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Sobre el espacio proyectivo relativo y el caso octonionico

En esta tesis utilizamos la teoria de la geometria algebraica relativa dada por B.
Toen y M. Vaquie, para construir el espacio proyectivo relativo a una categoria
monoidal simétrica. Como ejemplo de la construccion tenemos un esquema
que llamamos el espacio proyectivo octonionico.

S. Majid y H. Alburquerque construyen una categoria monoidal simétrica donde
el algebra de los octoniones, O es un objeto algebra conmutativa. Esta es la
categoria de base para la definicion del espacio proyectivo octoniénico, que da
lugar a un esquema relativo a dicha categoria.

La construccion del espacio proyectivo es via su funtor de puntos, es decir,
un funtor contravariante de la categoria de esquemas afines relativos a una
categoria monoidal simétrica, en la categoria de conjuntos. Demostramos que
dicho pre-haz es representable por un esquema relativo cuando la categoria de
base posee ciertas propiedades de exactitud.

Una vez construido este esquema, le asociamos su categoria de haces quasi-
coherentes. Se construyen los haces torcidos Opx (m) en analogia al caso clasico

del espacio proyectivo.






On the Relative Projective Space and the Octonionic Case

In this thesis we work in the context of relative algebraic geometry introduced
by B. Toen y M. Vaquie, to construct a projective space relative to any symmetric
monoidal category. As an example of this construction we have a scheme that
we call the octonionic projective space.

S. Majid y H. Alburquerque construct a symmetric monoidal category where
the algebra of the octonions O is a commutative algebra. This is the base cat-
egory for the definition of the octonionic projective space, which gives rise to a
scheme relative to such category. The construction of the projective space is
given through its functor of points, that is, a contravariant functor from the
category of affine schemes relative to any symmetric monoidal category to the
category of sets. We prove that if the base category has some exactness prop-
erties, this pre-sheaf is representable by some relative scheme.

Once we construct this scheme, we associate its category of quasi-coherent
sheaves. We construct the twisted sheaves Op» (m) in analogy with the classical

case of the projective space.
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Introduccion

Desde la segunda parte de los anos 80 la geometria usual ha sido extendida en
diferentes direcciones. Por una lado ha cobrado importancia la geometria no
conmutativa. Una razon por la cual se ha extendido es que la geometria sobre
anillos de escalares mas generales que los usuales — los reales y los comple-
jos — tiene interés en matematica pura y en aplicaciones, especialmente en la
fisica. Una primera generalizacion dada por el estudio de geometria sobre los
cuaterniones, llamada geometria hiperkaehleriana, cobro impulso en la década
de los anos 80 por su relacion con la fisica y la geometria de variedades de
Calabi-Yau. El interés desde el punto de vista geométrico de las variedades
hiperkahlerianas es que en ellas se combinan dos areas de interés clasico de la
geometria. En fisica muchos ejemplos de variedades hiperkaehlerianas apare-
cen como espacios de moduli de soluciones de ecuaciones de teorias de Gauge,
por ejemplo métricas de Einstein, instantones gravitacionales, espacios de mod-
uli de monopolos, espacios de moduli de soluciones de Hitchin de meétricas
auto-duales. En la matematica pura aparecen en el estudio del esquema de
Hilbert de una variedad hyperkaehleriana y en las variedades de quivers de
Nakajima que estan relacionadas con teoria de representacion de grupos.

Recientemente la geometria sobre los octoniones ha hecho su aparicion, por
ejemplo en las Variedades de Joyce [17]. Estas variedades tienen gran impor-

tancia en Teoria M [3] ya que la teoria de supercuerdas compactificada en una
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de estas variedades proporciona una teoria realista en cuatro dimensiones con
supersimetria. Uno de los principales problemas es el estudio de compactifica-
ciones convenientes de variedades octonionicas.

Actualmente no se conocen modelos de Espacios Proyectivos Octonionicos (salvo
en dimensiones uno y dos). Las estrategias naturales para la construccion de
estos espacios presentan problemas. La construccion como cociente de un es-
pacio afin por la accion de un grupo de elementos inversibles presenta gran
dificultad debido a la no-asociatividad de los octoniones ya que los elementos
no nulos no forman un grupo. Otra posible estrategia emulando la geometria
clasica es usar pegado de espacios afines lo que corresponde al desarrollo de
geometria torica octonionica [23]. Los problemas son similares a la estrategia

anterior.

Los esquemas conmutativos fueron primero pensados como espacios geométricos,
después A. Grothendieck observo que para la construccion de nuevos esque-
mas y establecer sus propiedades categoricas es mas conveniente reemplazar
los esquemas por haces de conjuntos en la categoria de esquemas afines (el sitio
Zariski por ejemplo) que ellos representan [15]. Mas explicitamente, la categoria
de esgemas esta incluida en una categoria mas grande, la categoria de funtores
contravariantes de la categoria de esquemas a las categoria de conjuntos. Via
esta inclusion, un esquema X ahora es visto como el funtor representado por
dicho esquema i.e., hxy = Hom(—, X). A este funtor se le conoce como el fun-
tor de puntos del esquema X. Esta forma de ver a los esquemas es util por al

menos las siguientes dos razones:

1. El producto de esquemas es mucho mas facil de describir cuando se ven

como funtores que como esquemas.

2. Cuando se quiere construir un esquema, es mas simple construir el funtor
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de puntos de dicho esquema. Este problema de construccion de esquemas

se reduce entonces a probar que un funtor es representable.

Las ideas generales de la geometria algebraica relativa se remontan a [16] donde
se define la nocién de esquema relativo sobre un topos anillado. En [7,/8] se
considera el caso de los esquemas sobre una categoria tannakiana. El contexto
relativo que en esta tesis se trabaja es el presentado en [26] que esta altamente
inspirado en estas ultimas dos referencias pero en donde no es necesario que
la categoria de base sea aditiva. Sea C una categoria monoidal simétrica cer-
rada, completa y cocompleta. Gracias a la estructura monoidal trenzada (no
necesariamente simeétrica) se tiene en C la nocion de objeto algebra conmuta-
tiva, asociativa y unitaria. Para una tal algebra A se considera su categoria
Modc(A) de A-modulos a izquierda y para un morfismo A — B entre objetos
algebra se tiene el funtor B ®4 — de cambio de base. A la categoria formada por
las algebras conmutativas asociativas unitarias la denotamos como Comm/(C).
Se define formalmente la categoria de los esquemas afines relativos a C, Af f¢
como la categoria opuesta a Comm/(C). Se tienen las siguientes construcciones

en Af fe

¢ Existe una topologia de Grothendieck canoénica en Af f;, llamada la topologia
playa cuyas familias cubrientes corresponden a familias finitas de morfis-

mos {A — A;} en Comm(C) tales que el funtor de cambio de base
[ 4: ©a—: Mode(A) — [ Mode(As)
es conservativo. l l
e Los prehaces representables son haces para esta topologia.

e Existe una nociéon de abierto Zariski en Af fc que por definicion es un mor-
fismo f : Spec(B) = X — Spec(A) =Y tal que el morfismo correspondiente

A — B en Comm(C) es un epimorfismo playo de presentacion finita.
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e La nocion de abierto Zariski se extiende a morfismo entre haces.

e Los abierto Zariski son estables por composicion, isomorfismos y cambio

de base.

e La nocion de abierto Zariski da lugar a una topologia, llamada la topologia
Zariski y para esta topologia los prehaces representables también son

haces.

Estas propiedades son necesarias para definir una categoria de esquemas rel-
ativa a C. Asi, un esquema relativo es por definicion un haz en el sitio Af fc con
la topologia Zariski y que posee un cubrimiento Zariski por esquemas afines.
A la categoria de esquemas relativos a C la denotamos Sch(C) y se prueba que
ésta es una subcategoria plena de la categoria de haces sobre Af f¢, estable por

productos fibrados y sumas disjuntas.

La definicién del esquema proyectivo relativo a una categoria C esta dada por
un funtoren Af fe, P§ : Af fc — Ens que a cada “anillo” de C le asigna el conjunto
de los sumandos directos L de A"! con L un objeto de linea de Modc(A). Los
objetos de linea son en el caso clasico equivalentes a los modulos inversibles
de rango 1.

Elresultado mas importante de este trabajo es que si C es una categoria monoidal
simétrica cerrada, abeliana, completa y cocompleta y tal que su objeto unidad
es un generador proyectivo de presentacion finita entonces P; es en efecto un
esquema relativo a C, Teorema [4.2.4] A este conjunto de hipétesis sobre C lo

llamamos un contexto abeliano relativo fuerte.

Damos ahora un detalle de cada capitulo de esta tesis.
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El capitulo 1 es una introduccion a las categorias monoidales trenzadas y
contiene algunos resultados de coherencia. EIl objetivo de este capitulo es el
de fijar notacion y de referencia para los capitulos subsiguientes. Presenta-
mos algunas construcciones del algebra conmutativa en el contexto de cat-
egorias simétricas. Es un compendio de todas las construcciones clasicas
que se tienen en la categoria de grupos abelianos, trasladadas a categorias
monoidales simétricas. Las construcciones mas importantes de éste capitulo
son la categoria de modulos sobre un objeto algebra conmutativa Mod(A) y las
propiedades que heredan de C esta categoria y la categoria de los objetos algebra
conmutativas Comm/(C). También estan las construcciones del algebra tensorial
y simétrica y sus respectivas propiedades universales. Si bien muchos de los
resultados que figuran en este capitulo son parte del folklore de las categorias
monoidales, nos tomamos el trabajo de hacer algunas de las demostraciones
debido a su importancia para resultados posteriores y también porque en la
literatura no es facil encontrar un compendio de dichos resultados, mas aun

algunos de estos no parecen encontrarse en la literatura. Estos resultados son

los Lemas y las Proposiciones [1.2.30[y[1.3.19]

El capitulo 2 se ocupa de la nociéon de algebra de Hopf y sus representa-
ciones. Se consideran versiones torcidas de éstas algebras, llamadas trans-
Jormaciones de gauge y la equivalencia monoidal entre la categoria de repre-
sentaciones de un algebra de Hopf 'y la de sus deformaciones. Es aca donde se
presenta la categoria para la cual los octoniones son un objeto algebra conmu-
tativa, asociativa y unitaria y sera la categoria de base para la definicion del
espacio projectivo octonionico P3. Probamos en este capitulo ademas, que la
categoria de base para la construccion de Pg satisface las condiciones requeri-

das por el teorema [4.2.4], mas precisamente las Proposiciones y [2.4.6]
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Tenemos entonces como resultado que P3 es un esquema relativo (Teorema

4.2.7). Este ultimo resultado corresponde al objetivo fundamental de esta tesis.

En el capitulo 3 se hace una revision las ideas de Toen y Vaquie de la ge-
ometria algebraica relativa. Incluyen las definiciones del sitio Zariski asociado
a una categoria monoidal simétrica cerrada y cocompleta y la de los esquemas

relativos a la categoria C.

El capitulo 4 se concentra en la definicion del funtor de puntos del espa-
cio proyectivo relativo y se tienen los resultados mas relevantes de esta tesis,
en particular los Teoremas y [4.2.7] Damos también una definicién del
proyectivo (Definicion que involucra los cocientes A"*! — L con L un
objeto de linea y probamos que estas dos definiciones dan lugar a esquemas
isomorfos (Teorema [4.2.11). Esta segunda definicion del proyectivo es en cierto
sentido mas simple pues es independiente de los Lemas y[4.1.7] Para
la demostracion de los Teoremas fue fundamental demostrar los

Lemas(4.1.3,4.1.4/y}4.1.17| El Lema dice que asociado a un ideal I de un

objeto algebra A, se tiene un sub esquema llamado el abierto complementario.
El lema da una condicion suficiente para que un morfismo de haces sea
un epimorfismo.

En la ultima parte de este capitulo nos concentramos en la categoria de haces
quasi-coherentes sobre un esquema relativo. Probamos una propiedad de pe-
gado de haces quasi-coherentes (Proposicion 4.3.3). Definimos los haces torci-
dos Opr(m) para m un numero entero. La motivacion para definir estos haces
es la de tener un teorema del estilo de Serre que caracteriza los haces quasi-
coherentes sobre el espacio proyectivo como modulos graduados. Si bien tene-
mos resultados parciales, éstos no estan incluidos en esta tesis y corresponden

a trabajos futuros por desarrollar.
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En el apéndice hacemos una revision de las herramientas necesarias para
el enfoque algebraico de la construccion de espacios proyectivos, esto es, la
de definir un espacio via una categoria de haces. Necesitamos introducir la
teoria de categorias enriquecidas pues en este caso el enriquecimiento es fun-
damental para las construcciones, asi como en el caso clasico la categoria de
haces quasi-coherentes sobre un esquema esta enriquecida en el anillo de sec-
ciones globales, lo mismo ocurre en el caso relativo, y es solo luego de este
enriquecimiento que se podria comparar ambas construcciones (geométrica y
algebraica). Esta comparacion también es parte de trabajos futuros a desarro-
llarse.

La version enriquecida esta justificada en el siguiente argumento. En el caso de
los octoniones, la categoria algebraica no enriquecida es degenerada pues sus
morfismos no son los correctos, son soélo los de grado cero, cuando en realidad
se necesitan los de todos los grados, esto se debe a que el functor V[, denomi-
nado comunmente como “conjunto subyacente” no es plenamente fiel, aunque

si es conservativo.

Originalmente se penso en la definicion del espacio proyectivo octonionico
desde el punto de vista algebraico, esto es, definir este espacio como aquel cuya
categoria de haces quasi-coherentes es un calculo de fracciones de la categoria
de modulos graduados sobre el algebra graduada Oz, ..., z,] := Sym(0"*!).
Sin embargo no encontramos como contrastar con ejemplos conocidos, que en
efecto esta construccion es la correcta. Una gran virtud de la definiciéon del
proyectivo que damos en el capitulo 4, es que cuando se reemplaza la categoria
de base C por categorias clasicas como la de los grupos abelianos Ab o la de las

C- algebras se tienen las definiciones de P} y Pg respectivamente.
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Chapter 1

Categorical preliminaries

Resumen

En este capitulo hacemos una introduccion a las categorias monoidales tren-
zadas. El objetivo es el de fijar notacion y de referencia para los capitulos sub-
siguientes. Presentamos algunas construcciones del algebra conmutativa en
el contexto de categorias simétricas. Es un compendio de todas las construc-
ciones clasicas que se tienen en la categoria de grupos abelianos, trasladada a
categorias monoidales simétricas. Las construcciones mas importantes son
la categoria de modulos sobre un objeto algebra conmutativa Mod(A) y las
propiedades que heredan de C esta categoria y la categoria de los objetos algebra
conmutativas Comm(C). También estan las construcciones del algebra tenso-
rial y simétrica y sus respectivas propiedades universales.

En la seccion se da la definicion de categoria monoidal, de funtor monoidal
laxo y fuerte y la nocion de categoria trenzada.

En la seccion [1.2| se define categoria monoidal cerrada, es decir una categria
monoidal para la cual el funtor X ® — posee un adjunto a derecha, denotado

home(X, —) y que llamamos hom interno. Se da la nocion de dual y se prueban
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una propiedad para la suma directa de objetos dualizables, lema|l.2.7, ademas
se prueba que los duales de los morfismos canonicos ); : 1 — 1" son las proyec-
ciones canonicas 7; : 1" — 1.

En la seccion se define para cada objeto algebra A de C, su categoria de
modulos Modc(A). Se prueba que si la categoria de base C es cerrada y bi-
completa entonces también lo es Mod¢(A), proposicion [1.2.16] Un resultado
analgo se tiene para la categoria de objetos agebra conmutativas, proposicion
Si ademas C es abeliana, se tiene que Mod¢(A) es abeliana. Finalmente
se construye una estructura monoidal para Modq(A) a partir de la dada en C
y se prueba que el funtor A ® — : C — Mod¢(A) es monoidal fuerte, proposicion
Se presentan también el algebra tensorial y simétricay sus porpiedades
universales.

En la seccion[1.3]se dan las nociones de ideal de un objeto algebra A € Comm(C)
y la existencia de ideales primos de A. Se da la definicion de objeto cuerpo y
una caracteirzacion en términos de elementos no nulos inversibles, proposicion
Finalmente se hace un breve compendio de la localizacion en objetos

de Comm(C) y sus modulos.

Summary

In this chapter we introduce the theory of monoidal categories and monoidal
functors. We present some constructions of commutative algebra in the context
of monoidal categories. The most important construction is the category of
modules over an algebra A in C and its adjunctions. When the category C is
symmetric and A is a commutative algebra with respect to this symmetry, we
won’'t make any difference between left and right modules and we will call them

simply modules. When the category C is abelian symmetric monoidal closed
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and bicomplete, the category of A-modules inherits the same properties. Even
more, the category Comm/(C) of commutative algebras is also bicomplete. In this
thesis we use elevator calculus introduced by E. Dubuc to prove that certain

diagrams commute.

1.1 Monoidal Categories

Definition 1.1.1. A monoidal category consists of the following data (C,®, 1, ®,1,r),

with C any category, ® : C x C — C a bifunctor called the tensor product, 1 the

identity object and natural isomorphisms

XYZ

XoV)eZ XX (Y ®2), Xo1Xox 1o X XX,

called the associativity, left unity and right unity constraints, respectively, and

such that the pentagon and triangle axioms are fulfilled

(WeX)eY)® (1.1.1)
WeX)e Y o) We(XeY)eZ
CDW,X,Y@Zl l‘bW,X(@Y,Z
1w P
WeXeYeZ) it We(XeY)w2)

Px1y

(X®l)eY — X®(1leY) (1.1.2)
M %
X®Y

A monoidal category is called strict if all constraints ®xy 7, [x, rx are the

identities.

Examples 1.
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1. A category C with finite products and 1 the terminal object. The con-

straints of unity and associativity are the natural isomorphisms

(XXxY)xZ2Xx(YxZ)2X XY xZ

Xx121xX~X V X,Y,ZeC

. Let kbe a field. The categories (Vect(k), k, @, a,l,7), (Veet/™(k), k, @, a,l,7)

of k-vector spaces and finite k-vector spaces, respectively, with the con-

straints a, [, r being the canonical isomorphisms.

. The category Vect (k) whose objects are G-graded vector spaces with ten-

sor product given by V@ W := @ Vy ®r Wy, with - the product in G, 1:=k
g-h
considered as trivially G- graded, the associativity and unit constraints

being the canonical isomorphisms. This category is equivalent to the cat-

egory of comodules over the group algebra kG.

. Let ¢ : G x G x G — k* be a 3-cocycle. Let Vecth’(k) be as before but with

associator ¢ defined using the function ¢. For homogeneous elements of

degree |z|,|y| and |z

, respectively, we have ®((z ® y) ® z) = ¢(|z|, |yl |2])(z &
(y ® z)). This example is widely explained in Chapter 2 since this category

with G = Z3 is the base category for the octonions.

. Let H be a Hopf algebra. The category of its modules, as well as its co-

modules are also examples of monoidal categories. In Chapter 2 we will

see these examples in more detail.

We will denote monoidal categories by letters C,D... instead of all the data

their structure involve.

Definition 1.1.2. Let C,D be monoidal categories, a lax monoidal functor be-

tween them consists of the following:

1. A functor F': C — D.
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2. For every pair of objects X,Y € Camorphismfxy : FX®pFY — F(X®cY).

3. Amorphism ¢ : 1p — F(1¢).

and such that for every X, Y, Z € C the following diagrams commute

=
>
ST
=
=
®
=
N
g
>
&
=
®
=
N
=
S
®
=
®
X

1p ® F(X) F(TX) F(X)®1p F(f()
F(le) § F(X) —> F(1c® X) F(X) @ F(1e) —= F(X 9 1c).

Where all the arrows are the obvious ones involving the constraints of associa-

tivity, right and left unity.

Definition 1.1.3. A strong monoidal functor F : ¢ — D is given by a lax
monoidal functor with the morphisms 6xy : FX ®p FY — F(X ®¢Y) and

e : 1p — F(1¢) being isomorphisms.

A monoidal equivalence is a monoidal functor either lax or strong, that is an
equivalence of the underlying categories. The following Theorem, due to S. Mac
Lane allows us to drop off the restrictions of associativity and unity to show

some properties of monoidal categories.

Theorem 1.1.4. [Mac Lane’s coherence Theorem] Every monoidal category is
monoidal equivalent, via a strong monoidal functor, to a strict one, i.e., a category

where the associator and unitors are the identity arrows.
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Braided and Symmetric Categories.

A braiding for a monoidal category (C,®, 1, ®,l,r) is a natural family of isomor-

phisms 0453 : A® B —+ B ® A such that

A®(C®B)—>(A®C)®B

AC,B

In this thesis, we will use the elevator calculus, introduced by E. Dubuc
and can be seen in more detail in [25] to prove the commutativity of diagrams
involving the naturality of tensor product and braidings of the category. As
an example of the elevator calculus, we will depict the coherence and natural

condition for the braiding as follows:

ABC A B A B

7D O I /1 S
% = B A\ C A’\ B = B A
B /SR S V1Y
B C A B A B A
The braiding also satisfies a coherence with respect to the unity isomorphisms,

we depict them in elevator diagrams:



1.2 Adjunctions in a Monoidal Category.

19

Definition 1.1.5. A braided monoidal category is a pair (C, o) with o a chosen

braiding. The category is said to be symmetric if the braiding satisfies o2 = 1.

A B
'Y
\
Vo as
\
A B

Example 1.1.6. All examples in [l| are braided, in fact symmetric, with the
braidings being the canonical isomorphisms.
1.2 Adjunctions in a Monoidal Category.

Through this section C = (C,®,1,0,®,[,r) is a symmetric monoidal category. By
Theorem [I.1.4] one can throw away the associativity constraint from all dia-

grams.

Closed Monoidal Categories

For monoidal categories there is a canonical forgetful functor given by Hom¢ (1, —) :

C — &ns which we call the underlying set functor.

In this work we are interested in monoidal categories C such that for every object
X, the functor —®¢ X : C — C possess a right adjoint, these categories are called
closed. We denote the right adjoint hom¢(X,—) : C — C and the adjunction is

precisely the bijection between the Hom sets

Home(Y ®c¢ X, Z) = Home (Y, home(X, Z)), VY, Z €C, (1.2.1)

with unit and counit (valuation and co evaluation maps)

n:Y = home(X,Y ®c X), €:home(X,Y)®c X =Y. (1.2.2)
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Putting Y = 1 in we get Home(X,Z) = Home (1, home(X, Z)). This says
that the underlying set of the object hom¢(X, Z) is isomorphic to the hom set
Home (X, Z). The right adjoint functor is called the internal hom.

Taking X = 1in we get Home (Y, Z) = Home(Y, home(1,2)) for all Y, Z € C,

then by Yoneda’s Lemma we have a natural isomorphism
Z = home(1, 7).

Remark 1.2.1. The monoidal category C is said to be biclosed if not only does
every — ®c¢ X have a right adjoint hom¢(X,—), but also every X ®¢ — has a
right adjoint hom¢(X,—). When C is symmetric, it is biclosed if closed, with
home(X, =) = home(X, —).

Definition 1.2.2 (Evaluation map). For X,Y two objects in C, the evaluation
map ex,y : home(X,Y) ® X — Y is defined as the adjoint arrow to the identity
morphism 1 : home(X,Y) — home(X,Y).

Definition 1.2.3 (Composition law). For X,Y,, Z three objects in C, the compo-

sition morphism
oxy,z : home(Y,Z) ® home(X,Y) = home(X, Z)

is the adjoint morphism to the composition of the evaluation maps:

1®en,L

home(Y,Z) @ home(X,Y) @ X home(Y, Z) ® yrZ . o

Duals

Definition 1.2.4. Let C be a symmetric monoidal category. A dual for an object
M is a triple (M"Y, e,n) with M"Y an object in C and

MY @M1, 1— % Mo MY,
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such that the two diagrams (triangular identities)

M1oM-" e MY oM MYeo Mo MY 22" yve Vel
> il@s e®1i =
M1=M 1 MY =2 MY

commute. (M,MVY e n) is called a duality in C. If M has a dual we call M

dualizable.
Remark 1.2.5.
1. 1 is dualizable with dual (1,11,1;') with [ the unity constraint in C.
2. M is dualizable if and only if there exist an object M"Y in C such that

M — ®¢ is left adjoint to — ® M". In this case — ®¢ M"Y = hom¢(M, —) and
MY = home (M, 1).

Definition 1.2.6 (Dual morphism). Let M, N dualizable objects in C and f :
M — N. The dual morphism fV: NV — MV is defined by the composition

NN @1 2NV e oMY L N e N MY X901 oMY~ Y

and satisfies the diagrams

NWeoMi®yvem 1— ™. Ng NV
1®fi iGM ”M\L il@f\/

\Y Vv
NY®N ~ 1 Me M ot N® M.

Lemma 1.2.7. Let C be abelian. If M; are dualizable objects fori =1,...n, then
P, M; is dualizable.

Proof. let us check that the functor — ® (€ M;) has a right adjoint. For every
L, K € C we have

Home (L ® @&;M;, K) = Home (9;(L @ M;), K)

=~ HHomc(L® M; K) = HHomc(L,K@)MiV)

>~ Home (L, ®i(K ® M;")) = Home (L, K @ (®;:M,"))
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this means that (@, M;)¥ = @, M,’. The morphisms e, n are defined via the unit

and counit of the adjunction.

1 - @, M @ @, M O, M o®;, Mi——=1
MNij €ij
M; @ MY M, ® M;
with MNii = NMM;, €ii = €M; and Nij, €ij :()forz;éj ]

Lemma 1.2.8. Forevery f:1— 1, fV = f.

Proof. Since in this case we have 1V = 1, ¢ = [ = r, n = [~! the claim follows from

the naturality of /.

AA A

LA T4 1A
Ml = V1 -V1-4
Viowl

/NS

A .
Lemma 1.2.9. Let C be abelian. For 1 —"> 1", its dual coincides with the pro-

Jection 1" T for every j.

Proof. we will prove that for j fixed and all 1, )\}/)\i = m;\; then as ()\;); is an

epimorphic family then )\}/ = mj. Recall ¢ = [ and m = [~!. We use elevator
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calculus to show the equality:

oA
A ow il N A

1 1 \ /1 1 1

| b | A 111 | A

" 11 = 111 = A-\Aj/ - 111
1

| by | b

11 1 1 1n 1 | 1 1
/| /| 11 \t/
v/ N/ Y

the last elevator is the identity arrow 1 : 1 — 1 when ¢ = j and is the zero arrow

when ¢ # j. Since 7;\; = J;;, we get the result. O

The Category Mod:(A)

Definition 1.2.10. An algebra object, or simply an algebra in C is a triple
(A,m,n) with A an object in C and morphisms m : A® A - A, n:1 — A

morphisms in C called the multiplication and unity and such that

A0 AR A" Ag A 1o AT 40 AW 401
m®1l lm \ni / (1.2.3)
r l
AQA—— A M |

A is said to be commutative if the product m commutes with o, that is to say
that

TAA

AR A AR A

BN

Definition 1.2.11. Let A, B be algebras in C. An algebra morphism is an arrow

f A — Bin C such that the following diagrams (depicting the compatibility
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with both products) commute:

1—1 A0A . BenB
T R
Ao B A—7T . p

The category of commutative algebras in C is denoted by Comm/(C).
Examples 2. Let & be a field.

1. If C is the monoidal category Vect(k) we get the usual definition of com-

mutative associative unital k-algebra.

2. In Vect; (k) an algebra is just a G graded k-algebra, for instance kG is an
algebra in Vectg (k)

3. An algebra A in Ab is just a ring with unity.

4. If ¢ : Gx G x G — k*is a 3-cocycle and F' a 2-cocycle in G such that 0F = ¢
then the twisted group algebra krG is an algebra in Vect‘g(k;). If ¢ is trivial,
i.e., F'is a 2-cocycle then krG is associative in the usual sense. If ¢ is not
trivial then the twisted group algebra is not associative in the usual sense
but in the category Vect‘g(k). When the 2-cocycle F is symmetric krG is

a commutative algebra in the usual sense.

As in the classical setting, given a monoidal category (not necessarily sym-
metric) C and (A4, m,n) an algebra, one can consider its category of left A-modules

Mode(A).

Definition 1.2.12. Mod:(A) is the category whose objects are pairs ()M, p) where
M isanobjectinC and p : AQ M — M is a morphism in C subject to the following

conditions:
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(A A)@ M
(] m®1
. / \
1M ——A®M A®(A® M) A M
\ J{p 1®pi P
M A M M

p

A morphism between two left A-modules (M, par), (N, pn) is @ morphism f in

C such that
Ao M2 o M (1.2.4)
o]
AQN —=N
PN

Dropping off the associator, the module axioms in elevator diagrams are:

A A M A A M

IN VT Wl
VA VAR

The dual notion of an algebra is called a co-algebraalgebra:

Definition 1.2.13. A coalgebra in C is a triple (C, A, ¢) with C' an object in C and
A, e the morphisms A : C — C® C, € : C' — 1 such that the following diagrams

commute
C £-cocC 102 coc2 0wl
L ST e
T !
C®CT®>10®C®C C

Note that a coalgebra is an algebra in the opposite (with respect to the ar-

rows) category C.

Similarly we can define C-comodules in C:
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Definition 1.2.14. Let C be a coalgebra in C. A right C-comodule is an object
M in C together with p: M — M ® C s.t

M F>MaC M—%MeC
pl i1®A \ lm (1.2.6)
M®C%>1M®C®C’ Mk

If M, N are C—comodules, a morphism f : M — N € is a morphism in C such

that the following square is commutative

M—YrveC (1.2.7)
e
N NeC

If A is an algebra, a left A-module is the dual notion of a right C-comodule
in the sense that if we change C by A and reflex horizontally and vertically the

diagrams in we get the usual definition of a left A-module.

The rest of the chapter is devoted to prove some exactness properties, to-

gether with the abelian and monoidal structure that can be built in Mod¢(A).

Definition 1.2.15. A category C is said to be complete if every diagram ' : J — C
with J small, has a limit in C. Dually, C is said to be cocomplete if C°? is complete.

C is said to be bicomplete if it is both complete and cocomplete.
Proposition 1.2.16.
Let C be closed monoidal. IfC is bicomplete then for every A € Comm(C), Modc(A)

is bicomplete.

Proof. Let (M;, p;)ic;r be a small diagram of objects in Mod¢(A) of type I. Seen
as objects in C, there exist the limit, M = lim; M; with canonical arrows J\; :

M — M;. Since each M; is an A-module, we have a family of morphisms



1.2 Adjunctions in a Monoidal Category.

27

(10N, . e
A M aer) M; , so by the universal property of M as a limit in C, there ex-

ists a unique p making the following diagram commute

M;

pi(1®X;)

A®M*;>‘M

we will prove that (M, p) is an A-module. For this, consider the following dia-

gram

AR AR M ml
MX
1®MN;

ARARM™ s Aw M, <2 Ao M

1®pz¢ Pz‘l ip
A® M, Pi M, Ai
/

A M

Each of the interior squares and the exterior smaller diagrams commute:

(me1)(1®l1® )= (1®A\)(m®1) naturality of tensor product

(1@p)A@1ol) =10 (pio(1®XN) =18 p=(1X)(1/p),

on the other hand,

Aipm @ 1) =pi(1®A) =pi(m®1)(1®1® A)
=pi(1@p)1®13N) =pi(1®X\)(1®)p)

=\ip(l®p) foralliel

therefore p(m ® 1)p(1 ® p), which is precisely the commutativity of the outer
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diagram. For the unity axiom we consider the following diagram:

N1

1o M

1R\, 1®X;

and we have that all the interior diagrams commute:

(1@ XN)(n®l)=(n®1)(1®\) naturality of tensor product

r(1 ® A;) = A; or naturality of r,
therefore we have that:
Aipm@ 1) =pi(1@X)(N®1) =pin@1)(1@N) =71 N) = N7

Now, for the colimit of a small diagram of type I, (M;, p;)icr in Modc(A), again
consider its colimit as objects in C. Since A® — is left adjoint, then it commutes
with all colimits, therefore we have that A ® hg M; = hﬂ A® M;. For every i € 1
we have morphisms A ® M; 2 M M , then by the universal property of
the colimit, there exists a unique p : A ® M — M making the diagram below

commute

A M; 2~ M,

1QMN; i
p
AQM-—->=M
1®)\]’
A
A®Mj Mj.

Pj
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Arguing as we did for limits we have the diagram with commutative sub-diagrams

ARQARM mel

ARARM™ > Ao M;—> A@ M

1R
1®pz¢ Pz‘l ip

Pi

1RMN; ¢
P
A M .
For the unity axiom, we have a similar diagram we had for limits. O]

Remark 1.2.17. Note that from the proof above, the limits and colimits in
Mod:(A) are computed in C. This means that the forgetful functor from Modq(A) —

C creates all limits and colimits.

Proposition 1.2.18. Let C be closed monoidal. If C is bicomplete then Comm(C)

is bicomplete.

Proof. The proof is similar to the one we made for Mod:(A), one has to prove
that the forgetful functor Comm(C) — C creates all limits and filtered colimits.

For details see [12]. O
Definition 1.2.19 (Abelian Category.). A category C is abelian if

AO. C has a zero object.

Al. For every pair of objects, there is a product.

A1l*. For every pair of objects, there is a coproduct.

A2. Every morphism has a kernel.

A2*. Every morphism has a cokernel.

A3. Every monomorphism is a kernel of a morphism.
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A3*. Every epimorphism is a cokernel of a morphism.

Definition 1.2.20 (Subobjects.). Two monomorphisms A; — B and A, — B are
equivalent if there are morphisms A; — As and A; — A; such that the following

diagrams commute

Ay As
| e
Ag/ Al/

A subobject of B is an equivalence class of monomorphism into B.
The subobject represented by A; — B is said to be contained in that represented

by A — B if there is a morphism A4; — A such that the diagram commutes

Ay
l S~
AQ/

B

Remark 1.2.21. Note that A; — As must be a monomorphism and unique.
The uniqueness implies that if the subobject A, — B is contained in A; — B,
then the subobjects are the same and A; and Aj are isomorphic. The relation

of containment is a partial ordering of subobjects.

Proposition 1.2.22. If C is abelian and closed then for every A € Comm(C),
Mode(A) is abelian.

Proof. Since C is closed, A ® — is left adjoint, therefore it is right exact, then it
is an additive functor (see Theorem 3.12* [13].) therefore A ® 0 = 0. The Zero

object in Mod:(A) is the zero object in C with the action given by A® 0=—=0

Kernels, cokernels, finite products and coproducts are examples of fi-
nite limits and colimits, we already proved this in the previous proposition.

However, we explicit the A-module structure in kernels and cokernels.
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Kernels:
Given f € Homu (M, N) we would like to give an A-module structure in Kerf.

Consider the following diagram in C

0 —— Kerf : M

A
p PM PN

Since the square in the right commutes, we have that

Flem(1a®e)) = pn((1a @ f)(1a @) =0,

then by the universal property of Kerf as an object in C there exists a unique p
such that the square in the left commutes. let us see that this p makes (Kerf, p)
into an object in Mod¢(A). For this, let us note that the following diagram is
commutative

AR A Kerf 22 Ao Ao M™2 - Ao M

1®ﬁl = il@p]w = p]\/li

A® Kerf 1o A@M M M,

therefore we have
pmo(m®1)o(1®1®1)=pyo(l1®@e)o(1®p)
the left hand is equal to
puo(l@)(m@1)=rop(mal)
and the right hand is t o po (1 ® p). Since ¢ is a monomorphism we have that
po(m®1)=p(l®p). (1.2.8)
Now, for the unity axiom we consider a similar diagram

1o Kerf 2 -1oM L AgM

>

Kerf M

L
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so, we have
pvy(M@1)(1@) =pu(1@)n@1)=iopn®l)=1ror

and we get that po (n® 1) = r. This together with (1.2.8) say that (Kerf,p) is an

A-module. Also, ¢ : Kerf — M is a morphism of A-modules.

Cokernels:

For f: M — N an A-module morphism, let us consider (coKerf, ) in C.

A®MﬂA®NﬂA®coKerf—>0

lpM le 3p
f x v
M N coKerf ——0

Since A ® — is right exact, the first arrow is exact therefore A ® coKerf is the

cokernel of 1 ® f . By the commutativity of the first square we have
TopnN(l® f)=mo fopu =0

thus, by the universal property of coKer(14 ® f) there exists a unique p making
the diagram in the right commutative. Reasoning as we did for the kernel of a

map, we get that (coKerf,p) is an A-module and 7 is an A-morphism.

Every (epi) monomorphism is the (co) kernel of a map:

Let f : M — N be a monomorphism of A-modules and consider its cokernel

O»M—f>N—7r>coKer(f)»0

N
h L
¢\\T

Ker(m)

If we consider this diagram in C, we have that ¢ is an isomorphism satisfying

to¢ = f since C is abelian. let us see that ¢ is an A-isomorphism. For this,
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consider the following diagram:

A®M&A®K67‘W&>A®N

pu | o= |

M Kerm N.

Since

fom=1o¢opy=pn(1@)(1®¢)=10pla® ),
and ¢ is a monomorphism, we have that the square in the left commutes, there-
fore f is the kernel of its cokernel in Mod¢(A).

Similarly, we prove that given an A-epimorphism it is isomorphic to the cokernel

of its kernel. O

Next, we will build a monoidal structure in Mod¢(A) from the one given in

Definition 1.2.23. Let A be an algebra in C. (M, p) a left A-module and (M, q)
a right A-module. We say that (M, p, q) is an (A, A)-bimodule if

AoMo A s oA
1®qi qi
Ao M —2 M

Proposition 1.2.24. If (C,0) is braided and (M,p) is a left A-module, then we
have a right A°? module structure in M via ¢ = po oy,.a. Even more if A is o-

commutative then (M, p,q) is an A, A-bimodule.

Proof. First, let us prove that (), ¢) is a right A°’-module, i.e.,

q(q®1) =q(lem?), q(1on) =L
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we will use the elevator calculus to prove the right module axioms:

>

A¥M
M
M A A
s
\
M A A
)
\
A M A
-1 -
\
Wl
A M
e/
M
For the unity axiom:
M 1
M1 \77/
\77/ M A
M A = \
\
J i
M
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Now, let us see the compatibility with both actions:

AR
A )

A M A
XK
N
- A A M
o nat p/ —
p -action
A M
\/
M

A ]\/[\ A
% A
Y \
\V/ O'—CO:mm A A M
4 W
p/ A M
M \e/
M
Vol
A M A
i W
A

\ / \/

O]

Keep the notations as in Proposition [1.2.24{ with A being commutative. Let

(M, qn) be a right A-module, (N,py) a left A-module and consider the mor-

phisms of left A-modules:

qu 1N

—

M®A®N

M®&N (1.2.9)

-

1y ®pN

then we define a tensor product ® 4 in Mod¢(A) by

M ®4 N :=coKer(qgy @ 1y — 1y @ pN)

andcall7: M @ N - M ®4 N the cokernel map.
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Remark 1.2.25. If we regard (M @ AQ N,pyy ®1®1) and (M @ N,py ® 1) as left
A-modules with py; = qMa]Tj 4 then ¢y ® 1y, 1y ® py are both morphisms of left

A-modules. Therefore, the map 7 is a left A-module morphism.

From now on, we consider, for simplicity, C to be symmetric and A a com-
mutative algebra. The following lemmas will show that Mod:(A) with ®4 can
be made into a symmetric monoidal category. The constraints are defined from

the ones in the category C. For the non-symmetric case see [22].

Lemma 1.2.26. The associativity and commutative constraints in C induce the

respective constraints a,c in Mod¢(A).

Proof. For simplicity we will suppose that (C, ®) is strict and define the braiding
om,n for ®4 induced by the braiding in C. In the non strict case, the definition
of the associativity constraint for Mod¢(A) is similar.

for every M, N in Mod¢(A), consider the following diagram with both squares

in the left (the “curved” and “straight”) commutative.

1®pNn
TM,N
M®ARN MN-—>M®®uy N (1.2.10)
qm®1 |
1®UA,N\L I
|
MNA OM,N OM,N |
|
U]W,N@A\L I
\
NoAdaoM—  _ NoM Y Ne, M.
\_/

gN®1
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In fact, for the curved diagram (¢y ® 1)(oa,nvga)(1 ® oan) = o, N (1 ® pN)

MA\N MA\N
VoI v
iy Tl

PR
Vo

In a similar way we prove that (1 ® py)(on mea)(l1®@oan) = om (g @1). Using
this commutative diagram we show that 7wy s o oy, v cO equalizes 1 ® py and
gv ® 1, then by the universal property of m)/ n, there exists a morphism ¢ :
M ®4 N - N ®4 M such that the square in the right commutes.

Analogously, mys nyoon,y co equalizes 1®p)r and gng1, then we have the existence

of the arrow Gy ) in the other direction. So, we have that

OM,NTM,N = TN,MOM,N, TM,NON,M = ON,MTN,M

ON,MOMNTMN = ON,MTN,MOM,N = TM,N,  OMNTM,NON,M = OM,NON,MTN,M = TN,M,

since s,y and 7y, ) are epimorphisms, we have

OMNONM = INo, M, ONMOMN = lyeuN

Lemma 1.2.27. For every left A-module M we have M @4 A= M 2 A®s M

Proof. We will prove M ®4 A = A, the other one is entirely analogous. Consider
the diagram
M®A®A*>M®A*>M®A

1om
e
qam
l -7 3!50
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since (M, qys) is a right A-module, then ¢;; co equalizes ¢y ® 1 and 1 ® m, then
there exists a unique ¢, s.t o7 = q)s. let us see that ¢ is an A-isomorphism.

The following diagram shows that ¢ is a left A-module morphism, since

AoM@ AT Ao Mol A2~ Ao M

PM®1i lpM@l PM\L

M®A M®s A M

™ ®

the square in the left commutes and the bigger one does too, for

em(py @ 1) =ppu @ 1)1 @ 7) = qupmn @ 1) = pu(1 @ qu) = pu(1 @ p)(1 @ 7).

Because 1 ® 7 is an epimorphism, we have ¢(py ® 1) = par(1 @ ).

Next, we will define an inverse for :

b M— M1 2L Mo A—T Moy, A
1 is a left A-module morphism, since it is the composition of left A-morphisms.

o =pr(len)ly =au(le@n)ly =luoly = 1u.

For the other composition, we prove that ypr = 7, since 7 is an epimorphism,

we have the result,

bom =gy = T(L @)y 0 qu = T(L@n)qn 0 Ly a
=m(gn ®1)(1®1® 77)l1741®A =r(lem)(lele 77)l1_v11®A

:7r(1®lA)l;/[1®A :7rolM®Aol]T/[1®A =7

O

Lemma 1.2.28. For every A € Comm(C), M @4 — : Mod¢(A) — Mode(A) has a

right adjoint.
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Sketch of the proof. The right adjoint hom (M, —) : Modc(A) — Modc(A) is de-
fined from the internal hom in C. First let us see that if M, M’ are A-modules
then hom¢(M, M’) is an A-module via either the A-module structure on M or

M’. More explicitly,

11 °
A @ home(M, M) ™2 home(M!, M) & home (M, M) —°> home (M, M)

home (M, M") ® A 2" home (M, M') @ home (M, M) —2> home (M, M)

where by abuse of notation we denote the adjoint arrows to the actions by
the same letter and o denotes the composition map as defined in (I.2.3). It is
no hard to prove that this arrows give an A-module structure to home (M, M').
These two arrows correspond, by the adjunction M ® — = hom¢(M, —), to two
arrows

home (M, M"Y —= hom¢ (A, home (M, M'))

then we define hom 4 (M, M') to be the equalizer of these two arrows. let us check
that homa(M,—) : Modc(A) — Modc(A) is right adjoint to M ®4 —. In fact, we

have the following bijections

Homa(M @4 N,M') = Hom (coeq(M@A@NﬁM@N) ,M’)

1

eq(HomA (M®N,M’)3H0mA(M®A®N,M’)>

> eq ( Homy (M, home (N, M")) == Homa(M ® A, home (N, M"))

)

~ eq ( Homa (M, home(N,M")) == Homa(M, hom¢(A @ N, M")) )

> Homa (M, eq ( home (N, M') == home(A® N, M) ))

= Homa(M,homa(N,M"))

In summary, we have proved the following result:
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Proposition 1.2.29. IfC is a closed symmetric monoidal category, then for every

A € Comm(C), (Modc(A),®a4,A) is also closed symmetric monoidal.

For the rest of the section we will miss out the constraint of associativity by
the coherence Theorem. We are interested in the adjunction
A®—
C Z Modc(A).
For every object M € C, the A-module structure in A ® M is given by the
multiplication on the left, i.e., m® M : A® A® M — A® M. This defines in fact

an A-module since
mM@M)(mMRARM)=(mOM)o(A® mM), (mM)o(na®AR M) =ragnm.

which are the module axioms. In elevators calculus:

AAAM AAAM 1 AM

4 N VL N N

A\/AMaxiomform A A4 M axiom for 1 \/
A M

A A M
v/ Y A
A M A M
Thus, this correspondence defines a functor A ® — : C — Mod¢(A).

Proposition 1.2.30. The functor A®@ — : C — Mod¢(A) is a strong symmetric

monoidal functor.

Proof. First we have to define the monoidal functor (A®—, 0,¢). For every M, N €

C, consider the family of morphisms 6, y defined as follows:

P
A®M®A®A®N4>1 SAQMRVARIN > AQMRARQN
P2 A
h _ -7
_~ Ou,N
A

ARM N

the arrows p1, p3 being the actions on A ® M and A ® N respectively:

pr=mMm®1)o(1®o3®1®1), pp=1®1m®1, h=m(l®o23®1).
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The elevator diagram below shows that hp; = hpa:

AM\AAN AM\AAN AM\AAN
X A X
A A M AN AAM\AN AAM\AN
I/ L
A M\AN—AAAMN—AAAMN
Al N

M N A A M N M N
\/ \r/ \/

M N A M N M N

AM\AAN AMAAN

A I

AAA M N AM\AN

0 I

A A M N AA M N

N N\

A M N A M N

the first diagram is hp; and the last one hp,. Then there exists the arrow 6/ .
The following elevator diagrams show that 4 is an A-module morphism between

the A-modules (A M @ AN me1®1l®l)and (AQMN,m®1®1):

a4M 4N 440 4N AAM AN
X X |/
AAAMN AAAMN 4 MaAw
INALL =L - X
M N M N M N
\/ V/ \/
M N M N M N

Finally, we will see that 0,, y is also an A-module morphism. Consider the
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following diagram:

h

//_\
A@A@M@A@Nﬁ§>A®A®M@m®A®q@—>A®A®M®N’UQJD
Yy M,N
m®1i \L m®1 l m®1

%
AIMR®AQN T ARMRARN —~ s A M® N,

1®h

the square in the left and the bigger one both commute, since they say that =, h
are left A-module morphisms. Since 1 ® 7 is an epimorphism, the square in the
right commutes, thus 6,/ y is also an A-module morphism.

The structure morphism ¢ is given by the unity isomorphism in C
mA®na) =la:A— AR 1.
This morphism is compatible with the A-module structure, since
m(A®@ m)(A® Ana) = m(me A)(A® AQns) = m(A@na)(me1),

then A 2 A®1 is an isomorphism in Mod:(A). We have that the triple (A®—, 0, ¢)
with ¢ = lZl is a lax monoidal functor.
Now, let us check that 0, y is an isomorphism and the coherence with the

symmetries. let us define the arrow ), y by the composition
1®na®1

10r ot
AOMOIN —L2AM@1oN U MoAON —T>A MR A®N
A

we will prove that both compositions 0,7, o éM, N, 0 M, © 0y, v are the identity

morphisms.
Orn 0Oy =0 nomo(l@na®1)o(lry') =ho(l®@ni®1)o(lary),

using elevator diagrams we will prove that the last member of the equality is
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the identity morphism:

A M N A M N
/1 LA W
AM 1 N AM 1 N %\ A M N
b A 4.0 % N N
AM AN = Al\]\/[N = \77/ = A1 MN
n b Adux
A A MN A A MN \m A M N
\/ \/ M
M N M N

so, we have the isomorphism (I® 1 ®1)(I1®r !1®1): AM&N - A M ® N
which by Mac Lane’s coherence Theorem must be the identity. For the other
composition, we prove, in a similar way that, éM, Nofynom=m. Since wis an
epimorphism and we get the result.

So far, we have an inverse for ), y in the category C, by an argument similar to
the one that proves that 6§ is an A-module morphism, we have that its inverse
is also an A-morphism.

let us check the coherence with the symmetries, i.e., we have to check that the

square in the right commutes:

ha,N

M,N

—N . O
AQMRARN ——AQMIARIN —AQM QN

A
by coherence (1®0®1)o(c®0)o(190®1)= | CAQM,AQN \LUA Ll@a
AONQAOM —>AONQAOM —=A® N @ M.
hn,M

For this, we prove that the bigger square commutes, that is:

(1l®o)ohyn=hnmo(l®o®1)o(c®o)o(l®o®1)
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AM\AN

A\AKJM\N A]W\AN A]W\AN
{0 1 !
AA\NM A\AMN A A M N
N
AN\AM A A N M A M\N
(] Y
zi;/ANM A N M A N M.
A N M

Since the square in the left also commutes and 7/, is an epimorphism we

have that the square in the right commutes. O]

As an example of this strong monoidal functor, we have the "ring” base

change:

Corollary 1.2.31. Let A, B € Comm(C) and f : A — B be an algebra morphism.
Then, the functor B ®4 — : Mod(A) — Mod(B) is symmetric strong monoidal. [

Tensor Algebra

Let (C,0) be a cocomplete symmetric closed monoidal category, for simplicity
we will assume C is strict. Let V € C, we define the Tensor algebra of V to be
TV = @,5,V®". Via the isomorphism V& @ V¥4 5 ve@+d), TV becomes an
algebra in C, with unity being the canonical map V*° ~1 — TV,

TV has the following universal property: for every algebra A in C and for every
C-morphism f : V — A there exist a unique algebra morphism f : TV — A such
that foiy = f with 4y : V — TV the canonical map of V®! to the coproduct 7'V

In fact for every n € N, f induces a morphism f : V& — A given by the
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composition
e

yen A®n s A

N

TV

with m,, := mo (m,—1 ®1), n > 3, my = m the product in A and i; = iy. The
existence of the C-morphism f is due to the universal property of the coproduct.
But since f must be an algebra morphism, it is forced to be the coproduct of the
arrows of the form f,, = f("). This means that the forgetful functor Alg(C) — C
is right adjoint to 7': C — Alg(C)

Symmetric Algebra

Let C cocomplete closed symmetric monoidal category which by simplicity we
suppose is strict. For every n € N, there is an action of the symmetric group 5,

on V®" in C: consider the group

. . . 2
Sn = <81, <Sn—1, SiSi+18i = Si4+15iSi41, SiSj = 5554 if |Z — ]‘ > 1, S; = 1>

regarded as the category with one object and morphisms the elements of S,

then we have a functor

{x} s VO (1.2.12)
Sir Qs = 1Q0; @1: VO 5 VO

with o; : V@V — V®V the braiding in C between positionsiand i+1Vi =1,...,n—
1. Since every element in S, can be written as a product of the generators, we
have that if o = s;, - si, - s;, then ¢, : V¥ — V®" is defined in the obvious
way as the composition ¢s, o0, . As F(1) =1: V" — V& and F(s;s;) =

ps; © ds; = bs,s;» the functor F defines an action of S, in V",
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Remark 1.2.32. When C is braided non-symmetric, there is an action of the

Artin braid group B, with generators s1,...,s,—1 subject to relations

8iSj =S8;8; for ‘j — Z’ >1

Si+18Si+1 =S5iSi+15;-

The n-th symmetric power of V, S™(V) is defined as the colimit of the functor
F.
we define the symmetric algebra of V € C as S(V) := @, S™"(V). We have to
define morphisms m : S(V)® S(V) — S(V), n:1 — S(V) that make S(V) into an

algebra in C. For this, consider the canonical maps

P VE 5 S™(V)

An :S™(V) = S(V)

and the following diagram

Von g yem =, yetm)
pn®pnll ipn—km
SV @ ST(V) T g ()
/\n®AmJ( i/\mm

S(V)@ S(V)—~ — =S(V).

The existence of ¢,,, is due to the universal property of the colimit S"(V) ®
S™(V), the existence of m is induced by j,1mpn,» an the universal property of

the coproduct S(V). For the unity, take n = Ao : 1 — S(V). For the commutativ-
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ity of m, consider the following commutative diagram

S™MV) @ S™(V) i S™(V) @ S™(V)
m @,WWA
Onm S(V)® S(V) g l S(V)®S(V)
Sntm(y) " Sntm(y) m
>‘n+m
S(V) - S(V)

Example 1.2.33. Take C = (Vect(k), ®, k) the category of k-vector spaces with
the canonical isomorphisms for the associator and unitor constraints and con-
sider the two braidings 7, —7, that is, the usual transposition 7(v @ w) = w ® v
and —7(v ® w) = —w ® v, both are symmetries for the category, however when
considering the transposition we get that S”(V) is the usual n-th symmetric
power for the vector space V. On the other hand, if we consider the braiding

—7 we get that S"(V) is the n-th exterior power.

The previous construction gives a functor S : C — CommAlg(C) from C to
the category of commutative algebras in C. S is actually the left adjoint functor
to the forgetful functor U : CommAlg(C) — C. This is the well-known universal
property of the symmetric algebra. In [12] there is a more detailed description of
the construction of the symmetric algebra as well as the proof of the adjunction

Comm(C) = C.

1.3 Commutative Algebra in a Monoidal Category.

In this section C denotes an abelian, closed symmetric monoidal category, bi-
complete such that the functor Vy = Hom(1, —) is conservative i.e., reflects iso-

momorphisms. First recall the notion of finitely presented objects in abstract
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categories:

Definition 1.3.1 (Finitely presented object). Assume C has filtered colimits. An
object X in C is said to be finitely presented if the functor Hom¢(X,—) : C — Ens

commutes with filtered colimits.

Ideals

Definition 1.3.2. Let A € Comm(C), M € Modc(A). An A-submodule of M is
just a subobject N — M in Mod¢(A).

Definition 1.3.3 (Ideal). An ideal of A is an A-submodule I — A.

Remark 1.3.4. The category of subobjects of a given object M is in fact a poset
with finite intersections and small unions. The intersection of two subobjects
is given by the fiber product of the two monomorphisms over M. The union of
a family of subobjects (M;);cr is given by the image of the natural morphism

[lies Mi — M.

Definition 1.3.5. Let f : A — Bin Comm(C) and j : I — A be an ideal of A. The
1®foj

image ideal in B is given by the image of the morphism B ®4 [ —~< B®4 B2~ B,

this ideal is denoted BI.

Remark 1.3.6. This induced ideal comes from applying the functor B ® 4 — to

the inclusion I <+ A and using the isomorphism mp(1® f) : B®4 A—B.

Proposition 1.3.7. Let f : A — B in Comm/(C) be a flat morphism, then B ® 4 I =
BI.

Proof. Since B is flat over A then B ®4 — preserves monomorphism, then the

composition mp(1® f)(1® j) is a monomorphism, therefore in the factorization
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diagram

Boal Y Bs,B™ B

~.,

the epimorphism B® 41 — BI is also a monomorphism, hence an isomorphism.

O

Definition 1.3.8 (Ideal Sum). Given a family of ideals (I;);, we define the ideal

sum as the image of the induced morphism @, I; — A, that is

D Li A
. /
2ili

Definition 1.3.9 (Ideal product). Let I,.J be two ideals of A, the ideal product

I - J is given by the image of the morphism
I —A A=A
I J/
One has to check that this is in fact a sub object of A, see [6].
Proposition 1.3.10.

1. The ideal product is associative and commutative. A is the neutral element

for this operation.
2. The ideal product distributes over arbitrary sums.
Proof. See [6]. O
Once one has defined the ideal product, we can define prime ideals:

Definition 1.3.11 (Prime Ideals). and ideal p of A is called prime if p # A and

if for all ideals I, J we have that I - J < p, then either I < p or J < p.
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Proposition 1.3.12 (Existence of Prime Ideals.). Given A € Comm/(C) finitely

presentable, then the set of prime ideals of A is not empty.

Proof. First, let us see that there exist maximal ideals. For this, consider a non
empty chain of proper ideals (/;);er and take its sum ), I; — A. The sum is
again a proper ideal, for if not, then since A is finitely presentable, there exists
a finite set A C I' such that ), _, I; = A, therefore, there is an index i s.t I;, = 0,
a contradiction. Then by Zorn’s Lemma there exists a maximal ideal m of A. We
claim that m is prime. In fact, if 7, J are not sub ideals of m but its product [ - J
is, the the sums I + m, J + m are bigger than m itself, therefore, by maximality

I+m=J+m=A, thus
A=A A=I+m)J+m)=1-J+] - m+J m+m-m—m

which is a contradiction. O

The Monoids Hom¢(1, A) and Hom4(A, A) for A in Comm/(C)

For A a commutative algebra in C, we define the operation * : Hom¢(1, A) X

Home(1,A) — Home(1, A) as the following composition
12101/ Aga ™A
Lemma 1.3.13. (Hom(1, A), *,n) is a commutative monoid in Ens.
Proof. 1t is clear that x is an associative operation. For the unity we have that
frn=m(feni)=mlen(fe)(i) =L(fe 1)) =foliocl'=f
the commutativity comes from the commutativity of A. O

Lemma 1.3.14. The operation x is the adjoint of the composition operation in the

o

monoid Hom¢(A, A). Even more, the adjunction ¢ : Hom¢ (1, A) = Homa(A, A) is

an isomorphism of commutative monoids.
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Proof. See [12]. O

Remark 1.3.15. In the additive case, these monoids are in fact commutative
rings, since they are also abelian groups and ¢ is compatible with the group

operation as well.

Definition 1.3.16 (Generated Ideal). Let (f; : A — A);c; a family of arrows
(possibly infinite) in Mod:(A), the ideal generated by this arrows, denoted by <
fi i € I >is defined as the image submodule of the morphism [, f; : [[; A — A.

Proposition 1.3.17. Let A in Comm(C) and I an ideal of A containing an invert-
ible element, that is to say, an invertible arrow f : 1 — A factorizing through I,

then I = A.

Proof. Since f : 1 — A is invertible then the adjoint ¢y : A — A is an isomor-
phism which factorizes through the ideal I, then I — A is also an epimorphism,

therefore an isomorphism. O

Field Objects

Definition 1.3.18. K # 0 € Comm(C) is called a field object, or just a field if K

has no proper non trivial ideals.

Proposition 1.3.19. K # 0 in Comm(C) is a field if and only if for all0 # f €

Home(1, K) there exists g € Home(1, K) such that f g = 1.

Proof. <): Let I be a proper ideal of K, then since V| is conservative, there
exists 0 # f € I, this means that f : 1 — K factorizes through 7. On the other
hand, the ideal generated by f is K, for f is invertible, therefore < f >= K C I,
a contradiction.

=): Let f : 1 — K a non zero arrow and consider its adjoint morphism ¢, : K —

K, then the image Im(yy), being a subobject of K is in fact K itself. On the
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other hand, Keryp; = 0, since the kernel is a submodule, therefore, ¢ : K — K

being an epimorphism and a monomorphism is an isomorphism with inverse

(¢f)~1. Now, via the adjunction there exists the arrow f~! : 1 — K such that
(pf) "t =1, then fx f~1 =1, O
Localizations

Definition 1.3.20. Let A € Comm(C) and S a multiplicatively closed subset
of Hom¢(1, A). The localization of A at S is given by the couple (Ag, ®g), with

$g: A— Ag € Comm(C) is an algebra morphism such that:

1. For every f € S, the induced morphism ®g(f) : 1 — Ag is invertible with

respect to the operation x,

2. Universal property of Ag: For every u : A — B in Comm(C), such that
u(f) : 1 — B is invertible for all f € S, there exists a unique algebra

morphism v : Ag — B such that the following diagram commutes

If S is generated by one element f, then the localization of A at S is denoted A;

and ®g just ®.

Proposition 1.3.21 (Existence of the localization.). Let A € Comm(C), f :1 — A.
Let jo, j1 the canonical maps from A to Sx(A) = @ A®4"/S,, and § = jrom(1® f)r*.
If ¢ denotes the adjunction between the functor S4 : Modc(A) — A — alg and the
Jorgetful functor, then

$(3)
Ag = coeq( Sa(A) ——Z Sa(A))
¥(jo)
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Proof. See [12| Proposition 2.2.5]. O
Proposition 1.3.22.

1. Associated to S there is a filtered category denoted also by S, whose objects
are the elements of S, and for every pair f,g € S, Homg(f,g) ={h €S : fx
h = g}. Then

Ag = ColimSAf.
2. Foreach f € Hom¢(1, A) and ¢ the adjoint morphism we have the following
isomorphism in Comm(C)

Pf Pf

Colim( A A ALy Ay

Proof. See [12, Proposition 2.2.5]. O

Proposition 1.3.23. [f filtered colimits are exact in C, then &5 : A — Ag is a flat

epimorphism.

Proof. ®g is an epimorphism due to the universal property of the localization.
Ais flat as A-module and Ay is a filtered colimit of A then Ay is flat. Finally Ag

is a filtered colimit of the flat modules A, therefore, it is a flat module. O

Definition 1.3.24. A family (f; : 1 — A);cs is said to be a generating family
if the adjoint family (¢, : A = A) C Homa(A, A) is an epimorphic family, i.e.,
I ¢f : [1A — Ais an epimorphism.

Definition 1.3.25 (Partition of Unity). A finite collection of (f;)ic; C Hom¢(1, A)

is a partition of unity if there exists arrows (s;);c; € Home(1l, A) such that

Eie] Ps; Pfi = 1in MOdc(A).

Proposition 1.3.26.
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1. Let(f;)icr be a generating family of A. If M is an A-module such that My, =0
in Mod(Ay,) for everyi € I, then M = 0.

2. Let (f;)ier be a partition of unity. If M ——= N is an A-module morphism
such that, for everyi € I, Mjy, N #, is anisomorphismin Mod(Ay,), then

u: M — N is an isomorphism.

Proof. The proof is similar to the case of classical commutative algebra. For

details see [4]. O



Chapter 2

Hopf Algebras

Resumen

En este capitulo damos la definicion de algebra de Hopf y sus deformaciones.
Nos concentramos principalmente en el algebra de Hopf que define el algebra
de un grupo. Mas precisamente nos interesa el algebra kG con k£ un cuerpo de
caracteristica 0 y G un grupo abeliano finito.

En la seccion se presenta la categoria U para la cual la R-algebra de Cay-
ley de los octoniones O es un objeto algebra conmutativa asociativa y uni-
taria. Dicha categria es monoidalmente equivalente a la categria Vecth)(R) de
R-espacios vectoriales G = Z3-graduados cuyo producto tensorial ® no coin-
cide con el canénico de VectR y proviene de una funcién F(g, h) = (—1)f(@" con

f:Gx G — G dada por

Fg,h) = gihj + higags + grhags + grgehs, for g,h € Zy x Zy x Zs,
2]

con asociador no trivial ®, dicho asociador proviene de una funcion ¢ : (kG)®3 —
k* que satisface las condiciones de cociclo dadas en (2.4.]1).
En esta seccion también se presenta la categoria monoidal simétrica de los

O-moédulos, Mody(0), se prueba que el funtor de olvido canénico Homg(O, —)
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es conservativo y preserva epimorfismos y colimites filtrantes, esto dice que
O es un generador proyectivo y de presentacion finita para Mod:(0). Como
conclusion se tiene que la categoria Mody(O)es equivalente (no en el sentido

monoidal) a una categoria de modulos sobre un anillo, proposicion [2.4.8|

Summary

In this chapter we give the definition of Hopf algebra and its deformations. We
are most interested in the Hopf algebra kG with k a field of characteristic zero
and G a finite abelian group. The category of kG-modules (or comodules) is
symmetric monoidal, we study the case of the deformation of the bialgebra kG

and the monoidal category obtained by this deformation.

Notation: If z is an element of a coalgebra (C, A, ¢), the element A(z) in C®C

is of the form
Ax) = Z T @y,

In order to get rid of the subscripts, we write this sum in the form

Ax) = le ® x9.
(2)

2.1 Preliminaries on Hopf Algebras

Definition 2.1.1. A k- bialgebra H is an object in Vect(k) which is both an al-
gebra (H, m,n) and a coalgebra (H,A,¢) and such that either A e are algebra
morphisms or m,n are co-algebra morphisms. This can be depicted in a com-
mutative diagram as follows where (m @ m)(1 ® o023 ® 1) is the product map in

the algebra H ® H

Before defining the object of our interest let us recall the convolution algebra.
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H®H = H  peHXZ-H

o oo

H®H®H@?m%mfl®ﬂ kok——Fk

Definition 2.1.2. Let A be an algebra and C a coalgebra, the convolution prod-

uct f * g for f,g in Homy(C, A) is defined by the following composition
frg

/_\

Proposition 2.1.3. (Homy(C, A),*,no¢€) is a unital k-algebra.

Proof. The associativity of * is due to the associativity of m and coassociativity
of A. We now prove that ne is a left unit:
(nex f)(x) =Y (@) flzz) = FQ_ ewr)az) = f(a)
(z) (z)
the last two equalities are due to the unit and counit axioms of n and ¢ respec-

tively. Analogously one obtains that 7e is a right unit. O

If A = k then the algebra structure on CV := Hom(C, k) given by the previous
proposition coincides with the one given in Proposition i

Proposition 2.1.4. i Let (C,A,¢) be a k-coalgebra. Then (CV,AY €") is an

algebra.

ii. Let (A,m,n) be a finite dimensional k-algebra. Then (A", m",n") is coalge-
bra.

(V means transpose of the k-linear map).

Proof. i. We obtained de algebra structure in C" by dualizing the diagrams|1.2.5|
Explicitly AY(f ® g)(z) = (f ® g)A(z). In the case of infinite dimension we must
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restrict AY to CV @ CV C (C® C)V.

ii. As we have a finite dimensional algebra then AV ® AV — (A ® A)Y is an
isomorphism so we can define (Af)(a®b) = fom(a®b) =: m"(f)(a®b). Again the
coassociativity and count axioms are obtained by dualizing diagrams[1.2.3 O

We can put together those definitions in a compatible way and get what is

called a bialgebra

Definition 2.1.5. A k-bialgebra (H,m,n, A, ¢) is a Hopf algebra if there exists
an element S € Homy(H, H) such that S is an inverse to idy with respect to the

convolution product. More explicitly
Sxidg=mo(S®id)oA=idg*xS=mo(id®S)oA=noe
The endomorphism S is called an Antipode for the bialgebra H.
The first example of a Hopf algebra one has in mind is

Example 2.1.6. Let G be a group and kG its group algebra, i.e., the k-vector
space with basis the elements of G. kG is a Hopf algebra with product map the
multiplication in G, the unit map is 7(1;) = e the unit in the group and extended

k-linearly. The coproduct, counit and antipode maps are given by
Ar=zx®x, er)=1, Sx=qz""' forallzcG (2.1.1)
defined in the basis elements and then extended linearly over k.

In the next sections we will be mostly interested in this example and its

Gauge transformations.

2.2 Cocycles and twisted Hopf algebras.

Twisting or gauge transformations for quasi-Hopf algebras appeared in Drin-

feld’s work on deformation of Hopf algebras, see [9], [10]. In this section we will
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develop the theory of gauge transformations in the dual version, which roughly
speaking is the deformation of the algebra structure instead of the coalgebra.
We will follow [19, Chapter 2]. Gauge transformations in Hopf algebras are also

known as 2-cocyle deformations

Let (H,m,n, A, ¢) be a Hopf algebra, a linear functional F' € Hom(H®", k) which

is convolution invertible is called an n-cocycle. F is called a unital cocycle if
F(alv T, ]-a e ,anfl) — E(al) e E(anfl)

for 1 in any position. Its coboundary is the n + 1 cocycle

OF = (H Fomi> (H F_lomi>

ieven i odd
where m; : H®" — H®"~1 is the multiplication in H in the i,i + 1 positions with
convention Fomy =e® F, Fom,,1 = F ® e and F~! denotes the inverse of F
with respect to the convolution product.

Thus, the first two coboundaries are:

OF(a,b) = Y F(b1)F(a1)F " (aghy) (2.2.1)
(a),(b)
and
OF(a,b,c) = > F(by,c1)F(a1,baca)F~ " (agbs, cs)F " (ag, ba). (2.2.2)

(a),(b),(c)

The 1,2 and 3-cocycle conditions are, V a,b,c€ H:
F(ab) = F(a)F(b) (2.2.3)

Z F(bl, cl)F(al, bQCQ) = Z F(al, bl)F(agbg, C) (224)

Z F(b1,c1,d1)F(a1,baca, d2) F(ag, bs, c3) = Z F(a1, b1, c1dr) F(azgbs, c2, dAR.2.5)
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Definition 2.2.1 (Dual quasi-triangular dual quasi Hopf algebra). A k-coalgebra
C with k-linear morphisms - : C ® C — C, n: k — C is said to be a dual quasi-
bialgebra if there exists a unital 3-cocylce ¢ s.t the product - is associative up

to ¢, i.e.,

ZCH (b1 - c1)p(az, ba, c2) = Zé(al,bhcﬂ(@ -ba) - ca. (2.2.6)

A dual quasi-bialgebra is said to be dual quasi-triangular if there exists a 2-

cocycle R s.t

R((I . b, C) = E ¢(Cl, ay, bl)R(az, 62)¢_1(a3, Cc3, b2>R(bg, C4)§Z§((I4, b4, 05) (2.2.7)
R(a,b-c) =Y ¢~ (b1, c1,a1)R(az, c2)p(ba, as, c3)R(aq, b3)¢ ™ (as, by, cs) (2.2.8)

> b1 -a1R(az,b2) = > R(a1,bi)as - by (2.2.9)

The last relation meaning the commutativity of - up to R.
Finally, a dual quasi bialgebra is said to be a dual quasi-Hopf algebra if there
exists a linear map S : C' — C and linear functionals (1-cocycles) o, : H — k

s.t

Y. S(a1)azalaz) =noala), > aiS(asz)B(az)=mno B(a)
> #(a1,S(a3), as)B(az)a(as) = €(a) (2.2.10)
> ¢ H(S(a1), as, S(as))a(az)B(as) = €(a)

Although relations (2.2.10) look like a little too weird, we will see later that
these are precisely what is needed to make the category of C'-comodules a rigid

category, i.e., a monoidal category where every object has a dual.

Proposition 2.2.2. If (H,A,¢,-,n, ¢, R) is a dual quasi triangular quasi bialgebra,

then the category (M ,®, k,a,l,r) is monoidal.

Proof. Objects in M are k-vector spaces V with a coaction py : V — V @ H.
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The monoidal structure is given by:

@: M x MT S MmH

(VW) =V oW = (Ver W prew)

with pyew given by the composition

® 10723 1Q-
VearW YL o, HopW ey H2SV @, W e Heop HE >V ey W e, H

The unit is k£ with the trivial action given by the unity : ¥ — k®; H = H. the
associativity constraint is given by the canonical isomorphism of associativity

in Vect(k) followed by the action of the 3 cocycle ¢:

Pywz: (VOW)®Z-Ve(WeZ)

(VW) ® z+— Z d(v2,wa, 22)v1 @ (W1 ® 21)

Oy w z is a morphism of H-comodules if forevery v@uw® 2z € VoW ® Z

(¢ ® 1) o p(V®W)®Z(U KW Z) = Z’Ul ® (w1 & 21)¢(03,w3, 2’3)(1)2 . wg) c 29 =

D 1 @ (w1 @ 21)vs - (w3 - 23)p(v2, Wa,2) = prawez) © VB WD 2)

which in fact holds since ¢ satisfies relation (2.2.6). The pentagon axiom is due
to the cocycle condition for ¢. ly : k®,V — Vand ry : V®gk — V are the
usual isomorphisms of k-vector spaces which are also H-comodule morphisms.

The dual quasi triangular structure R allows us to have a braiding

O'V7WzV®W—>W—>V

VR W Z R(va, wo)w; @ vy

Since R satisfy relations (2.2.7) and (2.2.8), o satisfies the hexagon axioms.

Relation (2.2.9) implies that ¢ is a morphism of H-comodules. O
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2.3 Dual quasi- Hopf Algebras and their comodules

Gauge Transformations

Let H be a dual quasi Hopf algebra, for any 2-cocycle F' there exists a new dual
quasi-Hopf algebra with the new product, ¢r, R, «, 8 given by
a-pb = ZF (a1, by)azbaF(as, bs)

or(a,b,c) = D F (b, e1)F (a1, bac)d(a, bs, c3) F(asba, ca) F(as, bs)

ap(a) = ZF(S(al),ag)oz(ag), (2.3.1)
Brla) = > F'(a1,S(as))e(az)
Rp(a,b) = > F7'(b1,a1)R(ag, b2)F(as, bs), Ya,b,c € H

Definition 2.3.1. Let H be a dual quasi-Hopf algebra. A right H -comodule

quasialgebra (A, m,n) is an algebra object in the monoidal category (M, ®,1, ®,1,r)

Proposition 2.3.2 (Twisting proposition). If A is a right H—comodule algebra

and F a 2-cocycle, then Ar with the new product
= m(a1 @ b1)F(az, bs) (2.3.2)
is a right Hr-comodule quasialgebra.

Proof. The coaction of Hr over Ar is the same, as the coaction is only sensi-
tive to the coproduct in Hr. Moreover, any right H-comodule is also a right
Hp-comodule as the coproduct in Hr coincides with that of H. Given any H-
comodule morphism f, it can be considered as an Hp-comodule morphism.
This defines a functor F: M ——= 7M. The monoidal structure in 7* M
is given bye the following: for (M, pyr), (N, pny) two Hp-comodules, we define

M ®p N = (M ® N, pn,n), wWith py n given by the composition

1818 F

1®T®1M®N®HF®HF

Mo N "% @ He @ N @ Hp Y. M ®N ® Hp.
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The functor F is in fact a monoidal equivalence, the coherence maps are given

by the Hpr-morphisms

PVW ]'-(V) Xp f(W) — .F(V@ W)
VRF w vy @ wiF T (vg, w2),

n: 1lp — F(1) is the identity.

For details on this equivalence see [5].
To show that Ap is an algebra in ¥ M, we must check the compatibility of
mp with the coaction and the associativity constraint given in the category of

Hp—comodules:

mp

Ar® Ap AF (2.3.3)
pAp@Apl J/pAF

AF®AF®HFWAF®HF

In fact:

papmrp(a®b) = Z mp(a1 ®b1) ® az -F by (2.3.4)
(mr® Dpareap(@®b) = (mpe )Y a @b ®as-rb)

= ZmF(fh ®b1) ® az - b.

Associativity up to @, thatis, mrp(mprp®1) = mp(l®@mp)®r, in element notation

we have
mp(mpla®b)®@c) = ZmF(F(a3vb3)m(a1®bl)®cl)
= > F(as,b3)F(asbs, cs)m(m(ay ® by) ® c1)
= Z F(a3, b3) F(asbs, c3)p(ag, be, c2)m(a; @ m(by @ c1))
mp(l@mp)Pr(a®@b®c) = Z ¢r(az, bz, c2)mp(a1 @ F(bs, c3)m(by @ c1))

= Z ¢F(CL2, ba, CQ)F(bg, 03)F(a3, b4C4)m(a1 X m(b1 ® Cl)).

By using formula (2.3.1) for ¢ we obtain the desired equality. O
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2.4 The case of the Octonions. Majid Universe.

In this section we will see Example and its deformation in more de-
tail. Let G be a finite group, let us consider the dual quasi Hopf algebra H =
(kG,A,e,m,n) with the usual product, coproduct, unit and counit given in G

and extended linearly over k, this is,

m(z,y) =z -y the product in G
Alz) =z @z Y e G
n:k— kG, n(l) =e, the identity element in G

€ kG —k, e(x) =1 Ve e G
let us consider the function ¢ : (kG)®? — k* satisfying that

(Z)(y? Z,’U))¢(.’L', y- va)¢(mayv Z) = ¢(.’E, Y,z w)qb(:n Y, Z,’LU)

¢(67yaz) = ¢(:Ea B,Z) = ¢($7ya€) = 17 \V/l',y,Z €G. (241)

Remark 2.4.1. Examples of functions like ¢ can be obtained by considering a
2-cocyle F in H. For instance, if we take F(g,h) = (=1)/9") with f : G x G — G

given by, let us say:

f(g,h) =gih1 + (91 + g2)he, for g,h € G =23 x Z

Fg,h) = gihj + hagags + gihags + grgahs, for g,h € G =Zy x Z3 x Z,,
i2>]

where we use the sum and the product in each group. These functions f given

above produce the examples of the Quaternion and Octonion algebras respec-

tively.

Now, for H = (kG, ¢) we denote by 4 the category of right H-comodules. Al-

though it is common to denote this category by 7 M, we will use 4 suggesting
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that this will be “the universe” for which the octonions are a commutative as-
sociative unital algebra.

Using the product in H we can define a bifunctor ® : 4 x { — 4 given by

(V,pv) ® (W, pw) = VW, prew),

with pyew given by the composition

VoW 2y o HowW e H YL vewe Ho HE" >V o W @ H.

In element notation this means that if v, w are homogeneous elements of degree
g,h in V and W respectively, then p(v,w) =v®@w ®g-h, i.e., g-h is the degree of
the element v ® w. The unity for this tensor product is 1 = k£ with the gradation
concentrated in the e-degree component.

For this tensor product we define the right and left unity constraints
rU:U<§§1—>U, lU:1<§L§lJU—>U

to be the canonical isomorphisms in the category Vect (k) and we define the

associativity constraint to be

Sy (UV)oW U (VW)
s U U It

(u®@v) @w = @(|ul, [v], [w)u ® (v©w),

with ¢ like in [2.4.1]and | | denotes the degree of a homogenous element. Note
that we have suppressed the 4 in the tensor elements, we will keep doing this
from now on.

We have to check that this vector space morphism ¢ is in fact a natural iso-
morphism such that the pentagon and triangle axioms given in (I.1.1),
holds.

® is a morphism in 4 since multiplying by the function ¢ is a degree preserving
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morphism. It is an isomorphism with inverse given by the multiplication by

¢~!. The naturalness of ® is expressed by the equation

(f®@@geh)olxyz=2x vy z0(f®g) @h)

forevery f: X - X', g:Y - Y', h:Z — Z'. The equality follows from the
fact that o(1/ ()], lg(y)l. I(=)]) = é(le], yl,]=]) since f,g,h are degree preserving
morphisms.

The pentagon and triangle axioms say that

(Ix @ Py zw)Pxyezw(Pxyz®1lw) = PxyvzewPxev.zw
Ix®ly®Px1y =rx @1y

in terms of the function ¢ is

o(lyl, 2], [whe (], [yl - |2, [w)o(lz], [y, |zDe © (y @ (z @ w))
= o(|a[, [yl [2] - [who(|z| - [yl |2], [w))z @ (y © (z ® w))
¢(|ZL‘|,€, |y’) =1

and these are exactly the conditions given in (2.4.1).

So far, we have the monoidal category (i1, %@, k,®,1,r), next we consider the object
kG which is itself an H-comodule via A and consider the morphisms mpg(z,y) =
r-qyF(z,y), n(1) =e, for F € Hom;(kG®?, k) a convolution invertible and unital
function. The next result says that (kG,mp,n) is an algebra in the monoidal
category . Even more, if we define a symmetry for the tensor product, then
kG is in fact a commutative algebra with respect to such symmetry. In the

literature, it is common to say that it is a braided algebra.

Proposition 2.4.2. Let F € Homy(kG®?% k) be a convolution invertible function
such that F(z,e) = F(e,z) = 1 for all z € G and consider the monoidal category
(U, ®,k,®,1,r) as above, with the associator given by

i

F(x,y)F(zy, 2)

2.4.2
F(y, 2)F(z,92) (24.2)

¢(x7 y7 Z) =
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then (kG, mp,n) is an algebra in 4.

Proof. To make the notation easier we will use unadorned tensor ® to mean ®
i

and we make the abuse |z| = x. We have to check the commutativity of the

following diagrams

mpg

kG ® kG kG ko kG L kG o kG kG0 k

. b e

EFGOEGO® H——kG® H kG
mp®1

It is enough to check the commutativity on elements of G:

(mp @ DA(z,y) =(mp @ 1)(1 @ m)T o (A @ A)(z,y)
=(mrel)(lem)rzereyey)=(Mmrel)(zeyz-y)
=mp(z,y) @z -y=Flr,y)r yz-y=F(z,y)Ax-y)

Aomp(z,y) =A(z - yF(z,y)) = F(z,y) Az - y)

mpon®1(1,z) =mp(e,x) =e-xF(e,x) =x=1(1,z), Vz,yeG, 1€k
The diagram for the associativity up to ¢ is:

(kG @ kGQ) ® kG

kG ® kG kG ® (kG © kG)
| pron:
kG — kG ® kG,

in element notation is
:¢($,y, Z)mF(x’y ’ ZF(yv Z)) = ¢($7y, Z)F(yv Z)F([L‘, Y- Z)QT : (y : Z)

’an(mF & 1)($7y) = mF(F(x,y)x Y, Z) = F(:c,y)F(:c : y,Z)(IL‘ ’ y) T2

then by the definition of ¢ we have that mp is ®-associative O
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Now, there is a symmetric braiding in 4 making (kG, mp,n) a commutative

algebra.

Proposition 2.4.3. Letor : X ®Y — Y ® X be given by op(x,y) = ?E;ggy ® .

Then o is a symmetry for ® and with this symmetry kG is or-commutative.
It

Proof. Observe that this braiding is just the usual flip in Vect(k) followed by

multiplication of the scalar function % thus of is a natural isomorphism.

The hexagon axiom expressed in equation form says that:
Poopod((r®y)®z)=(1Qopr)(or@1)((z®y)®2),

the left side of the equation is:

-

Fly-za) 2O

BB ey )y (8 0

do aF(gzb(x, Y, Z).%' & (y X Z)) :¢(x7 Y, Z)

and the right side is:

F(z,y)
(y,z)

:i;f;g) 6(y,2,2)(1® o) (y ® (2 ® 2))

Fz,y) F(z,2)

“Fly,0) Flz,z) 0@ (00

(l@or)@lor@1)((z©y) ©2) = (1@or)P(y©r®2)

=

(z,y) F(z,2)
Flyx) F(z2)"

Then left and right sides coincide if and only if ¢(z, y, 2)¢(y, 2, z) % =o¢(y,z, 2)

Using the formula for ¢ we obtain

F(z,y-2z) Fr,y)F(x-y,2) Fy,2)F(y-z,z) F(z,y - 2)
O 20 ) TR 2 Flay - 2) Flava) By, 2 - 2) Fly - 5.0)
_Flay)P-y.2)
F(z,z)F(y,z - x)
.z z)F x,y) F(z,2) :F(y-x,z)F y,x) F(x,y)F(x, z)
UV F(y,x) F(z,x)  F(w,2)F(y,x-2) F(y,x)F(z, 1)
_Fy-z,2)F(z,y)
C F(z,2)F(y,z - 2)
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Similarly we obtain the hexagon axiom involving ®~!. We also have that o% = 1,
since

XV -2 yvex —2 XY

F(z,y) F(z,y) F(y,x)
TQYr—= F(ng)y s F(y,?a):’) F(g,y)x ®y.

Finally, let us see that mp o op = mp. In fact,

F(z,y) _ F(z,y)
F(w)g’@””) = Fy,2)

mpoor(®y) :mF< Fly,2)y-z = F(z,y)z -y = mp(z ©y).

O

The Category Mody(O).

In this section we follow the ideas given in [1] to prove Propositions

and This results are of important use in the construction of the octo-

nionic projective space.

In [1] the authors prove that taking G = Zy x Zy x Z3, R as the ground field

and F(g,h) = (—1)7@" with
flg,h) = Zgihj + h19293 + g1hags + g192hs for g, h € Zy x Zy X Z,
i>j

one obtains the Cayley algebra of the octonions O as the commutative algebra
(RZ3,mp,n) in the corresponding monoidal category. From now on, we will de-
note
Once we have a commutative algebra in a symmetric monoidal category, we can
construct its category of modules and make some other constructions similar
to those, one has in commutative algebra with the purpose to imitate the alge-
braic geometry over commutative rings.
In this section we will work on the properties of the category Mody(O), con-

cerning to projective and free objects (respect to a left adjoint functor called the
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free functor). We will prove that in fact O is a projective, finitely presented gen-
erator for the category Mody(O), this will say by using Gabriel’s Theorem that
Modg(0) is in fact equivalent to a category of modules over a certain ring. A
proof of this result can be seen in [21]. Although we are not interested in using

this equivalence, it is worth to mention it.

Let us start characterizing the objects in Modg(0O). They consist of a pair
(X,p) with X € U, that is to say, a Z3-graded real vector space with a graded
morphism p : O ®y X — X satisfying the pentagon and triangle axioms for the
action. Since p is degree preserving, then p is a 8-tuple of real vector space mor-
phisms p; : (O®y X); — X;, where the index denotes the i-th degree component.
If we denote {¢;, ¢ = 0...7} a basis for O, then the associativity of the action
says that p(e;, p(e;, 7)) = —xi, this means that for every i = 0, ...7, the multipli-
cation by e; induces an isomorphism X, = X; with £, [ such that ¢; = mp(e;, eg).
In summary, an O-module is just a graded vector space with distinguished iso-
morphisms between the homogenous components, given by the multiplication
of the basis elements of O. Thus the data of being an O-module is in the 0-th
degree component and one obtains the rest of the components by multiplication
of the ¢/s.

Next, a morphism between objects in Mody(O) will be a preserving degree mor-
phism between the graded vector spaces compatible with the actions of O, i.e., a
morphism between the degree zero components commuting with the respective
isomorphisms. More explicitely, if X,Y are objects in Modg(O), then f: X — Y
is characterized by the morphism f; : Xy — Yp, since the rest of the morphisms

are just conjugations of fj by the ¢;’s as is depicted in the following commutative
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diagram:

X, 2 v, (2.4.3)

i
All this implies the following propositions:

Proposition 2.4.4. Let V, = Homo(0,—) : Mody(O) — Ens be the "canonical”

Jorgetful functor in monoidal categories. Then V} is a conservative functor.

Remark 2.4.5. The notation for this forgetful functor comes from the enriched
category setting, we use it here although we are not constructing the category
of modules as an enriched category over /. In the Appendix, however we work

in the enriched context.

Proof. Let f: (X, p) — (Y,p') be a morphism in Modg(O), such that the induced
morphism Vy(f) : Homo(O,X) — Homp(0,Y) is an isomorphism. If we denote

by |-| the forgetful functor, the adjunction

—®0
u

MOdu(O) 1L U
=1

says that we have an isomorphism Homy(R,|X|) = Homy(R,|Y]). Since in the

)’
hence we have the isomorphism f; : Xo — Y. Finally, by the diagram [2.4.3| we

category { we have the isomorphisms Xy, = Homy(R,|X]|), Yo = Homy(R,|Y

have that f : (X, p) — (Y, /) is in fact an isomorphism. O

Proposition 2.4.6. O is a projective finitely presented generator in Modg(O).

Proof. Limits and colimits in Modg(O) are computed in 4, this means in partic-
ular that |-| : Mody(O) — 4l preserves them. Now, since R is a projective object

in 4, then O = R ®y O is projective in Modg(O).
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Now, to show that O is finitely presented, observe thar Homg(R, —) preserves

them, hence by the isomorphism
Homo(0, —) = Homy(R, | - )

we get that Homo (0, —) preserves filtered colimits, that is O is finitely presented.
Finally, to see that O is a generator, we have to prove that Homg(O, —) is faithful.
The result follows by “abstract nonsense”: In any category C with equalizers , a

conservative functor F' : C — &Ens preserving them is faithful. O

Remark 2.4.7. All the previous constructions and properties are also true
when G = Z; x Zy and H = (RG, A,¢,m,n) the Hopf algebra defining the cat-
egory U. If we take f(g,h) = gih1 + (g1 + g2)he, for g,h € Zy x Z, we obtain the

category for which the Quaternion algebra is a commutative algebra.
From all stated above, we have the following result:

Proposition 2.4.8. Mody(0) is equivalent to the category of right modules over

the ring End(0O).

Remark 2.4.9. It is very important to point out that this equivalence is not
monoidal. The monoidal structure for Mody(O) we consider here is the one
that makes possible the construction of the octonionic projective space, given

in Chapter 4.



Chapter 3

Relative Algebraic Geometry

Resumen

En este capitulo se presentan las ideas generales de la geometria algebraica
relativa. Es una breve revision de la geometria relativa introducida por B. Toen
y M. Vaquie en [26]. Sea C una categoria monoidal simétrica cerrada y bicom-
pleta, se define formalmente la categoria de los esquemas afines relativos a C

como Af fe = Comm(C)°P. Se tienen las siguientes construcciones en Af f¢

¢ Existe una topologia de Grothendieck canoénica en Af f;, llamada la topologia
playa cuyas familias cubrientes corresponden a familias finitas de morfis-

mos {A — A;} en Comm(C) tales que el funtor
[ 4 ©a - : Mode(A) — [ Mode(As)
es conservativo. Z Z
e Los prehaces representables son haces para esta topologia.

e Existe una nocién de abierto Zariski en Af fc que por definicion es un mor-
fismo f: X — Y tal que el morfismo correspondiente A — B en Comm(C)

es un epimorfismo playo de presentacion finita.
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e La nocion de abierto Zariski se extiende a morfismo entre haces.

e Los abierto Zariski son estables por composicion, isomorfismos y cambio

de base.

e La nocion de abierto Zariski da lugar a una topologia, llamada la topologia
Zariski y para esta topologia los prehaces representables también son

haces.

Estas propiedades son necesarias para definir una categoria de esquemas rel-
ativa a C. Asi, un esquema relativo es por definion un haz en el sitio Af fz con
la topologia Zariski y que posee un cubrimiento Zariski por esquemas afines.
A la categoria de esquemas relativos a C la denotamos Sch(C) y se prueba que
ésta es una subcategoria plena de la categoria de haces sobre Af f¢, estable por

productos fibrados y sumas disjuntas.

Summary

This chapter is a review of the theory developed in [26], it contains the main
frame of this thesis, that is, the setting in which our object of study is de-
fined. For a symmetric monoidal bicomplete category C, the category of affine
schemes is defined as Af f¢c := Comm/(C)°?, associated to this category one has
a Grothendieck topology, namely the Zariski topology. One has also the notion
of a sheaf in the site Af fc, then a C-scheme will be an object in Sh(Af fc) which

is covered by affine schemes.



3.1 Grothendieck Topologies.

75

3.1 Grothendieck Topologies.

Definition 3.1.1 (Grothendieck Pretopology). Let C be a category with pull-
backs. A Grothendieck pretopology on C is an assignment to each object U in
C of a collection of families {U; — U },c; of morphisms, called covering families

such that the following conditions hold:

1. (Isomorphism cover.) If U’ — U is an isomorphism, then {U’" — U} is a

covering family.

2. (Stability axiom.) If {U; — U };cs is a covering family then for any morphism
f:V —= U inC, the family of pullbacks {U; xyV — V},c; is a family covering
for V.

3. (Transitivity axiom.) If {U; — U},cs is a covering family and if for each i € T
{Vij = Ui}jer, is a covering family for U;, then the family of composites

{Vij = U}icr, jer, is a covering family for U.

In [26], the authors defined a pretopology in a category C through a pseudo
functor M : C°? — C' AT assigning to every X € C a category M (X) verifying the

following conditions
1. For every X € C, M(X) has arbitrary limits and colimits.

2. For every morphism p : X — X’ the functor M(p) =: p* : M(X) - M(X')

has a conservative right adjoint p, : M(X') —» M(X).
3. For every commutative diagram in C

vy

1

X —=X
P



76 Relative Algebraic Geometry

the natural transformation p*q. = ¢.p™* is an isomorphism. This natural

transformation comes from natural isomorphisms
(@)p" = (pd)" = (ap)" = ()"
which composing on the right with ¢, gives the natural isomorphism (¢')*p*q. =

(p")*q* ¢+, now composing with the counit of the adjunction ¢*¢. = 1 one has

the natural transformation

*

(@)pq. = (')
and again by the adjunction we have the natural transformation of base

change
P e = q.(p)"
Definition 3.1.2 (Site). A site is a category with a Grothendieck topology.

Definition 3.1.3 (M-coverings.). Let {p; : X; — X };c; be a family of morphisms

in C, we say that

1. The family is an M-covering if there exists a finite set J C I such that the

family of induced functors {p} : M(X) — M(X,)} are conservative.

2. the family is said to be M-flat if the functors p} : M(X) — M(X;) are left

exact for every i € I.
3. The family is said to be M-faithfully flat if it is an M-covering, M -flat.

Remark 3.1.4. Since M (X) has all finite limits, a functor p* which is both
left exact and conservative hence faithful, thus the name M -faithfully flat is

justified.
Proposition 3.1.5. M -faithfully flat families define a pretopology in C.

Proof. See [26] O
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The induced topology in C is called the M -faithfully flat topology.

Descent Data.

Given V = (U; — X),esr a covering in the site 7', one has the category Desc(V/X, M)
of descent data, this is a category whose objects are pairs (z;,6; ;); ; with z; an
objectin M (U;) and ¢; ; : (z;)|v, ; = (;)|v, ; are isomorphisms in M (U;;) satisfying
the cocycle condition 6, o 6;; = 6;;, in M (U;;1,), where U;; denotes the pullback
U; xx U;. A morphism between two descent data (z;, 0;5):j, (vi, ¢ij)i; is a family of
morphisms f; : z; — y; in M (U;) compatible with the given isomorphisms, i.e.,
¢iifi = fjbi; in M(U;;). In [26, Théorém 2.5] the authors prove that for each
covering V the canonical functor p* : M(X) — Desc(V/X, M) is an equivalence.

It is in fact an adjoint equivalence with right adjoint given by

P« (24, 0;,5) = Lim ( [ @) == [ wij)s@i)lu., ) (3.1.1)

i i\
with p; ; : U; j — X.

When the site T is the category Affc, for C closed symmetric monoidal and
cocomplete and the functor M is the one assigning to every A € Comm(C) its
category of modules Modq(A) and for every morphism p : Spec(4) — Spec(B)
in Affc the functor p* : — ®4 B, then this equivalence says that the modules
are sheaves for the Zariski topology. For a detailed description of this result

see [20], Corollaire 2.11].

3.2 The Zariski Site Af /.

Through this section (C,®,1) is a bicomplete, closed symmetric monoidal cate-

gory. Let Comm/(C) the category of commutative algebras in C. The category of
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affine schemes relative to C is defined as Affc := Comm/(C)?. If A € Comm/(C)

the corresponding object in Af f¢ is denoted Spec(A). Af fc is bicomplete as it is
C.

Definition 3.2.1. Let f: Spec(B) —— Spec(A) a morphism in Affe. f is called
a Zariski open or Zariski open immersion if the corresponding morphism f :

A — B in Comm(C) is a flat epimorphism of finite presentation.

Definition 3.2.2 (fpqc covering). The family {Spec(A;) — Spec(A)}icr in Af fe is

a flat covering (a.k.a fpqc covering) if
1. forallie I, A — A, is flat.
2. There exists a finite set J C I such that the family of functors
—®4 Aj: Mode(A) = Mode(4A;), jed
is jointly conservative.

Definition 3.2.3 (Zariski covering.). The family {Spec(A4;) — Spec(A)}icr in Af fe
is a Zariski covering if it is a fpqc covering and for all i € I, Spec(A;) — Spec(A)

is a Zariski immersion.

Proposition 3.2.4. The fpqc and the Zariski coverings define two pretopologies
on Af fc. The Grothendieck topologies associated to these pretopologies are called

the fpqc and the Zariski topology respectively.
Proof. See [26]. O

Thus we have the category of presheaves Pr(Af fc), that is, the category of

functors from Af f2” to the category Ens, and its sub categories of sheaves

ShIPE(Af fo) € ShZY (Af fe) € PrSh(Affe).
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The category of sheaves with respect to the Zariski topology, Sh%%" (Af fc) will be
denoted simply by Sh(Af fc) and the word sheaf will mean always Zariski sheaf.
Via the Yoneda functor h_ : Af fo — PrSh(Af fc) one identifies Af fc with the full
subcategory of PrSh(Af fc) given by the image of h and one has the following

result:

Proposition 3.2.5. For every X € Af fc, the presheaf hx is an fpqc sheaf, hence

a Zariski sheaf.

Proof. For details see [26, Corollaire 2.11 1.]. O

This result says that modules are sheaves for the fpqc topology. This is an
important fact, very useful in the construction of the projective space given in
Chapter 4. Since The Zariski topology is less finer than fpqc then this is true
also for the Zariski topology.

3.3 Schemes relative to C.

In this section we give the notion of a relative scheme. As in the classical setting
in algebraic geometry, a relative scheme is that of a sheaf which has a Zariski
open covering by affine schemes. In order to do this one has to define the

Zariski topology in Sh(Af fc).
Definition 3.3.1.

1. Let X € Affc and F C X a sub sheaf. F' is said to be an open Zariski of X
if there exists a family of open Zariski {X; — X },c; in Af f¢c such that F'is

the image of the morphisms of sheaves [[,.; X; — X.

2. f: F — Gin Sh(Affc) is an open Zariski (open Zariski immersion, open

sub functor) if for every affine scheme X and every morphism X — G the
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induced morphism F' xg X — X is a monomorphism with image a Zariski

open of X, i.e., F xg X is a Zariski open of X.

Definition 3.3.2. A sheaf F' € Sh(Af fc) is a scheme relative to C or a C-scheme
if there exists a family {X;};c; € Affc such that for all i there exists X; — F

satisfying
1. The morphism X; — F is a Zariski open of F for all i.
2. The induced morphism p : [[,.; X; — I’ is an epimorphism of sheaves.

The full subcategory of relative C-schemes will be denoted Sch(C).

The Affine Scheme A}
Definition 3.3.3. The Affine n-space A} is defined as the functor

Az :Comm(C) — Ens
Ar— Ag(A) = HomComm(C)(l[mla T ,xn], A)
For every morphism f : A — B associates the corresponding function f, :

Ai(A) — AZ(B). Recall that the commutative algebra 1[zy,--- ,z,] is defined

as the symmetric algebra of 1%,

Remark 3.3.4. By Proposition [3.2.5, A% € Sh/P%(Af fc) therefore it is an affine

scheme

Example 3.3.5. Taking C = Z-modules we get the usual affine scheme over Z,

AZ. This functor is represented by Z[z; ..., zy].



Chapter 4

The projective space in relative

algebraic geometry

Resumen

Este captitulo concentra los aportes originales de esta tesis. En la seccién
demostramos unos lemas auxiliares para la construccion del espacio proyectivo
P¢. El lema da una condicion para que una familia de elementos de un
objeto algebra A sea una particion de la unidad. Este lema es importante para
demostrar el lema que permite asociar a un ideal de A un sub esquema
de Spec(A) llamado el abierto complementario. La nocion de abierto comple-
mentario nos permitié probar que los esquemas afines U; definidos en [4.2.2]
son en efecto abiertos Zariski de P;. En esta seccion también presentamos los
objetos que permiten definir el espacio proyecto, éstos son, los objetos de linea
en una categoria monoidal cerrada. Los objetos de linea son la categorificacion
de los fibrados vectoriales de linea, se definen como objetos inversiones cuya
signatura es la flecha identidad. Estos objetos son preservados por funtores

monoidales fuertes como el cambio de base, una propiedad muy ttil para la
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definicion del proyectivo relativo. Otra propiedad de los objetos de linea, nece-
saria para probar que Py satisface la condicion de haz, es la dada en el lema
que dice que si A; es una familia de A-algebrasy L; es un objeto de linea
en Mod¢(A;) para cada i, se tiene que [ [, L; es un objeto de linea en Mod¢([]; 4:).
En la seccion definimos el funtor de puntos del espacio proyectivo relativo
a una categoria C como el funtor P} : Affép — £ns que a cada esquema afin
Spec(A) le asigna el conjunto de submodulos L de A"l que satisfacen lo sigu-

iente:
e L es un objeto de linea en Mod¢(A),
e L es un sumando directo of A1,

Para cada morfismo Spec(B) — Spec(A) la funcion de conjuntos P3(A) — P#(B)
asigna a un L € P} el sumando directo correspondiente B ®4 L de B""!. Las
hipotesis sobre C para que dicho prehaz sea un esquema relativo, son las sigu-
ientes: (C,®,1) es una categoria abeliana, simétrica cerrada y bicompleta tal
que el objeto unidad 1 es un generador proyectivo de presentacion finita. A
una categoria con dichas propiedades la llamamos un contexto abeliano rela-
tivo fuerte. En el capitulo 2 probamos que la categoria Mody(O) es un contexto
abliano relativo fuerte, con lo cual tenemos como resultado el teorema
que afirma que Pg es un esquema relativo a dicha categoria.

Damos también una definicion equivalente del espacio proyectivo relativo, en
términos de cocientes de A"*!, a este prehaz lo denotamos PZ. El teorema
afirma que si C es un contexto abeliano relativo fuerte entonces P% es
un C-esquema. Finalmente el teorema afirma que P} y P72 son isomorfos
como C-esquemas.

En la seccion nos concentramos en la categoria de haces quasi-coherentes

sobre un esquema relativo. Probamos una propiedad de pegado de haces quasi
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coherentes, proposicion (4.3.3 Definimos los haces torcidos Opz(m) para m un
numero entero. La motivacion para definir estos haces es la de tener un teo-
rema del estilo de Serre que caracteriza los haces quasi-coherentes sobre el
espacio proyectivo como modulos graduados. Esta ultima parte corresponde a

trabajo en progreso.

Summary

Throughout this chapter (C,®,1) is an abelian bicomplete symmetric closed
monoidal category such that 1 is a projective finitely presentable generator.

This condition on 1 means that the forgetful functor
Vo =Home(1,—) : C — Ens

is conservative, preserves and reflects epimorphisms and filtered colimits. Al-
though not all of these properties are needed in some of the results, these are
exactly the conditions required for the relative projective space to be a scheme.
We will call C an abelian strong relative context. In Chapter 1 we saw that, due
to the adjunction C = Mod¢(A), if C is an abelian strong relative context then

Modz(A) is also an abelian strong relative context.

4.1 Preliminary Definitions and Lemmas.

In this section we prove several lemmas needed in order to prove that what
we define as the projective space is in fact a C-scheme. These lemmas are the
relative version of very well-known results in algebraic geometry. Lemmas[4.1.1]
and are usuful to prove Lemma[4.1.3] This Lemma, together with Lemma
play an important role, as they are needed to prove that the projective

space has a Zariski covering. In this section we also define line objects and give
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some of their properties, as well as examples in very well-known categories like

A-mod and Qcoh(X).
Lemma 4.1.1 (Partition of Unity). Let (f; : 1 — A) be a generating family
then (f;)ier form a partition of unity on A|1.3.25,

Proof. we will denote the adjoint arrow of each f; as f;. let us see that we can
reduce the family to a finite one. For this, for each finite subset J = {iy,---ix} C I
consider the generated ideal I; =< f;,,---, fi;, >. Then, these ideals determine

a filtered diagram as shown above

< fi >
/

\ /

< fr >
Since the family (f;);c; is epimorphic in Mod¢(A) then A is the filtered colimit
of these ideals, i.e.,

A 2 colim < firso - 7fik > .
Because A is finitely presented in Mod:(A), we have the isomorphism
Homy(A, A) = colimjcrHoma(A, Iy).

Then there exists and index k such that the identity arrow 1: A — A factorizes
through < f;,,..., fi, >, thatis tosay A =< f;,,---, fi, >.

Now, let us see that the finite family indexed by J is a partition of unity. As we
have an epimorphism [] A (f;JQ)A and A is projective, there is a surjection

(fi;)"

Homu(A,]].c;A) ——= Homy(A, A) .

ied
Using the isomorphism Hom (A, [[;c; A) = [[;c; Homa(A, A), we have that for
the identity arrow 1: A — A there exists a family (s;);c; such that ) ;_;s;0 f; =

1 O
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Lemma 4.1.2. Let( 1 Ry )ic1 be agenerating family. Then (Spec(Ay,) — SpecA);

is a Zariski covering.

Proof. By Proposition|[I.3.28|each A — Ay, is a flat epimorphism of finite presen-
tation. By Lemma [4.1.1], there exists a finite subset J C I such that the family
(fj)jes is a partition of unity and by Proposition the family of functors
Mod(A) — []; Mod(Ay,) is jointly conservative.

O

Lemma 4.1.3 (Complementary open subscheme). Let X = SpecAinAffec, I — A
an ideal. There is a subfunctor of X associated to the ideal I defined by: U;(B) =
{u:A— B : BI = B} where BI = Im( BoIl“"Bep™ . B ). Moreover, U

is a C-scheme.

Proof. First we prove that U; is a sub sheaf. Let (B — B;);c; be a Zariski covering
and let (f;); be a compatible family in [[, U(B;) < [[; ha(B;). Since hy is a sheaf,
there exists a unique f € h4(B) whose restrictions to every open Spec(B;) is f;.
Let us check that this f is in fact a section in U(B), i.e., f : A — B induces an
isomorphism BI = B. Since the B; form an open covering for B we have that
family of functors
—®p B; : Mod(B) — Mod(B;)
is jointly conservative, so if we consider the inclusion Bl — B, we know that
for every i € J, BI ®p B; = B;I = B;, therefore BI = B.
Now We show that if (f;); € Homa(A, A) is a generating family of the ideal
I then U; = Spec(Ay,) — U is a Zariski open immersion and {U; — U};cs is a

Zariski covering. First, note that by the universal property of localizations
Ui(B) = Homcomme)(Ay, B) ={f: A— B : B< f; >= B}. 4.1.1)

Moreover, the inclusion U; — Spec(A) induces a morphism U; — U, by (4.1.1]

this morphism is a monomorphism. We will check that this morphism is in fact
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a Zariski open immersion. Let SpecB € Affe and u : SpecB — U and consider

the pullback diagram

U; X o SpecB — U,

|

SpecB ——=U \
\_> SpecA,

we have to prove that U; x 4 SpecB — SpecB is a Zariski open immersion. To give
the morphism « : SpecB — U is the same as giving an element in U(B), that
is to say, a morphism u : A — B such that IB = B, then the result follows by
the isomorphism U; x 4 SpecB = SpecB,,s,), where u(f;) : A LA —%> B and
SpecB, s,y — SpecB is a Zariski open, therefore U; — U is a Zariski open.

On the other hand, in view of BI = B, (u(f;)); is a generating family of B.
This family can be reduced to a finite family (u(f;));es, thus by Lemma [4.1.1}

[1;cs SpecBuy; — SpecB is an epimorphism of sheaves so is [[;., U; = U O

We now give a sufficient condition for a morphism of sheaves to be an epi-
morphism. This result is analogous to its classical counterpart and it is very
useful in order to prove that the projective space is in fact a scheme as it is

covered by affine Zariski open immersions.

Lemma 4.1.4. Let {U; — F'} be a finite family of affine Zariski open immersions
in Sh(Af fe). If for every field object K € Comm(C), [[, Uis(K) — F(K) is surjective

then [[, U; — F is an epimorphism of sheaves.

Proof. It is enough to prove the lemma for F' = SpecA since a necessary and
sufficient condition for G — F to be a sheaf epimorphism is that for every
affine scheme SpecA, SpecA xp G — SpecA is an epimorphism. In this case, we
have to check that for each U; = Spec(A4;) e Spec(A) , the family of functors
Mod(A) — Mod(A;) is jointly conservative.
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Let 0 # M € Mod(A), we will prove that M; := A; ®4 M # 0 for all j. As M # 0,
then M contains a submodule of the form A/I. In fact, there is a non zero

f:A— M, sowe take I = kerf, then we have the factorization

f

N\

AJI

A M

Let m be a maximal ideal containing I, its existence is proven in Proposition
[1.3.12] then the morphism ¢ from A to the field object K = A/m represents
an element in F(K). As we have a surjective function [[, U;(K) — F(K), the
element ¢ seen as an arrow factorizes through some u; : A — A;, this means

that there exists ¢; such that the diagram commutes

A ¥

K
N
A

Now, by the universal property of Kery;, there exist a unique morphism m —

Kery;, then we have the pullback diagram

A
Pj
K

with the morphism m — uj‘l(K ery;) being a monomorphism.

Let m; be a proper maximal ideal containing Ker(y;), since u; is flat we have
that u; '(Kerg;) < u; ' (m;), thenm < u; ' (m;). We claim that u~!(m;) is a proper
ideal of A. In fact, if v=!(m;) = A, then the morphism u; : A — A; factorizes

through A — m;, but since m; is a proper ideal this is a contradiction.
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By maximality m = ’LLj_l(mj). Then we have the commutative diagram

—m

R J
]
A——> A]’
tensoring with the A-algebra A; we have a morphism A4; ®4 m; = Aym — m;
commuting with the inclusion to A;. Then this morphism must be a monomor-
phism. On the other hand, we have a monomorphism A;/ >—— A;m, it fol-
lows that m; contains the ideal A;I then A;/A;I # 0 and we have a monomor-
phism

A/I@A Aj & AJ/AJI >—>A]' QKa M = Mj,
this means that M; # 0 for all j, therefore {U; — SpecA}; is a Zariski covering. [J

The next lemma is a well known result in category theory and it will be useful

to prove Lemma 4.1.6/ A proof for this result can be found in [28].

Lemma 4.1.5. Let C be a cocomplete category and Vy : Hom(1,—) : C — Ens such
that:

e 1} preserves filtered colimits and epimorphisms, i.e, 1 is finitely presentable

and projective.

e Every object X € C is a colimit of the diagram F' — X with F a free object in
C. In the abelian case, this condition says that there exists S € Ens and an

epimorphism 1(%) — X

Then X € C if finitely presented if and only if there exists m,n € N and an exact
diagram

1m—=1"—— X

which is called a finite presentation for X .



4.1 Preliminary Definitions and Lemmas.

89

The next tool we need in order to construct the projective space is the fol-
lowing two lemmas, they are the relative version of a well-known result in
commutative algebra, it concerns about the stability of direct summands of
a finitely presented module. We first introduce some notation. Let (C,®,1) be
a co-complete abelian, symmetric closed monoidal category, such that 1 is a
projective finitely presentable generator and the forgetful functor Hom¢(1,—)
reflects epimorphisms. Let A — B be a morphism in Comm(C) and let M, N be

two A-modules, we would like to define a morphism
¢:B®ghomy(M,N)— homp(B®4 M,B &4 N).

We have the morphism 1 ® ¢ : B ®4 M ®4 homa(M,N) — B ®4 N which by

adjunction corresponds to a morphism
homa(M, N) —> homa(B ©4 M,B®4 N).

On the other hand, as B®4 M and B®4 N are B-modules, the object homs(B® 4

M,B ®4 N) is also a B-module, with action
w:B®4ghoma(B®aM,B®gN)— homa(B®gM,B®4N)

by composing these two morphism, we have the morphism

1®x

£: B4 homa(M,N) —% B®a homa(B®aM,B & N)—>homa(B®as M,B&4 N).

It's not hard to see that ¢ equalizes the two morphisms
homy(B®g M,B®4 N) —= homp(B,homa(B ®4 M,B ®4 N))
and since homp(B®4 M, B& 4 N) is, by definition the equalizer of these two mor-

phisms, there exists an arrow ¢ : B ® 4 homy(M,N) — homp(B ®4 M,B ®4 N).

With notations as above we have the following results:



90

The projective space in relative algebraic geometry

Lemma 4.1.6. Let C be an abelian strong relative context. If A — B € Comm/(C)
is faithfully flat and M is finitely presentable, then the induced morphism

¢:B®homa(M,N)— homp(B® M,B® N)
A A A
is an isomorphism.

Proof. Under these hypothesis we have by Lemma that M is finitely pre-
sentable if and only if M has a finite presentation.

Suppose M = A:

B @4 homa(A, N) — = homp(B @4 A, B4 N)

; :

B®a N homp(B,B®4 N) =2 B®g N

(=23

we have that ¢ is an isomorphism.
Now suppose M = A™. Since hom (M, —), B®4 — are additive functors, we have

the isomorphisms

B ®4 homa(A™, N) homp(B®4 A™,B®4 N)

: }

B®aqg N homp(B™,B®g N) = B®4 N™

[a)

with ¢ the direct sum of the isomorphisms given in the previous case.
For the general case, let A" — A" — M — 0 be a finite presentation for M.

Tensoring this presentation with B we obtain again an exact sequence
B™ - B" - B®s M — 0.

Applying B® 4 homa(—, N) and homp(—, B® 4 N) to both exact sequences respec-

tively, we obtain the commutative diagram with exact rows
0 —— B® homua(M,N)— B ® homa(A", N) — B ® homa(A™,N)
A A A

v I a

0 —— homp(B (%M, N) —— homp(B QA?A”,N) — hompg(B QA?A’",N),
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The exactness in the left of the first row is due to the fact A — B is faithfully flat.
The first column is an isomorphism since they are both the limits of isomorphic

sequences. O

Lemma 4.1.7. Let C be an abelian strong relative context, A — B € Comm/(C)
Jaithfully flat, M € Mod(A) of finite presentation and L an A-submodule of M. If

B ®4 L is a direct summand of B ®4 M then L is a direct summand of M.

Proof. L is a direct summand of M if and only if there exists a morphism r : M —
L such that r o7 = 1. This is equivalent to prove that the function between the
homs is surjective, i.e., Homa(M, L) - Homu(L, L).

Since the forgetful functor Hom 4(A, —) preserves epimorphismes, it is enough to
prove that ¢ : homu(M,L) — homy(L, L) is an epimorphism. The result comes

from the following commutative diagram

By

B%homA(M, L) Bg@homA(L,L)

Q%l i%@

homp(B © M, B ® L) — > homp(B® L, B® L).
A A A A

The previous lemma shows that {; and (» are isomorphisms. Then ¢ is an
epimorphisms since B ® [ is a direct summand of B ® M and the forgetful
A

A
functor Homp(B, —) reflects epimorphisms. O

Line Objects.

Next, following [6,24] we give the definition and properties of the objects that
make possible the definition of the projective space. This kind of objects are

the categorification of rank one invertible sheaves over a scheme.

Definition 4.1.8 (Invertible object). If C is a symmetric monoidal category, L € C

is called invertible if there exists an object LY and an isomorphism § : 1 — LV®L.
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Note that if L is invertible then L ® — : C — C is an equivalence with inverse

LV ® —.
Remark 4.1.9.

1. 1 is invertible and invertible objects are closed under tensor products.
Isomorphisms classes of invertible objects form a group denoted Pic(C).

For more details on Pic(C), see [20].

2. If L is invertible, then for every isomorphism ¢ : 1 — L ® L" there exists an
isomorphism ¢ : LV ® L — 1 satisfying the triangle axioms

o1 oR1

1L —SLRLVRL 1LY —<SLILVe L
1®L 1o LY

therefore (L, LY, ¢, ) is a duality in C.

3. If Lisinvertible and 1 is projective, then L is a projective object in C. In fact,
since L is invertible, hom¢(L, —) is left adjoint to home (LY, —), therefore it
preserves colimits. As Hom¢(L,—) = Home(1, home(L,—)) and Home(1, —)

preserves epimorphisms we have that Hom¢ (L, —) preserves epimorphisms.
Now, for invertible objects there is a well defined signature

Definition 4.1.10 (Signature). Since L ® — is an equivalence we have bijections
Endc(1) = Ende(L) = Ende(L ® L) then the signature is the endomorphism of 1

corresponding to the symmetry o7, 1, : L ® L — L ® L via that bijection.

Definition 4.1.11 (Line object.). L € C is called a line object if it is invertible

and its signature is the identity morphism.

Remark 4.1.12. An object M in C is said to be symitrivial if oprpr 2 M @ M —

M ® M is the identity arrow. Since the signature of an invertible object L in C
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is the endomorphism associated to the symmetry of L ® L, then a line object is

simply an invertible symtrivial object.

Proposition 4.1.13.

1. Symtrivial objects are preserved by strong monoidal functors.

2. IfC is cocomplete then M ® N is symtrivial ifand only if M @ N = 0 and M, N

are symtrivial.

3. Let A be a faithfully flat commutative algebrainC, L € C. If A® L is a line

object in Mod¢(A) then L is a line object in C

Proof. For details see [6]. O

Examples 3.

1. Let R be a commutative ring. Then M is a line object in Mod(R) if and
only if M is projective module of rank one.

2. Let X be a scheme, then the line objects in Qcoh(X) are precisely the

invertible sheaves.

Next, we want to prove a very important property of line objects that says
that every epimorphism s : 1 — L with L a line object, is an isomorphism. This
result is very useful to show that our projective space is in fact covered by affine

schemes. First we will prove the following lemma:

Lemma 4.1.14. Let L be an invertible object and s : M — L be an epimorphism.
Ifh,h' : A — B are two morphisms such thath ® s = h' ® s then h = h’

Proof. Consider the epimorphism s®@ LY @ A: M QLY@ A —- Lo LY® A=A, the
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following elevators show that h(s @ LY ® A) = b/ (s @ LY @ A):

M LY A M LYV A

L s a1
/ \i//LV\B/ : \\// \B/ VI
\/ N I O
N VARV W

As s® LY ® A is an epimorphism we have that h = I/. O

Now, Let L be a line object and s : M — L be an epimorphism and consider

the two morphisms

1®s, 1®s)oymy - MM — ML, (4.1.2)

since L is invertible, these morphisms correspond to two morphisms

MOMLY  — M@ L® LY =M.

Lemma 4.1.15. With notations as above, the epimorphism s : M — L is the

coequalizer of these two morphisms.
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Proof. The following elevators show that s(M ® S) = s(M ® s)oa,m

M M LY

i

M M LY

g
[ -
\/
I

M M LY

I

L M LY

i

M L LY

W\

L 1

\/

M M LY

I

M L LY

M M LY

I

]
)

L L LY

\

L 1

\/

<

~
<

M M LY

|

M L LY

NN

M 1

VN
\/

M\M/l
I

L

M M LY

I

L M LY

I

L L LY

\

L 1

\/

L

(4.1.3)

Where the first, second and last equalities are simply the naturality of the braid-

ing and the unitor /. The third equality is because of L is symtrivial.

Now, we will show that s is universal, that is, for any » : M — N such that

h(M ® s) = h(M ® s)or,m, h factorizes through s. As s is an epimorphism, we

have that s is the coequalizer of two pair of arrows, let us say «, 5 : K — M. The

idea is to prove that ha ® s = h ® s, then by Lemma |4.1.14} ha = h3, but since

s is the coequalizer of o and 3, there exists a unique h such that sh = h.
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The following elevator diagram shows that ha ® s = (h ® sa)ok

cu | \;/z ;\/\]:
R VIV S B
U A A

AR

Where the second equality is due to h satisfies an elevator diagram similar to

(4.1.3). As sa = s, we have that ha ® s = (h ® sf)ok,n. Going backwards
with the elevators one shows that (h ® sf)ox v = hf @ s, therefore we have the

result. O

As a consequence we have the property of line objects:

Corollary 4.1.16. With notations as above, every epimorphism 1 — L is an

isomorphism.

Proof. Since 011 = 1, the two morphisms 1®s and (1®s)o1,1 coincide. By Lemma

4.1.15| s coequalizes the two induced morphisms, it means that the sequence

0

191 LY 1—>1L 0

is exact, then ker(s) = 0. Thus, s is an epimorphism and a monomorphism, so

it is an isomorphism. O

Lemma 4.1.17. Let (SpecA; — SpecA);c; be a finite Zariski open covering. Let
the A-algebra B =[], Ay,. If for every i € I, L; is a line object in Modc(A;) then
J =11, Li is a line object in Mod¢(B).
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Proof. We claim that J has an inverse in Mod¢(B) given by JY = [[, L} with L}

is the inverse of L; in Modc(4;) for all ¢ € I. If m;,m; denote the actions of A;

on L; and L; respectively, we will prove the following two things:

i.

ii.

For every i € I, L; ®4, L;/ ~ L, ®p LZ»V. let us consider the diagram with

exact rows:

Li®aB®aALY L >Li®sL) —">L;®pLY
[N
el (4.1.4)

, Yo/
Li®aAi@aLY "L, @4 LY —"~1L;®4, LY

1®A®1 < i1®p¢®1

where 7 =m,;® 1 —1®m;", r =m; ®1 —1®m) and =, 7’ the cokernel maps.
As m'or = m'oro(1®p;®1) = 0, there exists an arrow ¢ : L;®p L) — L;®a, L,
sucht that or = 7’.

On the other hand, due to

(leopel)(lexel) =1,

then

ror=mor(l®p;®1)o(l1@X\®1)=7m0rf(l®A\®1)=0

so, there exists an arrow ¢ : L; ® 4, L} — L; ®p L) satisfying ) o7’ = 7. let

us check they are inverse to each other.
Yor =Y’ =7, oy’ = o =7’
since 7,7’ are epimorphisms we get vp =1 and ¢y = 1.
For every i # j, L; ®p LJV = 0: in order to prove this, we will prove that
rij=mi®@1l—1@mj : Li®a B®a L] — Li®a L}

is an epimorphism, thence its cokernel L; ®p L]V would be the zero object.

For this, consider for every i € I, the morphism \*) : A — B given by
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(0,--+,m,0---,) with n; : A — A; the unit of A; as an A-algebra, in the i-th
position

rij(1@ A ®1): Li®a A®a L] = Li®4 B®a L
is the identity arrow for i # j, this means that r;; is an epimorphism for
i 7.
combining i. and ii. we have that

J@pJ' =[] coKer (Li®@aB&aL] - Li®a L] - Li®p L}) =
4,J

HcoKer (Li®aB®a L = Li®a L] — L ®p L}) gHAi =B
; i

Now we show that J is a symtrivial object in Mod:(B) provided that each L;
is symtrivial in Modc(A;) for all i. let us denote o,0%,0” the symmetries in
Modc(A),Modc(A;), Mode(B) respectively and consider the following diagram,

where unadorned tensor means ® 4

LioB®Li——L;®L; —L; ®p L;
(0B,1,®1)(1®0r,,1,)(0r,; B®L) lULi,Li oF. L
LiBRL,——>L;®L;— L; ®p L;

1®p;®1

with ¢, ¢ defined as in with LY = L,. By naturality of o and the identity
lepel)(le®1)=1
we have that

(1 ®pi®1)(UB,Li ®1)(1®0Li,Li)(0L¢,B®1)(1®/\i®1) = (O'AnLi ®1)(1®0LivLi)<aLi7Ai ®1)
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1

consequently ¢ of | ¢! =0} ;| =1which implies of ; =1.

So far, we have proved that each L; is a symtrivial object in Mod¢(B). To
finally get the result, we use the fact that L; ®p L; = 0 for every ¢ # j and

proposition 4.1.13|(2), so @, L; is symtrivial in Mod¢(B) O

4.2 The scheme P;

As a motivation for the definition of the projective space, we first recall a char-
acterisation of the functor of points of the scheme P%. Let us denote Mor(X,Y)

the set of morphisms in the category of schemes Sch, then we have that:

Theorem 4.2.1 (See [11]). For any ring A,

Mor(SpecA,P%) = {L C A" : L is a locally rank 1 direct summand of A"}

= linvertible A — modules P with an epimorphism A" — P} /{isomorphisms}

where by invertible module we mean a finitely generated, locally free A-module
of rank 1 and an isomorphism from ¢ : A"t! — P to ¢/ : A"t — P is an automor-
phisma : P — P such that ap = ¢'.

Moreover, for any scheme X, one has the natural bijection

Mor(X,P%) = {Invertible sheaves P in Qcoh(X) with an epimorphism Ot* — P} /{iso}

Having this characterisation in mind and by example (3| and remark
item iii), we define the projective space relative to the category C as the functor

P AffP — Ens, as follows:

Definition 4.2.2. [Relative Projective Scheme] Let n > 1 a fixed integer. For
every affine scheme Spec(A) we define P3(A) to be the set of submodules L of
A" satisfying
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e L is a line object in Mod:(A)

e For the monomorphism x : L — A"*!, there exists a retraction A"*! — L,

this is, L is a direct summand of A"*1.

For every morphism Spec(B) — Spec(A) in Af fe, the function P3(A) — Pg(B)

assigns to L € P%(A) the corresponding direct summand B ®4 L < B""1,

Note that B ®4 L is a line object in Mod¢(B) since line objects are preserved

by strong monoidal functors.

Remark 4.2.3. Note that for every A € Comm(C) a pair (L,x) in P3(A) is a
subobject, that is, a class of monomorphisms of A""!, where (L1x;), (Lo,X2)
represent the same element subobject, if there exists an isomorphism A\ : L; —

Ly such that the diagram commutes

L1C$ An-‘rl
x /x2
Lo

Since L is an invertible object we have that Aut(L) = Aut(A), therefore the
equivalence relation is given by scalar multiplication by invertible elements in A.
So if we think of the pair (L,x) as a vector in A"*1, its class in P%(A) represents
the “line” in A"*!. This is kind of the intuition one has of the classical projective

space.

Theorem 4.2.4. Let C be an abelian strong relative context. Then the presheaf

P¢ is a C-scheme.

Proof. Let us check the sheaf condition in the Zariski topology: Let {SpecA4; —

SpecA}; be a Zariski covering, we have to prove the exactness of the sequence

Pe(A) —T1[; Pe(Ai) —= Hm PZ(Aij). 4.2.1)
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Let L € P3(A), by the equivalence given in (3.1.1) and Proposition the

following sequence is exact
L——][; Li—= Hu Lij

then L is determined by L; € P3(A;) therefore P3(A) is a cone of the diagram.
Now we have to check that P3(A) is universal. To see this, consider the com-
patible family (L;); € [[, P3(4;). The compatibility says that we have a family of
isomorphisms

L; @4 A %LJ’ ®a A
Alnjﬂ’

let us prove that (L;,0;;);; is a descent data, that is, 6;; satisfies the cocycle
condition 0; 0 6;; = 0, in Mod(A; ;). In fact, the following diagram of sub-
objects of A7 1}

0; k®A;

0; QA 05 k®A;
Li®aAj@aAr—>L;®4 A @4 A — Lk @4 Ai ®a 4j

says that the two arrows coincide since between two subobjects there is at most
one arrow. Thus by the equivalence given in and Proposition we
have that the descent data (L;, 6; ;); ; defines an A-module L as the limit of the
diagram

Li——L;® A

L i@,j

o Li—L;® A;.
To prove that L € Pj3(A), consider the product algebra B = [[; A;, note that B
is a faithfully flat A-algebra as Mod¢(B) =[], Mod¢(A;) and the functor — ®4 B

is naturally isomorphic to X,(— ®4 4;). Now take the B-module L ® B, then we
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have that
L®B%HL®Ai%HLi.
7 7

By Lemma 4.1.17, L ® B is a line object in Mod(B) therefore by proposition
4.1.13|we have that L is a line object in Mod(A). Finally by Lemma Lis

a direct summand of A",

P is covered by the affine open sub-functors U; fori =1,---n+1
Uj(A) = {L € Mode(A) : L A1 A 7, 0x is an isomorphism}.  (4.2.2)

Representability of the subfunctors U;: let us fix the index i. Given any
element (L,x) € U;(A), we identify L with A as submodules of A"*! via the iso-
morphism m;x : L & A, then we obtain x = x(m;x)~!: A — A"*!, this means that
(L,x) = (A,%) as subobjects of A"*!. Since m;x = 1, x is completely determined
by specifying the morphisms m;x: A — Afor j =1,---n+1and j # i, i.e., the

functor U; is isomorphic to the functor

n+1 n

A H Hom4 (A, A) = H Home(1c, A)
j.;l. J=1
Ve

= HomC(ln’ A) = HomComm(C)(l[:Ela T xn}v A) = Ag(A)a

therefore U; is representable by an affine scheme.

The sub functors U; are Zariski open immersions: let us see that for affine
scheme hy and any morphism hy — PZ, the pullback hy xpn Ui is a Zariski
immersion of h 4.

By Yoneda’s Lemma the morphism h4 — Py corresponds to (L,x) in P3(A).
Consider the pullback

Vi=haxpn Ui —U;

i

ha

P2,
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Now, an element in V;(B) is the same as a morphism f : A - B € Comm(C)
such that B®y L - B"t! - B is an isomorphism. If I; denotes the ideal in A
defined by the image of 7; ox, then tensoring the factorization of this arrow with

B, we get a diagram

B®(m;ox)

TT;0X

L A B®AL B®AAgB.
x / %B o, BB

We have that all the arrows in the triangle on the right are isomorphisms.
On the other hand, consider the ideal BI;, which by definition is the image of
mp(B ® f o j) then we have B ®4 I; = BI;. This means that V; is contained
in the complementary open subscheme associated to the ideal ;. Let us see
that the complementary open Uj, defined by the ideal J; is contained in V; . Let
f € Ur(B), ie., f: A — B satisfies that the induced ideal BI; is isomorphic
with B. Then we have that, by the triangle in the right, B®4 L — B is an
epimorphism and B ®4 L is a line object in Mod(B), so tensoring this epimor-
phism with the inverse of B ®4 L, we have again an epi B - B ®4 LY which by
Corollary is an isomorphism in Mod(B), then tensoring again with the
inverse we get B®y4 L —= . B. This means that f € Vi(B). Finally by Lemma
V; C SpecA is a Zariski open, so is U; C P§.

The family (U;); is an affine Zariski open covering: We have to prove that
H U, — Pg

is an epimorphism of sheaves. By lemma is enough to prove that [[, U;(K) —
PZ(K) is surjective for every field K € Comm(C).

Let L € P%(K), i.e., x : L — K™™', then there exists an index j such that the
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arrow m; ox : L — Kis non zero but then the image ideal /; in K must be exactly

K thus we have an epi L — K. Since L is a line object we have L ®x LY = K

therefore K — LV, thus by Corollary[4.1.16, K = LY so K = L. O

Definition 4.2.5. ./ is a symmetric monoidal category, A € Comm(.#) and

C = Mod 4(A) then we define P’} := Pg.

Definition 4.2.6. We define the octonionic projective space Pg to be the functor

P¢ relative to the category C = Mody(0).
Theorem 4.2.7. Pj is a relative scheme.

Proof. In Section [2.4] we have proved that Mody(0O) is an abelian strong relative
context, then by Theorem we get the result. O

Proposition 4.2.8. The fiber product U;; = U; x pn Uj is representable by an affine

scheme.

Proof. For any A in Comm(C), an element in U;;(A) is an isomorphism class
of pairs (L,x) where L&A satisfies that mx, m;x : L — A are isomor-
phisms. We denote these isomorphisms by z;, x; respectively. Using these

isomorphisms, we identify the pair (L, x) with a family of arrows

<$k:AﬁA> for k=0,...7,...n,

T
with the property that % is an isomorphism (thence invertible). By the univer-

sal property of the localization and the polynomial algebra, we have that

UzJ(A) = LlO?nComm(C)(l[mi0 s h][%]il’A)

x; )Xy

O

Now we give another definition of the relative projective space in terms of

quotients instead of submodules. This definition is somehow dual to the one
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given in definition [4.2.2]and in fact we show the equivalence between these two

definitions.

Definition 4.2.9. Let n > 1 a fixed integer. For every affine scheme Spec(A) we
define P} (A) to be the set of quotients L of A" with L a line object in Mod¢(A).
For every morphism Spec(B) — Spec(A), the function PZ(A) — PZ(B) assigns to

L € PZ(A) the corresponding epimorphism B"*! - B®4 L.

As before, B® 4 L is a line object in Mod¢(B) since line objects are preserved

by strong monoidal functors.
Theorem 4.2.10. IfC is an abelian strong relative context then P} is a C-scheme.

The proof of this theorem is quite similar to its analogous result how-

ever by the very definition we will not need Lemmas 4.1.6/and [4.1.7}

Proof. The sheaf condition is proven similarly as we did for P3. Let (A — A;)ies

be a Zariski covering for SpecA, we have to check the exactness of the diagram

PE(A) —T1; Pe(Ai) —=1I1; ; P¢(4s).

We proceed as before to show that P2(A) is a cone for the diagram. To show that
is universal consider the compatible family (L;); € [], PZ(A;). The compatibility

says that we have a family of isomorphisms 0;; making the diagram commute

n+1
AL

O

L, ®4 Aj 4>9:__ Lj ®a Aj,
ij

(Li,0; )i, is a descent data, that is, 6;; satisfies the cocycle condition 6, 06; ; =

0, in Mod(A; ;). Thus by the equivalence given in (3.1.1), we have that the
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descent data (L;,0; ;);; defines an A-module L as the limit of the diagram

L iﬁ'm‘
Lj E—— Lj X Al

This L is a line object by propositions|4.1.13} [4.1.17|. Finally to see that A"*! —

L is an epimorphism we use the fact that for every ¢ € I, we have the family
of epimorphisms Aff“ — L; 2 A; ®4 L, since the family of functors A; ® 4 — is
jointly conservative we get the result.

We now prove that P2 has an affine Zariski open covering. For this, we define

fori=0,...n

U;(A) = {(L,x), such that the composition A A Ant X [ is an isomorphism}

the isomorphism x)\; occurs in Mod¢(A). We will check the representability of
these functors by showing that U; 2 U; for i = 0, ...n.

In fact, for every affine scheme SpecA, we will define a bijection U;(A) +— U;(A).
First let us make a simplification: if (L,x) belongs to U;(A) we can make the
identification L = A as subobjects of A", we will denote the pair (4,x) in

U;(A). The same goes for a pair (L,y) in U;(A). let us fix the index i:

(4, %) —=(4,y)

with y defined by the following: for every j = 0,...n, the diagram commutes

A
Artl— s A

Jly
since y\; = m;x is an isomorphism we have that y is an epimorphism, even more

that (A,y) is in U;(A).
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For the arrow in the other direction:

Ti(A) —2= Uy(A) (4.2.3)

(A, y) —(4,%)

with x defined analogously by the following diagram for every j =0,...n:

1
A-—> AL

as m;x = y\; is an isomorphisms it says that (A4, x) is in U;(A).

We will check that ¢ = 1 the other one is similar.

1/]90(‘47}() = ¢(A7Y) = (A,f{)

with 7;%x = y)\; =m;xforall j =0,...n, then x = x.
The next step is to prove that every U, is a Zariski open immersion of P%. Again,

we will show that for any affine scheme %4 and morphism hy — P72, the pullback

VT
ha —>Pg

is a Zariski open in hy. We proceed as we did before, that is, we show that

the subfunctor V; is equivalent to the complementary open subscheme of /4

associated to an ideal I of A. For B € Comm(C), V;(B) consists of morphisms

f:A— Bin Comm(C) such that the if (L,x) is in U;(A), the induced morphism
B®asA—BRs A" 5> BoyL

is an isomorphism. Take the dual morphism (as they are dualizable objects in

Maodc(A)) of the composition A _ A An+1 X [ and take its image ideal I, as
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we see in the factorization diagram

v AY

L XAt L 5 A
\I/

applying the functor B ® 4 — we obtain the diagram

v 10
BosL 2B A2 By A

B®al

the morphism in the top of the triangle is an isomorphism as it is the dual of
an isomorphism, then the epimorphism B ®4 L - B ®4 I is a monomorphism,
therefore all arrows in the triangle are isomorphisms, this means that V;(B) C
U; where U; denotes the complementary open subscheme associated to the
ideal I. The other inclusion is obtained similarly.

Finally to show that the family (U;);—. ., is a covering we will prove that for
every field K € Comm(C) we have a surjection [ [, U;(K) — PZ(K). In fact, let (L, x)
in P2(K), then there exists an index j such that x\; : K — L is the non zero
arrow, then taking its dual morphism

(xXi)V

LY K

we have that this morphism must be an epimorphism since its image is an ideal
in K and K is simple. After we tensor this epi with L we get an epimorphism

K — L which by Corollary 4.1.16|is an isomorphism. O]

Theorem 4.2.11. P} and P} are isomorphic as C-schemes.

Proof. Since the category of C- schemes is a full subcategory of Sh(Af fc), we
will prove the isomorphism as sheaves. Let us define for every A € Comm/(C) a

function
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Since x is an epimorphism, x" is a monomorphism. As L is invertible, hence
projective, there exists a section s for x, then r = s" is a retraction for x¥ thence
(LY,x") is an element in P%(A). let us see that ¥ is injective. Take x; : A"*! — L,
i = 1,2 two elements in P2 (A) such that their images coincide, then we have that

LY and LY are isomorphic as subobjects of A"*! as it's seen in the diagram

Vv

Ly —> At

ul ¢

Ly
by dualizing we obtain that L; and L. are isomorphic as quotients of At
therefore they represent the same element in PZ(A).
To see that V¥ is an epimorphism, we check that for every i, the following diagram
commutes:

Pz — P

bod

7

with ¢ defined in (4.2.3). As before, for every A € Comm(C), we identify the
object (L,x) in U;(A) with (A,x). Take (A,x) in U;(A), then ¥(A,x) = (A,xV),
since x); is an isomorphism and for all j = 0,...n, A/ = m;, then \Yx" = mx"
is an isomorphism. This says that the pair (4,x") is in U;(4). On the other
hand, ¢(A,x) = (A,y) with y : A — A""! satisfying that 7;y = x);. To prove the
commutativity of the diagram, that is, the compatibility between ¥ and 1, it
is enough to show that both pairs (4,x") and (4,y) are the same subobject in
A"*1 The result follows from the fact that the dual of the morphism x\; : A — A
is itself in Mod¢(A), therefore:

mix’ = )\jVXV = (x\;)¥ = x\; = m)y

for every j =0,...n, then x" =y.
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To finish the proof, consider the commutative diagram in Sh(Af fc)

pPn v n
pr—Y -~ pn

L]

Hiﬁi—i>HiUi

therefore ¥ is a sheaf epimorphism. O

4.3 Quasi-Coherent Sheaves

For X € Sch(C), Zar(X) denotes the category of Zariski open immersions of X,
i.e., the full sub category of Sh(Affc)/X whose objects are v : Y — X with Y
a C-scheme and u a Zariski open immersion. A morphism between two objects
up: Y1 = X, ug : Yo — X in Zar(X) is a Zariski open immersion f : Y; — Y5 such
that uy = ug o f.

Zar(X) has a topology induced by the topology in Sh(Aff¢), then a family of
morphisms (Y; — Y); is a covering family in Zar(X) if the morphism [[,Y; — YV
is a sheaf epimorphism. The full subcategory of Zar(X) consisting of Y — X
with Y affine is denoted by ZarAf f(X). Again by restriction of the topology in
Sh(Affe), ZarAff(X) is also a site.

Given an object Spec(4) =Y — X, we will denote it simply by Y or Spec(A). Let

us consider the functor
Ox : ZarAff(X)? — Comm(C), Spec(A) — Ox(SpecA) = A.

Given two affine open U = Spec(A), V = Spec(B) in ZarAf f(X) and a morphism
¢ : V — U, the induced morphism is denoted ¢ : A — B, it is a flat epimor-
phism of finite presentation in Comm(C). Ox is in fact a sheaf, see [26, Corol-

laire 2.11. 1]. The sheaf Ox will be called the structure sheaf.

Definition 4.3.1 (0x-modules). A sheaf F : ZarAff(X)®? — C is said to be a
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Ox-module if for every affine open U, F(U) is an Ox(U)-module and for every

#
morphism ¢ : V — U in ZarAf f(X) an Ox(U)-morphism F(U) —— F(V) .

Definition 4.3.2 (Quasi-coherent Ox-module.). An Ox-module is said to be

quasi-coherent if for every morphism V — U in ZarAf f(X), the morphism

Ox(V) & F(U) = F(V)

is an isomorphism in Mod¢(Ox (V)).

The categories of Ox-modules and quasi-coherent modules are denoted by

Mod(Ox) and Qcoh(X) respectively.

Gluing Quasi-Coherent Sheaves

Let X € Sch(C) and let U = (U; — X);esr be a finite covering. We denote
byDesc(U /X, Qcoh()) to the category whose objects are pairs (.%;, ¢i;)ijerxr With
Zi € Qcoh(U;) and a family of isomorphims ¢;; : F|y, — Z|u,; in Qcoh(Us;)
such that the cocycle condition ¢;,¢;; = ¢ holds in Qcoh(U;jy).

The following result says that every quasi-coherent sheaf is obtained by gluing

quasi-coherent sheaves defined in the affine open immersion of the covering.

Proposition 4.3.3. There is an equivalence of categories Qcoh(X ) = Desc(U /X, Qcoh(—)).

Proof. Given .# € Qcoh(X) and (U; — X) a finite covering, we define .%, .= .Z|y,
and ¢;; to be the identity, this defines an object in Desc(U /X, Qcoh(—)).

On the other hand, given (.%;, ¢;j)ij € Desc(U/X,Qcoh(—)), we define for any
object V. — X € ZarAff(X), #(V) as the limit of the diagram

[Te Zu(V xx Up) === 11y Fu(V xx Unt)-

We have to check that this defines an object in Qcoh(X) and both assignments

give rise to an equivalence.
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The immersion U, — U induces a morphism A = O0x(U) = Ox|y, (Vi) = Ax in
Comm(C), then each .#,(V NUj) is an A-module, then [[, %, (V NUy) is also an
A-module. Similarly, Hk,l F(VNUy) is in Modc(A). Even more, the arrows ¢, s
above, are in fact A-module morphisms.

Let V.— W € ZarAff(X), then V — W is a Zariski open immersion, i.e.,
Ox(W) — Ox(V) is a flat epimorphism of finite presentation in Comm(C), so
tensoring .# (W) with 0x(V) as Ox(W)-modules , we obtain a diagram with

exact rows

ﬁX(W) k ﬁX(W) t k,l X(W)
Z (V) 117 ; 1 Zu(Vi),
K ol

where Vi, = V NU, W, = W NUg. The second and third columns are isomor-
phisms as we have the following isomorphism for each k:

ZWY) ® (@(Wk) ® ﬁx<v>)%%<m>

®  Ox(Wi) = Z1(Vk),
Ox (W) Ox (W) %%

Ox (W)
therefore we have an isomorphism in the first column, so .# is quasi-coherent.

Finally, it is clear that both constructions give rise to an equivalence. O]

4.4 The construction of twisted sheaves or the Opera-

tion % (m)

In this section, we construct the twisting sheaves in the projective space Pj.
The motivation of this construction is to relate the global sections of the twisted

"1, the ultimate goal is to

sheaf Opx(m) with the m-th symmetric power 5™ (1
give a characterization of the quasi-coherent sheaves on P and graded modules

over the graded algebra S(1"*!). So far, this relation isn't yet completed, it is
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work in progress though.

Let us introduce some notations that will be useful to make the analogy with
the construction in the classical projective space.

Let Ox be the structure sheaf on X = P;. We denote 0|y, the restriction of the

sheaf to the affine open U;. For any integer m we define a family of isomorphisms
0;i(m) : Ox|v, (V) = Ox|v,(V),  ars (x;x71)™a

for every affine open immersion V' = Spec(A) — U;;, where x; is, for every i,

Ur

as in Proposition [4.2.8, the composition L == A"*! >~ A . Therefore we have

the morphism x;x; ' : A — A which in turn, by adjunction is considered as an
element in A. So the morphism 6;;(m)(a) is defined as a multiplication by the
section (x;x; ')™.

The inverse is given by the formula 6;;(—m) and for every point in U;;;, we have

the cocycle condition 6, (m)0;;(m) = 6;,(m).

More general, for every .# € Qcoh(X), we have for every integer, the isomor-
phisms 0;;(m) : #|y,, — #|v,; given by the multiplication by the section (xjx; ™
in the Ox|y,,(V)-module Z |y, (V).

The data (#|y,,0;(m));; defines by gluing, a quasi-coherent sheaf which we de-

note by .# (m). By construction we have canonical isomorphisms

12

F = 7(0), F(m)(l) = F(m+1).
Proposition 4.4.1. For every quasi coherent sheaf .7 we have a canonical iso-
morphism

F(m) = F Q¢ Ox(m)
Proof. For every integer m, the sheaf 0x(m) is obtained by gluing the isomor-
phisms 6;;(m) and .¥ ®4, Ox(m) by gluing with 1 ® 6;;(m). The isomorphism

comes from the identification of .7 |y, ®¢, Ox|y, with Z|y,. O
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