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RTSVUEWYX[Z]\_^a`bSc`bdfe%gh`bdiUEWYjkd

f : R → C
S�\
T− l S�mnWojqpqWrU�es\tW

f(x+ T ) = f(x) ∀x ∈ R

u�e]\�gh`bdiUEWYZkdbSV\ l S�mnWojqpqWrU�e]\vX�wk\�\tS�dfU�WoxYxYe]\Q\tZkdyxrek\QztmnWo{]ZkdbZ]X[|EztmnWrU�ek\�}~\tS�d x � U�Z]\ x^a`bS�\#Z]d
2π �~l S�mnWYj�pbWYU�ek\�����wk\	{kS�dbS�m�e�xYX[S�daztS]��Zk�f\tS�mn�kS�XsZa\5^a`bS�\tS�d αx � UEZa\ αx \#Z]dgh`bdfU�WoZ]dbS�\ 2π

α l S�mtWYjqpqWrU�ek\��b��WYXsWYxre�mnXsS�daztS�xreFgh`fdfUEWYjkd�� eiαx SV\ 2π
α �~l S�mtWYjqpqWrU�eb��f���fZk`bmnWYS�mV�*S�d2\t`f\�znmnek�fe���Za\�\tZk�fmtS%xYe l mnZ l ek{]e]UEWYjkd�pqS�x~U�ekxoZ]m���\tS l xre�daznS�j�xYe�\tW �{k`fWoS�d]znS l mnS�{k`fd]z�eb}]�TS�\�UEWYS�mtztZ�^a`bS�znZ�pfecgh`bdfU�Woj]d l S�mt�YZqpqWYU�e�\#S l `bS�pqSTSE� l mnS�\ne�m~UEZ]X[Z`bdfeFUEZkX%�bWYdfekU�Woj]d�xoWYdbS�ekxipqS�\#S�dbZ]\ � UEZ]\tS�dfZ]\��k�k�NZ]m5S#��S�X l xYZf�a\#W*`bdfe�gh`bdfUEWYjkd f(x)

S�\
2π �~l S�mn�oZqpqWrU�ef� l ZqpqS�X[Z]\ l mnS�{]`bdazne�mndbZa\5\tW�S�\ l Z]\tWY�bxoS�S�� l mtSV\tekmtxreFU�ZkX[Z

f(x) =
a0

2
+

∞
∑

n=1

(an cos nx+ bn sin nx) �#�V�
� e�^a`bSFxYe]\�gh`bdfU�WoZ]dbS�\(UEZa\ nx � \#WYd nx \tZkd�xrek\�gh`bdfUEWYZkdfS�\ 2π− l S�mnWYj�pbWYU�ek\_X�w]\T\tS�d �UEWYxYxYe]\ � S�d2S�x l mnWoX[S�mTzn|�mnXsWYdbZi�*S�x�g�ekUEztZkm 1

2

e l e�mnS�UES%UEZkdIxYeQ�fdfekxoWrpbe]p�pqS�\tWoX l xYW��*U�e�mXF`iU��fek\5ghjkmnXF`fxYe]\�^]`fSce l e�mnS�U�S�m�w�dQe[U�ZkdaztWYd�`fekU�Woj]d � ��bZ]`bmtWYS�m�Z]�f\tS�mn�kj%^a`bScxrek\Bgh`bdiUEWYZkdbSV\_\#S�dbZ � UEZa\#S�dbZs�kS�mnWo�iU�ekdQxrek\	xYxYekX[e]pbek\B �¡�¢�£�¤¥k¦-§i¨ ¡�©[ª�¡ §  ¬« §*i§*¨ £f¢ ¦ ªN£bª5}
∫ π

−π

\#WYd
nx
UEZa\

mxdx = 0 ∀n.m ∈ N0

∫ π

−π

\tWod
nx sinmxdx =







0
\#W d 6= m

π
\#W

m = n 6= 0
0
\#W

m = n = 0

∫ π

−π

U�Z]\
nx cosmxdx =







0
\#W d 6= m

π
\#W

m = n 6= 0
2π
\tW

m = n = 0��`bxoztW l xYWYU�e�dfpbZ�xre�\#S�mtWYS �#�V�Tl Z]m�UEZa\ mx SsWodaznS�{km�e�dipqZvzn|�mnXsWYdbZ�eQzt|�mnX[WodfZf���bZ]`bmtWYS�mZk�bzt`b�]Zs^a`bS

�



an =
1

π

∫ π

−π

f(x) cos(nx) dx �-®]�
� S�x~U�e]\#Z n = 0

U�ZkmnmtSV\ l ZkdipqSsekxNzt|�mnX[WodfZ�U�Zkdf\#znekdaztS[pqS�x�pbS�\ne�mnmtZ]xoxYZ � �¯��WYX[Woxre�mnX[S�daztSXF`fx�znW l xYWrU�e�dipqZ l Z]m_\#WYd nx ScWodaztS�{km�e�dfpbZFzn|�mnXsWYdbZve%zt|�mtX[WYdbZ[Zk�qznS�dbS�X[Z]\�^a`bSk}
bn =

1

π

∫ π

−π

f(x) sin(nx) dx �-°]�
±�\#ztZF^a`bWYS�mnSTpqSVUEWYm5^a`bS�\#WiS�x¯pqS�\ne�mnmtZ]xoxYZ ���¬� S�\���w�xYWYpqZi�]\t`f\�U�Z�SE�iU�WoS�d]znS_S�\#znwkdvpqSEznS�mnX[W �dfe]pqZ]\ l Zkm�xresgh`bdfUEWYjkd f e l e�mtztWYm_pqScxYe]\	mtS�xYe]UEWYZkdbSV\ �7®k�B���-°]� ��bZ]`bmtWYS�msX[Z]\#ztmnj�xre���e�xYWrpqS�²�pqS�x�pqSV\tekmtmnZkxYxYZ ���V� UEZ]d³d�`bX[S�mnZ]\tZ]\FS���S�X l xoZa\�� l S�mnZxre���`f\#ztWo�iU�e]UEWYjkdymnWo{]`bmnZ]\ne´pqSI\t`µ��e�xYWYpbS�²I\tjkxYZ´gh`bS l Z]\tWo�bxYS�{]mne]UEWrek\ve¶xoZa\vznmnek�fe���Za\pqS�R(WYmtWrU��bxYSEz��	·�WYS�X�e�dfd��5u�S��*S�\t{k`bS � Z�znmtZa\�d�`bX[S�mnZ]\tZ]\�X�e�ztS�X�w�ztWrUEZ]\���R(S��bSVU��bZf�S�x5pqS�\nUE`b�fmtWYX[WoS�d]znZ�pqS��bZk`fmtWYS�m�pqWYZ�dfe]UEWYXsWYS�daznZ�e�`bdie�mnekX[e�pqS[xre�X�e�ztS�X�w�ztWrU�ef}�S�xe�diw�xYWY\tWY\	ekmtX[jkdfWYU�Zf�
¸º¹#¸~¹ »µ¼¾½]¿]½�ÀÂÁ�Ã�ÄÆÅ_½ÈÇy½�ÉaÊ�ËbËbÄ�ÃtÃ�ÄÆÅ_½ÈÌ�Ä�ÍTËfÎ�½�Ë
ÏºS�ekXsZa\_`bd�S���S�X l xYZ�pbS%pqSV\tekmtmnZkxYxoZvpbS�ghZk`fmtWYS�mV�*Ð5Zkdi\#WrpqS�mnS�X[Za\_xre[gh`bdfU�Woj]d�\#WY{kdfZpqS
x
pqS��fdbWrpbe l e�m�e x ∈ [−π, π) l Zkm

f(x) =
\#{]d

x =







1
\tW

x > 0
0
\tW

x = 0
−1
\tW

x < 0

��l mnZkxYZkdb{aekpbe�pbS�\ l `b|�\ l ekmne�ztZqpqZ x ∈ R l e�m�eF^a`bS�mtSV\#`bxoztS(`bdfeFgh`bdfU�Woj]d 2π− l S�mnWYj �pqWrU�ef��±~dvSV\�znSTU�e]\#ZcxYZ]\~U�ZaS��iUEWYS�daznS�\
an
\tZkd�UES�mtZ � e�^]`fS f(x) cos nx

SV\º`bdfecgh`fdfUEWYjkdWYX l e�m �hl Zkm_\tS�mnxYZ f � �bX[WoS�d]znmne]\�^a`bS
bn =

2

π

∫ π

0

f(x) sin nx dx

l Zkm_\tS�m f(x) sin nx
`fdfesgh`bdfU�Woj]d l e�mV�bRTSVpq`fUEWYX[Z]\�^a`bS

bn =
2

π

∫ π

0

sin nx =
2

πn
(− cos(nπ) + 1) =

{

0
\#W dÑSV\ l e�m

4
πn

\#W�dÑSV\�WYX l e�m
��Zkm�xYZ�^]`fSc\tS�Zk�bztWYS�dbScS�x�pqS�\ne�mnmtZ]xoxYZ%pbSc�fZk`bmnWYS�mV}

\t{kd
x =

4

π
(
\#S�d

x+

\#S�d
3x

3
+

\#S�d
5x

5
+

\#S�d
7x

7
. . .)

� U�ZkX[Z2�kS�mnS�X[Za\%pqSV\ lfÒ S�\[SV\�znS�pbS�\ne�mnmtZ]xoxYZ�S�\[��wkxoWrpqZ l e�m�e�znZqpqZ x ∈ (−π, π) � �~±~dl ekm#znWYU�`bxYekm�UE`fekdfpqZ x = π
2

\tS�Zk�qznWoS�dbScxYe[\tS�mnWoS�pqS�u�S�WY�bdbWY²
π

4
= 1 − 1

3
+

1

5
− 1

7
+ . . .

®



¸º¹-Ó�¹ ÔÑÄºÕqÊºÖ�Î�×�¼ØÖ¯Ä�ÀÆÁ(Ã#½k¿aÊ
Ð5ZkX[Z�\t`fUESVpqSvUEZ]d´XF`fU��fe]\cZ�znmne]\�UE`bSV\�znWoZ]dbS�\FpqZkdfpbS�WodaztS�mt��WYS�dbS�dÙxYe]\cgh`bdfU�WoZ]dbS�\ztmnWY{kZkdfZkX[|EznmtWrU�e]\��]S�x¯S�\#zt`fpbWoZ�pqS�xYe]\	\#S�mtWYS�\BpqS��bZ]`bmtWYS�m	\tS�\tWoX l xYWo�iU�esS�dfZkmnXsS�X[S�daztS�\#W`f\ne�X[Z]\BxresdbZ�z�ekUEWYjkd�UEZ]X l xoS#�#eb�bpqS�e]UE`bS�mnpbZsU�Zkd�xYe%ghjkmnXF`fxYe[pqS�±~`fxoS�m�}

einx =
UEZ]\

nx+ i
\#S�d

nxu�e[\tS�mnWoS�pqS��fZk`bmnWoS�m_pqSc`bdfesgh`bdiUEWYjkd
f
�
2π �Úl S�mtWYjqpqWYU�e%\tS�S�\nUEmnWY�iS

f(x) =
∑

n∈Z

αne
inx �hÛa�

pqZ]dfpqScxoZa\�UEZ�SE�*UEWYS�daztSV\
αn = αn(f) = f̂(n)

\tS�pqSEznS�mnXsWYdfekd�e l ekm#znWom�pqS�xre%ghjkmnXF`bxre
αn =

1

2π

∫ π

−π

f(x)e−inx dx �7Ük�
UEZ]X[Z l `fS�pqS�U�ZkX l mnZk�fekmn\tST`qznWoxYWY²�e�dipqZ�xYe]\	mtS�xYe]UEWYZkdbSV\5pbS�ZkmtztZk{]ZkdfekxoWrpbe]p

∫ π

−π

einx e−imx dx =

{

0
\tW

n 6= m

2π
\tW

n = m
��Ý]�

u�e%ghj]mtX%`bxYespqS�±~`fxoS�m l mnZ l Zkm�UEWYZkdfeFxYesmnS�xrekUEWYjkd
αn + α−n = 2an

αn − α−n = 2ibnZ�\#SVeb}
αn = 2(an + ibn)

α−n = 2(an − ibn)

� \tW n > 1 �5�
a0 =

1

2
α0S�daznmtScxYZ]\�UEZ�S��iUEWYS�daztSV\�pqScxoZa\�pqS�\ne�mnmnZkxYxoZa\ �#�V�B����Ûa� �

Þ[9 ßµK�à�J�ABCE>�Ká?�MPâãCEHEäIM	=�<
Ó	¹#¸~¹ å�ÉaÁTÊºÖ�Î�Ä5É¶Ö¯Ä�¼ØÁTËbÄ�Å(ÍTÖ*ÕqÄæÎ#¼5Õq½�Ëf¼_Ä
±~d�S�\#zne�\tS�U�UEWYjkdQWYdaztmnZqpq`fUEWYmnS�X[Z]\BS�x�UEZkdiUES l ztZ�pqScS�\ l ekU�WoZ�pqS�çTWoxY�iS�m#zV�fu�Za\	S�\ l e �UEWYZ]\5pqS(çTWoxY�*S�mtzB\tZkd�`bdQU�ZkdfU�S l znZFe��i\�znmne]UèztZi�]^a`bS_SV\ Ò ztWYx l ekmne�S�daztS�dfpqS�m5xYe�ztS�Z]mt�re�pqSxrek\�\tS�mnWoSV\BpbS��bZk`fmtWYS�mV�é_d�S�\ l ekU�WoZsUEZ]d l mnZqpq`fUèznZ%WYdaztS�mtdbZ%Z%SV\ l ekUEWYZ l mtS � çTWoxY�iS�m#zEêTS�\B`bdQSV\ l ekUEWYZF�]S�UEztZ �mnWYekx�UEZkX l xYS���Z H � S�\_pbS�UEWYmV}i\t` l Z]dbS�X[Za\�^]`fS�S�d H S�\#znwkd�pqSE�fdfWYpbe]\�xrek\�Z l S�mne]UEWYZkdbSV\ë#ìiíèî7ï�ð�ñ�òôó¬õ�ö#÷-ø�ù�ú�òôõNû¬ö¯ü�òôíôý�ö�ð�îqö�÷�îÚþ�ð-ö�÷7ö�ðhÿèù�û¬õNø�ù�ð7ùNù����¬ö�íôíôõè÷qö�÷7ø¬ù�ú#òôõè÷bø¬ð�ö��hü�òôíôý�ö�ðhî����¬ö*ù�û¬ö�ñ_þ�÷÷7õèó(ú�õèñ�ø¬íôö î7õè÷��¬ú�õèñ�õ5ÿEö�ð�ö#ñ�õè÷�ñ_þ�÷�ù�û¬ö�í ù�óEî7ö
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pqST\t`bX�e � XF`bxoztW l xYWYU�ekU�Woj]d l Z]m�`bd�d Ò X[S�mnZFU�ZkX l xYS���Z � �]pqZ]dfpqS_SV\�z�w�pqSE�idbWYpbZF`bd l mnZ �pq`fUEztZ�WYdaztS�mndbZ�Z�SV\tU�e�xre�m 〈x, y〉 ∈ C l ekmne%ztZqpqZ l e�mTpqSF�kS�UEztZ]mtSV\ x, y ∈ H
�i±�\TpbS�UEWYmS�x l mtZqpq`fUEztZ[S�\nU�ekxYekm	S�\	`bdfesgh`fdfUEWYjkd�pqS H ×H

S�d
C
���` l ZkdbS�X[Z]\º^a`bS	S�x l mnZqpq`fUEztZcWodaznS�mndbZ(�]S�mnW��*U�e(xoZa\N\tWY{k`bWYS�daztSV\�£�� ¦�§� £b©(ª�¡�¢��N  § ¤ª�� ¥ « §´¦�¨ «V¡a  ¨N§ � ±5\�znZ]\_e���WYZkX�e]\�WYX[W�z�e�d�xYe]\ l mnZ l WYS�pbe]pqS�\	pqS�x l mnZ�pb`fUèznZsWYdaztS�mtdbZ[S�d

Rn Z Cn � }
� � ¦�§� £����¯±~x l mnZqpq`fUEztZ[WodaznS�mndbZ[S�\	xYWodbSVe�x�S�d�xre l mnWoX[S�m�es��e�mnWYek�bxoS]�

〈x1, y〉 + 〈x2, y〉 = 〈x1 + x2, y〉 ∀x1, x2, y ∈ H

〈λx, y〉 = λ 〈x, y〉 ∀x, y ∈ H ;λ ∈ C

� � ¦�§� £����¯±~x l mnZqpq`fUEztZ[WodaznS�mndbZ[�kS�mnWo�iU�es^a`bS
〈y, x〉 = < x, y >∀x, y ∈ H

� S�d l e�mtztWrUE`bxre�m5S�\#ztSce��qWYZkX�e�WYX l xoWrU�e%^]`fS 〈x, x〉 SV\5`fdvd Ò X[S�mnZFmnS�e�x7� � eF^a`bS(S�\WY{k`ie�x�e[\#`�U�Zkd���`b{aekpqZ �
� � ¦�§� £����¯��ekmnesUE`ie�xr^]`fWoS�m x ∈ H

��znS�dbS�X[Z]\	^a`bS 〈x, x〉 ≥ 0
� � \tS�ztWYS�dbS�^a`bS

〈x, x〉 = 0
\#W � \tjkxYZ�\#W x = 0

�
� �f\tS�mn�kS�XsZa\~^a`bS(U�ZkX[ZFU�Zkdf\tS�U�`bS�dfU�WYeFpqSTxYZ]\Be��qWYZkX�ek\ �(�v® �aS�x l mtZqpq`iUèztZ%S�\nU�ekxYekm~S�\e�daznW � xoWYdbSVe�x¯S�d�xres\tS�{]`bdfpbes��e�mnWre��bxYS(S�d�S�x�\tS�daztWrpqZ�pqS�^a`bS��kS�mtWo�iU�e

〈x, y1〉 + 〈x, y2〉 = 〈x, y1 + y2〉

l S�mnZsxYZ]\	SV\tU�e�xre�mnS�\B\tekxoS�d�U�Zkd���`f{]ekpbZ]\�}
〈x, y〉 = λ 〈x, y〉

��W
H
S�\s`bd S�\ l ekU�WoZÙUEZ]d l mnZqpq`fUèznZIWYdaztS�mtdbZi� l e�m�eIU�ekpbe x ∈ H

pbSE�fdbWYX[Z]\[\t`dbZ]mtX�e l Z]m
‖x‖ =

√

〈x, x〉
±~x�e��qWoZ]X[e ° S�\#znek�bxoSVUEScS�daznZkdfU�S�\�^a`bS ‖x‖ ≥ 0

� � ^a`bS ‖x‖ = 0
\tW � \tjkxYZ[\tW x = 0

�±~d�e�xY{k`bdfZ]\�U�e]\#Za\	\#S�UEZ]df\tWYpqS�mneFznekXF�bWY|�d�S�\ l e]UEWYZ]\	pqS�ç_WYxY�iS�m#z_mnS�ekxoSV\ � Z�\#SVes^a`bS\tZkd´S�\ l e]UEWYZ]\��]S�UèznZkmnWYekxoSV\�\#Z]�bmnS R
� � S�x l mtZqpq`iUèztZ�WodaztS�mtdfZ�pbe�U�ZkX[Z�mnS�\t`bx�z�ekpqZ�`fdd Ò X[S�mnZ³mnS�ekx � �B±�dÑSV\�znS2U�ek\tZf�	S�dÑxYe]\ l mtZ l WoSVpbekpbS�\�e�daztS�mtWYZkmnS�\ l `bS�pbS2Z]X[W�znWom�\#SIxYeUEZ]d���`b{aekUEWYjkd����_Za\#ZkztmnZ]\Bztm�e��ie��#e�mnS�X[Za\�UEZkd�SV\ l ekUEWYZ]\TpqS%çTWoxY�iS�m#zcUEZ]X l xoS#��Z]\�� l Zkm�^]`fSdbSVUES�\tWozne�X[Za\BU�Zkdf\tWrpqS�m�e�mBgh`bdfU�WoZ]dbS�\�^a`bS l `bS�pqS�dQznZkX�e�m���ekxoZ]mtSV\BU�ZkX l xYS���Za\��

Û



Ó	¹-Ó�¹ å�¿a½�ÀÆÁ(Ã#Ä�É´Å_½ ½�ÉaÁTÊºÖ�Î#Ä�É ��ÁTËf½"!$#$% Î#Ã'&�½�ËqÕ
(�)V¡  ��¢ § ���~±~xBS���S�X l xoZIX�wk\F\tS�diUEWYxoxYZ�pqS�`bd¶S�\ l e]UEWYZ�pqS ��l mtS � � ç_WYxo�*S�mtz��NS�\FS�xS�\ l e]UEWYZ Cn pqS�xYe]\[d � ` l xYe]\ x = (x1, x2, . . . , xn)

pqS�d Ò X[S�mnZ]\[UEZ]X l xoS#��Z]\���U�Zkd S�xl mnZqpq`fUèznZ[WodaztS�mtdfZ[pbSE�fdbWrpqZ l Zkm

〈x, y〉 =

n
∑

j=1

xjyj

� xresdbZkmnX�espfekpbe l Zkm

‖x‖ =





n
∑

j=1

|xj |2




1/2

� \tWYXsWYxre�mnXsS�daztS Rn SV\�`bd S�\ l e]UEWYZ2pqS�çTWoxY�*S�mtzvmtSVe�x_UEZ]d S�x l mnZqpq`fUEztZÙWodaznS�mndbZ � xYedbZ]mtX�e%`f\#`ie�xYS�\ � �(�)V¡  ��¢ § ���º��ekmne�SV\�zn`fpqWre�m�xrek\�\tS�mnWoSV\�pqSQ�fZk`bmnWoS�m���mnS�\t`bxozne Ò znWoxBUEZ]df\#WrpqS�mnekm�`fdS�\ l e]UEWYZQUE` � Z]\(S�xYS�X[S�daznZ]\�\#Z]d�gh`bdfU�WoZ]dbS�\��i±5\�z�eQWrpqS�e�pqSsUEZkdi\#WrpqS�m�e�m�evxrek\Tgh`bdfU�WoZ]dbS�\UEZ]X[Z l `bdaznZ]\	pqS�`bd�SV\ l ekUEWYZf� ��l Z�pbS�m l Z]m	xoZ%znekd]znZse l xYWYU�e�mnxoSV\�UEZ]dfUES l ztZa\B{kS�Z]X[|EztmnW �UEZa\��qSV\	xYe[WrpqSVesU�xYe¬�]S�pqS�x�ekdfw�xYWY\tWr\Bgh`bdfUEWYZkdie�x7�b±~d�d�`bS�\#ztZ�U�e]\#Z[S�x�S�\ l ekU�WoZ[^a`bS���e�X[Z]\e[UEZ]df\#WrpqS�mnekm5SV\
H = {f : R → C

U�ZkdaztWYd�`fek\
2π − l S�mnWoZqpqWrU�e]\ }

UEZ]d�S�x l mnZqpq`fUèznZ[WodaztS�mtdfZspqS��fdbWrpqZ l ZkmV}
〈f, g〉 =

∫ 1

0

f(x)g(x) dx

� xresdbZkmnX�espfekpbe l ZkmV}

‖f‖ =

(∫ 1

0

|f(x)|2 dx
)1/2

��w]\	{kS�dfS�m�e�xYXsS�daztSc\#S l `bSVpqScztZ]X�e�m_UEZ]X[Z H S�x�SV\ l ekUEWYZ � X�wk\	{]mnekdfpqS �
H = {f : R → C 2π − l S�mnWoZqpqWrU�e]\aznekxoSV\�^a`bS ∫ π

−π

|f(x)|2 dx SE�qWr\�znS }
Ð5ZkX[Z��kS�mtS�XsZa\���SV\�znS[S�\�S�x~S�\ l ekU�WoZ�dfe�zt`bm�e�x l ekmne�znmnek�fe��#ekm�S�dÙxYe�ztS�Zkmn�Ye�pqS�xrek\\tS�mnWoSV\~pqST�fZk`bmnWoS�m��a��WodQS�XF�ie�mn{kZf� l e�m�ecZk�qznS�dbS�m�mnS�\t`bx�z�ekpqZa\~UEZ]X l xoS�znekXsS�daztS_\ne�ztWr\#g�ekU �ztZ]mtWYZ]\�pqS��*S�mn�YekX[Z]\�`qznWoxYWY²�e�m�xYe	znS�Z]mt�re�pqS~xre�WYd]znS�{]mnekxkpqS�u�S��*S�\t{k`bS � `bdfe_{]S�dbS�mnekxoWY²�e]UEWYjkdpqS[xre�WYdaztS�{km�e�x�pqS�·�WoS�X�e�dbd � ��xYZ�^a`bS[SV\�z�wvgh`bS�mne�pqS�xºdbWY�kS�x~pbS�x~UE`fmn\tZf�¯±�\#ztS[S�\ l e]UEWYZmnS�UEWY�*S�S�x�dbZ]XF�bmnS�pbS

L2[−π, π]
� *

+-, ö�ð�ø�õèð�ö/.�ö#ñ�øVíôõ10 2�õèíôñ�õ
3èõèð-õ#ÿ�45�Vútù�ø76 î8�¬íôõ ,:9;9<9 	
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��`bX�e�X[S�d]znS Ò ztWYx�mnS�\t`bxoznesxYe[\tWo{]`bWYS�daztS�pqSV\#WY{k`fekxYpfekp�}

Kc  § � § © ¦�¥]¦;L*¨ �NM<�AO/PRQ
S
TVU$W�XZY\[GX$[][$Q_^`XZW�a�bdcZegf"a�bdhIXji-k'lnmoXZipXrq�s�[Gs x, y ∈ H
StQ

u Qvi
T wxapX
|〈x, y〉| ≤ ‖x‖ ‖y‖

u�e/pqS�\tWY{k`fekxYpbe]pypqS¶ÐBe�`fU�� �a� �bU��zy	e�mn² l S�mnXsWoztS l mnZk�fekm�^a`bSIxYe/dbZkmnX�e´�kS�mtWo�iU�e´xYepqSV\#WY{k`fekxYpfekp�znmtWre�df{k`bxre�m
Kc  § � § © ¦�¥]¦;L*¨ �NM5� moXji-X{qgs7[$s x, y ∈ H

StQ u Qti
T wEX}|tW�Q

‖x+ y‖ ≤ ‖x‖ + ‖y‖

Ó	¹/~T¹ ÇµÎtÉ]Õ�Êº¼(Ö�Î�Ê�DØÖ¯Ä5¼I�5½�Ë�?~½�¼(Ö�Î�Ê
u�ecWYdaztmnZ�pb`fU�U�Woj]d[pbS_`bdfecdbZ]mtX�ecS�d�`bd�S�\ l ekU�WoZ ��l mtS �Ú� ç_WYxo�*S�mtz H l S�mnXsWoztS(pqSE�fdfWomxre%dfZ�U�Woj]d�pbS�pqWY\#znekdfUEWre

d(x, y)
S�d]znmtS�pqZa\	�kSVUèztZ]mtSV\	pqS

H l ZkmV}
d(x, y) = ‖x− y‖

±�\#znesdbZqUEWYjkd�pqS�pqWr\#zne�diUEWres\ne�znWY\#g�ekU�ScxoZa\�\#WY{k`bWYS�daznSce��qWoZ]X[e]\	pqScxYe�pqWr\#zne�diUEWre
� � � � ¦�§� £������ d(x, y) ≥ 0 � d(x, y) = 0

\#W � \#j]xoZ[\tW x = y
�

® � � � ¦�§� £������ d(x, y) = d(y, x) ∀x, y ∈ H

° � � � ¦�§� £������ � RTSV\#WY{k`ie�xrpbekpQztmnWYekdb{k`fxYekm �
d(x, y) ≤ d(x, z) + d(z, y) ∀x, y ∈ H

� �qS_pqWYU�S_^a`bS H SV\ºUEZ]dsSV\�z�e�dbZqUEWYjkd[pqS_pqWr\�z�e�dfU�WYef��`bd[S�\ l ekU�WoZ�X[|EznmtWrUEZ � ��±�\#znecdfZ�U�Woj]dpqScpqWr\�z�e�dfU�WYe l S�mtX[WoztScpbe�mnxYS(`bd�\#S�daztWrpqZse%xreFdbZqU�Woj]dQpqS�UEZ]da�]S�mn{kS�dfUEWre�pqSc\#`fU�S�\tWoj]dbS�\S�d
H
}5pqSVUEWYXsZa\Q^a`bS�`fdfe¶\t`fUESV\#WYjkd

(xn)n∈N

pqS�S�xoS�XsS�daztZ]\QpqS
H
UEZ]d��kS�mn{kS�e´`fdS�xYS�X[S�d]znZ

x ∈ H
\tW*pfekpqZ

ε > 0
S��qWY\#ztS

n0 = n0(ε)
z�e�x�^a`bS ‖xn − x‖ < ε

\tW
n ≥ n0

�±~d l ekm#znWYU�`bxYekm[S�\#zne2dbZqUEWYjkd \#S�e l xYWYU�e2e2xrek\sgh`bdiUEWYZkdbSV\vpqS�xTS�\ l ekU�WoZ L2[−π, π]
}pqSVUEWYXsZa\v^a`bS�`fdfe¶\t`fUESV\#WYjkd

(fn)n∈N

pbS�gh`bdfU�WoZ]dbS�\�pqS
L2[−π π]

UEZkd��]S�mn{kS�e´`bdfegh`bdfU�Woj]d
f
S�d�S�xN\#S�d]znWYpbZvpqS

L2 �bZQU�ZkX[Z[znekXF�bWY|�d�\tSFpqWrUESF¡ ¨� ¡�ª ¦ £ ¥ �N£bª� Z�q« ¦�¥ £��\tW��kS�mnWo�iU�es^a`bS
∫ π

−π

|fn(x) − f(x)|2 → 0
U�`fe�dipqZ

n→ ∞
�_ZkztS�XsZa\_^a`bSFSV\�z�e[dbZqUEWYjkd�\tWo{]dbWo�iU�ev^a`bS���S�d l mtZ]X[S�pqWYZZ� fn

UEZ]da�]S�mn{kS�e
f
� l S�mtZ�dbZztWYS�dfS l Zkm�^a`b|�\t`fUESVpqS�m�^a`bS fn(x0)

U�Zkd��kS�m��#eTe
f(x0) l ekmne�dfWodb{ Ò d x0

�kÐ5ZkX[Z(�kS�mnS�X[Za\xY`bS�{]Zf��SV\�z�e_dbZqU�Woj]d�pqSBU�Zkd��kS�mt{]S�dfU�WYeBSV\�xreT^a`bS5mtSV\#`bxozne_X[w]\�e]pqS�U�`fekpbe l e�m�e�S�xaS�\#zt`ipqWoZpqScxrek\�\tS�mnWoSV\�pqS��bZ]`bmtWYS�mV�

Ý
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� pqS�X�w]\BpbS(xrek\B\#S�mtWYS�\BpqSc�bZ]`bmtWYS�mV�axoZa\�SV\ l e]UEWYZ]\BpqScç_WYxo�*S�mtz5znWoS�dbS�d�XF`iU��fek\�Z�ztm�ek\e l xoWrU�e]UEWYZkdbSV\�S�d xre�X�e�znS�X�w�znWYU�e l `fmne � e l xYWrU�ekpfeb�:�_Z´^a`bWY\tWYS�m�e�pqS#�#e�m[pqS�XsS�dfUEWYZ �dfekmtxYS�\s^a`bS�xoZa\%SV\ l ekUEWYZ]\spqS�ç_WYxo�*S�mtzv\#Z]d³xre��iek\tS�pqS�x	ghZkmnX�e�xYWY\tX[Z�X�e�znS�X�w�znWYU�Z2pqSxre[XsSVU�wkdbWYU�e[UE`fwkd]znWYU�eb�fu�e[X[S�U�wkdbWrU�e[UE`fwkdaztWrU�esS�\�`fdfe[ztS�Zkmn�Ye%gh�r\#WrU�e�^a`bS�pbS�\nUEmnWo�*S�S�xUEZ]X l Z]m#z�e�X[WoS�daztZ[pqS�xoZa\_\tWY\#ztS�X[e]\�e�znjkX[WYU�Z]\ ��� \t`b�fe�znjkX[WrUEZ]\ � �iÐ5Z]X[Z[U�Zkdf\tS�`iUES�diUEWrepqS�x l mtWYdfUEW l WYZ/pqS2WYdfUES�m#znWYpq`fXF�bmnSIpqSÙç_S�WY\tS�d��*S�mn{f�5dbZ/SV\ l Z]\tWY�bxoS2X[S�pqWYm � \tWoX%`bx�z�w �dbSVe�X[S�daztS � UEZkd2UEZ]X l xoS�zne�SE�bekUEztWozt`fpIxre l Z]\tWYU�Woj]d � xre��kS�xoZqUEWrpbe]p�pqS[`bdfe l ekm#zn�YU�`bxre\t`b�fe�znjkX[WrU�e �hl ZkmTS���S�X l xYZf�i`bd�S�xoSVUèztmnZkd � �b��ZkmTS�xYxoZi�fS�d�xre�X[S�U�w�dbWrU�e�U�`fw�daznWYU�e[dbZv\#SWYd]znS�dazne � e�pqSEznS�mnX[WodfekmcxYe l Za\#WrUEWYjkdISE�bekUEzne�pqS[`bdIS�xoSVUèznmtj]d��¯�qWºdbZ�^a`bSsS�dÙU�ekXF�bWYZf�\tS�S�dfUE`fS�daztm�es`bdfe[pqWr\�znmtWY�b`fU�Woj]d�pqS l mtZ]�fe��bWYxYWYpbe]pQpqS�\t` l Za\#WrUEWYjkd � Zv\t`��]S�xYZqUEWrpbekp � ���ZkmTS#��S�X l xYZf�¯UEZ]df\#WrpqS�mtS�XsZa\�S�xNU�e]\#ZQpbS�`bd�X[ZqpqS�xYZQ`fdbWYpbWoX[S�di\#WYZkdfekx-�iS�d�S�x�U�`fe�x`bdIS�xYS�Uèznmtj]d�\tS%X%`bS��]S%e�xoZ�xYekmt{]ZQpqSs`bdfe�xoWYdbSVevmnS�Uèz�eb�*±~d2S�\#ztS[U�ek\tZf�*S�x�SV\�z�ekpqZ�pqS�xS�xYS�UEztmnZkd[\#S_pbS�\nUEmnWo�*S�X[S�pqWre�daztS�`fdfe�gh`bdfU�Woj]d

ψ
UEZkd[��e�xYZkmnS�\�U�ZkX l xYS���Z]\��k^a`bS�mnS�U�Wo�*S�S�xdbZ]XF�bmnS�pqS�gh`bdfU�Woj]dvpqS_Z]dfpbeb�k±~xi\tWo{]dbWo�iU�e]pqZ�gh�Y\tWYU�Z�pqS

ψ
SV\ºS�x*\#WY{k`fWoS�d]znSk}k\tWqznZkX�e�X[Z]\`bdÙWYd]znS�mn��e�xYZ

(a, b)
pqS�xre�mtSVUèz�eb��xre l mtZ]�fe��fWoxYWYpfekp2pqSv^a`bS�S�x~S�xoSVUèznmtZ]dÙ\tS�S�diUE`bS�d]znmtSe�xYxY���aWYS�dfScpfekpbe l Zkm�xre[WodaztS�{km�e�x

Pa,b =

∫ b

a

|ψ(x)|2 dx

�Te�zt`bm�e�xYX[S�daztS�pqS��iS�X[Z]\BztZ]X�e�m
ψ
pqS�X[ZqpqZ�^]`fS

∫ ∞

−∞
|ψ(x)|2dx = 1

�hl Zkm�^a`bS_xre l mnZk�ie��bWYxoWrpbe]p�pqSTS�dfUEZ]d]znmnekm~S�x*S�xYS�UEztmnZkd�S�d�e�xY{ Ò d�xo`b{ae�mBpqSTxre�mnS�UEzne�pqS��iS\tS�m
1 � �*±~daztZkdiUES�\ ψ pqS��*S%\tS�m(`bd�S�xoS�XsS�daztZQpqS�x�SV\ l e]UEWYZvpqS%çTWoxY�*S�mtz L2(−∞,∞)

pqSxrek\Bgh`bdfU�WoZ]dbS�\�^a`bS��]S�mnW��*U�e�d�^a`bScxYe[WYdaztS�{]mnekx
∫ ∞

−∞
|ψ(x)|2 dx

S�\��idbW�z�eb� � \#� l `bS�\cxrek\�gh`bdiUEWYZkdbSV\�pqS�ZkdfpfeQ��WY�kS�d2dfe�zt`bm�e�xYX[S�daztS[S�d2`bdÙS�\ l e]UEWYZ�pqSç_WYxY�iS�m#zV�
Ó	¹<��¹ �¶ËqÕqÄ`?~Ä5¼_ÊºÃ#ÎtÅ_ÊºÅ
±~d

Rn \tek�iS�XsZa\5^a`bS�pqZ]\5�kSVUèznZkmnS�\�\tZkd l S�m l S�dfpbWYU�`bxYekmtSV\~`�ZkmtztZk{]ZkdfekxoSV\º\#W � \tjkxYZ\tW]\t` l mtZqpq`iUèztZTS�\nU�e�xre�m�S�\�U�S�mnZf�E±5\�znZTX[Z�znWo��e�xre_\tWo{]`bWoS�daztS�pqS��fdbWrUEWYjkd�}¬pqSVUEWYXsZa\�^a`bS�`fdUEZ]d���`bdaztZ {xi}i∈I
pqS��kSVUèznZkmnS�\	pqS�`bd�SV\ l e]UEWYZ�UEZkd l mnZqpq`fUèznZ�WodaznS�mndbZ[S�\ §  ¬« §*i§*¨ £f¢\tW 〈xi, xj〉 = 0
\tW
i 6= j �hl ekmne i, j ∈ I � ��R(WomnS�X[Za\(^a`bSsS�\ §  V« §i¨N§    £b¢�\tWºekpqS�X[w]\�kS�mtWo�iU�e%^a`bS ‖xi‖ = 1 l e�m�eFznZqpqZ i ∈ I

���ZkmºS���S�X l xoZ�xrek\Ngh`fdfUEWYZkdbSV\ en(x) = einx � n ∈ Z � \tZkds`bd�UEZ]d���`bdaztZcZ]m#znZk{kZ]dfe�xaS�dS�x�S�\ l ekU�WoZ L2[−π, π]
pqS�x�S#��S�X l xYZ ® �qS�d���WYm#zn`fp�pqS�xrek\	mnS�xrekUEWYZkdfS�\	pqS�ZkmtztZ]{kZ]dfe�xYWYpfekp��Ýa� �

�



��WYS�X l mnST^a`bS�ztS�dbS�X[Za\~`bdQ\tWr\�znS�X�e�ZkmtztZ]{kZ]dfe�x7� l ZqpqS�XsZa\�U�Zkd��kS�m#znWomnxoZcS�d�ZkmtztZkdfZkm �X�e�x�pqWY��WYpbWoS�dfpqZve[U�e]pbeF�]S�UEztZkm l Zkm_\t`�dbZkmnX�eb� � \t� l `fS�\
ẽn(x) =

enx

√
2π

� � �
S�\	`fd�\tWr\�znS�X�esZkmtztZkdfZkmnX[ekxiS�d

L2[−π, π]
���WYXsWYxre�mnXsS�daztSk�qxrek\Bgh`fdfUEWYZkdbSV\

sn(x) =
\#S�d

nx
\#W
n ∈ N

cn(x) =

{ 1√
2π

\#W
n = 0U�Z]\

nx
\#W

n ∈ NghZkmnX�e�d�Z�znmtZ[\#Wr\#ztS�X�esZkmtztZ]{kZ]dfe�x*S�d
L2[−π, π]

���W
H
S�\�`bdFSV\ l ekUEWYZ l mnS � ç_WYxY�iS�m#zV� l ZkmNe�dfekxoZ]{k�re�UEZkdFxoZ�^]`fS5\t`fUESVpqS~S�d Rn �VpbWomnS�X[Z]\^a`bSF`fdI\tWY\#ztS�X[e�ZkmtztZ]{kZ]dfe�x {xi}i∈I

SV\�`bdfev�iek\tSspqS
H
\tWº\#`fU�S�pqSs^a`bSsU�ekpbe

x ∈ H\tS l `bS�pqS�SV\tU�mtWY�bWYm�UEZkX[Z[`bdfe[\tS�mnWoS
x =

∑

i∈I

λixi �;�]�
� S�d�d�`bS�\#ztmnZ]\�S#��S�X l xYZ]\�} I = Z � I = Z � �k±~d�SV\�znS_U�ek\tZf��`bztWYxoWY²�ekdfpqZ�xrecZkmtztZ]{kZkdie�xYWYpbe]p\t` l `bSV\�z�espbS�xoZa\�UEZ�SE�iU�WoS�daztS�\ xi

ztS�dbS�X[Z]\�^a`bS
λi =

1

‖xi‖2 〈x, xi〉

±~d�d�`bS�\#ztmnZ]\BS#��S�X l xYZ]\��f\#ScZ]�qztWYS�dbS�d�xYe]\BghjkmnXF`bxrek\ �-®��Ú°a�5���-Ü]� �� \t� l `bS�\��¯S�xºUEZ]dfUES l ztZ�pqSsS�\ l ekU�WoZ�pqS[ç_WYxo�*S�mtz�dfZ]\ l S�mtX[WoztS l S�df\ne�mceQxrek\�\#S�mtWYS�\pqS��fZk`bS�mtWYS�m_U�ZkX[Z�e�dfwkxoZ]{]ek\Be[xre%SV\tU�mtWozt`fmne[pqS�`bd��]S�UèznZkm_U�ZkX[Z�UEZkX%�bWYdfekU�Woj]dQxYWodbSVe�xpqScxYZ]\	�kSVUèznZkmnS�\	pqS�`bdfes�fe]\#ScZ]m#znZk{kZ]dfe�x7�u�e \#S�mtWYS �<�]� pqS��*S2WodaztS�m l mtS�zne�m�\tS�S�dÑS�x�\#S�daztWrpqZ pbS2^a`bSÙ\#`i\�\t`bX�ek\ l ekmnU�WYekxoSV\UEZ]d��kS�mn{kS�dve
x
S�d�S�x¯\tS�daznWYpqZ[pqScxreFdbZ]mtX�e%pqS�x�SV\ l e]UEWYZ H � � \#� l Zkm	S���S�X l xoZ�U�`fe�dfpbZ

I = N
� �;�]� \tWY{kdbWo�iU�es^a`bS

∥

∥

∥

∥

∥

x−
k

∑

i=1

λixi

∥

∥

∥

∥

∥

H

→ 0
UE`fekdfpqZ

k → ∞

� U�`fe�dipqZ I = Z
xYe]\�\#`fX[e]\ l e�m�UEWre�xYS�\BpqS��iS�d�ztZkX�ekmn\tS�U�Zkd i � S�dfpqZ�pqS −k e k � ���W

f � g \#Z]d�Z]m#znZk{]ZkdfekxoSV\~znS�dbS�XsZa\�^a`bS
‖f + g‖2

= ‖f‖2
+ ‖g‖2

� ±5\�z�e�WY{k`ie�xrpbekp�SV\�`bdfe��kS�mn\tWoj]d�e��i\�znmne]UèzneQpqS�x�znS�ZkmnS�X�e�pqS[�~W�z�w�{]Zkm�ek\ � �¯��wk\�{kS�dbS �m�e�xYXsS�daztS�\#W {xi}i∈I
S�\	`bd�\tWY\#ztS�X�e%Z]m#znZkdbZ]mtX�ekx-�aztS�dbS�X[Za\�^]`fSk}

∥

∥

∥

∥

∥

∑

i∈I

λixi

∥

∥

∥

∥

∥

2

=
∑

i∈I

|λi|2

�
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Kc  § � § © ¦�¥]¦;L*¨ �NM���O/PRQ
S
TVU$W�XZY\[GX$[�[GQ��1QvS�SvQtY l�fNQ�X {xi}

W���S
T�S�q�Qt��X�sZi
q�sZ�"sZi
� XZYNQv�
W���Q
S8¡�X$atT;sR¡"i-Qve;¢�T5Y\£�Qvi
q

H ¤ Qv�Cqgsj��a�Q
S¥S
T x ∈ H
c
λk = 〈f, xk〉

Qv�Cqgsj��a�Q
SRqgQt��Qt� s¦S
|tW�Q

k
∑

i=1

|λi|2 ≤ ‖x‖2

§�¨$©�ª�P¥Q<w`�"XZ� s¦S

y = x−
k

∑

i=1

λixi

Qt��q�sZ��a�QvS

0 ≤ ‖y‖2
= 〈y, y〉 = 〈x, x〉 −

n
∑

i=1

λi 〈xi, x〉 −
n

∑

i=1

λi 〈x, xi〉 +

n
∑

i,j=1

λiλj 〈xi, xj〉

= ‖x‖2 − 2

n
∑

i=1

|λi|2 +

n
∑

i=1

|λi|2

xY`bS�{]Z
n

∑

i=1

|λi| ≤ ‖x‖2

±~d2S�x�U�ek\tZ�pqS�x�\tWY\#ztS�X[eQztmnWY{kZkdfZkX[|EznmtWrUEZ � � � Z]�qztS�dbS�X[Z]\c^a`bS�\tW f ∈ L2[−π, π]
S�d �ztZ]dfUESV\

N
∑

n=−N

|αn(f)|2 ≤ 1

2π

∫ π

−π

|f(x)|2dx

çTe]UEWYS�dfpbZ[^a`bS
N → ∞ �b�kS�XsZa\	^]`fS�xYe[\tS�mnWoS

∞
∑

n=−∞

|αn(f)|2

UEZ]d��kS�mn{kS]� � ekpqS�X[w]\
∞
∑

n=−∞

|αn(f)|2 ≤ 1

2π

∫ π

−π

|f(x)|2dx

Ó	¹<«�¹ å�ÃR>�½�ÀÆÊÂÅT½ ¬yÎ#½�À ÀÂÊº¼o!¦>�½�&�½�Éz?�Í_½
Ð5ZkX[Z�UEZ]mtZ]xYekmtWYZFWYdbX[S�pqWre�znZ�pqS�xoZa\	mtSV\#`fx�z�ekpqZa\BekdaztS�mnWYZkmnS�\5Zk�qznS�dbS�XsZa\�}





® §   § ¢�¢-£q  � �NM°¯±O/²³Qt��X}[$Qµ´¶T;Qv� XZ�C��e<²³Q�£�QvS�UjW�Qo¡�Xji-X L2 lRf�T f ∈ L2[−π, π]
Qt��q�sZ�Ce

a�Q
S
αn(f) → 0

atW�XZ�"[$s
n→ ±∞P¥Qµb�Q�a�b�s�S
T

f ∈ L2[−π, π] ¤ Qt��q�sZ��a�QvS�Y°X StQti
T;Q
∑

n

|αn(f)|2

a�sZ� u Qti<UzQ ¤ c{Qt��a�sZ��StQpatW�Qt��atT;X αn(f) → 0
atW�XZ�"[$s

n→ ±∞ ·
��S�dfUEWYZkdfekX[Z]\��¬\tWYd[pbS�X[Z]\#ztm�e�mnxoZi��^]`fSBS�d[mtSVe�xYWYpbe]pFS�xqxoS�X�e�pqS_·�WYS�X�e�dbd � u�S��*S�\t{k`bSBS�\UEWYS�mtztZ�UEZkd�\tjkxYZQ\t` l ZkdbS�m(^a`bS�xre�gh`bdiUEWYjkd f S�\(WYd]znS�{]mnek�bxoS�S�d [−π, π] � S�d�S�xN\tS�daznWYpqZpqS�u�S��iSV\#{]`bS � ��¸
Ó	¹<¹�¹ å�Ã(Ä~ËfÅ_½�¼LÅ_½yÀÆÊ:?�¼TÎ�ÕqÍ(Å Å_½yÃ�Ä�É�Ö¯ÄB½�º�Ö�Î�½�¼�Õq½�É�Å_½yÌ�Ä�ÍTËfÎ�½�Ë�DÃ#Ê É�Í_ÊN�_Î#ÅTÊºÅ�Å_½ÈÃ�Ê¼»èÍ(¼TÖ�Î�×5¼
��W
f
S�\_`fdfe�gh`bdiUEWYjkd

C1 l ZqpqS�XsZa\(pfe�mT`fdfevpqS�XsZa\�znmne]UEWYjkd�pqWYmtSVUèz�eQpqS�x�xYS�X�evpqS·�WYS�X[X�e�d � u�S��iSV\#{]`bSc^]`fS l mtZ l Z]mnU�WoZ]dfe�`fdfe[S�\#ztWYX�ekUEWYjkd�X�wk\ l mnS�U�WY\neb}
Kc  § � § © ¦�¥]¦;L*¨ �NM5½¾O;²³Qv� X¿[GQI´¶T;Qv� XZ�C�R²³Q�£�QvS'U$W�Q³¡�XZi-XIÀ�W���atT;sZ�"Q
S C1 l�fCT f Q
SÁW���XÀ�W���atÂ;ÃZ�

2π−¡�Qti
T;Ã�[jT;apX a�sj��q8T5��W�XR|vW�QÄQvS¶[$QÄatY\X¦StQ C1 ¡�sZi�q<i-s7k7s¦S¶Qt� [−π, π]
Qt��q�sZ��a�QvS

QpÅ$T�S
q�QÄW��"X{a�sZ��S�q�XZ�CqgQ
C = C(f)

q�XZY�|vW�Q7Æ

|αn(f)| ≤ C

|n|
Çx��¡�XZi
q8T;avW�Y°XZi ¤ Y\sZS�a�s7Q;wxavT;Qt��q�QvSÁ[$QÁÈ³sZW�i
T;Qti αn(f)

q8T;Qt��[$Qt��X�a�Qti-s�atW�XZ�"[$s
n→ ±∞ ·

�ºe�m�evpqS�XsZa\�znmnekm_S�xNxYS�X�eQpqSs·�WYS�X�e�dbd � u�S��*S�\t{k`bSFU�Zkd�xrev�fW l j�znS�\tWY\�pqS%^a`bS f ∈ C1 �S�\�\t`q�iU�WoS�daztS�UEZ]d�WYdaztS�{km�e�m l Z]m l e�mtztSV\�}
∫ π

−π

f(x) eixn dx = f(x)
einx

in

∣

∣

∣

∣

π

−π

−
∫ π

−π

f ′(x)
einx

in
dx

��W
f
S�dQxo`b{ae�m	pqSc\#S�m

C1 S�\B\#Z]xYekX[S�daztS�UEZkdaznWod�`fe � C1 eFztmnZk²�Za\��]Wo{]`fe�x l Z�pbS�X[Z]\B�fe]UES�mS�\#zneFUE`bS�d]z�eF\t`b�¯pqWo��WrpqWYS�dfpqZ%S�x*WodaznS�mn�¬ekxoZ�pbSTWYd]znS�{]mne]UEWYjkd[STWYdaztS�{]mnekdfpqZ l Zkm l e�mtztSV\~S�dU�e]pbe%`bdbZvpqScxYZ]\�\t`b�bWYd]znS�mn��e�xYZ]\	pqZkdipqS
f
S�\�pqS�U�xYe]\#S

C1 �bu�e[UEZkdaznWod�`bWrpbekp�pqS f �fekU�S^a`bS�\#S�U�e�dfU�S�xYS�d�xoZa\5zt|�mnX[WodfZ]\�pqS��*Zkm�pqS�^a`bS�e l ekmtSVUES�d��Ð5ZkX[Z
f
SV\�`bdfe%gh`bdfU�Woj]d

2π l S�mnWojqpqWrU�ef� f(π) = f(−π)
�fR(S�pq`iUEWYXsZa\_^a`bSk}

∫ π

−π

f(x) eixn dx = − 1

in

∫ π

−π

f ′(x)einx dx �  �
�vl Zkm�xYZ[znekd]znZ

∣

∣

∣

∣

∫ π

−π

f(x) eixn dx

∣

∣

∣

∣

≤ 1

α|n|

∫ π

−π

|f ′(x)| dx

É , ö�ðÊ0 2�õèíôñ�õ
3èõèð�õtÿt45�¬ú#ù�ø¦6 î<�¬íôõ 95Ë ��÷7ö�ú�ú�òÍÌèó¥Î

��Ï



xYZ[^a`bS l mnZ l Zkm�UEWYZkdieFxresS�\#ztWYX[e]UEWYjkd�}
|αn(f)| ≤ C

|n|k
\#W
n 6= 0

� pbZkdfpqS C = C(f)
SV\�`bdfe[U�Zkdf\#znekd]znS�^]`fScpbS l S�dfpqS�pbS f l S�mnZsdfZvpqS n � ��_ZkztS�X[Za\Bzne�X%�bWY|�d�^a`bScxYesS�U�`fekU�Woj]d �  � \tWo{]dbW��*U�e[^a`bScSE�qWY\#ztSc`bdie[mtS�xYe]UEWYjkdQS�daztmnSxYZ]\�UEZ�S��iUEWYS�daztSV\�pqS
f � xoZa\ f ′ �fe[\ne��*S�mV}

αn(f ′) = inαn(f)

� �f\tS�mn�kS�XsZa\cznekXF�bWY|�d ^a`bS�\tW
f
gh`bS�mneIpqS�U�xYe]\#S

C2 � S�d/xo`f{]e�m[pqS C1 �Fl Z�pbmt�re�X[Z]\�kZ]xo�]S�m	e[WodaznS�{km�e�m l Zkm l ekm#znS�\��qZk�qznS�dbWYS�dfpbZ[^a`bS]}
∫ π

−π

f(x) eixn dx =
1

(in)2

∫ π

−π

f ′′(x)eixn dx

xYZ[^a`bS l mnZ l Zkm�UEWYZkdieF`bdie%SV\�znWoX�e]UEWYjkd�pqS�xYe%ghZ]mtX�eb}
|αn(f)| ≤ C

|n|2

l ekmnesxYZ]\TU�Z�SE�iU�WoS�d]znS�\_pbSF�bZ]`bmtWYS�m(pqS f �f±�d�{kS�dbS�m�e�x7�bUE`fekdaztZvX�wk\T\#`fe¬�]S�\#SVe f �fX�wk\m�w l Wrpbe�X[S�d]znScztS�dfpqS�m�w�d�eQUES�mnZv\t`f\TU�ZaS��iUEWYS�daznS�\TpbSF�bZ]`bmtWYS�mV�f`fdfe�mnS l SEztWrUEWYjkd�pbS�x�ekm �{k`fXsS�daztZ�e�daztS�mtWYZkmBdbZa\ l mtZ l Z]mnU�WoZ]dfeb}
Kc  § � § © ¦�¥]¦;L*¨ �NM�Ð�f�T

f
QvS�[$Q�avY\XZStQ

Ck Qt� [−π, π]
cµS
W�[$Qti
T u X$[$X�[GQ¶sji-[$Qt�

k+1
QvS

a�sZ�Cq<T5�CW�X�X q8i-s�k7sZS ¤ Qt��q�sZ�"a�Q
S¿QpÅ$T�S
q�QÄW��"X{a�sZ��S�q�XZ�CqgQ C = C(f, k)
qgXjY³|tW�Q

|αn(f)| ≤ C

|n|k+1

Ñv9 Ò2J AB>�;RÓ�M	=�Ô�M�;�ABCEJ à�@�;%<�@�JFH/?�M HEJ�K¾K�M	=NCEM�KØ?�M�OQ>F@ Õ
=NCEM	=

�_`bSV\�znmtZ l mtj¬�qWYXsZcZ]�q��SEznWo�]Zc\tS�m�w�Wod��]S�\#ztWY{]e�mºS�d�^]`f|T\#S�daztWrpqZ�\#Z]d[�¬wkxoWrpqZa\�xoZa\~pqS�\ne �mnmtZ]xoxYZ]\BpqS��bZ]`bmtWYS�m �#�V�5���hÛ�� �i�qS�m�w%\t`q�iU�WoS�d]znS�e�dfekxoWY²�ekmB^a`b|�\t`fUESVpqS�UEZkd�S�\#ztS Ò xoztWYX[Zf�l Zkm�^]`fScU�ZkX[Z � es��WoX[Z]\�ekXF�*Z]\�pqSV\tekmtmnZkxYxYZ]\�\tZkd�S�^a`bWY��e�xYS�daztSV\��·�S�U�Zkm�pbe�dipqZ�^a`bSvxre�UEZkd��]S�mn{kS�diUEWre�pbSv`bdfe�\tS�mnWYS�dbZ�\tWo{]dbW��*U�e�Z�znmne�U�Z]\ne�^]`fSvxYeUEZ]d��kS�mn{kS�dfUEWre�pqS�\t`f\(\t`bX�ek\ l ekmnU�WYekxoSV\��*WYd]znmtZqpq`f²�U�ekX[Z]\(xYe N− |�\tWoX�eQ\t`bX�e l e�m�UEWre�xpqS �hÛ��Bl Z]m

SN (f)(x) =

N
∑

n=−N

αn(f)einx

�_Za\ l mtS�{k`bdaznekX[Z]\�}*��S�dÙ^a`b|%\tS�daztWrpqZ l ZqpqS�X[Z]\�pqS�U�Wom�^a`bS SNf(x) → f(x)
UE`fekdfpqZ

N → ∞ ��_`bSV\�znmtZ[Z]�q��SEznWo�]Z[\tS�m�w l mtZ]�fe�m	S�x�\#WY{k`fWoS�d]znS�ztS�Z]mtS�X�eb}

�k�



Ö ¡ §  �¡  £���M;��f"Q�X f W��"X�À�W���atT;ÃZ� 2π−¡�Qvi
T;Ã7[ZT;a�X×Qt� L2[−π, π] · fCT f QvS�[GQ�avY°X¦StQ
C1 Qt�×W���Qt��q�sZi
��s{[$QtYd¡�W��Cqgs x0 ∈ [−π, π] ¤ Qt��q�sZ��a�QvS SNf(x0) → f(x0)

a�sj��ÀvsZi
� Q
N → ∞ ·
�_ZkztS�XsZa\(^a`bSsS�dImtSVe�xYWYpfekp�S�\#ztS%ztS�ZkmnS�X�eQU�ZkdaztWYd�`feQ\tWYS�dfpqZ�UEWYS�mtztZ��fe���Z�UEZkdipqWYU�WoZ]dbS�\XF`iU��bZQX�wk\cpq|��bWYxoSV\�^a`bS[xrek\(S�d�`bdfU�WYe]pbek\�����WYd�S�X%�fe�mn{kZi�ixre�UEZkdaznWodbWrpbe]p�pqS

f
S�d

x0dbZ�S�\c\t`q�iUEWYS�daznS � SE�qWY\#ztS�dIS#��S�X l xYZ]\cpqS%gh`bdfU�WoZ]dbS�\�U�ZkdaztWYd�`fek\�UE` � eQ\tS�mnWoS[pqS[�bZ]`bmtWYS�mpqWY�kS�mt{]S(S�d�ekxo{]`bdbZa\ l `bdaztZ]\ÁØ � �
=	¹#¸~¹ Çy½�ÀÂÄ5ÉkÕqËbÊºÖ�Î#×�¼ ÅT½�Ã%Õq½�Ä~Ëb½�ÀÆÊA=�¹#¸NÙ
�ºe�m�e�pbS�X[Z]\#ztm�e�m�S�xbztS�Z]mtS�X�e �-° � �V� ��\#` l Zkdf{]e�X[Za\ l mtWYX[S�mnZ�^a`bS x0 = 0 � dbZ�znS�X[Z]\^a`bS l Z�pbS�X[Z]\(\#` l ZkdfS�mV�f\#WYd l |�m�pqWYpfevpqS�{]S�dbS�mnekxoWrpbekp��b^]`fS f(0) = 0 � mnS�\#zne�dipqZv\#WYdbZe

f
`bdie�UEZkdi\�z�e�daztS � ��Ú daztmnZqpq`b²�U�e�X[Z]\5S�daznZkdfU�S�\	xreFgh`fdfUEWYjkd�}

g(x) =
f(x)

eix − 1
(x 6= 0)

� �f\tS�mn�kS�XsZa\5^a`bS l Zkm_xresmtS�{kxre%pbS�u`Û ç_Z]\ l Woznekx
ĺım
x→0

g(x) =
f ′(0)

i

l Zkm�xoZ�^]`fS l Z�pbS�X[Z]\(�fekU�S�mce g UEZ]d]znWod�`fevS�d 0
pqSE�fdfWoS�dfpqZ

g(0) = f ′(0)
i

�i±�d]znZkdfU�S�\\tW
f ∈ L2[−π, π]

�fpqSVpq`fU�WoX[Z]\�^a`bS
g ∈ L2[−π, π]

�ÐBe�xrUE`bxYS�X[Za\	xoZa\�UEZ�SE�iU�WoS�daztS�\�pbSc�fZk`bmnWYS�m_pqS
g
}

αn(f) =
〈

f, einx
〉

=
〈

g(x)(eix − 1), einx
〉

=
〈

g(x)eix, einx
〉

−
〈

g(x), einx
〉

αn(f) =
〈

g(x), ei(n−1)x
〉

−
〈

g(x), einx
〉

= αn−1(g) − αn(g)S�daznZkdfU�S�\_ekx�U�ekxYU�`bxre�m_xre
N− |V\#WYX�e�\#`bX�e l e�m�UEWre�x�pqSFxYev\tS�mnWoS�pbS%�bZ]`bmnWoS�m_dbZ]\(^a`bS�pbe`bdfe[\t`bX�e%ztS�xYS�\nUEj l WrU�eb}

SN(f)(0) =

N
∑

n=−N

αn(f) =

N
∑

n=−N

[αn−1(g) − αn(g)]

l Zkm�xYZ[^a`bS]}
SN (f)(0) = α−N−1(g) − αN (g)

S�daznZkdfU�S�\
SN (f)(0) → 0 = f(x0)Ü
Ý óBö/.�ö�ñ�ø¬íôõ�ø¦�¬ö�û¬ö�ÿEö�ð-÷-ö�ö�óoÞÊ	 ß�à¬ö�ö#ûVö#ó��5áE	�âZã73èñE�¬ó¬û`ä8åcö#ù�÷<�¬ð-ö�ù�ó¬û 9 ó�î-ö'3èð7ù�í æ���ú#ù�ø¦6 î<�¬íôõoÎ�çp�÷7ö�ú�ú�òÍÌèó�è¦	é ìi÷-î7ùNû¬ö�ñ�õè÷�î7ð-ù�ú�òÍÌèó	ó¬õºö�÷ií ù�û¬ö�ñ�õè÷-î-ð7ù�ú�òÍÌèó	ö�÷-î7þ�ó¬û�ù�ð'�t���Vö�ø7�¬ö�û¬ö�ÿEö#ð�÷7ö�ø�õèðfö;.�ö�ñ�ø¬íôõNö�ó	ö�í¬íôòôýVð-õû¬öÊ0 ê¯õ
�¬ð-ù�ó�î<45	Eìi÷�îÚù�û¬ö�ñ�õè÷�î7ð-ù�ú�òÍÌèó�÷7ö�û¬ö�ý�ö�ùÊë�	tê"à¬ö�ð�ó¬õ�ì�	�í�à¬ö�á�ñ�ö#ð�òôú#ù�óoå�ùnî<à¬ö�ñ_ùnî7òôú#ù�íjåcõèóEî8à¬í ãv�ÿEõèíÍ�¬ñ�ö�ó¶îvï���óZð Ù¶ñ ø�ù�3¦	jò
ó
óvô
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UE`ie�dfpqZ
N → +∞ � l Z]m�S�x�xYS�X�e[pqS�·�WYS�X�e�dfd � u�S��*S�\t{k`bS �h� e[^]`fS g ∈ L2[−π, π] � ���W�\t` l ZkdbS�XsZa\�e��bZ]mnes^a`bS x0 6= 0

�bU�Zkdf\tWYpbS�m�e�X[Z]\5xYe%gh`bdiUEWYjkd
f̃
pqS��fdbWrpbe l Z]m�}

f̃(x) = f(x0 + x)

� die�xYWo²�S�X[Z]\_U�`fe�x�S�\�xre[mtS�xYe]UEWYjkd�S�daztmnS�xYZ]\_U�ZaS��iUEWYS�daznS�\_pqS%�bZk`fmtWYS�m_pqS
f � xoZa\_pqS f̃ }�fe]UEWYS�dfpqZ[S�x�U�w�X%�bWYZ[pbS���ekmtWre��bxYS

y = x+ x0
S�diUEZkdaznmnekXsZa\5^a`bS]}

αn(f̃) =

∫ T

0

f(x0 + x)e−inxdx =

∫ T+x0

x0

f(y)e−in(y−x0)dy

� ztS�dfWoS�dfpqZ�S�dvUE`bS�d]z�e�^a`bS_S�xfWYd]znS�{]mnekdfpqZcS�\�`bdfecgh`bdiUEWYjkd l S�mnWojqpqWrU�ef�kpqS�pb`fUEWYX[Z]\�^a`bS
αn(f̃) = einx0

∫ T

0

f(y)e−inydy = einx0αn(f)

R(S�pq`fU�WoX[Za\�^]`fSk}

SN (f̃)(0) =

N
∑

n=−N

αn(f) =

N
∑

n=−N

αn(f)einx0 = SN (f)(x0)

±~dvU�Zkdf\tS�U�`bS�dfU�WYef��e l xYWrU�e�dipqZ�e f̃ S�xfmnS�\t`bxozne]pqZ � e�pqS�XsZa\�znmne]pqZ �hl ekmne x0 = 0 � ���]S�X[Z]\^a`bS
SN (f)(x0) → f̃(0) = f(x0)

UE`ie�dfpqZ
N → ∞

õ 9 Ò2JPAB>�;RÓ�M	=�Ô�M�;�ABCEJ @�;�Cvö�>�=Ê÷ Má?�MLHEJ�K K�M	=NCEM�K ?�MáOQ>F@ Õ
=NCEM	=

Ö ¡ §  �¡  £×¯³M;��fCT f Q
S¶W���XÁÀ�W���atT;ÃZ�R¡�Qti
T;Ã�[jT;apX�a�sZ��q8T5��W�X |tW�Q�QvS C1 XRq<i-s7k7s¦S ¤ Qv�Cqgsj��ea�Q
S�S
W�StQvi
T;QR[$QµÈ�sjW�i
T;QviRapsj� u Qvi8UGQ¿W���T Àvsji
��Qt��Qt��q�QRQv�×q�s7[$s
R

ø[9 Ò2J AB>�;RÓ�M	=:Ô�M�;�ABCEJ ?�M HEJ�KLK�M	=NC�M�Kæ?�M OQ>F@Q=�CEM	= M�;
L

2

Ö ¡ §  �¡  £�½�M;��f"Q�X f ∈ L2[−π, π] ¤ Qv�Cqgsj��a�QvS�S
W�StQti
T;Q�[$QÄÈ�sjW�i
T;QviRapsj� u Qvi8UGQ�X f Qv�
L2,
s�apsj��s{q�XZ� £vT;ùt�×StQR[ZT;a�Q ¤ Qv�×� Q�[ZT;X}avW�XG[Zi-újq<T;a�X · ÇES¿[$Q�atT5i¥|vW�Q7Æ

‖SN (f) − f‖ =

(∫ π

−π

|SN (f)(x) − f(x)|2dx
)1/2

→ 0
UE`ie�dfpqZ

N → ∞

��°



ûv9 ßµH�÷ýüB<N>�?�> ?�M�K�M	à�J�=�J�ABCED�; ?�MþÓ(J�=�CEJ�ä�HEM�KAÿ HEJ�KÆK�MEÕ
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