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ABSTRACT. We prove bifurcation at infinity for a semilinear wave equation
depending on a parameter A and subject to Dirichlet-periodic boundary con-
ditions. We assume the nonlinear term to be asymptotically linear and not
necessarily monotone. We prove the existence of L°° solutions tending to 4oco
when the bifurcation parameter approaches eigenvalues of finite multiplicity of
the wave operator. Further details are presented in cases of simple eigenvalues
and odd multiplicity eigenvalues.

1. Introduction. The purpose of this paper is to establish bifurcation at infinity
for the equation

@—@4-)\ + h(u) := Ou+ A+ h(u) =0 € (0,m), teR (1)
92 922 u uw) = 0Ou+ Au u)=0, x ,T), ,
subject to the Dirichlet-periodic boundary conditions
u(0,¢t) = u(m, t) =0, u(x,t) = u(x,t + 2m). (2)

A main feature of this study is that the nonlinearity Au+h(u) need not be monotone.
For the monotone case the reader is referred to [12, 11, 1] where, taking advantage
of the monotonicity, compactness arguments motivated by elliptic theory may be
adapted to the hyperbolic equation in (1). In our case, linearizations of the left hand
side of (1) may have infinite dimensional kernel making compactness inapplicable.
We overcome this difficulty by using estimates on the measure of pre-images of
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neighborghoods of zeros of trigonometric polynomials, see Lemmas 1.4 and 1.5.
These lemmas are derived from Theorem 1.3.

We assume that h € C'(R) and that there exist hg > 0 and v > 1 such that if
|z| > hg then

W@Hsﬁﬁ 3)

Without loss of generality, we assume that v < 2. Finally, we assume that there is
A > 0 such that

lim h(z) =A and lim h(x) =—A. (4)
T—00 T—>—00
We let o(0) be the spectrum of O subject to (2). It is given by
c@={k¥ -4 k=12,...,=0,1,2,...}. (5)

For k=1,2,... and j =0,1,..., denote by

1
Pgo(z,t) = - sin(kx)

(6)

Uiz, t) = @ sin(kx) cos(jt), oz, t) = @ sin(kz) sin(jt), j > 1,
7 7

the normalized eigenfunctions associated to the eigenvalue k? — j? € o(0J). Note
that 0 is the only eigenvalue of infinite multiplicity, 1 and 4 are the only simple
eigenvalues, and the eigenvalues of odd multiplicity are of the form k? with k =
1,2,....

Let Q = (0,7) x (0,27) and H be the Sobolev space of functions u € L?(£2)
with ug,uy € L?(2) and that satisfy (2). The norm in H is given by |ull, =

v/ lluell® + |lug||® where ||-|| is the norm in L(Q). The kernel of [ is given by

N:Span{ﬁkkagkk t k= 1727"'}a (7)

where the closure is taken in L?(€)). The range of [J subject to (2) is given by the
set of elements in H that are L?(Q)-orthogonal to N.
We say that u=v+y € N @Y is a weak solution of (1) subject to (2) if

AK%&—M%%%MHWwD®+@NMﬁ:Q (8)

forallv € N and all j € Y.
Our main results are the following.

Theorem 1.1. Let A = \g —¢, ¢ > 0 and h : R — R a C' bounded function
satisfying (3)-(4). If —Xo € o(O) is an eigenvalue of finite multiplicity, then there
exists €9 € (0,1/2) such that if € < eg the problem (1)-(2) has a non-trivial weak
solution ue = ve + ye € (NN L®(Q)) & (Y NL>®(Q)). Furthermore, if ¢ — 0 then
l[vell + [|yell; — oo.

If —\g is an odd multiplicity eigenvalue, we further have the following result.

Theorem 1.2. If —\g € o(0) is an odd multiplicity eigenvalue, h : R — R is a
C' bounded function and lim|,| 00 /() = 0, then there exists a maximal connected
set of weak solutions (A, uy) to (1)-(2) with limy_,», ||uall = co. Moreover, if —Xg
is a simple eigenvalue of OJ, then there is §g > 0 such that the mazimal continuum
of weak solutions (A,uy) to the problem (1)-(2) is a continuous curve (A(s),u(s))
when A € (=, o).
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For related results on (1) with non-monotone nonlinearities see [3, 6, 4, 5, 14,
10, 7, 2]. In [10, 14] the density of the range of Lu := Ou + Au+ h(u) subject to (2)
is proven for —\ ¢ o(0). In [7, 6, 5] sufficient conditions for p in the range of L are
provided. In [3] sufficient conditions for the nonexistence of continuous solutions
are given. In [4] the “imperfect” bifurcation at 0 is studied. Finally in [2] the case
where u(z,t) = u(z,t + T) with T an irrational multiple of 7 is considered.

The following result on trigonometric polynomials plays a central role in the
proofs of our main Theorems. For details of its proof see [9] and [13, p. 239-236].

Theorem 1.3 (Nazarov-Turdn Lemma). Let mq,..., m, be non-negative integers.
If p: R™ — R is defined by
p(x) = Z cre® ¢, €C, 9)

kigmi,izl ..... n

then there exists a constant Cyr > 0 such that, for any measurable set E C [0, 27",
p(E)™ e sup [p(e)| < Cyr sup [p(z))], (10)
z€R™ z€E

where u(E) denotes the n-dimensional Lebesque measure of E.
For future use we deduce the following estimates from Theorem 1.3.

Lemma 1.4. If —Xg € o(0) be an eigenvalue of finite multiplicity and Z the
corresponding eigenspace, then there exists C > 0 such that for each 8 > 0 there
exists a > 0 with

i ({(,t) €9 : [0, 1)] < ) < Ce, (11)
for any ¢ € Z with ||| = 1.

Proof. Since Z is finite dimensional, there exists C; > 0 such that

l¥]| < Crmax{|¥(z,t)|; (x,t) € Q} for any ¢ € Z. (12)
Since every v in Z may be written as
Y(x,t) = Z ck,j sin(kx) cos(jt) + di ; sin(kx) sin(jt), (13)
k2—j2=Xo

every element is Z satisfies (9) with my = mg = |A\g|. Letting F := {(z,t) €
Q; [¢(z,t)] < €®}, by Theorem 1.3, we have
1
1(E) < (CnpCpe?) ™ol (14)
This proves the Lemma with o = 8/|2)\]. O

Lemma 1.5. If Z is as in Lemma 1.4, then there exists K > 0 such that for each
B > 0 there exists a > 0 with

p({z € [0,7); [p(z,r £2)| < €°}) < Ke®, (15)

for any ¢ € Z with ||¢]| = 1, and any r € [0,2n]. Here u denotes the one-
dimensional Lebesgue measure.

Proof. Let 1 € Z be such that ||¢|| = 1. Writing ¢ in Fourier series we see that
there exists positive constants ki, ko such that

ky < 0,7+ )l g2 < ko for all 7 € [0,27]. (16)
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Since
Y(x,rtx) = Z ag,j(r) sin(kz) sin(jz) + B, ;(r) sin(kx) cos(jz), (17)
k2—j2=Xo
every element is Z satisfies (9) with m; = |Ag|. Letting E := {x € [0,7]; |[¢(x,r +
z)| < €%}, by Theorem 1.3, we have

/1ol

1(E) < (Cn7Caé?) : (18)
where Cy is such that [[¢(-,r £ )| z2p0,,) < Comax{|[t)(z,r £ z);2 € [0,7]}. This
proves the Lemma with oo = 5/|Ag|. O

2. Lyapunov-Schmidt reduction. Let Z be as above, and d := dim Z. Let W
be the closure of the subspace of Y spanned by eigenfunctions corresponding to
eigenvalues in o(0) \ {—Xo}. Projecting (8) onto the subspaces N,Z and W one
seesthat u =v+24+w e N®(ZNY)@ (WNY) is a weak solution to (1)-(2) if
and only if

v = fiPNh(u), (19)
w = — (04 )" Py h(u), (20)
z= %PZh(u), (21)

where Py, Py and Py are the L2-orthogonal projections onto N, W and Z, respec-
tively.
Next we establish the existence of approximate solutions to (21).

Lemma 2.1. If h satisfies (3) and (4), then there exists eg > 0 such that for each
€ € (0,¢e0) there exists @, € Z such that

—ep, + Pzh(p,) = 0. (22)
Furthermore, there exist c; > co > 0 depending only on h such that
coe™ < flgull < exe™. (23)

Proof. Let € > 0. For z € Z we define the functional J. : Z — R by
J(2) = Jo(z) == i/ |2|2dz +/ H(z)dz, (24)
2 Ja 0
where H(z) = [ h(s)ds. Therefore

—€
T <G [ 1P+ 1hs | 1
Q Q

€ 2
< =2 121> + [Aloo [12]| V2

— -0 as |z|| = +oo.

(25)

Since Z is finite dimensional and there exists ¢, such that J[p,] = maxz J. Hence
for all z € Z (J'[p4], z) = 0, which implies (22).
From (25) we see that J(z) < 0 for ||z > 2v27|h|e™!. This and J(p,) >
J(0) = 0, imply
loull < 2V27|h|oe™t i= cre L. (26)
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By (4), there exists M; > 0 such that H(x) > A|z|/2 — M, for all z € R. Since
Z if finite dimensional there exists a real number C' > 0 such that [, [z|dz > C| ||
for all z € Z. Therefore, for 2¢||z|| = AC,

cA
J(2) > — 2|2 + CAlall _ 272 M,
2 2 (27)
A202 )
Z — 27 Ml.
8e

Hence J(py) > % — 272 M. Taking eg = A2C? /(3212 M), we have J(p,) > £€

for e € (0,€p). This and (25) yield

A2C? 1
w|| > ——=———— =cpe . 28
ol > o = (29
This and (26) complete the proof of the lemma. O

3. Kernel equation. In this section we establish the solvability of (19), given
weW,and z € Z.

Let B; be the set of all 2m-periodic measurable functions p : R — R such
that fo%p = 0 and []p|l, < 1 = 4|hlec. Let Ry = 8(1 + [Ao|)|h|oc, B2 :=
{fweW,: |w|, <R}, and By := {z€Z : |z]| <L}. For w € By, z € B,
and p € By let

F(e,w,z,p) = % /07T [h(u(z,r 4+ x)) — h(u(z,r — x))] dz, (29)

where A\ = Mg — €, u(z,t) = w(z,t) + p.(z,t) + 2(z,t) + v(z,t) and v(z,t) =
p(z,t) — p(xz — t). Recall that v is a solution to (19) if and only if p is a fixed point
of F (see [6, Lemma 5.2]).

Lemma 3.1. Let g > 0 be as in Lemma 2.1. There exists €1 € (0, €g) such that for
each € € (0,¢1), F defines a contraction in the variable p. In particular, equation
(19) has a unique solution and such a solution depends continuously on (e,w, z).

Proof. From the definition of r1, we have F(e,w, z,p) € By for any (e,w, z,p) €
(071/2) X By X Bs x Bj.

Let €1 := min{1/2, 7(2|Ao| — 1)/(4(|A |oc + 7)(1 + 7))}, and My > 0 such that if
|z| > Mj then |h/(x)| < €1. Fori = 1,2, let p; € By and v;(x,t) = p;(t+z)—p;(t—x).
Let w € Bs, z € Bs, and u;(x,t) = (px + 2z + w + v;)(z,t). From (23), |lpx + 2| >
3coe /4. Let D = My + 1 + Ry. By Lemma 1.5, for any r € [0, 27],

(@) = p{z; [(px + 2)|(z, 7 £ 2) < D}
= n({z; |(px + 2)[(z, 7 £ 2)/llps + 2] < D/llu + 2I}
< p{ws (s + 2)|(2,r £ 2) /|0 + 2] < 4De/(3c0)}

< cpet/Il,

(30)

where ¢z > 0 is a constant independent of (e,r).
From the definition of By, Ba, Bs and D we have |h(us(z, r+x)—h(ui (z, r+x)| <
e1|p1(z) — pa(z)| for all x € [0, 7] \ G := G°. Therefore,
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/Oﬂ Ih(us(z, 7+ 7)) — h(ur (2,7 + 2))| da

< / |D ()| vz (z,r £ x) — vi(x,r + )| deds
G

(31)
+ / er1|ve(z,r £ ) —vi(x,r £ x)| dxds
< (|1 [oocae Pl 4 €1)[vg — 1]
< I o2 P! 4 1) [0 — 01|
This prove that F'is a contraction and hence the lemma. O

4. Range equation. In this section we establish a priori estimates for solutions
0 (20). We will use that, for w € W and |A — Ao| < 1/2,

@+ D) w|| < 8(1 Aol + 1)|R]so- (32)
The proof of (32) follows by writing w in . Fourier series

Lemma 4.1. Letu = (p, +2)tw+v(z,w,e) € ZEW AN and v(z,w,€) is as in
Lemma 3.1. If w € Bg, z € B3, and € € (0,¢1), then

H(D—F/\I) Py (h(p (33)

w)ll < 3
Proof. Let v be as in (3), 5 € (0,(y—1)/7), and C,« as in (11). For s € [0, 1], let

s = |I£:i:§|\’ Q= {(z,t) € Q : |¢ps(z,1)] < eﬁ}a and

Q, = {(x,t) €Q : |pu(m,t) + s2(x,1)| < ?’Z‘)eﬁ‘l}- (34)

By (23) and the definition of By, for z € By we have 2, C Q). For (x,t) ¢ Q
define the number

E(z,t, ) := @u(z,t) + s(v(z, t) + w(x, t) + z(z,1)). (35)
Then, if (z,t) ¢ Qs and ¢ € Z is such that ||¢|| = 1, we have

(@ + M)~ Pz (h(ps) = h(w) | )]

= % /Q (s (2, 1)) — hps (@, ) + v(, t) + w(w, t) + 2(2, )| |C(x, )| dadt

s

1
< g [/0 /C |h/(£($,t,5))||v(xat) + z(x, t) + w(x, t)| dedtds +/ 2|h|<>o‘|

(36)

m\&

oo () e

Since that ¢ was arbitrary with ||| = 1, we have that (36) implies (33). O
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5. Proof of Theorem 1.1. Let D := By x Bs and
G(w, z) == (A + X)) "' Pwh(u), (@D + M) Pz (h(ps) — h(u))). (37)

Due to the compactness of (O + M)~ 'Py and (O + A)~'Pz, G is compact. By
(32), Lemma 4.1, and the Schuader Fixed Point Theorem, G has a fixed point in
(w,z) € D. Hence it is a solution to (20) and (21). This and (3.1), prove that
u = s +v(e,w,z) + w + z is a weak solution to (1) subject to (2). From (23),
and the definition of By, Ba, Bs, lim._q ||« + v(€, w, 2) +w + z|| = co. This proves
Theorem 1.1.

6. Proof of Theorem 1.2. We assume now that —)\¢ is an odd multiplicity ei-
genvalue of 0. Let N, Y, W and Z as before. Take Ry := max{4|h|c,8(|Ao| + 1)}
Choose My > 0 such that |z| > M, for

) (1 1
|h(x)<m1n{1671024(/\()|+l)7r}. (38)

For # =1 take ag = 0 and K = K as in Lemma 1.4 and oy = a and Cy = C as
in Lemma 1.5. Recall that «ag, a1, Ko, Cy depend only on A\g. Let py large enough

such that
16Ko|h/ [0\ /0
po >max { (il') (Mo + 4Ry), (39)

(1024C5 (| Xo| + 1)7|h o)™ (Mo + 430)} .

Let By and By as in Section 3. Define By := {z € Z : ||z]| > po}, Bs 1= [-Xo —
1/2,—Xo + 1/2] and define de function ' : By x By X By X By — By X By by the

formula
Pw 0 = (505 /Ow Bu(z,  +2)) — h(u(z,- — 2)) d, (40)

— O+ /\I)_lpwh(u(x,t))>

where u = v + w + z. By the same arguments used in the proof of Theorem 1.1, T’
is well defined and is easy to verify that

d(r(plawhza )‘);F(anwQaz7>\)) < (le _p2||oo + ||w1 - w2||oo) (41)

DN =

where d(p1,w1;p2, w2) = [|p1 — P2l + [|w1 —w2|,, . By the Contraction Prin-
ciple with Parameters, for (z,A) € B3 x By fixed, I has a unique fixed point
(p(z,A),w(z,N)) € By X By. Even more, p and w depend continuously on (z, A).

In order to prove Theorem 1.2 we appeal to the following results of M.A. Kras-
noselskii, M. G. Crandall and P.H. Rabinowitz in their local forms ([12, p. 491] and
[8, p. 383]).

Theorem 6.1 (Krasnoselskii-Rabinowitz). Let E a real Banach space, E =R x E
and G : € — E a compact application. Suppose that G can be written in the
form G(\,u) = ALu + H(\ u) with H(\,u) = o(||u||) at 0 uniformly in bounded A
intervals and L : E — E is a compact linear map. Assume that O is a bounded set in
& containing (N',0) such that G : O — E is continuous and bounded. Also assume
that % € (L) has odd multiplicity. Then there is a continuum of solutions Cy (a
closed connected set) of G(A\,u) = u such that or 80 N Cx # O or (N',0) € Cy
where 57 € o(L) and X" # X'
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Theorem 6.2 (Crandall-Rabinowitz). Let X be a real Banach space, K € L(X),
Q C R x X a neighborhood of (Ag,0) and G : Q — X such that G, Gy, G, are
continuous on . Suppose also that (a) H(A\, z) = o(||z]]) as x — 0, uniformly in
A near Ag. (b) I — MK is Fredholm of index zero and X\ is a simple characteristic
value of K.

Then (Ao, 0) is a bifurcation point for F(\,z) = x —AKx+H (A, x) = 0 and there
is a neighborhood U of (Mo, 0) such that

F7H0)NU ={(Mo+a(t),tv+tz(t)) : || <} U{(A0) : (A\,0) €U}
for some & > 0, with continuous functions o and z such that 0(0) = 0, 2(0) = 0
and the range of z is contained in ker(I — A\gK)* = span {v}™*.
Proof of Theorem 1.2. For z € Z, take ¢ = z/||z||. Then (21) is equivalent to

(A= 20)¥ = [9[*Pzh(v(A\, ) +w(X ) + ] ") = (42)
applying Theorem 6.1 with E = Z, O = B3 x By, N = —Xg and H(\,¢) =
—|¥ 112 Pzh(v(\, ) +w(X, ) +]|]1h]| ~21)) we see that there is continuum of solutions to
(42) accumulating to (—Xg,0). Due to the equivalence between (1)-(2) and (42)-(2)
this continuum of solutions yields a continuum of solutions to (1)-(2) accumulating
in (/\07 OO)

Similarly, applying Theorem 6.2 with Y = X and H as before we see that there
is a parametrized continuous curve of solutions to (42)-(2)

{(=2o + o), tsin(y/—ro) +t2(8)) : |t < SFU{(\0) : (\0) e U}  (43)

in Y. Arguing as before, the proof is complete.

7. Final comments. Consider the problem of finding weak solutions u : R? — R
to the problem

Ou+ Au+ h(u) =0 (44)
subject to the double-periodic conditions
u(z,t) = u(x + 2w, t) = u(x,t + 2m). (45)

For the problem (44)-(45) we have a the same results with the same hypothesis
for h as in Theorem 1.1 and Theorem 1.2 respectively. The argument of the proof
is the same. The only technical difference is that a function v in the kernel N is

characterized by v(z,t) = 0+ p(t — ) + ¢(t — x) where fo p= fo g =0 and

= 23 . B (46)

27 A (p(r) +0) + ; h(u(x,r —xz))=0 (47)

27X (gq(r) +0) + /0 ’ h(u(z,r+x)) = 0. (48)

Even more, if in addition to hypothesis made on A in Theorem 1.1, we assume
that h(z) > 0 for x > 0 and liminf,_, . h(x) > 0 we can find bifurcation in the
eigenvalue of infinite multiplicity (—Ao = 0) just taking ¢, € N as a constant
function satisfying Ao, + h(p«) = 0 and searching for solutions of the form (¢, +
v)+y € N®Y in a similar way we did as in proof of Theorem 1.1.

The bifurcation at infinity in the eigenvalue of infinite multiplicity for the problem
(1)-(2) seems to be more difficult and is still open.
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