Algebra 1
Practica 7: Polinomios
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Factorizar f = x'® — 97x8 + 1296 en Q[x], R[x], C[x] \

Solucidon: « Raicesde f: u=x® = f=u?—-97u+ 1296 =0

2 2 2 2
= (u—ﬂ> 9 1206-0 & (u—ﬂ) _ 97 1206

2 4 2 4
_ 1 2 _ 1 2
= 7 |(16+81)° —4-16-81| = 2 (16 -81)
(16+81) 1
u S = +5(16-81)

su=16 6u=81 = x®—16 6 x® — 81

= f=(x®—-16)(x® —81)



(o () -

= Raices (f):
:{XEC:X:\/Ew:wGGg}U{XE(C:X:\/§w:w€Gg}
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2k __:
weG e w=1= Gg={wx=e3"} pues

we€ Gg = 8-arg(w) =arg(1) = 2kn :>arg(w):%k7r:0§k§7

:arg(w)e{ekzgw: ngg?}

L
= 47T, 27?, 47r, T, 47r, 277, 477

+1 £
= Gg={1, -1, i, —i}U {Primitivas: I}

V2
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— Raices (f):

—{xeC:x=V2w:weGlU{xeC:x=V3w:we Gg}

_ {i\/i V2, 41 ii} U {i\/§, +V3i, V3 <ii/§l>}
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Factorizacion

— = (x®—16)(x® — 81)
= (X — 4)(X* + A)(x* — 9)(x* +9)
= (x® = 2)(x® +2)(x* + 4)(x* = 3)(x® + 3)(x* +9) € Q[x]

= (X=V2)(x+V2)(x®+2)(x* +4)(x — V3) (x +V3)(x*+3)(x* +9)
€ R[x]

=(x—V2)(x+V2)(x+V2i)(x = V2i)(x — (1)) (x — (1= D)) (x+ (1 +i)) (x+(1 = 1))

(x—\/5)(x+\/5)(x+\/§i)(x—\f3i)<x—\/§(1+i)) (x—\/gﬁ—i)) (x+\/§(1+i)) (H\/gu—/))
€ C[x] \/
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= f=(x®—16)(x® — 81)

= (x—V2)(x+V2)(x+V2i)(x—V2i)

(X=(1+N)(x=(1 =) (x+(1+))(x+(1-1))
(x—V/3)(x+V3)(x+V3i)(x—/3i)

(X‘\E“ +/)> (x—\/gﬁ —i)) <x+\/§(1 +i)> <x+\[2(1 —i)>

€ C[x] \/
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Hallar ¢ € R tal que f = x® + 8x* — 14x3 — 19x®> — 126x + ¢
tenga una raiz imaginaria pura # 0.

Factorizar f en Q[x], R[x], C[x] sabiendo, ademas, que f tiene
una raiz de la forma 1 + /p, con p primo.

Solucion: Evaluemos f(ai): a € R
= 0 = f(ai) = (ai)® + 8(ai)* — 14(ai)® — 19(ai)® — 126(ai) + ¢
= —a° +8a" +14a8% +19a° — 126ai + ¢
= —a°+8a'+ 198" + ¢ + ai (14a° — 126)

0= Ref(al) =-a°+8a*+19a°+¢c
0=Imf(ai) =0=14a"-126=14(a-9) < a =9
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= | +-3/ son raices de f|
= 0 = Re f(ai) = —a°+8a" + 192
=-9%4+8.-92+19-94c=c=-90

o f=x5+8x* —14x® — 19x% — 126x — 90
» +3/ son raices de f = (x — 3i)(x +3i) = (x* + 9)|f € R[x]

= f=(x®+9)(x* — x* —14x — 10)
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Calculos Auxiliares

x8  4+8x* —14x® —19x2 —126x —-90 |[x2+9
—x8 —9x* x4
—x*  —14x® —19x%2 —126x —-90
+x* +9x2 — X2
—14x° —10x® —126x —-90
+14x3 +126x —14x
—10x° -90
+10x2 +90 -10
0

= f=x%+8x*—14x3 —19x® — 126x — 90
= (x2+9)(x* — x2 — 14x — 10)

June 25, 2021 10/27



o f=(x*+9)(x* — x* —14x —10)

*1+4/pesraizde f < esraizde (x* — x> — 14x — 10)
Evaluemosen 1 + ,/p:

0=(1+vp)*-(1+vp)?-14(1+p)-10
=[1+4/p+6p+4py/p+p°—[1 +2yp+p]—14—14,/p—10

=[1+6p+p°—1-p—241+ /pldp—12]
N ——

-~

(x)eZ debe ser =0

=p=3 =(x)=0

= | 14+/3 son raices de f € Q[x]




Raices complejas

— 1-++v/3 son raices de f = (x—(1+v/3))(x—(1 —\/5)2‘1‘

(N

-~

=(x2—-2x-2)

= |f=(x?+9)(x? —2x — 2)(x*> + 2x +5) € Q[x]

Raices: 0 = x? + 2x + 5

=(x+12 =145 = (x+1)P2%=-4 = x+1=42j

=| x =—1-2i, x = —1+ 2i son raices de f|
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Factorizacion

Raices: f no tiene raices en Q

={x=1+v8, x=-1+2j x = +3i}
~—— —— ~~

eRr eC eC

= = (x*—2x —2)(x* +2x + 5)(x2 + 9)€ Q[x]

= f=(x—(1-v3))(x—(1+v3))(x + 2x + 5)(x* + 9) € R[x]

= F= (x—(1-V3))(x—(1+v3))(x—3i)(x+3).
(x—(—1+20)(x—(~1-20) e Cp]| v
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Hallar todos los polinomios monicos f € Q[x] de grado 6 tales
que:

d=mcd(f:f)#1

(x2 — (V3 +i)x + \/§i)‘f en C[x]

f(2)=5
b) Factorizar f en Q[x], R[x], C[x] en cada caso.

Solucion: e g = (x? — (v/3 + i)x +/3i)|f en C[x]
— las raices de g son raices de f
Raices de q:

VB4t \(VB+iIE-4V3i  3iiiaA,
2 N 2

12 =



(X + yi)? = (AL)? = (V3 +i)? — 4V3i, entonces
x> —y?=Re(A) =3+ 7 =2
o2xy = Im(A) = 2v/3 — 4V/3

:>x2_y2:2, xy:_\/g :>y:_@

:>2:x2—%:>0:x4—3—2x2
X
que tiene raices x2 =3y x2=—1,con x € R = x = +/3

Raices de g:
— { = \/§, Qo = i
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e Raicesde g: = |ay =3, ax=1i| peroq|fc Q[x]

= oy =V3, a1=-V3, ax=1i, a;=—isonraicesdef
» Producto de irreducibles distintos que dividen a f, divide a f:

= | (x - V3)(x 4+ V3) (x — i)(x + i)|f € Q[x]

~(¥*=3) (1)

e d=mcd(f:f)#1 = ftiene al menos una raiz multiple:
fi = (x®—3)3(x2+1)
gr(f)=6— { L= (x*-3)(x®2+1)?

fi= (x*=3)(x*+1)(x —w)?



< f(2)=5

e (B 1) — F(2) = (22— 3222 +1) =5V

fr= (X2 —3)(X2+172 — h(2) = (22 —3)(22 + 1)2 = 2545
fy = (X% = 3) (X2 + 1)(x — w)?

— fK(2)=52—-w)P=5 <2-w=1v-1

Sw=1vw=3
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— X
= (x> -3)(x*+1)(x—1)2

fr= (x*—3)(x®+1)(x —3)2 \/

June 25, 2021 18/27



Factorizacion

ofi =(x*-3)%(x*+1) € Q[x]

= (x = VB)3(x + V3)3(x® + 1) € R[]

= (x — V3)?(x + V3)3(x + i)(x — i) € C[x]
ofy = (x*—3)(x*+1)(x—1)% € Q[x]

= (x = V3)(x + V3)(x2 + 1)(x — 1)? € R[X]

= (x = V3)(x + V3)(x + I)(x — i)(x —1)? € C[]
o fy (x? —3)(x* +1)(x — 3)? € Q[x]

—V3)(x +3)(x2 4+ 1)(x — 3)? € R[X]
— (x— VB)(x + VB)x + )(x — x 32 e iV
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Hallar todas las raices de f = x® —3x° —2x* 4+ x® —9x%2 + 4x — 6
sabiendo que tiene raices en comincon g =x* +x3+x+1y
conh=x%+2x>+ x4+ 2.

Ej. 14: a« esraizcomunde fy g < aesraizde (f: g)
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Calculemos d = mcd(f : g)

d=(f9)=(f—x?g:9g)=(—4x>—2x* —10x> +4x —6: g)

=(f+4xg:9)=(2x*-6x*+8x—-6:9)=(f—29:9)
=(—2x®-6x*+6x—-8:9)=(x*+3x*-3x+4:9)
=(x®4+3x2—-3x+4:9)=(r:g—xr) = (r: —2x*+3x*-3x+1)
(r:g+2rn=(r:9x*—x+1)=(r—x(x®*—x+1): x> —x+1)
=(4(X2—x+1):x2—x4+1)=x%—x+1
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Observacion: sabiendo que f tiene una raiz en comun con
g=x*+x34+x+1:

m ]
Gauss:a:Fe@ esraizde g€ Q[x] = a = +1

Evaluemos g(—1) =0 = (x + 1)|g
=g=x+1)C+1)=(x+1P2x—x+1)

Ademas, sus otras 2 raices son

1\ 1 143
2 — _ _ — —
X< —x+1 (x 2> 4+1 0 = x 5 eC
1+ ]
Pero f(—1) 20y feR[x] = x = 2\/51 € C sonraices de f

=d=mcd(f:9)=(f: xX* —x+1)=x%—x+1
— f=(x* —x +1)(x* —2x® - 5x® —2x — 6)
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f=(x2—x+1)(x*-2x3-5x2 - 2x —6)
Estudiemos h = x% + 2x?> + x +2 = h(—2) =0
=h=(x+2)(x*+1) perof(-2)#0

X2 +1=(x—i)(x+1i)

= a1, = &I/ son raices en comun con f pues f € R[x]= (x® + 1)|f
Pero a4 » = +i no son raices de x? — x + 1

S —x+1:x2+1)=1
= (x® +1)|(x* —2x® — 5x* — 2x — 6)

= (x* —2x3 —5x%2 —2x —6) = (xX* +1)(x* — 2x — 6)



=>f=x—x+1)(x2+1)(x* —2x — 6) € Q[x]
Raices:

x?—2x —6=(x+12—-7= B2 =147 sonraices de f

=f=(x*—x+1)(x* —2x% - 5x% — 2x — 6)
= (X —=x+1)(x®+1)(x* - 2x - 6) € Q[x]

y Sus raices son

{X—‘Ii\/gl,OéLg—:l:ll, f121i\ﬁ} /

2
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Factorizacion en Q[x]

f=x—x+1)(x®+1)(x*—2x - 6) € Q[x]

=X —x+DOE+D)(x—(14+V7)(x— (1 —V7)) e R[X]
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Factorizacion en C[x]

Ademas,

1\* 3 1\* 3
2— g _— — —_ = PR [ —
(X —x+1) (x 2) +7 0:>(x 2) 2

—
=

(x = DN(x+i)(x—(1+V7)(x—(1-V7) eC[x] \/

June 25, 2021 26/27



Hallar todos los polinomios ménicos de grado 3 tales que
el producto de sus raices es 2

la suma de las raices de f’' es —g
f(—1)=1
b) Factorizar f en Q[x], R[x], C[x],

June 25, 2021 27/27



