar sets. They
proved existence, regularity and existence of a Green function.

* Triebel (book "Fractal and spectra”) proved existence and uniqueness
in some (sharp) Besov space for

—Au+ |ulfoc = p in Q
u = 0 in 02

where 0 < ¢ < 1, o is d-regular for some N —2 < d < N and p € L5(f)

for some p > 1.
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Notion of solution

u € L'(Q) is a very weak solution of

—Au+gu)e = u in Q,
u = 0 on 09,

if pg(u) € LL(2), where p(x) = dist(x, 002), and for any ¢ € C}(Q2) such
that A{ € L*, there holds

—/QuACdx—i-/Qg(u)Cda:/QCdu.

N. Saintier 17 de abril de 2018, Seminario de Ecuaciones del DM 21



Assumptions on o

e If uis a solution then we expect —Au to be a bounded measure so
that u € W4 (Q, g < N/(N — 1).
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Assumptions on o

e If uis a solution then we expect —Au to be a bounded measure so
that u € W4 (Q, g < N/(N — 1).

¢ In general a function v € H*? has a precise representative which is
defined (and coincide with ) ¢, ,-g.e., i.e. everywhere but for a set
E with ¢, ,(E) = 0.
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Assumptions on o

e If uis a solution then we expect —Au to be a bounded measure so
that u € W4 (Q, g < N/(N — 1).

¢ In general a function v € H*? has a precise representative which is
defined (and coincide with ) ¢, ,-g.e., i.e. everywhere but for a set
E with ¢, ,(E) = 0.

e Then for [ g(u)( do to make sense we need o(E) =0
— o to be ¢ ,-diffuse.
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Assumptions on o

If u is a solution then we expect —Au to be a bounded measure so
that u € W4 (Q, g < N/(N — 1).

In general a function v € H*? has a precise representative which is
defined (and coincide with ) ¢, ,-g.e., i.e. everywhere but for a set
E with ¢, ,(E) = 0.

Then for [ g(u)¢ do to make sense we need o(E) = 0

— o to be ¢ ,-diffuse.

dim(E) < N — g, so it would be OK if & were not more concentrated
than H¢ with d > N — q. It thus seems to be a good idea to assume

o(Bi(r)) <cr!  forsomed >N —q.

— Morrey space of measures.
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Morrey space of measures

A measure p belongs to the Morrey space M, (Q2), 1 <p < oo, if

| (Be(r)) < cNU=1P) forany x e RV, r > 0.
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Morrey space of measures

A measure p belongs to the Morrey space M, (Q2), 1 <p < oo, if

| (Be(r)) < cNU=1P) forany x e RV, r > 0.
This definition is motivated by the case p = f dx with f € LP(RV):

B0 = [ B < orim,
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Morrey space of measures

A measure p belongs to the Morrey space M, (Q2), 1 <p < oo, if

| (Be(r)) < cNU=1P) forany x e RV, r > 0.
This definition is motivated by the case p = f dx with f € LP(RV):

B0 = [ B < orim,

Note that i € M (9) if 1| (B«(r)) < Cr”.
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What’s good about Morrey space (1)

Miyakawa (1990) studied these spaces. He showed in particular that
©® M, is a Banach space for the norm

lollp := supr=M =P || (By(r)).

X,r

B My(Q) c M,(Q)ifp <q,
@ if u € M, withp > N/2 then Gp € C%*(Q) for some « € (0, 1) with

1Gllco. < ellpllp-

Recall that Gu(x) = [, G(x, y)du(y) is the solution of
—Au = p in Q,
u = 0 on 99
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What’s good about Morrey space (2)

We have result for the embedding
HP(Q) — L1(Q)

when o belongs to some Morrey space (see Adams-Hedberg’s book
"Nonlinear potential theory")
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What’s good about Morrey space (2) .

We have result for the embedding
HP(Q) — L1(Q)

when o belongs to some Morrey space (see Adams-Hedberg’s book
"Nonlinear potential theory")

Leto € M_y () i.e. [o](Bu(r)) S er’, N >sp, 1 <p<gq< L.

1)

H*P(Q) — L1(Q) = q

IN

N —sp

2) the embedding is compact iff ¢ < 7.

3) o is c, ,-diffuse.
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Back to the problem

We consider the equation

~Au+|uli"ue = p in €,
u = 0 on 9,
We will assume that
e c€M y forsomeN >60>N -2 (i.e. |o|(Bi(r)) < crf)

N—0 -

e g is continuous and absorbing:
gr)r>0 |r| > ro

for some ry.

When needed we will shrink the range of 6 and strenghten the
assumptions on g.
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Existence for L' data

Theorem

Forany € L;(Q), there exists a solution u. If moreover g is
nondecreasing, then if ' is a solution with right-hand side ' € L})(Q),

— [ lu=stiacas + [ let) ~sw)icdo < [ = plax,

and
- /Q (u— u) 4 Adx + /Q (ew) — g(u))+.¢do < /Q (i ) odr

for all ¢ € Wy™(2) such that AC € L™(2) and ¢ > 0.
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Existence for L' data

Theorem

Forany € L;(Q), there exists a solution u. If moreover g is
nondecreasing, then if ' is a solution with right-hand side ' € L})(Q),

— [ lu=stiacas + [ let) ~sw)icdo < [ = plax,

- /Q (u— u) 4 Adx + /Q (ew) — g(u))+.¢do < /Q (i ) odr

and

for all ¢ € Wy™(2) such that AC € L™(2) and ¢ > 0.

Taking ¢ = G[1], we get unigueness of the solution that we denote by
u,, and that o — u,, is non-decreasing.
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(unconditional) Existence for measure data

Theorem

LetN >3 ando € /\/l+ (Q) withN > 0 > N — J~-. Assume moreover
N—6

that g satisfies |g(r)| < g(|r]) for|r| > ro where g is contmuous
nondecreasing and

(0.9} 1 9
/ g(n)t TN2dt < 0.
0]

Then, for any bounded measure ., there exists a solution u This
solution is unique if moreover g is nondecreasing.
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__ (unconditional) Existence for measuredata ___

Theorem

LetN >3 ando € /\/l+ (Q) withN > 0 > N — J~-. Assume moreover
N—6

that g satisfies |g(r)] < g(|r]) for|r| > ro where g is contmuous
nondecreasing and

(0.9} 1 9
/ g(n)t TN2dt < 0.
0]

Then, for any bounded measure ., there exists a solution u This
solution is unique if moreover g is nondecreasing.

Remark that
1) We recover Benilan-Brezis result when o = dx.
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(unconditional) Existence for measuredata

Theorem

LetN >3 ando € /\/l+ (Q) withN > 0 > N — J~-. Assume moreover
N—6

that g satisfies |g(r)] < g(|r]) for|r| > ro where g is contmuous
nondecreasing and

(0.9} 1 9
/ g(n)t TN2dt < 0.
0]

Then, for any bounded measure ., there exists a solution u This
solution is unique if moreover g is nondecreasing.

Remark that
1) We recover Benilan-Brezis result When o = dx.
2) when g(r) = |r|?~!r with 0 < ¢ < %5, we obtain existence and

uniqueness for any measure .
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Existence for measure data (2)

Theorem

Leto € M+ ( ) withN > 6 > N — JX-. Assume that g is
nondecreasmg and vanishes at 0.
If the bounded measure satisfies

p8(Gllul) € Ly (%),

then there exists a unique very weak solution.
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Existence for measure data (2)

Theorem

Leto € /\/l+ ( YwithN > 6 > N — X Assume that g is
nondecreasmg and vanishes at 0.
If the bounded measure satisfies

pe(Gllul)) € Ly (%),
then there exists a unique very weak solution.

If
e either u and ¢ have disjoint support
e orp e My(2) withp > N/2

then G|y is bounded on the support of o so that G[u] € L. and there
exists a solution.

N. Saintier 17 de abril de 2018, Seminario de Ecuaciones del DM 29



Consequence of the 2nd existence condition

Theorem
Leto € M+ ( ) withN > 6 > N — ~+ and assume that g is

continuous nondecrea31g, 2(0)=0 and satisfies |g(r)| < c(1 + [r]4)
(e.g. g(r) = [r|*"'r

0
Letp > 1 ands > 0 such thatN_psp > gq.

If ju is diffuse w.r.t c,_ v -capacity then there exists a unique solution.
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_ Consequence of the 2nd existence condition

Theorem

Leto € M+ ( ) withN > 6 > N — ~+ and assume that g is
continuous nondecrea31g, 2(0)=0 and satisfies |g(r)| < c(1 + [r]4)
(e.g. g(r) = [r|*"'r

Letp > 1 and s > 0 such that

op
N —sp =4

If ju is diffuse w.r.t c,_ v -capacity then there exists a unique solution.

Consequence: take p = ¢, then

if p is diffuse w.rtc, ~v—o q,—capacity,
q )
then there exists a unique solution.

We recover Baras-Pierre’s sufficient condition when 8 = N.
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— An explicit example of admissible measure .

Proposition

Under the previous assumptions on o and g, with g >

€M u_(Q) for some § > X240,
N—0

solution.

N N—2’ if
then there exists a unique
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— An explicit example of admissible measure .

Proposition

Under the previous assumptions on o and g, with g >

€M u_(Q) for some § > X240,
N—0

solution.

N N—2’ if
then there exists a unique

It suffices to check that y is diffuse w.rtc, ~v—o g
~ q ’
In general, if © € M _~_(Q) with > N — sp then
N—6

1

|1 (K) < este.cip) (K)? K compact.

Indeed H*?(2) — Lllul(Q)' Thus for any v € H*?(Q), v > 1 on K,

(K) < [ vl < bl < Il
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Some properties of good measures

Leto € /\/l+ ( ) with N > 6 > N — % and g be continuous
nondecreasmg with g(0) = 0.

) If { i} C () is @ non-decreasing sequence of good measures
converging to some p € M, (). Then p is a good measure.

(2) If p € M () is a good measure, any v € M (Q) such that v < is
a good measure.

(3) Let pu, i/ € M (2). If pand —p’ are good measures, any
v € Mp(Q) such that —p/ < v < pis a good measure.
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Sketch of the proof of the previous Theorem
Let 1 be diffuse w.r.t c,_ ,y-capacity.

— p* are diffuse w.r.t ¢, ,-capacity.
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Sketch of the proof of the previous Theorem
Let 1 be diffuse w.r.t c,_ ,y-capacity.

— p* are diffuse w.r.t ¢, ,-capacity.

Feyel - de La Pradel thm gives {uf}, C 97 () such that

py €HTP(Q) and oy Tt
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Sketch of the proof of the previous Theorem
Let 1 be diffuse w.r.t c,_ ,y-capacity.

— p* are diffuse w.r.t ¢, ,-capacity.

Feyel - de La Pradel thm gives {uf}, C 97 () such that
py €HTP(Q) and oy Tt

Then

op

pt e H72(Q) = Guf e HP(Q) = LY 7(Q) — LL(Q)
— u is good.
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Sketch of the proof of the previous Theorem
Let 1 be diffuse w.r.t c,_ ,y-capacity.

— p* are diffuse w.r.t ¢, ,-capacity.

Feyel - de La Pradel thm gives {uf}, C 97 () such that
po €HTH(Q) and gy ot

Then

op

pt e H72(Q) = Guf e HP(Q) = LY 7(Q) — LL(Q)
— u is good.

From the previous results
p* is good.

Since —u~ < pu < u™, we deduce that p is good.
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Conclusions

We obtained sufficient existence conditions for

—Au+gu)jec = p in Q,
u = 0 on 01},

generalizing those known when o = dx under the main assumptions
that g is absorbing and

lo|(Be(r) < e’  O>N— ——.
In particular it g(r) = |r]9" ",

(1) if ¢ < = there is a solution for any u

(2)ifg > N N3 there exists a solution for any cziNTﬂq’q/—diffuse L.
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N. Saintier

Muchas gracias !
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N. Saintier

Current work:

find a necessary existence condition on .
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Towards a sufficient condition of existence

Assume that
&) = Irl!r
Recall the 2nd existence condition:

i / Gl|p|]? do < oo then there exists a solution.
Q
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Towards a sufficient condition of existence

Assume that
&) = Irl!r
Recall the 2nd existence condition:

i / Gl|p|]? do < oo then there exists a solution.
Q

It is then "natural" to consider the capacity

cg(K) = inf{/ |7 do:veLf(Q),v>0,Glvo] > 1o0n K} .
Q
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Towards a sufficient condition of existence
o is O-regular if

¥ < o(B(x)) < cr? x €supp(o), 0 <r<1.

0

in other words o is 8-regular iff it is equivalent to ”H‘Supp(g).
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__ Towards a sufficient condition of existence
o is O-regular if

¥ < o(B(x)) < cr? x €supp(o), 0 <r<1.

in other words o is #-regular iff it is equivalent to ”H‘supp( ):

Theorem

Letq>1andaeM v be 0-regular withN > 6 > N — 2. If the

bounded measure . IS such that there exists a solution then y is
diffuse wr.t. ¢ capacity.

Moreover

2_N=0p N—0

s . / 2—=—7T
T(K) ~ et () i=inf d CY i CEBL (@), ¢ > 1k
q

q7oo

C

q' 00
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