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Ej. 1.
Factorizar f = x16 − 97x8 + 1296 en Q[x ], R[x ], C[x ]

Solución: • Raı́ces de f : u = x8 =⇒ f = u2 − 97u + 1296 = 0

=⇒
(

u − 97
2

)2

− 972

4
+ 1296 = 0 ⇔

(
u − 97

2

)2

=
972

4
−1296

=
1
4

[
(16 + 81)2 − 4·16 · 81

]
=

1
4

(16− 81)2

⇔ u − (16 + 81)

2
= ±1

2
(16− 81)

⇔ u = 16 ó u = 81⇔ x8 = 16 ó x8 = 81

⇒ f = (x8 − 16)(x8 − 81)
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⇔
(

x√
2

)8

= 1 ó
(

x√
3

)8

= 1

=⇒ Raı́ces (f ):

= {x ∈ C : x =
√

2 ω : ω ∈ G8} ∪ {x ∈ C : x =
√

3 ω : ω ∈ G8}
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G8

ω ∈ G8 ⇔ ω8 = 1 =⇒ G8 = {ωk = e
2k
8 πi} pues

ω ∈ G8 ⇒ 8 · arg(ω) = arg(1) = 2kπ ⇒ arg(ω) =
2k
8
π : 0 ≤ k ≤ 7

=⇒ arg(ω) ∈
{
θk =

k
4
π : 0 ≤ k ≤ 7

}

=

{
1
4
π,

1
2
π,

3
4
π, π,

5
4
π,

3
2
π,

7
4
π

}

⇒ G8 = {1, −1, i , −i} ∪
{

Primitivas :
±1± i√

2

}
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=⇒ Raı́ces (f ):

= {x ∈ C : x =
√

2 ω : ω ∈ G8} ∪ {x ∈ C : x =
√

3 ω : ω ∈ G8}

=
{
±
√

2, ±
√

2i , ±1± i
}
∪
{
±
√

3, ±
√

3i ,
√

3
(
±1± i√

2

)}
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Factorización

⇒ f = (x8 − 16)(x8 − 81)

= (x4 − 4)(x4 + 4)(x4 − 9)(x4 + 9)

= (x2 − 2)(x2 + 2)(x4 + 4)(x2 − 3)(x2 + 3)(x4 + 9) ∈ Q[x ]

=(x−
√

2)(x +
√

2)(x2+2)(x4+4)(x−
√

3)(x +
√

3)(x2+3)(x4+9)

∈ R[x ]

=(x−
√

2)(x+
√

2)(x+
√

2i)(x−
√

2i)(x−(1+ i))(x−(1− i))(x+(1+ i))(x+(1− i))

(x−
√

3)(x+
√

3)(x+
√

3i)(x−
√

3i)

x−

√
3

2
(1+ i)

x−

√
3

2
(1− i)

x+

√
3

2
(1+ i)

x+

√
3

2
(1− i)



∈ C[x ] X
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⇒ f = (x8 − 16)(x8 − 81)

=(x−
√

2)(x +
√

2)(x +
√

2i)(x−
√

2i)

(x−(1+i))(x−(1−i))(x +(1+i))(x +(1−i))

(x−
√

3)(x +
√

3)(x +
√

3i)(x−
√

3i)(
x−
√

3
2

(1+i)

)(
x−
√

3
2

(1−i)

)(
x +

√
3
2

(1+i)

)(
x +

√
3
2

(1−i)

)

∈ C[x ] X
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Ej. 2.
Hallar c ∈ R tal que f = x6 + 8x4 − 14x3 − 19x2 − 126x + c
tenga una raı́z imaginaria pura 6= 0.
Factorizar f en Q[x ], R[x ], C[x ] sabiendo, además, que f tiene
una raı́z de la forma 1 +

√
p, con p primo.

Solución: Evaluemos f (ai): a ∈ R

⇒ 0 = f (ai) = (ai)6 + 8(ai)4 − 14(ai)3 − 19(ai)2 − 126(ai) + c

= −a6 + 8a4 + 14a3i + 19a2 − 126ai + c

= −a6 + 8a4 + 19a2 + c + ai
(
14a2 − 126

)
⇒
{

0 = Re f (ai) = −a6 + 8a4 + 19a2 + c
0 = Im f (ai) ⇒ 0 = 14a2 − 126 = 14

(
a2 − 9

)
⇔ a2 = 9
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⇒ ±3i son raices de f

⇒ 0 = Re f (ai) = −a6 + 8a4 + 19a2

= −93 + 8 · 92 + 19 · 9 + c⇒ c = −90

• f = x6 + 8x4 − 14x3 − 19x2 − 126x − 90

• ±3i son raices de f ⇒ (x − 3i)(x + 3i) = (x2 + 9)
∣∣∣f ∈ R[x ]

⇒ f = (x2 + 9)(x4 − x2 − 14x − 10)
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Cálculos Auxiliares

x6 +8x4 −14x3 −19x2 −126x −90 x2 + 9
−x6 −9x4 x4

−x4 −14x3 −19x2 −126x −90
+x4 +9x2 −x2

−14x3 −10x2 −126x −90
+14x3 +126x −14x

−10x2 −90
+10x2 +90 −10

0

⇒ f = x6 + 8x4 − 14x3 − 19x2 − 126x − 90

= (x2 + 9)(x4 − x2 − 14x − 10)
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• f = (x2 + 9)(x4 − x2 − 14x − 10)

• 1 +
√

p es raı́z de f ⇔ es raı́z de (x4 − x2 − 14x − 10)

Evaluemos en 1 +
√

p:

0 = (1 +
√

p)4 − (1 +
√

p)2 − 14(1 +
√

p)− 10

= [1 + 4
√

p + 6p + 4p
√

p + p2]− [1 + 2
√

p + p]−14−14
√

p−10

= [1 + 6p + p2 − 1− p − 24]︸ ︷︷ ︸
(∗)∈Z

+
√

p [4p − 12]︸ ︷︷ ︸
debe ser =0

⇒ p = 3 ⇒ (∗) = 0

⇒ 1±
√

3 son raı́ces de f ∈ Q[x ]
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Raı́ces complejas

⇒ 1±
√

3 son raı́ces de f ⇒ (x−(1+
√

3))(x−(1−
√

3))︸ ︷︷ ︸
=(x2−2x−2)

∣∣∣f

⇒ f = (x2 + 9)(x2 − 2x − 2)(x2 + 2x + 5) ∈ Q[x ]

Raı́ces: 0 = x2 + 2x + 5

= (x + 1)2 − 1 + 5 ⇒ (x + 1)2 = −4 ⇒ x + 1 = ±2i

⇒ x = −1− 2i , x = −1 + 2i son raı́ces de f
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Factorización

Raı́ces: f no tiene raı́ces en Q

= {x = 1±
√

3︸ ︷︷ ︸
∈R

, x = −1± 2i︸ ︷︷ ︸
∈C

, x = ±3i︸︷︷︸
∈C

}

⇒ f = (x2 − 2x − 2)(x2 + 2x + 5)(x2 + 9)∈ Q[x ]

⇒ f = (x−(1−
√

3))(x−(1+
√

3))(x2 + 2x + 5)(x2 + 9) ∈ R[x ]

⇒ f = (x−(1−
√

3))(x−(1+
√

3))(x−3i)(x +3i)

(x−(−1+2i))(x−(−1−2i)) ∈ C[x ] X
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Ej. 3.
Hallar todos los polinomios mónicos f ∈ Q[x ] de grado 6 tales
que:
•d = mcd(f : f ′) 6= 1
• (x2 − (

√
3 + i)x +

√
3i)
∣∣∣f en C[x ]

• f (2) = 5
b) Factorizar f en Q[x ],R[x ],C[x ] en cada caso.

Solución: • q = (x2 − (
√

3 + i)x +
√

3i)|f en C[x ]

=⇒ las raı́ces de q son raı́ces de f

Raı́ces de q:

α1,2 =

√
3 + i ±

√
(
√

3 + i)2 − 4
√

3i

2
=

√
3 + i + ∆±

2
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(x + yi)2 = (∆±)2 = (
√

3 + i)2 − 4
√

3i , entonces

•x2 − y2 = Re(∆) = 3 + i2 = 2

•2xy = Im(∆) = 2
√

3− 4
√

3

=⇒ x2 − y2 = 2, xy = −
√

3 =⇒ y = −
√

3
x

=⇒ 2 = x2 − 3
x2 =⇒ 0 = x4 − 3− 2x2

que tiene raı́ces x2 = 3 y ���
��x2 = −1, con x ∈ R =⇒ x = ±

√
3

=⇒ ∆± = ±(
√

3− i)

Raı́ces de q:
=⇒ α1 =

√
3, α2 = i
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• Raı́ces de q: =⇒ α1 =
√

3, α2 = i pero q|f ∈ Q[x ]

=⇒ α1 =
√

3, α̃1 = −
√

3, α2 = i , α2 = −i son raı́ces de f

• Producto de irreducibles distintos que dividen a f , divide a f :

=⇒ (x −
√

3)(x +
√

3)︸ ︷︷ ︸
=(x2−3)

(x − i)(x + i)︸ ︷︷ ︸
=(x2+1)

∣∣∣f ∈ Q[x ]

• d = mcd(f : f ′) 6= 1 =⇒ f tiene al menos una raı́z múltiple:

gr(f ) = 6 =⇒


f1 = (x2 − 3)2(x2 + 1)

f2 = (x2 − 3)(x2 + 1)2

f3 = (x2 − 3)(x2 + 1)(x − ω)2
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• f (2) = 5



f1 = (x2 − 3)2(x2 + 1) =⇒ f1(2) = (22 − 3)2(22 + 1) = 5X

f2 = (x2 − 3)(x2 + 1)2 =⇒ f2(2) = (22 − 3)(22 + 1)2 = 256= 5X
f3 = (x2 − 3)(x2 + 1)(x − ω)2

=⇒ f3(2) = 5(2− ω)2 = 5 ⇔ 2− ω = 1 v− 1

⇔ ω = 1 v ω = 3
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=⇒



f1 = (x2 − 3)2(x2 + 1)

f2 = ((((
((((

((
(x2 − 3)(x2 + 1)2

f3 = (x2 − 3)(x2 + 1)(x − 1)2

f4 = (x2 − 3)(x2 + 1)(x − 3)2 X
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Factorización

• f1 = (x2 − 3)2(x2 + 1) ∈ Q[x ]

= (x −
√

3)2(x +
√

3)2(x2 + 1) ∈ R[x ]

= (x −
√

3)2(x +
√

3)2(x + i)(x − i) ∈ C[x ]

• f3 = (x2 − 3)(x2 + 1)(x − 1)2 ∈ Q[x ]

= (x −
√

3)(x +
√

3)(x2 + 1)(x − 1)2 ∈ R[x ]

= (x −
√

3)(x +
√

3)(x + i)(x − i)(x − 1)2 ∈ C[x ]

• f4 = (x2 − 3)(x2 + 1)(x − 3)2 ∈ Q[x ]

= (x −
√

3)(x +
√

3)(x2 + 1)(x − 3)2 ∈ R[x ]

= (x −
√

3)(x +
√

3)(x + i)(x − i)(x − 3)2 ∈ C[x ]X
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Ej. 4.
Hallar todas las raı́ces de f = x6− 3x5− 2x4 + x3− 9x2 + 4x − 6
sabiendo que tiene raı́ces en común con g = x4 + x3 + x + 1 y
con h = x3 + 2x2 + x + 2.

Ej. 14: α es raı́z común de f y g ⇔ α es raı́z de (f : g)
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Calculemos d = mcd(f : g)

d = (f : g) = (f − x2g : g) = (−4x5 − 2x4 − 10x2 + 4x − 6 : g)

= (̃f + 4xg : g) = (2x4 − 6x2 + 8x − 6 : g) = (̃̃f − 2g : g)

= (−2x3 − 6x2 + 6x − 8 : g) = (x3 + 3x2 − 3x + 4 : g)

= (x3 +3x2−3x +4 : g) = (r : g−xr) = (r : −2x3 +3x2−3x +1)

(r : g̃ + 2r) = (r : 9(x2− x + 1)) = (r − x(x2− x + 1) : x2− x + 1)

= (4(x2 − x + 1) : x2 − x + 1) = x2 − x + 1
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Observación: sabiendo que f tiene una raı́z en común con
g = x4 + x3 + x + 1:

Gauss : α =
m
n
∈ Q es raı́z de g ∈ Q[x ] ⇒ α = ±1

Evaluemos g(−1) = 0 =⇒ (x + 1)|g

⇒ g = (x + 1)(x3 + 1) = (x + 1)2(x2 − x + 1)

Además, sus otras 2 raı́ces son

x2 − x + 1 =

(
x − 1

2

)2

− 1
4

+ 1 = 0 =⇒ x =
1±
√

3i
2

∈ C

Pero f (−1) 6= 0 y f ∈ R[x ] =⇒ x =
1±
√

3i
2

∈ C son raı́ces de f

⇒ d = mcd(f : g) = (f : x2 − x + 1) = x2 − x + 1

=⇒ f = (x2 − x + 1)(x4 − 2x3 − 5x2 − 2x − 6)
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f = (x2 − x + 1)(x4 − 2x3 − 5x2 − 2x − 6)

Estudiemos h = x3 + 2x2 + x + 2⇒ h(−2) = 0

⇒ h = (x + 2)(x2 + 1) pero f (−2) 6= 0

x2 + 1 = (x − i)(x + i)

⇒ α1,2 = ±i son raı́ces en común con f pues f ∈ R[x ]⇒ (x2 + 1)|f
Pero α1,2 = ±i no son raı́ces de x2 − x + 1

⇒ (x2 − x + 1 : x2 + 1) = 1

⇒ (x2 + 1)
∣∣∣(x4 − 2x3 − 5x2 − 2x − 6)

⇒ (x4 − 2x3 − 5x2 − 2x − 6) = (x2 + 1)(x2 − 2x − 6)
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⇒ f = (x2 − x + 1)(x2 + 1)(x2 − 2x − 6) ∈ Q[x ]

Raı́ces:

x2 − 2x − 6 = (x + 1)2 − 7⇒ β1,2 = 1±
√

7 son raı́ces de f

⇒ f = (x2 − x + 1)(x4 − 2x3 − 5x2 − 2x − 6)

= (x2 − x + 1)(x2 + 1)(x2 − 2x − 6) ∈ Q[x ]

y sus raı́ces son{
x =

1±
√

3i
2

, α1,2 = ±i , β1,2 = 1±
√

7

}
X
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Factorización en Q[x ]

f = (x2 − x + 1)(x2 + 1)(x2 − 2x − 6) ∈ Q[x ]

= (x2 − x + 1)(x2 + 1)(x − (1 +
√

7))(x − (1−
√

7)) ∈ R[x ]
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Factorización en C[x ]

Además,

(x2 − x + 1) =

(
x − 1

2

)2

+
3
4

= 0⇒
(

x − 1
2

)2

= −3
4

⇒ ω1,2 =
1
2
±
√

3
2

i son raı́ces de f

=⇒ f =
(

x −
(1

2
+
√

3
2 i
))(

x −
(1

2
−
√

3
2 i
))

(x − i)(x + i)(x − (1 +
√

7))(x − (1−
√

7)) ∈ C[x ]X
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Ej. 5.
Hallar todos los polinomios mónicos de grado 3 tales que
• el producto de sus raı́ces es 2

• la suma de las raı́ces de f ′ es −2
3

• f (−1) = 1
b) Factorizar f en Q[x ],R[x ],C[x ],
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