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Mallas adaptadas para la
aproximacion numérica de problemas
singularmente perturbados

Resumen

En esta tesis se analiza la aproximacién numérica de problemas singularmente perturba-
dos de reaccién-difusién, con y sin conveccién. En primer lugar, consideramos la aproxi-
macién por elementos finitos bilineales utilizando mallas adaptadas a priori para pro-
blemas modelos. En este caso, obtenemos resultados de superconvergencia, es decir, la
diferencia entre la solucién dada por el método de elementos finitos y la interpolada de
Lagrange de la solucién exacta es de mayor orden que el error numérico, en una norma
apropiada. Las estimaciones obtenidas son casi 6ptimas respecto al orden en funcién del
numero de nodos N, y con constantes que dependen débilmente del pardmetro de per-
turbacion e. Es decir, salvo factores logaritmicos, las constantes son independientes de
e y el orden es el mismo que se obtiene utilizando mallas uniformes en problemas con
soluciones suaves. Como consecuencia de estos resultados, obtenemos estimaciones casi
6ptimas del error en norma L2, mejorando de esta manera resultados conocidos anterior-
mente.

Para problemas mads generales, para obtener mallas adaptadas adecuadamente es nece-
sario usar estimadores a posteriori. En la dltima parte de esta tesis, construimos y anali-
zamos este tipo de estimador de error para un problema de conveccién-reaccién-difusion
y presentamos un método de refinamiento anisotrépico basado en este estimador de error
a posteriori.

Palabras Claves: Elementos finitos; mallas graduadas; conveccién-difusién; reacciéon-
difusién; superconvergencia; supercercania; estimadores de error a posteriori.
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Adapted meshes for numerical
approximation of singularly
perturbed problems

Abstract

In this thesis we analyze the numerical approximation of singularly perturbed problems
of reaction-diffusion, with and without convection term. First, we consider the standard
bilinear finite element approximation with a priori adapted meshes for model problems.
In this case, we obtain superconvergence results, that is, that the difference between the
finite element solution and the Lagrange interpolation of the exact solution, is of higher
order than the error itself in an appropriate norm. The obtained estimates are almost op-
timal respect to the order in terms of the number of nodes IV and with constants which
depend weakly on the singular perturbation parameter . That is, up to logarithmic fac-
tors the constants are independent of € and the order is the same as that for obtained for
problems with smooths solutions using uniform meshes. As a consequence of these re-
sults, we obtain almost optimal error estimates in the L2-norm improving in this ways
previously known results.

For more general problems, to obtain appropriate adapted meshes it is necessary to use
a posteriori error estimators. In the last part of this thesis, we construct and analyze this
kind of error estimators for a convection-reaction-diffusion problem. Also we present an
anisotropic adaptive refinement method based on a posteriori error estimator.

Key words: Finite elements; graded meshes; convection—diffusion; reaction—diffusion;
superconvergence; supercloseness; a posteriori error estimates.
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Introduccion

En esta tesis se analiza la aproximacién numérica de problemas singularmente perturba-
dos de reaccién—difusién, con y sin conveccion.
Se sabe que los métodos de elementos finitos estdndares para problemas singularmente
perturbados no producen buenos resultados cuando se utilizan mallas uniformes o cuasi-
uniformes, salvo que sean suficientemente refinadas. Por ello, esta clase de mallas no son
utiles en las aplicaciones précticas, y por lo tanto, otras alternativas han sido estudiadas
en numerosos trabajos para tratar este tipo de problemas. Una opcién es usar algin tipo
de up-wind o difusién artificial, y otra opcién es usar métodos estdndares con mallas
adaptadas. En este trabajo, consideramos el segundo enfoque.
En general, las mallas adaptadas deben obtenerse por algtn tipo de control a posteriori.
Sin embargo, en algunos casos particulares donde se tiene informacién sobre el compor-
tamiento de la solucidn, es posible disefiar mallas adaptadas a priori para aproximar las
capas limites.
Esta tesis tiene dos partes. En primer lugar, analizamos la aproximacién por elemen-
tos finitos bilineales de dos problemas modelo en los cuales es posible construir mallas
adaptadas a priori. Nuestro objetivo es probar superconvergencia de la aproximaciéon por
elementos finitos, es decir, que la diferencia entre la interpolada de Lagrange de la solu-
cién exacta y la solucién discreta es de mayor orden que el error de aproximacién. En
la segunda parte de la tesis, construimos y analizamos estimadores de error a posteriori
para el problema de reaccién-difusion.
En la primer parte de la tesis, consideramos la aproximacién numérica de los problemas
modelo: )

—e“Au+u=f en §) 0

u =20 en 0f) (

—eAu+b-Vu+cu=f en )

2
u=20 en 0f). @

En ambos casos, 2 = (0,1)? y € es un pardmetro positivo y pequefio. Asumimos que
b= (b1,b2), cy f sonsuaves en 2y que

b < —7v, convy>0 parai=1,2.

El primero, es el problema de reacciéon-difusién, mientras que en el segundo se introduce
un término de conveccion. Observemos que se usa una notaciéon diferente en el término
de difusion (c? en el primer problema y ¢ en el segundo), como es usual en la bibliografia
de este tema, por conveniencia de notacién en el anélisis.
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Xiv Introduccién

El analisis de estos problemas simples ayuda a entender el comportamiento de los méto-
dos estudiados y numerosos trabajos se han dedicado a obtener estimaciones de error para
diferentes tipos de mallas adaptadas para problemas con capas limites (ver por ejemplo
[RSTO8, Roo12] y sus referencias). Las mallas més conocidas para este tipo de problemas
son las de Shishkin, cf. Linfs [Lin00], Roos y Linfs [RLO1], Stynes y Tobiska [ST03], Roos,
Stynes y Tobiska [RST08]. En particular, se prueba orden 6ptimo de convergencia cuando
se utilizan mallas de Shishkin en combinacién con elementos finitos estdndares o algtn
método de difusion artificial con streamline, cf. Apel [Ape99]y [RST08, ST03]. Otro tipo
de mallas conocidas son las de Bakhvalov, cf. Linfs [Lin10], Linfy Madden [LMO09]y
[RSTO08].

Mas recientemente, en el trabajo de Durdn y Lombardi [DL05, DL06], se analizé el uso de
mallas graduadas para los problemas (1) y (2) y se obtuvieron estimaciones de error casi
6ptimos. En el mismo trabajo, se prob6 que si se utilizan mallas graduadas adecuada-
mente, entonces para el problema (1) vale

log N
u—uplle <C
donde uy, es la solucién bilineal a trozos de elementos finitos, h es un parametro positivo

relacionado con la definicién de la malla, N es el niimero de nodos (relacionado con h), y
||-|le es la norma pesada ¢ de H! asociada con la ecuacién diferencial, es decir:

02 = eV ollE2 ) + 11IE2 )

Acd y en el resto de la tesis C' denota una constante genérica independiente de ¢, h y N.
Observar que, salvo factores logaritmicos, el orden en términos de N es el mismo que se
obtiene con mallas uniformes para un problema con solucién suave.

Para el problema (2) que involucra también un término de conveccién, se probd en el
trabajo [DL06] una estimacién similar:

log?(1/e)
N

pero con un tipo diferente de mallas graduadas. En este caso, la norma ¢ pesada de H! es

[ —uple < C

lvl2 = ellVoliE2 ) + IvlIE2 -
() ()

La mayor diferencia entre los dos tipos de mallas, es que las consideradas en [DL05] son
independientes de ¢ mientras que las del trabajo [DL06] dependen de «.

Nuestro objetivo es obtener resultados de superconvergencia cuando se utilizan mallas
graduadas. La propiedad de superconvergencia para problemas elipticos con soluciones
suaves fue estudiada en numerosas publicaciones desde el trabajo de Zlamal [Z]a78] (ver
por ejemplo el libro de Wahlbin [Wah95]). Para problemas singularmente perturbados
como los que estamos considerando, resultados de superconvergencia para la aproxi-
macién numérica usando mallas de Shishkin fueron probados en Linf3[Lin00], Stynes y
Tobiska [ST03] y Zhang [Zha02, Zha03]. En esta tesis, probamos que resultados similares
a los obtenidos para las mallas de Shishkin son vélidos para las mallas graduadas.
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Para el problema con conveccion, nuestros resultados son ligeramente més débiles a los
obtenidos en los trabajos citados anteriormente, debido a los factores logaritmicos de-
pendientes de ¢ que aparecen en las estimaciones. Sin embargo, las mallas graduadas
tienen algunas propiedades que las mallas de Shishkin no verifican. En efecto, cuando
uno aproxima un problema singularmente perturbado con mallas disefiadas a priori, es
natural esperar que una malla disefiada para algtn valor del pardmetro de perturbacién
¢ funcione bien para valores mds grandes del mismo. En el trabajo [DL06] se mostré que
esto se verifica para las mallas graduadas estudiadas en ese trabajo, pero no para las ma-
llas de Shishkin. Vamos a presentar algunos experimentos numéricos mostrando que lo
mismo vale cuando analizamos superconvergencia. Por otro lado, en el trabajo [DL05] se
mostré que para el problema mds simple (1) es posible construir mallas graduadas inde-
pendientes del pardmetro de perturbacion e. Este hecho puede ser importante en prob-
lemas donde el parametro de difusién no es constante, o incluso, para estudiar sistemas
de ecuaciones en los cuales diferentes ecuaciones tienen perturbaciones singulares de di-
ferentes 6rdenes. Para este tipo de sistemas, en [LM09] se utilizaron mallas de Shishkin
(ver también Valarathi y Miller [VM10] donde un método similar se usa para problema
de valores iniciales).

En [LM09], los autores modificaron las mallas de Shishkin cldsicas, que constan de dos
partes uniformes, dividiendo el dominio en varios subdominios y partiendo uniforme-
mente cada uno de estos subdominios. Puede verse que de esta manera, se obtiene algo
intermedio entre las mallas de Shishkin usuales y las mallas graduadas.

Para establecer nuestros resultados, recordemos que superconvergencia (también cono-
cida como supercercania) significa que |lu;, — Iul|. es de mayor orden que |u — up||,
donde I1u es la interpolada de Lagrange de la solucién exacta w.

Para el problema (2) probamos que

log®(1/e)

lup, — Mull. < C N

si usamos las mallas graduadas introducidas en [DL06]. Usando las mismas mallas, un
resultado andlogo puede obtenerse para el problema de reaccién-difusién (1). Sin em-
bargo, en este caso podemos usar un tipo diferente de mallas graduadas, independientes
del parametro ¢. Para este problema, usando las mallas graduadas introducidas en [DL05]
probamos que
1/2 (log N )2

N

Una consecuencia importante de estos resultados es que puede obtenerse orden 6ptimo
en la norma L?, combinando los resultados de superconvergencia con los errores de inter-
polacién probados en [DL05, DL06]. Tanto la superconvergencia en la norma ||.||. como la
convergencia en la norma L? son casi 6ptimas en el sentido que las constantes dependen
del pardmetro de perturbacién solo a través de factores logaritmicos.

Como aplicaciéon de nuestro resultado de superconvergencia, mostramos cémo obtener
una aproximacion de mayor orden via un postproceso local de la solucién numérica.
Haremos esto para el problema (2). No es dificil ver que lo mismo puede hacerse para el
problema (1). Métodos de postproceso para la ecuacién de conveccién-difusion usando
mallas de Shishkin fueron analizados en [RLO1, ST03]. Si u}, es la funcién postprocesada

[Jup, — ul|. < C'log(1/e)
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que se obtiene de uj,, tenemos que existe una constante C' tal que,

. log(1/¢)°
lu = uille < C—F—

En la segunda parte de esta tesis (capitulo 4), analizamos un estimador de error a poste-
riori para el problema (2).

Recientemente, diversos métodos para obtener estimadores de error garantizados han
sido desarrollados. Algunos de estos métodos estan basados en la reconstruccién de
flujo, y utilizan una malla dual a la triangulacién original sobre la que se calcula la solu-
cién aproximada (ver por ejemplo, [CFPV09, LW04, Voh11]). Nosotros aplicamos algu-
nas de estas ideas al problema (2). Finalmente, trabajamos en un refinamiento adaptivo
anisotrépico. Usamos el estimador de error para construir una aproximacién de la matriz
Hessiana de la solucion, que puede ser utilizada para definir un procedimiento adaptivo.
Presentamos algunos experimentos numéricos realizados en el paquete FreeFem++
[HPLOO07].

Publicaciones incluidas

La mayor parte de los resultados de esta tesis fueron publicados como articulos de inves-
tigacion en diferentes revistas.
Los trabajos incluidos en esta tesis son:

e Duran R., Lombardi, A., Prieto, M "Supercloseness on graded meshes for Q; finite
element approximation of a reaction-diffusion equation".
Journal of Computational and Applied Mathematics (2013) 242: 232-247.

e DurdnR., Lombardi, A., Prieto, M "Superconvergence for finite element approxima-
tion of a convection-diffusion equation using graded meshes".
IMA J. Numer. Anal. (2012) 32 (2): 511-533.



Introduction

In this thesis we analyze the numerical approximation of singularly perturbed problems
of reaction-diffusion, with and without convection term. It is well known that standard fi-
nite element methods for singularly perturbed problems produce very poor results when
uniform or quasi-uniform meshes are used unless they are sufficiently refined. Conse-
quently, this kind of meshes are not useful in practical applications, and therefore, several
alternatives to deal with these problems have been considered in many papers. One pos-
sibility is to use some kind of up-wind or artificial diffusion and other possibility is to use
standard methods with adapted meshes. In this work we consider the second approach .
In general, adapted meshes should be obtained by some a posteriori error control. How-
ever, in some particular cases where some information on the behavior of the solution
is known, it is possible to design a priori well adapted meshes to approximate well the
boundary layer.
This thesis has two parts. First, we analyze the approximation by standard bilinear ele-
ments of two model problems in which it is possible to construct a priori adapted meshes.
Our goal is to prove superconvergence of the finite element approximation, that is, the dif-
ference between the Lagrange interpolation of the exact solution and the discrete solution
is of higher order than the approximation error. In the second part of the thesis, we con-
structand analyze a posteriori error estimates for a convection-reaction-diffusion problem
and present some adaptive anisotropic refinement method.
In the first part of the thesis, we consider the numerical approximation of the model prob-
lems:

—2Au+u=f in

1
u=>0 on 0f) M

and
—eAu+b-Vu+cu=f in

2
u=20 on 0f) @

In both cases, 2 = (0,1)? and ¢ is a small positive parameter. We assume that b = (by, ba),
cand f are smooth on 2 and that

by < —vy, withy >0 fori=1,2.
The first one is a reaction-diffusion problem while in the second one we introduce a con-
vection term. Note that we are using a different notation for the coefficient of the diffusion

term (2 in the first problem and ¢ in the second one), as is usual in the literature of this
subject for notational convenience in the analysis.

XVii



xviii Introduction

The analysis of these simple problems helps to understand the behavior of the meth-
ods and many papers have been dedicated to obtain error estimates for different types
of adapted meshes for problems with boundary layers (see [RST08, Roo12] and their ref-
erences). The best known meshes for this type of problems are the Shishkin ones, cf.
Linfs [Lin00], Roos and Linfs [RLO1], Stynes and Tobiska [ST03], Roos, Stynes and To-
biska [RST08]. In particular, optimal order of convergence has been proved when Shishkin
meshes are used in combination with standard finite elements or some streamline artifi-
cial diffusion methods, cf. Apel [Ape99] and [RST08, ST03]. Other well known meshes
are the Bakhvalov ones, cf. Linfs [Lin10], Linfs and Madden [LMO09] and [RSTO08].
More recently, in Durdn and Lombardi [DL05, DLO06], the use of graded meshes for prob-
lems (1) and (2) was analyzed and almost optimal error estimates were obtained. It was
proved in the first paper that if adequate graded meshes are used, then for problem (1) it
holds o N

0g
where vy, is the bilinear piece-wise finite element solution, h is a positive parameter related
with the definition of the meshes, N is the number of nodes (related with &), and ||.||c is
the e-weighted H!-norm associated with the differential equation, that is:

[0]12 = 2VullE2iq) + I0]72(0

Here and in the rest of the thesis C' denotes a generic constant independent of ¢, h and
N. Observe that, up to the logarithmic factor, the order in terms of N is the same as that
obtained with uniform meshes for a problem with a smooth solution.

When the problem involves also a convection term, it was proved in [DLO06] a similar
estimate for problem (2), namely,

log?(1/e)
N

but with a different kind of graded meshes. Here, the e-weighted H!-norm is

Hu - uth—: <C

[0]12 = el Vollai + [vlF2(q)-

The main difference between the two type of meshes is that those considered in [DL05]
are independent of ¢ while those in [DL06] are e-dependent.

Our main goal is to obtain superconvergence results when adapted meshes are used. Su-
perconvergence for elliptic problems with smooth solutions has been developed in a lot of
papers since the work of Zlamal [Z1a78] (see for example the book Wahlbin [Wah95]). For
singularly perturbed problems as those that we are considering, superconvergence results
for approximations based on the use of Shishkin meshes have been proved in LinfS[Lin00],
Stynes and Tobiska [ST03] and Zhang [Zha02, Zha03]. In this thesis we prove that similar
results than those obtained for Shishkin type meshes are valid for graded meshes.

For the problem with convection term our results are slightly weaker because of loga-
rithmic factors of ¢ involved in our estimates. However, the graded meshes have some
desirable properties which the Shishkin meshes do not satisfy. Indeed, when one is ap-
proximating a singularly perturbed problem with an a priori adapted mesh, it is natural
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to expect that a mesh designed for some value of the perturbation parameter ¢ work well
also for larger values of it. It was shown in [DL06] that this is the case for the meshes in-
troduced in that paper but not for the Shishkin meshes. We will present some numerical
results showing that the same is true for superconvergence. On the other hand, for the
simpler problem (1) it is possible to construct graded meshes independent of the pertur-
bation parameter ¢ as it was shown in [DLO05]. These facts can be important in problems
where the diffusion parameter is not constant or, also, to treat systems of equations in
which different equations have singular perturbations of different orders. Let us mention
that, for this kind of systems, Shishkin type meshes have been used in [LM09] (see also
Valarathi and Miller [VM10] where a similar method is used for initial value problems). In
[LMO09], the authors modify the classic two part Shishkin meshes dividing the domain in
several parts and dividing uniformly each one of these parts. One can see that in this way
one obtains something intermediate between the usual Shishkin meshes and the graded
ones.

To state our results let us recall that superconvergence (also known as supercloseness)
means that ||u;, — Iul|. is of higher order than ||u — uy||., where ITu is the Lagrange inter-
polation of the exact solution w.

For problem (2) we prove that

log®(1/e)

—1II <cC
Jun ~ Tull. < 2

if we use the graded meshes introduced in [DL06]. Using the same meshes, an analogous
result can be obtained for the reaction-diffusion problem. However, in this case we can
use a different kind of meshes, independent of the parameter . For this problem, using
the meshes introduced in [DL05] we prove that

1/2 (log N)2

lup, — Tulle < Clog(1/e) *—

An important consequence of these results is that optimal order in L2—norm can be ob-
tained. This follows combining the superconvergence results with the interpolation error
estimates obtained in [DL05, DL06]. Both superconvergence in the ||.||. norm as well as
convergence in the L2—norm are almost optimal, in the sense that the constants depend
only on the logarithm of the singular perturbation parameter.

As an application of our superconvergence error estimate, we show how to obtain a higher
order approximation by a simple local postprocessing of the computed solution. We will
do this for problem (2). It is not difficult to see that the same can be done for problem (1).
Let us mention that postprocessing procedures for convection-diffusion equations using
Shishkin type meshes have been given in [RL01, STO3]. If u} is the postprocessed function
obtained from u; we have that there exists a constant C' such that,

. log(1/¢)®
lu—upll, < C—~



XX Introduction

In the second part of this thesis, Chapter 4, we analyze a posteriori error estimates for the
problem (2).

In recent years several methods to obtain so-called guaranteed error estimators have been
developed. Some of these methods are based on flux reconstruction using a mesh which
is dual to the original triangulation used to compute the approximate solution (see for
example [CFPV09, LW04, Voh11]) . We apply some of these ideas to problem (2). Finally,
we deal with adaptive anisotropic refinement. We use our error estimator to constructed
an approximation of the Hessian matrix of the solution, which can be used to define an
adaptive procedure.

We present some numerical experiments using the package FreeFem++ [HPLOO07].
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Chapter 1

Preliminaries

In this chapter we collect the notation and some preliminary results that will be used in
the rest of the thesis.
For a domain D we use the following notation for Sobolev space norms,

1/2
lwll grm (py = {Z DauiQ(D)} :

am

When m = 0, we write |[ully2(p.

Let I = [a, b] be an interval of the real line. Then Py (1) denotes the space of polynomials
on I of total degree less than or equal to k over I. For a rectangle R C R?, P,(R) and
Q. (R) denote the spaces of polynomials on R of total degree less than or equal to k£ and of
degree less than or equal to & in each variable, respectively. With i, and hy we denote the
lengths of the edges of R (see Figure 1). We denote with S the reference element [0, 1]°.

ha

hy

Figure 1.1: General Element

In the following sections we recall some results regarding trace and Poincaré inequali-
ties, polynomial approximation and interpolation that will be useful in the proofs of our
theorems.

1.1 Trace and Poincaré inequalities

Let I = [a,b] be an interval of the real line. The standard trace theorem states that for
w € HY(I),
@) < € {1172 Jwlliagy + 1120z - (1.1.1)

1
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When w € P; (1), the second term on the right hand side can be bounded by the first one
using an inverse inequality. Therefore, in that case we have,

[w(a)] < CUI™2 w2 (1.12)

For the two dimensional case, it holds that for w € H'(R),

ow
\WMWQSC{ Plllzgr + i || 5~ },
iz m)
(1.1.3)
ow
<C + R ,
ol < { “lellary 572 o

with [, and [;, any of the vertical or horizontal edges of R, respectively. When w € Q;(R),
the second term on the right hand side can be bounded by the first one using an inverse
inequality. Therefore, in that case we have,

lwliaquy < € {2 wlegy | -
-1/2 o

iz < € {hz " lwllizgr } -
We will need a weighted version of the trace theorem, which we prove in the following

Lemma 1.1.1. Let [, be one of the vertical edges of the reference element S = [0,1)% and 1}, one of
its horizontal edges. Given w € H'(S) we have, for 0 < o < 1/2,

[[w]| < €4 wlage) + 175 |23 -
Li(ly) = L2(S) (1 . 204)1/2 2 ox1 L2(S) ’
(1.1.5)
1 ow
<C T |15 '
HwHLl(lh) = {HwHLQ(S) (1 _ 2@)1/2 o O LQ(S)}

Proof. Assume that [}, is the edge contained in z; = 0 (the other cases are, of course,
analogous). We have
2 Qw
w(z1,0) —w(x,x2) = — s — (1, t)dt,
By integrating on [0, 1] and using the Cauchy-Schwartz inequality (and multiplying and
dividing by «¢ with a < 1/2), we obtain

/ |w(x1,0)|dzq </ |w(zy, x2 ]dxl—i—/ / xy “at xl, )'dtdxl.
Now, by integrating in the variable x5 on [0, 1], we have
1
/ |w(x1,0)|dz; §/ / lw(zy, x2 |dm1dac2—|—/ / x] “af xl, )‘dtdml.
0

By means of the Cauchy-Schwarz inequality we obtain (1.1.5) O
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We are going to use the following Poincaré inequality. Let R be a rectangle with edges
of length h; and hs, respectively. If w vanishes at one of the vertical edges of R, then it
follows that

8w

HwHL2(R <Chy (1.1.6)

LQ(R)

Now we are going to prove a weighted Poincaré inequality that will be useful later in
Chapter 3. The proof of this inequality, in the following lemma, uses an argument given in
amore general context in [DDO08]. Actually, this argument was generalized by the authors
of [DD08], in an unpublished paper, to prove estimates of type (1.1.9).

We will make use of the Hardy-Littlewood maximal function defined, for g € L}, .(R?), as

Mg(x) =sup ——— / dy.
() r>0|BwT| (z,7) |

It is a classic result (see for example [Ste70]) that there exists a constant C' such that
[Mglle ey < CllgllLzge)- (1.1.7)

We will also need the following result which can be found, for example, in [Zie89]. There
exists a constant C such that, for any § > 0 and any g € L}, .(R?),

/ @)l 4, < C5My(z). (1.1.8)
|

z—y|<8 ‘.%' - y’

Given w € L'(S) we will use the weighted average defined as w := [ w¢p, where ¢
is a smooth function with integral equal to one and supported in a ball B such that it
expansion by two is contained in S.

Lemma 1.1.2 (Weighted Poincaré inequality). For w € H(S) and o > 0 we have
25 (w0 = @) lags) < € a7 Vel g, (119)

Proof. The argument is based on the following representation formula for w(y) — w. Al-
though this formula is known (see for example [DMO01]) we reproduce its proof for the
sake of completeness.
For all y € S we have

w(y) —w = /SG(ac,y) -Vuw(z) dz, (1.1.10)

G(ac,y):/o1 (y;x)<p<y+g) dt.

Indeed, for y € S and z € B we have,

where

1
wly) —w(z) = /0 (v —2) - Valy + t(z — ) dt,
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therefore, multiplying by ¢(z) and integrating in z,

1
wi) =0 = [ [ =) Vul +1 =) o) i

Then, interchanging the order of integration and making the change of variable v = y +
t(z — y) we obtain (1.1.10).

We will use two properties of G(x,y). The first one (see [BS08, DM01]) is that there exists
a constant C; such that

Gla,y) < — (1.1.11)
lz —yl
Indeed, G(x,y) vanishes unless y + (z —y)/t € B C S. But,ify+ (z—y)/t € Sand y € S,
the diference between them is less than or equal the diameter of S, i. e.,

|z - v (1.1.12)

and then we have,

1 — X xr —
G(x,y)Z/ (ytig)(p(y"f’Ty) dt.
lz—yl/v/2

Therefore, using again (1.1.12) we obtain,

1
Gz, 9)] < Vol / !

~dt,
o—yl/v2 P

and (1.1.11) follows immediately from this estimate.
The second important property of G(z, y), which is the key point used in [DD08], is that
G(z,y) vanishes unless

’(L‘ - y‘ < CQd(x)v

where d(z) denotes the distance of x to the boundary of S and C is a constant which
depends only on the relation between the diameters of S and B.

To prove this property recall that + = tz 4 (1 — t)y with z € B. Then, using that the
ball obtained expanding B by two is contained in .S, an elementary geometric argument
shows that d(z) > c3t, where c3 is a positive constant which depends only on the relation
between the diameters of S and B. Consequently,

/3

D)
|z —y| =tz —y| < —d(x)
C3

as we wanted to show.
In particular, since d(z) < z1, we have

suppG C {(z,y) € S : |z —y| < Cox1}. (1.1.13)

Define now (w(2) )i
2 (w(x) —w) if xebf,
9(x) = { 0 if z¢5.
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Then, using (1.1.10) we have

Mﬁw—wwéwy:LmWMw—ww@N@

sééwmwmwmmmwmw.

Therefore, interchanging the order of integration and using (1.1.11) and (1.1.13), we obtain

- _ yil9(y
197 (w — w)”?}(s) <G / / uiloWl dy | |Vw(z)|dz.
S \Vz—y|<Com |z -yl
But, in the domain of integration of the interior integral we have,

y1 <|y1 — x|+ 21 < (Co+ 1)y

and therefore,

97 (w —w)”i2(5) < C/s (/ l9(v)l dy) ] |Vw(z)| dx

z—y|<Coz1 ‘.%' - y‘
with a constant C' depending on C;, Cy and o. Now, (1.1.9) follows from this inequality
using (1.1.8), the Schwarz inequality, and (1.1.7). O
1.2 Polynomial approximation

The following result concerning polynomial approximation is well-known: given w €
H3(I), there exists p € Py(I) such that
[ (w _p)”HLQ(I) < Cl| meHL2(1)

Analogously, given w € H?(R), there exists p € Py(R) such that

9% (w — 0 0’
‘ (w2p) <oinm |y +hy || (1.2.1)
dxy L2(R) Oy L2(R) dx70x2 L2(R)
and
‘82(w—p) colm|Ze | |2 , (12.2)

Indeed, we can take p as an averaged Taylor polynomial of w (see for example [Ape99,
BBD+08]).

Finally, another ingredient of our proofs is the following polynomial approximation re-
sult. The proof uses the well-known argument based on averaged Taylor polynomials and
a weighted Poincaré inequality proved in the previous section.
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Lemma 1.2.1. Let o > 0. For the reference element S = [0,1]? and w € H?(S), there exists
p € Pa(S) such that

20, _ 3 3
(= JR P M | e
zi s 21l (s) IO (s
‘xaM <0 fagrr 2w i fagrr 20 S (24
0x10x9 L2(S) a ! 855%8562 L2(S) ' axlax% L2(S)

Consequently, for a general rectangle R = [a,b] x [c, d] where hy = b— a and hy = d — ¢ we have

20 3 3
(1 — a)® O (w 5 P) < C{ (1 —a)*T? 871; + hflhg (x1 —a)*T? 82 v } , (1.2.5)
Ozy L2(R) Oxy L2(R) 010z L2(R)
20 3 3
(z1 — Q)QM <! | (@ - a)t? _Ow +hyVha ||(z1 — @)@ ! 0w . (1.2.6)
2 1 2
0z10z2 |[12(R) Ox{0x2 L2(R) Ox10x5 L2(R)

Proof. Let p € P»(S) be the averaged Taylor polynomial of w over S with respect to the
same weight function ¢ used in the previous lemma (see for example [BS08] for the precise
definition). Then, it is known that (recall that w := [y wy),

#y_ P
ox? Oz}

0%p 0w

and 8:618:62 - 8:68%2

and therefore, it follows from Lemma 1.1.2 that

‘ LAt < | sorrv 2
0x7  lpas) 927 ||2(s)
3 3
<C x‘f""la—lg + ||zt 8210 .
977 |lp2(s) 1072 || 2 ()

Changing variables, we obtain inequality (1.2.5) for a general rectangle. Inequalities (1.2.4)
and (1.2.6) follow in analogous way.
O

1.3 Interpolation error

Let R = [a,b] x [c,d] be a rectangle in R2. For each continuous function w on the rect-
angle R, we define the interpolant IIpw € Q;(R) as the unique function in Q; which
has the same value of w on the four vertices of R. Given partitions a = z9 < 21 <
o <azy=bandc =y <y < -+ < ym = dof [a,b] and [c, d], respectively, we call
Ri; = [xi—1, ;] X [yj—1,y;]. Then, we define the Lagrange interpolant ITw of w over R as
the unique piecewise Q; function which satisfies

(ITw) ’Rij = g, w.
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We will use the following well-known results. For w € H 2(R), the Q; linear interpolation
satisfies the error estimate (see for example [She94])

<C {m } . (1.3.1)
L2(R) L2(R)

In the following Lemmas we prove some weighted interpolation inequalities.

9w
8:61 8952

82

h
(%1 + h2

L2(R)

H O(w — pw)
0x1

Lemma 1.3.1. Let [ be one of the vertical edges of the reference element S = [0,1]? and u € H?(SS).
Then, for 0 < a < 1/2, it holds

C o Ou O(Tlgu)
—1I < & —1I .
Ju —Tlsullpz(g) < (1= 20)7 { V921 s, 17—, s) + [lu SUHL2(1)}
(1.3.2)
In particular, if u vanishes on 1, it holds
C o Ou O(gu)
—1I < — + [|z§ . 1.3.3
e SUHLQ(S) T (1-2a)"2 { Loy L2(S) o Oy LQ(S)} ( )

For a general rectangle R = [a, b] x [c,d], if u vanishes on one of its vertical edges, it holds

Chlfoz
lu — Mgl oy < 7 { } . (134)
L2(R)

— (1 —-2a)"?
Proof. Suppose that [ = {(0,22) € R? : 0 < 25 < 1} (clearly, the other case can be treated
analogously). We have

o Ou

) ou 6(HRu)
“ 0x1

+ 8:131

L2(R)

(1 —a)®

(21 —

11
Hu—HsuHig(S):/ /(u—ng)2(x1,x2)dx2dx1

<[ LU
<{ [ [l

<o [ [[[ o -

of [ ([

z1

2
dt + (u — IIgu)(0, xg)] dxo drq

(u —Tgu)(t, x2)

8901

2
(u—Igu)(t, z2) dt] + (u — Tgu)?(0, x2) dxo d:cl}

2
dt] dxo dr1+2 ||u — ngHiQ(l)

2
(u —gu)(t, z2) dt) dxo dri+

2
+ 2 [lu — Hsul[f2(

w00
1 61‘1

C 2
<

1 -2«

u— Igu)

+ 2{ju— HSUHim) ;
L2(3)

obtaining (1.3.2). If v vanishes on [, then ITgu vanishes on [ too, and hence ||u — HSUH%Q([)
So we have inequality (1.3.3) in this case. Inequality (1.3.4) follows by scaling arguments.
]
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Lemma 1.3.2. For a general rectangle R = [a,b] x [¢,d], u € H*(R) and 0 < o < 1/2 we have

‘ 8?61 (u=ru) L2(R)

< ﬁ {h%a (z1— a)agix? . + hy %hy ||(z1 — a)aafjgm L2(R)} ;
‘ %(u —Iru) )

< m {h1h2a (22 — C)agi;% i +hy ™ || (22 — C)o‘aflzau;v2 L2(R)} .

Proof. First, we consider the reference element S = [0, 1]2. Letp € Py be the averaged
Taylor polynomial of u with respect to the weight function ¢ introduced in Section 2. We
have

The first term in (1.3.5) can be bounded using Lemma 1.1.2. Indeed, we know that 81’ =

0

o (1.3.5)

9115w

(u — Igu) Fr

2 (u—p)
oy 0 L2(S)

o] o]
8x , and therefore, it follows from that Lemma that

0

ou
—(u— < C|z}V . 1.3.6
‘ o0x1 (u=p) L2(8) (le) 12(8) ( )
To estimate the second term of (1.3.5), we define v = p — [Igu. Since v € Q1 we have
ov 9 9
a_ S C{‘U(LO) _’U(0,0)’ + ”U(lvl) _’U(Ovl)’ }
Ozt llLa(s)
Now,
v(1,0) —v(0,0) = (p—TIgu)(1,0) — (p — Hgu)(0,0)
= (p—u)(1,0) = (p —u)(0,0)
Lo(p —u)
/0 0y,
and then,
lv(1,0) — v(0,0)] < HM
01l

where [ = {(x1,0) € R?: 0 < z; < 1}. Now, we apply Lemmas 1.1.1 and 1.1.2 (the second
one with ¢ = 0) to obtain

lv(1,0) —v(0,0)] < C Ha(“_p) ;1/2 o 0 O(u—p)
Oz 2s)  (1—2a) 8x2 0z 12(s)
c 82u L o aQu
.~ Y R
(1—204)1/2 1855% L2(S) 1a$18x2 12(5)
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An analogous estimate holds for |v(1, 1) — v(0, 1)|, and so we have for the second term of
(1.3.5)

0 C 0%u 0%u
—(p — Ilgu < — 11— + ||z¢ . 1.3.7
Collecting inequalities (1.3.6) and (1.3.7) we have
0 C 0%u 0%u
—\u — II u < $a— "I,'ai .
' T sy (1—20)"? {‘ 102|257 010 LQ(S)}

Then, the first inequality in the statement of the Lemma follows by scaling arguments.
The second one can be proved analogously. O






Chapter 2

Convection-Diffusion-Reaction
problem

2.1 Introduction

In this chapter we discuss the numerical approximation of the following singularly per-
turbed model problem:

—eAu+b-Vu+cu=f in

(2.1.1)
u=0 on 0f)

where ¢ is a small positive parameter, and Q2 = (0,1)2. We assume that b = (b, b), c and
f are smooth on 2 and that

by < —y, withy >0 fori=1,2.

Then, the solution will have a boundary layer at the boundary {(z1,z2) € 9Q : z; =
0 or x9 = 0} (see [RST08]). We will make the usual assumption in order to have coercive-
ness of the bilinear form associated with Problem (2.1.1), namely, there exists a constant
1 such that

c— %div(b) > pu > 0. (2.1.2)
It is known that if f € C*(£2) and satisfies the following compatibility conditions:

f(0,0) :f(lvo) :f(ovl) :f(lvl) =0,

8z‘+jf
- j(l,l) =0for0<i+j<3,
0 0x

then Problem (2.1.1) has a classical solution u € C3(f2), and for all (x1,z2) € Q we have

6i+ju
- (xl, xg)

EY, <C (1 +eTleTVB/E | gmTem YR e 5_(i+j)e_7’”1/56_w2/5) (2.1.3)
7101y

for 0 <i+j < 3. Werefer to [RLO1, Section 2] and [LS01] for details.

11
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In the following Lemma we give several weighted a priori estimates for the solution of
Problem (2.1.1). Some of these estimates were proved in [DL06] and all of them are con-
sequences of (2.1.3).

Lemma 2.1.1. Let u be the solution of Problem (2.1.1). Then, there exists a constant C' such that

[382u 582u
e x2ﬁ , % xlp <C, for a+p>3/2,a>0,>-1/2
Lo ll1L2(0) 12 ()
2 2
8 8 u e B 8 u
e ||x , T <C,for a+p>1,a>1/2,8>—-1/2
2 8x16x2 LQ(Q) 1 61‘18.%’2 LQ(Q) f B / B /
B Pu
Lo xg’@ @ xf@ <C, for a+8>5/2,a>003>-1/2
2 lL2(0) 1llL2()
3 3
Jé] 8 u o B 8 u
e |z —— , e |l ——— <C,for a+p>2,aa>1/2,8>—-1/2
3 3
Jé] 8 u e Jé] 8 u
et ||z —5— , T —— <C,for a+p>2,aa>3/2,8>—-1/2
2 8.%'%61‘2 2(Q) 1 6w18x% L2(Q) f B /2,8 /
33 83
M T2 5 Y , ¢ 5615627’“ 5 <C, for a>1/2
O0x{0x L2(Q) O0x10x5 L2(Q)

Proof. Letus prove the second inequality in the third line given in Lemma 2.1.1. The other
inequalities can be obtained in a similar way.
From (2.1.3) we have,

ot
Q

and so, integrating first in the variable x2 and making the change of variable z = z; /¢, we
obtain

O

2 1 r1
53 dx dxy < C/ / xfﬁ(l + 5_66_27”1/5)dx1 dxo
L1 0 Jo

2

3 e
/ x%ﬁ 8—1; drydre < C 1 +%7° / 22Pe=20% 4y
9] axl 0
and therefore, the inequality is proved. O

In [DLO6], the weighted a priori estimates of the exact solution were used to design a priori
adapted meshes which approximate well the boundary layer. We want to show that a
result of superconvergence is valid for these kind of meshes.

The rest of the chapter is organized as follow. In section 2.2 we set the weak formulation
of problem (2.1.1), recall the graded meshes introduced in [DL06] and the finite element
approximation over these meshes and we recall results from [DL06] concerning interpo-
lation and convergence error over the graded meshes. In section 2.3 we prove the super-
convergence theorem which is the main result of this chapter. In section 2.4 we constructa
higher order approximation u; of the solution of problem (2.1.1) by a local postprocessing.
Finally, in section 2.5 we show some numerical experiments.
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2.2 Weak formulation and finite element approximation

In this section we recall the graded meshes used in [DL06] and set the finite element ap-
proximation over these meshes.
The standard weak formulation of Problem (2.1.1) is given by: find u € H}(£2) such that

B(u7<p)=/gf<pdx Vi € Hy(),

where the bilinear form B is defined as
B(u,p) = /(eSVu Vo +b-Vup+ cup) de.
Q

We will work with the e-weighted H!-norm defined by

loll? = e IVellE2) + l@ltz)

It is well-known that, under the hypothesis (2.1.2), the bilinear form B is coercive in the
e-norm, moreover, there exists 3 > 0, independent of ¢, such that

Bllell. < Ble,p) Ve e Hi(Q). (2.2.1)

Now we construct the graded mesh. We start defining a graded mesh over the interval
[0,1]: given h > 0, consider the partition {¢;};2, of the interval [0, 1] given by

o =0
&1 = he
Civ1 = (1+h)&=he(1+h)"!, forl<i<M-2
Em = 1

where M issuch that &y, 1 < land &y1 + h&y—1 > 1. Itis assumed that the last interval
(€nmr—1,1) is not too small in comparison with the previous one (£y7—2, {nr—1).

Remark 2.2.1. Note that with the previous definition of &;, the length of the second interval is h
times the length of the first interval (and so, it is smaller). In practice it is natural to take h; =
& — &—1 to be monotonically increasing. Therefore, it is convenient to modify the partition by
taking h; = hy for i such that ;1 < e and starting with the graded mesh after that. In this way
we further reduce the number of intervals in the partition. It is not difficult to check that all our
arguments can be extended to this case.

We define R;; = [&i—1,&] x [§5-1,&;],1 < 4,7 < M, and the graded meshes 7;, = {Rij}%.:l
on ). Note that the total number of nodes is N = M?2.
For these meshes, it was proved in [DL06, Corollary 2.3] that

h < clo8l/e) (2.2.2)

VN

Associated with 7;, we introduce the standard piecewise bilinear finite element space

Vi={p€C(Q):¢|r,€ Q(Ry),1<i,j<M},
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and the finite element approximation u;, € V}, given by: find u;, € V}, such that
B(un, ¢) = /Q fodr Vo eV
For the proof of our estimates, we will need to decompose Q as Q = Q; U Qs U Q3, where
ﬁl = U {Rij : fi—l < 61810g(1/8)}
ﬁg = U {RU : 51;1 > clslog(l/s),ﬁj,1 < clslog(l/s)}
Qs = U {Rij : &—1 > crelog(1/e), &1 > crelog(l/e)}
and the constant c; is such that

i 9.0
0z Oy

< Cfor0<i+j <3, ifxy,xe > cielog(l/e). (2.2.3)

Note that, in view of (2.1.3), it is enough to take ¢; > 3/~.

The following results regarding interpolation and convergence error over graded meshes
were proven in [DL06]. See Theorems 2.1 and 2.2 in [DLO06], for the respective proofs.
As in the previous Chapter, for a continuous function u, IIu € V}, denotes the standard
piecewice Q; Lagrange interpolation of w.

Theorem 2.2.2. Let u be the solution of Problem (2.1.1) and let h > 0 be fixed. We have the
following estimates for the interpolation error

lu—Tul| 2y < CR*  and &2 ||V (u—TTu)|| 20y < Ch
with a constant C' independent of h and €. In particular,
|lu —TTu||. < Ch.

Theorem 2.2.3. Let u be the solution of Problem (2.1.1) and wy, € V}, its finite element approxi-
mation. Then,
lu —unll. < Chlog(1/e)

with a constant C' independent of h and e.

2.3 Superconvergence for graded meshes

In this section we prove that the finite element approximation defined in the previous
section is superconvergent in the e-weighted H!-norm, i.e., the difference between the
computed solution and the Lagrange interpolation of the exact solution is of higher order
than the error itself. In particular, it follows from this result and previously known inter-
polation error estimates, that the method is almost optimal convergent in the L?-norm.
For each element R;; = (§-1,&) % (§j-1,¢;) we define h; = & — &1, h; =& — §—1 and
we denote with (T;,7;) the barycenter of R;;, and with EZ’j ,fork =1,2,3,4, its edges, as
indicated in Figure 2.1.
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ij
63

s & |n,

Figure 2.1: General element

In the following lemma we bound the term corresponding to the diffusion part of the

equation. The proof uses an argument introduced by Zlamal in [Zla78].

Lemma 2.3.1. Let u be the solution of (2.1.1). There exists a constant C such that, for any ¢ € V4,

5/ V(u —Tlu) - Vi day dra| < Ch? ¢,
Q
Proof. Let us prove for example,
O(u —1ITu) 0
5/:ii—¥ﬂ—£dmdm < Ch? |yl . (2.3.1)
O 8:61 8:61

Clearly, analogous arguments apply to estimate the term involving derivatives with re-

spect to xs.
The key observation made in [Zla78] is that, for p € Po(R;;) and ¢ € Qi(R;j),

/ a(p - ]'_‘[Rijp ) 8_90

R 8:6 1 8:6 1

Indeed, this follows easily integrating by the midpoint rule and using that

6(}) - HRijp_)
61‘1

and 88—90 = axy +bwitha,beR.
1
Therefore, for all p € P2(R;5) and ¢ € Q1 (R;;), we have
/ 6(“ - HRiju) 8_90 / a[(u - p) - HRij (u - p)] 8_90
R 011 011 R 0z, Oxq

SH8quﬂ—meu—m1

d.%'l d.%'g =0.

ij

d.%'l d.%'g = d.%'l d.%'g

iJ ij

Oy

61‘1

)

Oy L2(Rij)

L2(Rij)

and using (1.3.1) for w = v — p, we obtain

/ O(u —Tlgr,;u) 0
R

¥
—dzi d
8901 8901 SR

Sc{hi

ij

9*(u—p)
Ox?

8*(u — p)
8x16x2

dp

+ hj 8951

L2(R;j)

LQ(Rij)} '

L2(Rij) .

€ P1(R;;) vanishes over the segment joining the midpoints of £} and ¢37,



16 CHAPTER 2. CONVECTION-DIFFUSION-REACTION PROBLEM

d.%'l d.%'g

Pu
Ox10x3

Pu
0x20x9

P

3
Oxy

dp

8901

+ hih;
L2(Ry;)

2
+ B2

Choosing now p € Py(R;;) satisfying (1.2.1) and (1.2.2) we obtain,
ij
L2(Ryj) '

/ o(u — HRZ.ju)&_(p
R
<C {h? } '
L2(Rij)
(23.2)

8901 8901
Let us now estimate the right hand side of (2.3.2) over each element according to its posi-
tion. Since hi = h, we have

L2(R;j;)

5/ O(u — g, u) 9p diy dao| < Ch2 {52 8_1; + £5/2 # +
R Oy Oy Oz L2(R11) D10y L2(Ru)
452 0’u J1/2|[ 9% .
axlax% L2(R11) o1 L2(Fu)

Now, for j > 2 and any (z1,x2) € Ri; we have h; < hxg, which together with h; = ¢h
gives

5/ 7( R1])_<de1dx2 < Ch?{ &2 —Q; + %2 |2y 2u +
Ri; o0x1 o0x1 Oxy L2(Ry;) O0x{0x L2(Ryy)
u Op
+el/2 x%a 972 gl/? e ,
1021112 (Ry;) T2 (R,)
analogously, for i > 2, we obtain
— IR,
‘5/ —8(U Rllu) a—@ dml dxg
Ri1 8:61 axl
03 03
< Ch?*{eY? x%—g + 32 ||z 2u +
axl LQ(R“) axlaxQ LQ(R“)
8x16w% L2(R;1) Oy L2(R;1)
Finally, for i, j > 2, using that for any (z1,22) € R;j, hi < hay and hj < hay, we have
O(u — IR,
5/ —(u R U) a—(p dml dxg S
Rij axl axl
o3 03
S Ch2 51/2 x%a—z +51/2 $1$28 2; +
Ty L2(R;j) L1022 L2(Rij)
3
/2|22 - ez || 99 Vi, > 2.
O0x10x5 L2(Ry,) ox1 L2(Rs))
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Therefore, summing over all indices ¢, j, and using the weighted inequalities from Lemma
2.1.1, we obtain (2.3.1). O

Our next goal is to give an estimate for the term corresponding to the convection. We
want to apply an argument similar to that used for the diffusion part. With this goal we
define, for u € H3(R;;) and ¢ € Vj,

O(u — g, u) h? 0u 2u
Kii(u,p) = —Y “odridry — & —wdry — —pd . (233
(u, ) /Rij By pdeydzy — 75 ” (%%@ T2 ” 5 A (2.3.3)

In [Zha03] the authors give an explicit expression of K;;(u, ) (see [Zha03], identity (4.28))
which, in particular, implies the result of our nextlemma. We will give a more direct proof
without making use of that expression.
Lemma 2.3.2. For p € Pa(R;;) and ¢ € Q1(R;;) we have,

Kij(p,) = 0.
Proof. Take p € P2(R;;) and ¢ € Qi(R;;), and define e = p — Ilg,;p. Then, aa—;lap is a
polynomial of degree two in x; and of degree one in x5 which vanishes at the midpoints

of {7 and 14”. To simplify notation we will write, for any function f, f; ; = f(z,v;)-
Using the Simpson rule in  and the trapezoidal rule in y we obtain,

/ ﬁdxdx—hihj (ﬁ) +<ﬁ>+(ﬁ> +(ﬁ>
Ri]. 8901@ ! 2 12 8901@ ij—1 61‘1 i 8901 i—1,j—1 8951 i—1,j ’

But, using again that aa—;l vanishes at the midpoints of li’j and lé’j , we have

), ), ).~ (B 45
021 /551 01/, 971/ 15 o1 /), y; 2 0xf

and therefore,

Oe h2 9% ( h; h:
—pdridry = —~—= < —L(p; i i) — =L (i1 i1
/R o, ¥ o1 dr 12890%{2(90,3 1+ @i ) 2(80 1j-1+¢ 1,3)}

ij

h? d*p &p

= 9D dry— | 2ya
12 ( L9 PR i 92 ¥ T2

as we wanted to show. O

Lemma 2.3.3. Let u be the solution of (2.1.1). There exists a constant C such that, forany ¢ € V,

< Ch*log®(1/e) |l¢ll.. -

/ b-V(u—Iu)pdr drs
Q
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Proof. Let Pbbe the piecewise constant approximation of b defined by Pb|r,, := b"7, where
b denotes the value of b at the barycenter of R;;. We have

/b-V(u—Hu)gpdwl dxsy :/(b—Pb)-V(u—Hu)godacl dacg—l—/Pb-V(u—Hu)gpd:cl dxs
Q Q Q

(2.3.4)
Let us estimate each term on the right-hand side. Since the derivatives of b are bounded
we have [|b — Pb|| . < Ch|b|i .« and so, for each element R;;,

< Ch||V(u— HU)HLQ(RM) ||30||L2(Rij) ’

/ (b — Pb) - V(u — Mu)p dry dzo
R

ij

Therefore, summing over all indices ¢, j such that R;; C €2y, it follows that

/ (b— Pb) - V(u — Iu)p dzy dzso
951

< Ch|V(u =Tl 20, [€ll2 ) - (2.3.5)

On the other hand, since ¢ vanishes at the boundary of €, it follows from the Poincaré
inequality (1.1.6) that

Op
61‘1

9y

< Celog(1/e)
z1

L2(01)

HSOHL?(Ql) <Ch (2.3.6)

L2(M)

and therefore, using the estimate
e |V (u =)l 20, < Ch,

which was proved in [DL06, Theorem 2.1], we obtain from (2.3.5),

< Ch*log(1/e) [l¢l. -

/ (b — Pb) - V(u — Mu)p dry dxo
951

Clearly, the same argument can be applied to obtain an analogous estimate over ;. Fi-
nally, for R;; € 23, we use a standard interpolation error estimate and (2.2.3) to obtain

/ (b — Pb) - V(u — u)p dzy dro
Q3

< Ch? [lgllpz o) -

Summing up we conclude that

< Ch?|l¢l. - (2.3.7)

/ (b— Pb) - V(u — Hu)pdzy dzo
Q

Now we estimate the second term on the right hand side of (2.3.4). We have

/ Pb-V(u—Iu)pdr) dee =
Q

—1I
= Z/ sz u)¢d$1d$2+2/ sz )godacld:cg

i,j=1 1,j=1
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and we will estimate the first term on the right hand side (clearly the second one can be
handled in an analogous way). From the definition of K;; (2.3.3) it follows that

Z/ b” )godacldacg
R;j

M 44
> b7 h? 0u 0%u
= > b'K; L d d

zyzzl v ‘P)"‘MZ:l 12 157 8x2§0 e 17 3$2(p 2

Then, it is enough to bound the right hand side of (2.3.8). For the first term we write,
Kij(u, ) = K1 j(u, ¢) — Ka45(u, @)

with

O(u — Iu
Kuj(u, QO) = / %gﬁ d.Tl dxg
Rij L1
and
h2 9%u 0%u
Koy ; —0d d .
245t ¢) = 12 ( 119 8x%¢ 2 aﬁ‘P x2>

From Lemma 2.3.2 we know that, for any p € Pg(Rij),
Kij(u, ) = Kij(u —p, ) = Ki135(u —p,p) — Kaij(u—p, ).

Now, taking p € Pa(R;;) satisfying (1.2.1) and (1.2.2) and using the interpolation error
estimate (1.3.1) for w = u — p we obtain,

K15 (u—p, )]
Ou 9*u Bu
- { 85"1 L2(Ri;) 89028x2 12(Ri) 7| a1 022 L2(Rey) lellLz(r,;)

On the other hand, using now (1.1.3) for w = %, (1.1.4), and again (1.2.1), we get
1

1Ko (u ) < n? 0% + hih; _Pu ol
iJ ) =~ 2 ).
PR 03| 2, ) 03012 || 2 (n,)) )
In conclusion we have,
| i (u, @)
83 Pu Pu
<cdn? R R }Ilwllmm--

(2.3.9)

Now we are ready to estimate the first term on the right hand side of (2.3.8). Setting

L= Y WKij(ue), s=1,2.3,
i,j:Rij C s
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we have
M . .
Z bzl’JKZ'j(u, QO) =1+ I + Is.
ig—1

From (2.3.9), using the Cauchy-Schwarz inequality we obtain,

&ul? »Bu |
nj<cy Y (h;‘ — + 1202 || e +
i,j:Rij C Oy L2(Ri;) 0102 L2(R;j)
1
Bu | 2
]| 2
J axlﬁx% LQ(RZ']')> } H‘PHLQ(Ql)
and therefore, using now the Poincaré inequality (1.1.6),
3 2 3 2
|I] < Clog(1/e) Z (&th? 8_2; + Eh?h? 82 U +
1,J:Ri;CQ axl L2(Rij) axlaxQ L2(R;j;)
1
3 2 2
+€h;1 aiu2 E% a—@ .
021023 |12 (R, 0 |2 ()
Now, for R;; C ©; we have h; < ciehlog(1/e) and hy = ¢h, then
&Pul? Pu | »Bu |
et | 2= +eh?h? || =om +eh? || =y
3, |12 3 2 3 2
< BA 10g4(1/€) &b 8_’1;” +£5 62'“ 4 &b d°u . .
axl LQ(Rzl) 8$1a$2 LQ(Rzl) 8$18$2 LQ(Rzl)

If R;; C 4, with j > 2, we use that h; < ciehlog(1/e) and that h; < hao for all (z1,22) €
R;;, obtaining
2

2 2

u u Bu
4 2,2 4
€hz‘ ﬁ +€hz hj 8 28 +6hj a a 2
T2 (ry) T1O%2L2 (R, ) L1002 2 (r;))
»u) Pu |? Pu |?
< h'log*(1/e) | €° || == + &3 || a9 + e |22 —— :
Oz L2(Ri;) Oz10z2 L2(Ri;) D103 L2(Ri;)
Therefore,
»u| Pu |?
|| < Ch*log®(1/e) | €° || =— +é°
027 lo 0, 0102 ||o 0,
PBu | Bu | ‘ Bu |7 1 || Oy
5 3 2 1
+e +e +e — €2 || ,
Oz10x3 0.0 y@x%@xg 0.0 4 Oz1073 0.0 Ox L2(Q)
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and consequently, using the weighted estimates from Lemma 2.1.1, we obtain
11| < Ch?log?(1/e) [l ¢ll. -

An analogous argument can be used to estimate /5. Finally, for I3, using (2.2.3) and (2.3.9),
we arrive at
I3] < Ch? ||l q, -

Therefore, we conclude that
M . .
> 0 K(u, )| < Ch?log(1/e) |, -
ij=1

To finish the proof it remains only to estimate the second term in (2.3.8). Observe that, for
1<i<M—1,wehavely’ = lffrl’J . Therefore,

;L 0%u 0% 0%
I 2 d / d bt B2 / da / d
1 Z( L9 8;5190 2 8;5190 x2> + i+l AR 830180 2 [+ 830180 2

» 0%u » 0%u 0%u
_ _bth/ d (b“h2 szrL]h / d bz+1,Jh / d
1 1Y li’j ax% pdra + | 0y z+1) ;] 8:6% pdro + i+l ] o ars

l+1] 8:6

From the definition of the mesh it follows that

h12+1 hZQ = hzhz‘(.%'i_l + .%'Z'), hz‘+1 < 2h;, and x;_1 + z; < 3z;_1, then

bidp2 — bt 2 +1‘ < Ch%hiz;_1.

Thus, since ¢ vanishes on edges contained in 052, we have

M M
82u 62u
Z, 2
M—-1
SCZ
1

=

M—1
0%u

5a7 | 19l

M M
> Ch’hiai / 2¢dy <C YD ChPhiai )
OlZ

Jj=1 i=1 j=1

and using the inequalities (1.1.3) and (1.1.4) we obtain,

M M

¥ 0%u 0%u
E E iJ 2 -z — i <
, brhi ( 19 6w2(pdx2 119 6w2¢dx2> -

2M 1 M _1/2 92u
<O N hiwia (b

=1 j=1

Ox?
M-1 M
<Ch222xz 1('

i=1 j=1

o'
oz}

+ )/

L2 (Ri])
P
856:%

—12
) el a,
L2(R;j5)

+ h; ) ellLz(r,) -

L2(Rij)

8:61 L2(R;j)
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Now, for R;; C €y, using the Poincaré inequality (1.1.6) and the weighted inequalities
from Lemma 2.1.1, we have

> (\ n |2 >Hs0||
i—1 a 9 il 3 2(R..
R, CQl 8371 LQ(R ) 8:6% LQ(RM) L (Rz])
0%u Pu 0
< chslog 1/5)(‘ 3 + cielog(1/e) py >5log(1/g) 880
Ri;c 23 l12(r,y) 3 L2y Tz (o)
0%u O3u Oy
ey G = I = B B o
R»;jCQl 1 LQ(R'L]') 1 LQ(Rij) 1 LQ(QI)

< Clog*(1/2) [l -

A similar argument can be used to estimate the sum over R;; C €),. Finally, for {23, using
(2.2.3) we have

> o

R;;CQs3

o'
ox3

9%u

ol + h;
Ox?

> lell2(r,) < Cllel. -
L2(Ryj) L2(Rij5)

Collecting all the estimates we obtain

i 0%u
Sy ( . 8x2wdw2 5:629061902) < OR?log*(1/¢) |l
i=1 j=1
concluding the proof of the lemma. O

In the next Lemma we give an estimate for the reaction term of the equation. This estimate
follows immediately from results in [DLO6].

Lemma 2.3.4. Let u be the solution of (2.1.1). There exists a constant C such that, forany ¢ € V3,

< Ch gl -

/ c(u — Mu)p dxy dze
Q

Proof. From [DL06, Theorem 2.1] we know that [|u — ITul[; 2, < C h?, hence

/ c(u —Tu)p dxy dzo
Q

< Cllu— HUHL2 Q) H90HL2(Q

< Ch? el ) < CP el

We can now state and prove our main result.

Theorem 2.3.5. Let u be the solution of (2.1.1), uy, € V}, its finite element approximation and
ITu € V}, its Lagrange interpolation. There exists a constant C such that,

|up, — Mul|, < Ch*log?(1/e).
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Proof. From (2.2.1) and the error equation B(u — up, up — ITu) = 0, we have
B |lup, — Hqu < B(up — Mu,up, — Mu) = B(u — Hu, up, — Hu).
But, from Lemmas 2.3.1, 2.3.3 and 2.3.4, we have
B(u — Mu, up, — Tu) < Clog?®(1/2)h? |Juy, — Tul|_,
and therefore the theorem is proved. O

An immediate consequence of the previous Theorem combined with the interpolation
results from Lemma 2.2.2 is the optimal order convergence in the L2-norm.

Corollary 2.3.6. Let u be the solution of (2.1.1) and wy, € V), its finite element approximation.
There exists a constant C such that,

Il — nl 2y < Clog®(1/2)h?.

Proof. The result follows immediately from the interpolation error estimate
[u —TTull 2y < Ch? proved in [DL06, Theorem 2.1] and the estimate given in Theorem
2.3.5. O

We end this section giving error estimates in terms of the number of nodes.

Corollary 2.3.7. Let u be the solution of (2.1.1) and uy, € V}, its finite element approximation. If
N is the number of nodes in Ty, then there exists a constant C' such that,

log®(1/e)

—1II <cC
Jun — Thull. < 055

and

log®(1/e
Ju— unlgagey < OB

Proof. The results follow from Theorem 2.3.5, Corollary 2.3.6 and the estimate

log(1/¢)
h<C .
o VN
which was proved in [DL06, Corollary 2.3]. O

24 A higher order approximation by postprocessing

As it is known (see for example [DMR92]), superconvergence results of the type of The-
orem 2.3.5 can be used to improve the numerical approximation by some local postpro-
cessing. In this section we construct a higher order approximation u; of the solution of
(2.1.1), obtained from the computed finite element approximation u; € V}, by a simple
local procedure.

For simplicity we consider now the meshes defined as indicated in Remark 2.2.1. In this
way the lengths in each direction of neighbor elements are comparable and this simplifies
the analysis.
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We define the postprocessed solution uj as in [DMR92]. We repeat the construction given
in that paper for the sake of completeness. Assume that the mesh 7, is a refinement of
a coarser mesh formed by elements .S;; which are as in Figure 2.2 (note that we assume
that 7;, contains an even number of elements). We define uj = Iouy, where Iruy, is the
biquadratic interpolation of u;, on S;;, over the nine nodes indicated in Figure 2, i.e., the
vertices of the elements of the original mesh.

R;_1; R;
L.j J h;
Ri_1 -1 Rij—1 hj_1
hi—1 h;

Figure 2.2: Reference element for the (»-interpolation and region S;;

We want to show that u; is a higher order approximation in the e-norm. We will need the
following estimates for the biquadratic interpolation.

Lemma 2.4.1. Let u be the solution of (2.1.1) and Iyu the piecewise biquadratic interpolation of
u on the mesh made with the elements S;; and using the nodes corresponding to the vertices of the
original mesh (as indicated in Figure 2.2). There exists a constant C such that

Ju— Ioul. < CH*. (2.4.1)

Proof. The inequality is an easy consequence of the weighted a priori estimates given in
Lemma 2.1.1 and the following error estimates for the interpolation operator I5. Let H;
and H; be the lengths of the element S;; along the directions of the x; and x5 axis respec-
tively. Then, for w € H3(S;;), we have

Pw Pw
ym—bwm@ﬂgc{m‘gg Jrlar_;?‘*g—3 }, (2.4.2)
Ty LQ(Sij) L2 LQ(S’LJ)
‘Pm—bm o] Lo | e (2.4.3)
9w iy~ L N0t llegs,) 7 11021023l as, )
and
O(w — Lhw) ol BPw 5 || OPw
e I e P I 249
2 L2(Sy;) 1992 1112(5;5) 2 1IL2(Sy;)

where the constant C' is independent of the element S;; and w. For the standard bi-
quadratic interpolation, these inequalities are proved in [Ape99, Theorem 2.7]. The only
difference between our case and that considered in [Ape99], is that we are not using
the usual interpolation nodes. Indeed, our interpolation nodes on S;; are (&, &;), with
k=i-2i—1tand ! =j—2,j —1,j,ie., we have moved a little bit the nodes usually
located at edge mid-points and barycenter of the elements. However, it follows from the
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definition of the meshes 7y, that the ratios (& — &—1)/(&i—1 — &i—2) are uniformly bounded
from below and above. Using this fact, it is not difficult to see that the arguments used in
[Ape99] can be adapted to our case.

Let us now prove (2.4.1). Since H; < Che, using (2.4.3) for the element S;; we obtain

2
LQ(SH)}.

Now, for S;i1,7 > 1, using now H; < Che and H; < Cha; for all (x1, z2) € S;1, we have
2

2
< Ch {‘ } :
L2(S;1) L2(Si)

Analogously, for Sy;,j > 1, we use that H; < Che and K; < Chx, for all (z1,22) € Sy; to

obtain
2
L2(S15) }

Finally, for i, j > 1, we have H; < Chxy and H; < Chay for all (z1,z2) € S;;, and so,
2

2
< Ch* { } .
L2(S;5) L2(Sy;)

Therefore, multiplying by ¢, summing up, and using the a priori estimates from Lemma
2.1.1, we obtain

2 2

PPy
8:61 895%

o
830:{‘

+€4

H O(u — Iru)
L2(511)

8901

gcm{&

L2(511)

2
Pu

8:618:6%

3
50U

4
x —_—
! 856:%

+ e
LQ(SH)

Hau_hm
D,

2
Fu

3
Oxy

, Pu

* 2 axlaxg

H O(u — Iyu)||*
L2(S15)

8901

gcm{&
L2(S1;)

3 2
50U

, Pu
x _
193

O(u — Isu
H : = % 91102

61‘1

+‘.%'

L2(Sy;)

O(u — Iru)
61‘1

1
2

< Ch2.
L2(Q)

e

In a similar way, using now (2.4.4) and (2.4.2), we can prove

O(u — Iru)
8:62

1
g2

] <Ch* and  |ju—lyulzq) < Ch®
L2(Q)

Therefore, (2.4.1) holds. 0
Lemma 2.4.2. There exists a constant C' such that, for any ¢ € Vp,

2]l < Clle]e- (2.4.5)

Proof. Itis easy to see that the Lagrange basis functions corresponding to I, are bounded
independently of h. Indeed, this follows from the fact that the ratios h; /h;_; are uniformly
bounded. Consequently we have

[ 20| o< (5:5) < Cllll Lo (syy)-

Therefore, using the Schwarz inequality and an inverse inequality

H()OHL"O(SZ'J') < 1 ”()OHLQ(S«LJ'%
|Si5]2
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a1 (07]
Qg a
as o

Figure 2.3: Interpolation points for Q12 on S;;

we obtain
[ 12¢0]lL2(s;;) < Cllellacs,,)-

On the other hand, for ¢ € V3, (IW) can be seen as a Lagrange type interpolation of

Indeed, g;f) is the unique polynormal in Q12 (the space of polynomials of degree one in
the x1 variable and two in the x5 variable) such that

90 oy = 020 -
axl(aj - axl (a_])’ j_la

.6

where the points «; are those indicated in Figure 2.3.
Then, using again that h;/h;_; are uniformly bounded and an inverse inequality, we ob-
tain

o, <l
8901 L2 8901 LQ(SZ.].)
Analogously, we can prove
o] <l
Oy L2(S;) Oy L2(S45)
and so, the Lemma is proved. O

We can now give the main result of this section.

Theorem 2.4.3. Let u be the solution of (2.1.1), up, € V}, its finite element approximation and
uy = Iouy. There exists a constant C' such that,

Ju — il < Clog?(1/e)h?
If N is the number of nodes in Ty, it holds
" log®(1/¢)
=i < 2
Proof. Since I>Ilu = Iu, we have
lu = wuplly < flu = Tull, + [[12(TTu — up )|

and therefore, using (2.4.1), (2.4.5) and Theorem 2.3.5, we conclude the proof of the first
inequality. For the second inequality we use (2.2.2). O
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2.5 Numerical Experiments

We end this Chapter with some numerical results. We consider problem (2.1.1) with
b=(1-2)(—-1,-1), c=2(1-¢),

and the right hand side given by

1—e 7 l—e 2
fley,z9)=— o1 — | ——— | + 20 — [ ——— | | €72,
l—e¢ 1—e¢

In this case the exact solution is

In the next two tables we present the results fore = 1072 and ¢ = 107° respectively. Recall
that IV denotes the number of nodes.

N h | flu—wpllps | flu—wall, | [T = upl, | flu— ]
625 | 0.375 | 0.011851 0.142881 0.020495 0.040664
729 1 0.345 | 0.009791 0.131127 0.016457 0.033664
841 | 0.320 | 0.007778 0.121252 0.012387 0.027535
961 | 0.295 | 0.007373 0.112401 0.011523 0.024435
1089 | 0.275 | 0.006511 0.104864 0.009772 0.021133
1369 | 0.240 | 0.006161 0.092214 0.009391 0.017947
1681 | 0.215 | 0.004717 | 0.082466 0.006485 0.013545
2209 | 0.185 | 0.003710 0.071073 0.004709 0.010019
2601 | 0.170 | 0.002924 0.065163 0.003068 0.007807
3249 | 0.150 | 0.002663 0.057742 0.003036 0.006598
3969 | 0.135 | 0.002113 0.051935 0.002022 0.005047
5041 | 0.120 | 0.001546 0.046078 0.002146 0.004320
5929 | 0.110 | 0.001349 0.042269 0.001863 0.003686
8649 | 0.090 | 0.000971 0.034644 0.001374 0.002580

16129 | 0.065 | 0.000538 0.025071 0.000995 0.001581
18769 | 0.060 | 0.000472 0.023150 0.000752 0.001267
22201 | 0.055 | 0.000400 0.021228 0.000661 0.001089

Table 2.1: ¢ = 1073
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N | B [ Tu—wal | Tu—unl. | 1T —anl, | lu—u]
2025 | 0.390 | 0.013595 0.148975 0.023704 0.045450
2401 | 0.355 0.010646 0.135035 0.018168 0.036312
2601 | 0.340 0.009248 0.128921 0.015445 0.032214
2809 | 0.325 0.008836 0.123478 0.014559 0.029923
3249 | 0.300 0.006961 0.113833 0.010700 0.024212
4489 | 0.250 0.005232 0.095092 0.007160 0.016828
5625 | 0.220 | 0.004565 0.084096 0.006050 0.013562
8649 | 0.175 | 0.002745 0.066857 0.003300 0.008193
10201 | 0.160 | 0.002444 0.061215 0.002998 0.007048
11449 | 0.150 0.002220 0.057456 0.002254 0.005992
16129 | 0.125 0.001728 0.047970 0.002055 0.004523
18769 | 0.115 0.001511 0.044188 0.001305 0.003569
20449 | 0.110 0.001407 0.042271 0.001372 0.003378
22201 | 0.105 0.001376 0.040404 0.001088 0.002998
29929 | 0.090 | 0.001031 0.034640 0.001019 0.002348
33489 | 0.085 | 0.000979 0.032738 0.001211 0.002330
37249 | 0.080 | 0.000903 0.030837 0.000694 0.001795

Table 2.2: ¢ = 106

With these numerical results we have computed the order of the different errors in terms
of N. The computed orders, for the case ¢ = 103, are shown in the following pictures.
The picture in the left shows the order of the errors ||u — w2 and ||u — uy|| ., and that in
the right the different errors in the e-norm.

Observe that, the order of [[u — upl|;2(q) is 0.93741, which essentially agrees with that
predicted by the theory which is 1. Similarly, the orders shown in the second picture
agree with the theoretical ones.

10° ! . 10° T ;
A lu-ull @ [llu-ull,
o lu-y, m ly, -yl
¢ lu-dll,

.
10° 10* 10° 10°
Number of elements
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Finally, we show analogous pictures for the case ¢ = 1075. Again, the estimated orders
agree with those given by the theory.

T T
A lu-ull? @ llu-yll,
o lu-ull, m ol -ull

107 E 107 llu-ull, |
1/2|>
1
A
5107 5107
i fin}
! &
1
10° 10°
.
10° 10° 10° * 10°

10 10
Number of elements Number of elements






Chapter 3

Reaction-Diffusion problem

3.1 Introduction

In this chapter we discuss the numerical approximation of a singularly perturbed reaction-
diffusion equation. As in the case of the previous chapter, information on the behavior of
the solution can be used to design a priori well adapted meshes.

In [DLO5] it was considered the use of graded meshes for a model reaction-diffusion
problem and almost optimal order error estimate with a constant independent of the sin-
gular perturbation parameter € was obtained. Also, optimal order for the interpolation
error was obtained when an averaged interpolation is considered over the graded meshes.
The main difference between the meshes defined in [DL05] and those considered in[ DL06]
and discussed in the previous chapter, is that the first ones are independent of € while
those in [DL06] are e-dependent.

Note that using the same kind of meshes as in the previous chapter (modified to deal with
the location of the boundary layers), analogous results can be obtained for the reaction-
diffusion problem. The aim of this chapter is to prove that superconvergence estimates are
valid for the e-independent graded meshes considered in [DL0O5]. Beside that, we prove
that the interpolation error is of optimal order when the Lagrange interpolation is used.
These two results allow us to obtain an almost optimal order for the L2 —norm of the error.
In order to present the ideas avoiding too technical details we first consider the one di-
mensional case. The two dimensional case needs more technical results. We need to prove
some new weighted a priori estimates for the solution of the reaction-diffusion problem.
Also, we will make use of some weighted Poincaré type inequalities, which were proved
in Section 1.1.

The rest of the chapter is organized as follows. In section 3.2 we analyze the one dimen-
sional case. In section 3.2.1 we present the weak formulation of the reaction-diffusion
problem, recall the graded meshes introduced in [DLO05] and the finite element approxi-
mation over these meshes. In section 3.2.2 we estimate the interpolation error between the
exact solution of the problem and the Lagrange interpolation. In section 3.2.3 we prove
the superconvergence theorem.

In section 3.3 we analyze the two dimensional case. We prove some new weighted esti-
mates for the exact solution of the problem. In section 3.3.1 we set the weak formulation
of the problem, recall the graded meshes introduced in [DL05] and the finite element

31
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approximation over these meshes. In section 3.3.2 we estimate the interpolation error
between the exact solution of the problem and the Lagrange interpolation. We need to
introduce some anisotropic norms and prove weighted estimations for the Lagrange in-
terpolation. In section 3.3.3 we prove the superconvergence theorem. Finally, in section
3.4 we present some numerical experiments.

3.2 CaselD

We consider the model problem,

—2u" 4 u=f in(0,1)

3.2.1
u(0) =u(1) =0 ( )
where ¢ is a small positive parameter.
For the solution of problem (3.2.1), we have the following a priori estimate:
‘u(k) (x)‘ <C{l4eFe = 4eFe = } (3.2.2)

(see [RST08]).

Let d(t) = min{t, 1 — ¢} be the distance between ¢ and the boundary of the interval [0, 1].
As a consequence of the previous inequality, we have the following estimates for the exact
solution of problem (3.2.1).

Lemma 3.2.1. Let I = [0, 1] and u the solution of Problem (3.2.1). Then, there exists a constant
C' such that

[W |y < € (3.2.3)

1
elld(@)’ |l2y < C fatb> g (3.2.4)
elld(@)u 2y < C ifa+bzg. (32.5)

3.2.1 Weak formulation and finite element approximation

The standard weak formulation of Problem (3.2.1) is given by: find u € H}(0, 1) such that

1
Blup) = [ feds, Y cH0,1) (326)
0
where the bilinear form B is defined as
1
B(u, ) = / (2@’ + uyp) da.
0
We denote ||-||, the norm associated with the bilinear form B, i.e.,

2
lell2 == B(ep, ) = € 1" [[z20,1) + lelize)
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Let us recall the definition of the graded meshes introduced in [DL06]. Let h,y € (0,1)
be fixed. We consider the partition {z;}}, of the interval [0, /2] given by

rog = 0
1
To= he , (3.2.7)
Tiv1 = xi+hx] forl<i< M -2
xy = 1/2

where M is such that zp—1 < 1/2and zp—1 + ha}, | > /2, and xp = V2. If 12 —2p g <
xy—1 — xp—2 we modify the definition of /1 by taking xp/—1 = (Y2 + zar—2) /2.

By symmetry, we define a partition on the interval [1/2,1], thus obtaining the partition
{z;}N, of the interval [0,1], with N = 2M. We call 7, such partition. Calling I; =
[2;—1,2;], we have the finite-dimensional subspace of H}(0,1):

Vi ={peHy0,1): ¢ |,ePi(L;),1<i<N}.

The finite element approximation of problem (3.2.1) is: find u;, € V}, such that
1
B(un, ) = / fe, Vo € Vh.
0

3.2.2 Interpolation and convergence error

In this section we prove that for the Lagrange interpolation, the L2—norm of the error is
of optimal order and recall the convergence of the method for the graded meshes.

Let I = [a, b] be an interval of the real line. For each continuous function w over I we define
the linear interpolant II;w € P;(I) which satisfies II;w(a) = w(a) and II;w(b) = w(b).
Given a partitionof I: a = 29 < x; < --- < xy = b, wecall I; = [z;_1, z;]. Then, we define
the Lagrange interpolant ITw of w over I as the unique piecewise linear function which
satisfies

(Iw);, = M.

Lemma 3.2.2. Let [ = [a,b] and 0 < o < 1/2. If w € HY(I) and Tl w is its linear interpolation
over I, it holds
C

< gl = i

HW—HIWHH(I) ),HLQ(I)'

Proof. First, we consider I = [0,1] and w € H!(I). As (w — IT;w)(0) = 0 we have

1
o = Thpwl|Za gy = / (w — TTyw)*(z)de

1r 2

/x(w — le)’(t)dt] dx

IN
S— 5— 55— 5

. 2
|(w — Hw)'(¢)] dt} dx
LJO

IN

_/ol o f(w — Tpw)' (1) dt}  do,
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Now, we apply Cauchy-Schwartz inequality to obtain
2

1 1 L )
a 2
= 1 — 2a H‘T (w_HIw)/HLQ(I)'
The result follows by scaling arguments. O

Lemma 3.2.3. Let u be the solution of Problem (3.2.1) and Ilu its Lagrange interpolation over
I =[0,1]. Then, for o > 0 it holds

o C
HZC (HU)IHLQ(II) S 1 T 2@.
Proof. We have

Hu(@)|r, = [u(z1) = u(0)]z + u(0)

and
1

() ()], = u(zs) — u(0) = / o (1),

0
Using that [|u'[| 1) < C from Lemma 3.2.1 we obtain

1
() ()1, < /0  (0)ldt = [ gy < €

and then

1

<C 200y < .
=Y Y1

O

Theorem 3.2.4. Let u be the solution of problem (3.2.1), Ilu be its Lagrange interpolation and
suppose that 3/4 < v < 1. There exists a constant C, independent of ¢ and h, such that

Ju — Mullz(ry < Clog(1/e) /2R,

Proof. We consider the estimate in [0, 1/2]. The estimation for the interval [1/2, 1] follows
in analogous way.

The idea of the proof is to estimate in a different way the L?—norm of the interpolation
error on I; and over the rest of the interval I = [0,1/2]. We use Lemma 3.2.2 for /; and a
standard interpolation inequality for the rest of the interval. So for any a < 1/2 we have:

M
l|u— HuHi?([o,l/m) = Z lu — HI#H%?(IZ-)
i=1

M
S Hhu”iQ(Il) - Z lu — HfiuHi?(Ii)
=2
C M
22 4 2
< P o (= T ) g, + C; L . (328)
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From the mesh definition we observe that h; < hz | fori > 2. Then

|Ii|4 HUHH?Q(L) B h4$?11 /xl |u//|2dx
Ti—1
< pt /ml v ‘u"‘zdx
Ti-1

<ht HSCMUHHL?(Q) :

We multiply (3.2.8) by £728¢28 (where 3 is a constant to be determined later) and we ob-
tain:

M
- C ol-a
HU_HUHI%Q([OJ/Q]) < g2 {mh T— 52ﬁ\|ma(u — H[lu)/Hiz(h) + Cht stlleW"IIiz(m}

=2
(3.2.9)
Now take f > 0and 0 < o < /2 as
1
B=12—a= T
log =
So L L
e P =e, and %2 =3 log(1/¢),
and it follows from 3/4 < < 1 that
L
1—~ =
We also have
11—«
i >4, 26+ a > 1/, and 26 4 2v > 3/2.
-

With this choice of a and /3, we can express the inequality (3.2.9) as

M
= a2 1) < Clog(1/2)h" {ewuxa(u—Hhuyniz(m +Ze”\|x%"\|iz<m}.
=2

Using that d(z) = min{x,1 -2} = z for z € [0, 1/2] we can obtain from Lemmas 3.2.1 and
3.2.3 that the terms inside the brackets are bounded by a constant C.
O

Theorem 3.2.5 (Corollary 4.5, DL05). Let u be the solution of Problem (3.2.1) and uy, € V}, its
finite element approximation obtain using the mesh defined in (3.2.7). Then,

lv = upll, < Chlog(1/e)

with a constant C' independent of h and e.
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3.2.3 Superconverge for graded meshes

In this section, we prove superconvergence error estimates for the solution of problem
(3.2.1) over the graded meshes. Precisely, if vy, is the finite element solution and Il is the
Lagrange interpolation of the exact solution u, we prove that ||uj, —ITul|. is of higher order
than ||u — up|e.

We will use the following two Lemmas.

Lemma 3.2.6. Let u be the solution of (3.2.1). Then for any ¢ € V}, it holds

1
52/ (u —Tu) ' dx = 0.
0

Proof. We integrate by parts over each interval:

1 M x;
g2 / (u — u)' ¢ do = £ E / (uw—Mpu) ¢ de =
0 4 ;

= 22[ (u—TII,u)l% IZ ) —/mi (u—H]iU)(:c)@//(x)dCC

i—1
The desired result follows using that ¢”(z) = 0 and (v — IIu)(x)[% = 0. O

Ti—1

Lemma 3.2.7. Let u be the solution of (3.2.1). Then for any ¢ € V}, it holds

1
/Yu—ﬂm@m:sc#bavawuﬂp
0

Proof. By Theorem 3.2.4

1
/0 (u—Tu)pdz| < [lu—ull 2y l@ll2y < Ch*log(1/)'* o] -

We can now state and prove the main result of this Section.

Theorem 3.2.8. Let u be the solution of Problem (3.2.1), uy, € V}, its finite element approximation
and ITu € V}, its Lagrange interpolation. Suppose that 3/4 < ~y < 1. Then, there exists a constant
C such that,

lup, — M|, < Ch*log(1/e)"

Proof. From the definition of the energy norm and the error equation B(u—up, up, —ITu) =
0 we have
|lup, — Hqu = B(up — Mu, up, — Mu) = B(u — Hu, up, — Hu).

Using that uj, — IIu € V}, and Lemmas 3.2.6 and 3.2.7 we obtain
B(u — Tu, wy, — Tu) < Ch*log(1/e)"* ||up, — Tul|,

and the theorem is proved. O
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3.3 Case2D

We consider the problem
—?Au+u=f in €2

(3.3.1)
u=20 on 0f)

where 2 = (0,1)? and ¢ is a small positive parameter.
We will assume f € C?([0, 1]?) and that it satisfies the compatibility conditions

f(0,0) :f(l,O) :f(oal) :f(lal) =0.

It is known that under these hypotheses u € C*(2) N C%(Q2). We have the following point-
wise estimates for the solution u of problem (3.3.1) (see [LWO00], Lemma 4.1): if 0 < k£ < 4
then

*u

W(xl,xg) <C (1 + g kemz1/e 4 efke*(l*xl)/e) (3.3.2)

L1

6ku —k —x2/e —k —(1—232)/6

W(xl’m) §C(1+5 e + e % ), (3.3.3)
2

Let d(t) = min{t, 1 — ¢} be the distance between ¢ and the boundary of the interval [0, 1].

Lemma 3.3.1. If u is the solution of problem (3.3.1), there exists a constant C' independent of ¢
such that

(i) if0<k<4,a+b>k—1/2,a>0,b> —1/2then

i P

e ||d(a1)b = <C,  e|d(x) <C,
0z |2 () 05 |12y
(ii) ifa+b>1,a>1/2,b > —1/2 then
0%u 0u
£ ||d(z2)® <C, £ |ld(z1)® <C,
(w2) 01022 ||12() — (1) 010232 ||12() ~
(iii) if a +b > 7/4,b > 1/2,¢ > 3/4 then
3
e d(xl)bd(xz)c‘ziu <,
(iv) ifa+c>5/2,a > 3/4,¢ > 1/2 then
u
e ||d(x9)° C.
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Proof. 1t is easy to check that the inequalities involving pure derivatives follow from the
pointwise estimates (3.3.2) and (3.3.3).

To prove the estimates for cross derivatives, the idea is to reduce them to known point-
wise estimates for the pure derivatives by integrating by parts as many times as necessary.
As an example we prove (iii), the other inequalities can be proved in an analogous way.

If D(t) = t(1 — t) then we clearly have D(t) < d(t) < 2D(t). So, it is enough to show that

Pu
0x20x9

Ea

D(x1)°D(x9)¢ <C, fora+b > 7/4,b > 1/2,¢ > 3/a.

L2()

We integrate by parts with respect to the variables x; and z, separately and use that
D(0)=D(1)=0.So for b > 1/2 and ¢ > 0 we obtain

1 1 , Bu \2
D D 07 =
/0 /0 ( (1‘1) (1‘2) 81%8392 ) dx1 dl‘g

1 1 2 2
:/ / [21)(21) 1)D(:El)%—QD'(:El)2M + 2bD(x1)2b_1D”(:cl)a Y
0 0

022 a2t
du 0*u . ou 0%u
+4bD(£C1)2b_1D,(l'1)a—x:f + D(Zl)Qba—x%} X |:(20)D(35'2)2C 1D’(£E2)8—m2 - D(L]S‘Q)Qca—m% dl‘l dl‘g.

So, using the Cauchy-Schwarz inequality and that |D’(¢)| < 1 and |D”(t)| = 2, we obtain

2

93u
2a b c
e**|D(x1)"D(22) =—=—
81%81‘2 L2(Q)
0? 0? 93
< g2 ’D(xl)Qb—Q 7; +HD(x1)2b—1 @26 +HD(x1)2b—1 @; +
Oxy L2(Q) Oxy L2(Q) Oxy L2(9)
o*u ou 0%u
+ D(Zl)% % HD(Z2)261 +HD(Z2)2C
H Oz} L2(Q) Oy L2(Q) 3 L2(Q)

The first factor, that involves norms of pure derivatives in x;, is bounded if 2a + 2b > 7/2,
that is, a + b > 7/4. The second factor, involving pure derivatives in 3, is bounded if
2¢ > 3/2. Therefore we conclude the proof. O

The following anisotropic norms will be used to estimate the L2-norm of the interpolation
error for the reaction-diffusion problem. For v : R — R, where R is the rectangle R =
l1 X 1y, define

ol oo = [[I0C 21

[0llcox1,r = || lv(1, )l L1y

Leo(lh) Lo (l2)

The next result is a straightforward consequence of the pointwise estimates (3.3.2) and
(3.3.3).
Lemma 3.3.2. If u is the solution of problem (3.3.1), there exists a constant C' such that

' Ou Ou

< (C.
ox1 O0xa ¢

ocox 1,02

<C and ‘

1x00,02
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3.3.1 Weak formulation and finite element approximation

The standard weak formulation of Problem (3.3.1) is given by: find u € H}(€) such that

B(u,so)z/ﬂfsodx, Yo € HA(Q),

where
B(u, ) = / (e2Vu - Vo + up) de. (3.3.4)
Q

We denote with |||, the norm associated with the bilinear form 5, i.e., ngH? = B(p, 0).
Given a finite-dimensional subspace V;, of H}(f2), the finite element approximation is
given by: find u;, € V}, such that

B(un, ¢) =/Qf<Pdw, Vo € V.

Let us recall the definition of the graded meshes introduced in [DL05]. Let h,y € (0,1)
be fixed. As for the one dimensional case, we consider the partition {¢;}}£ of the interval
[0,1/2] given by

o = 0
& = W
Cis1 = &+hg forl<i<M-—2
v = 1/2

where M is such that {31 < 1/2and Ea—1 + A&, | > 1/2,and Ep = V2 I 12 — &g <
En—1 — Ear—2 we modify the definition of {3, by taking {y—1 = (1/2 4 &nr—2) /2.

By symmetry, we define a partition on the interval [1/2,1], thus obtaining the partition
{6} of the interval [0, 1].

Forl <i,j <2Mlet R;; = [§i—1,&)] x [£j-1,€;]. Then the graded meshis 7j, , = {le}f]yzl
inQ =1[0,1]%. Alsoweseth; =& — &_1.

Then, we have the finite-dimensional subspace

Vi = {¢ € H)(Q) : ¢ |r,;€ Qu(Ryj),1 <i,j < 2M}.

Our next goal is to obtain interpolation error estimates for the solution u of problem (3.3.1).
It is clear that, by symmetry, it is enough to prove the estimates in € = [0, 1/2]*.

We will use the splitting of ﬁ as ﬁ = Q11 U Q2 U Q91 U N9y, where 211, Q12, Qo1 and Qo
are the closed sets with disjoint interiors defined by

M1 = Rn

Qup = J{Ryj,5 > 2}
Qo1 = U{Rﬁ,i > 2}
Qoo = J{Rijoi,5 > 2}
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3.3.2 Interpolation error estimates

Lemma 3.3.3. Let S = [0, 1]? be the reference element and o > —1/2. Then for all u € H?(S),
we have
Si

RAUED)
2 8:62

ou O(lgu)

= || 9. )
Oy 1x00,8 Oy

ou
61‘2

ocox1,S

o
8:62

o Olsu)

L ou
! 8:61

2esy) L4200 (|02 {14005

1
LQ(S) -1 + 2

cox1,8
Proof. Since u and II;u agree at the vertices, we have

8(H1u)
61‘1

= zofu(1,1) —wu(0,1)] + (1 — z2)[u(1,0) — u(0,0)]

L ou L ou
= —(t, 1)dt 1-— t,0)dt.
v [ g+ (—ay) [ 20

Then

1
5962/ g—u(t,l)‘dt—i—(l—@)/
0 €z 0

ou .0)

1
52,

ou

L 2 o)

8901

—+ (1 — .%'2)
L (l)

Li(l1)

Ll(ll) LOO(ZQ)

o
8:61

g

b
1x00,S

o b
e

1
<
14 2«

and therefore,

o 05

! 8:61

Hsu

d:Cl dCCQ

dxl dw‘g
1x00,S

8901

Bu?
8:61

1x00,S
Similar arguments prove the remaining inequalities. O

Theorem 3.3.4. Let u be the solution of problem (3.3.1), Ilu be its Lagrange interpolation over
the graded mesh Ty, defined in the previous section, and suppose that 3/4 < ~ < 1. There exists a
constant C, independent of € and h, such that

= Tuly ) < Clog(1/2)72h?.
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Proof. It is enough to obtain the estimate replacing Q by . We decompose the error as
2 2 2 2
lu = Tull{2 ) = llu = Tulltz o, u0,,) + v = Mullfzig,) + v = Mulliz g,

with €2;; as in the previous section.
For R;; C Q11 U Qy9, since u vanishes on [; = {(0,z2),{;—1 < x2 < £;}, we use inequality
(1.3.3) of Lemma 1.3.1 to obtain

2

L2(Rij) }

(recall that (ITu)|g,; = Hg,,u)). Since hy = hﬁ, multiplying and dividing by &” (where
f is a constant to be determined later) we have for j > 1 and o < 1/2:

2
o Ou

1 8901

O(TTu)
8901

7

_|_
L2(R;j)

C
2 2—2
[l HUHLQ(RU) < T3 h; = {‘ x

2

C gla B A(Iu) ||
H’U,— Hu“iQ(Rl) S h21_’Y ‘.’L’?—u + .’IJ? ( U)
J 1 -2« 3x1 L2(R1j) 3x1 LQ(RU)
2 2
C iz o) o0 0 00 L L || 0w
1 -2« €1 L2(Ry;) 1+ 2a 61’1 1x00,Ry;
(3.3.5)
Now take f > 0and 0 < o < /2 as
1
B=1p—a=——. (3.3.6)
log =
So L L
—h = = —log(1
€ e, and 90 = 3 og(1/e),
and it follows from 3/4 < < 1 that
11—«
>2
11—~
We also have
1 —
27 C>4,  Bta=12  and  B+2y>3% (3.3.7)
-7

With this choice of a and 3, we know from the weighted inequalities of Lemma 3.3.1 that
the first term inside the brackets in (3.3.5) is bounded by a constant C. The second term is
also bounded in 2, because of Lemma 3.3.2. Then, summing over all R;; € Q1 U 212 we
have

lu = TTul[F 2, 000, < Clog(1/e)h*. (3.3.8)

With an analogous argument, we estimate the error for R;; € (.
For R;; € 92, we use the standard estimate
L2(R;j) }

0%u

2
Oxs

9%u

+ 13
Ox? J

L2(Rij)

Ju = Mullga(r,) < € {h%
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and the fact that h; < h&] |, h; < hf}fl over Qgy. Multiplying by %7, it follows that

L2(Rij) }
L2(Ry;) } '

As 34 2y > 3/2 for v > 3/4, using the weighted inequalities from Lemma 3.3.1, we obtain

i
Ox3

9%u

Ox?

j—1

lu — HIUHLQ(RM) <C {h%?ﬂ{l

L2(Ri;)
2 0%u
L 922

2y 62@6

x
2 2
O0x3

—i—«sﬁ‘

< CePh? {56 T
L2(Rij)

[u = Tully2(q,,) < Ch?. (3.3.9)
Collecting inequalities (3.3.8) and (3.3.9) we obtain the desired estimate. O

Theorem 3.3.5 (Corollary 4.5, DL05). Let u be the solution of Problem (3.2.1) and uy, € V}, its
finite element approximation obtain using the mesh defined in (3.2.7) . Then,

lu —up . < Chlog(1/e)"
with a constant C' independent of h and e.

3.3.3 Superconvergence for graded meshes

Lemma 3.3.6. Let u be the solution of (3.3.1) and suppose that 3/4 < ~y < 1. Then, there exists a
constant C' such that, for any v € Vp,,

< C'log(1/2)2h? ..

62/ V(u —Tu) - Vo dxy dzo
Q

Proof. As in the previous theorem it is enough to prove the estimate in Q. We use again
the decomposition 2 = Q1 U Q12 U Qa1 U Q9. In Q47 = Ry; we have

52/ ﬁ(u—HU,)@dw1 dis| < C&2 O(u — Tu) v
Ri1 61‘1 61‘1 61‘1 L2(R11) 61’1 L2(R11)
—1II
< Ce O(u — 1Tu) o], -
axl L2(R11)
From Lemma 1.3.2, using that h; = hﬁ ,& = 0, we have
A(u — TIu) ||? Ce? | gize 2y gl=a Pu |7
el T < h* = ||2f — 4R ||
1 2 1
Oxq L2(R1) 1 -2« Ox1 L2(Ru1) 0x10x2 L2(Ri1)
2i=2 o 2,112
c ON e | s || o @ N
- 1 -2« 61‘% L2(Ru1)
2 2
+2048) || o 07U _
01102 L2(R11)
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Choosing o and (3 as in (3.3.6), and using the weighted inequalities from Lemma 3.3.1 we
have

—1II
g? Lu w) v dzy dzo
Ri1 8901 8901

11—
Chi=e | | 0%u 0%u
< - - +8 [ + ElJFﬁ % v
B (1 — 204)1/2 { ! 61’% L2(Ry1) ! 83618362 L2(R11) H HE
< Clog(1/)'*h? ||v|. . (3.3.10)
15

Let R;; € Qo. We have h; < k¢ | and hj < h€] ;. We use a standard inequality (see for
example [Ape99]) and multiply and divide by 7 as before to obtain

—1II
52/ M@ dxy dzs
Rij 8901 8901
P Pu Pu v
<O hi || == + hihj || = + 102 ||— ‘—
{ O L2(Ri;) RS L2(Rij) 71| 0z1 03 L2(Rij) Oz L2(Ri;)
03 o3 03
< Ch2ePelth ‘x?—g‘ + |2 2] = + ‘ A (e
Oy L2(Rij) 0z{0x; L2(Rij) 010y L2(Rij;)

Then, choosing 3 as in (3.3.6), and taking into account y > 3/4, we have
1+8+2y>52 and 143+ 27/,

then from Lemma 3.3.1 we have

8:61 8:61

52/ Ou W) v 10 s < C2 0] (3.3.11)
Qa2

For the rest of the mesh, we use an argument introduced by Zlamal in [Z]a78]. We know
that for pE PQ(RZ']') and v € O (Rij)/

- d.%'l d.%'g =0.

/ d(p —p) Ov
R 61‘1 61‘1

ij

Then, for every p € P2(R;;) and v € Q;(R;;), we have

Olu—Tlu) o0 | olw—p) —Tw—p) 0

/Rz’j Oxy  Ory do1 doz) = /Rij dxy dxq o o
SLEE v
- 8901 L2(R;;) afL'l L2(R;;) ’



44 CHAPTER 3. REACTION-DIFFUSION PROBLEM

Now, we use Lemmas 1.3.2 and 1.2.1 to obtain, for 0 < a < 1,

H (u — p)a;lﬂ(u — )|

2

L2(Ryj)
¢ 2-2 82(“ —p) ? —2a7 2 82(U —p) ?
< hi = (21 — &io1) —F5— +h; hG |[(r1 = 1)
c 2-2 1 P ’ —2a72 | Pu ’
< e L g + hh |[(z1 — &)
9 9 o Bu |
+h; 22 h? (r1 —&i-1) Ha 92 .
T1OT NI (Rig)
Then for R;;C{212 or R;;C21 we have
/ 78(u _ Hu) ﬁ d.Tl dxg
Ri; 8901 8951
< C hlfa ( 5 )a+183u +h7ah ( é- )OlJrl 83U
- A Ty — & g “hy |[(x1 — & v
T (1-2a)7 ' V0 lliamy) d V0230w, || 2,
Pu ov
+h;1*ah2 (x1 — &41)0&17 ' .
! Ox10z3 L2(Rij) Oy L2(Ri;)
For Ry;,j > 2 we have {;_; = 0, and then,
52 / 78(’“ _ Hu) ﬁ d:Cl dCCQ
Rij 61‘1 61‘1
Ce? Pu Pu
<— S hy | 2f T +hy%hy ||lz$t
N (1 - 20&)1/2 { ! ! ax? LQ(RZ']') ! ’ ! ax%a‘rQ LQ(RZ']')
93 0
—|—h1_1_°‘h? x¢ ! Y 5 ‘ v )
0103 L2(Rij) Oz L2(Ri;)

Now, we analyze each term inside the brackets in the right hand side of the previous
inequality. We take o and f as in (3.3.6). From the definition of the mesh, we know

1 l—«
that hy = h1-7, and then, the first term can be written as h1—~ x?*l% (R
1 1L Ri]'
% > 2. For the second term, since 1 = hy, we can multiply and divide by h{ with s > 0,

use the definition of h; and that h; < hf}fl to obtain

where

3
a+1 0°u

ALY
x
1

0x20x9

h_ah. R
r h§ Ox20x9

= hi %h;

_ PBu
x?"_l s,
L2(Ry;)

<hih 2]
0z20x9

L2(R;j)

L2(Rij)
We choose s such that
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. 3
that is, s = o+ 1 — . Then the second term can be bounded by h? H:ci’:c;’ axé% o

L2(Ry;)
For the third term, we use that x; < h; and h; < hﬁ;’fl and so

3
2v 0°u
2 8:61 895%

3
ar1_ Ou
xq 5

0x10z5

< h?||x

hi' =3

L2(R;j) L2(Rij) .

Collecting all the estimates, we have for R;;,j > 2, after multiplying and dividing by £2°

g2 / Lu — ITu) v dxy dxa
Rij 8:61 8:61
< Ch?e% S1+28 ‘ xa+1@ T Ou 4
~ (1 -2a)2 1 oz} L2(Riy) 12 0z20x9 L2(Riy)
ou
2y
+ .
ZC2 axlax% LQ(Rij)} ||’U||5
Then, choosing « and 3 as in (3.3.6) and using Lemma 3.3.1, we have
O(u — Iu) v C
2 — 7 dryday| < —————h? . 3.12
£ /912 0z, O, (rrdre| < (1= 20)72 l|v]|. (3.3.12)
An analogous argument works for R;1,7 > 2, and therefore,
O(u — Iu) v C
2 — 7 dryday| < —————h? . 3.1
c /921 Ory  Oxy 1T = (1 —2a)/? vl (3.3.13)
Collecting inequalities (3.3.10), (3.3.11), (3.3.12) and (3.3.13) we obtain
O(u —u) v
52/ﬁ S T . dry dzs| < C’log(l/e)l/Qh2 l|v]|.
concluding the proof. O

Lemma 3.3.7. Let u be the solution of (3.3.1) and suppose that 3/4 < ~v < 1 Then, there exists a
constant C' such that, for any v € Vy,,

< Clog(1/e)*h? ||v]]. .

/ (u — TTu)v dzq dxe
0

Proof. From Theorem 3.3.4 we know that ||u — Hu||L2(Q) < C'log(1/)h?, hence

/ (u — Mu)v dxy dxs.
Q

< Cllu = ullpz ) lvll2)

< Clog(1/e)"*h? ||v. -

We can now state and prove the main result of this section.
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Theorem 3.3.8. Let u be the solution of (3.3.1), uy, € V), its finite element approximation and
Iu € V}, its Lagrange interpolation. Suppose that 3/4 < ~ < 1. Then, there exists a constant C
such that,

lup, — Tl < Ch?log(1/e)"".

Proof. From the error equation B(u — up, u, — IIu) = 0, we have
Jup, — Tu||? = Blup, — M, up, — Tu) = B(u — Tu, uy, — ).
But, from Lemmas 3.3.6 and 3.3.7, we have
B(u — T, wy, — Tu) < Clog(1/¢)*h? ||uy, — Tl
and therefore the theorem is proved. O

An immediate consequence of the last Theorem combined with the interpolation result
proved in Theorem 3.3.4 is the optimal order convergence in the L?-norm.

Corollary 3.3.9. Let u be the solution of (3.3.1) and w;, € V}, its finite element approximation.
Suppose that 3/a < ~v < 1. Then, there exists a constant C' such that,

v = unll2(q) < Clog(1/e)"2h?.

We end this section by stating the error estimates in terms of the number of nodes. It can
be seen (see the proof of Corollary 4.5 in [DL05]) that there exists a constant C' depending
on 7 such that
1
h< ey
VN

Corollary 3.3.10. Let u be the solution of (3.3.1), uy, € V}, its finite element approximation, and
ITw its Lagrange interpolation. Suppose that 3/a < ~ < 1. Then, if N is the number of nodes in Ty,
then, there exists a constant C such that,

1/2 (10g N)2

— Iul|. < Clog(1
.~ Thu. < Clog(1/e)V 252

and )
log N
= iz ey < Clog(1/) 7 CERT

Proof. The results follow from Theorem 3.3.8, Corollary 3.3.9 and the estimate

log(NV)
VN
which was proved in [DLO05, Corollary 4.5]. O

h<C

Remark 3.3.11. We think that it is possible to improve the numerical approximation by a local
postprocessing like in the case with convection. To do that, we need some inequalities similar to
the one given in Lemma 2.4.1, which should be proved. The difficulty in the reaction-diffusion case
resides in the fact that the sizes boundary elements are independent of the parameter epsilon.
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3.4 Numerical experiments

We end the paper with some numerical results. We consider the problem

—?Autu=f

where

1—e V2 [ =y _(-zy) _ %9 _(-x9)
f(xlv@):(—?)m e Ve te VI fe Viefe Vo >+4.
Callin
® 1 — 671/\/55 ot et))
uo(t) = (—Z)W(e V2e —|— e Ve ).'- 2’

the exact solution of this equation is
u(zy, re) = up(x1)up(x2).

In Tables 3.1 and 3.2 we present the results for the graduation parameter v = 0.75, ¢ =
1072 and £ = 1079 respectively. Recall that N denotes the number of nodes. The approx-
imate orders in terms of N given in the tables are computed at each step comparing the
errors between two following meshes.

N h | |[u—wupl;2 | order lu—wup|l, | order | |IIu— wyl|. | order
3721 | 0.11 | 8.5422e-004 - 4.1474e-002 - 6.0837e-003 -
4489 | 0.10 | 7.1497e-004 | 0.94832 | 3.8073e-002 | 0.45612 | 5.1118e-003 | 0.92769
5625 | 0.09 | 5.8695e-004 | 0.87463 | 3.4604e-002 | 0.42341 | 4.2104e-003 | 0.85993
7225 | 0.08 | 4.7039e-004 | 0.88437 | 3.1067e-002 | 0.43074 | 3.3834e-003 | 0.87349
9409 | 0.07 | 3.6558e-004 | 0.95436 | 2.7459e-002 | 0.46743 | 2.6351e-003 | 0.94642

Table3.1: y=0.75 =102

N h | [lu—wuplj2 | order | |lu—wupl|l. | order | |[Ilu —wuyl|. | order
3721 | 0.11 | 5.2081e-002 - 8.2358e-002 - 3.2041e-002 -
4489 | 0.10 | 4.3042e-002 | 1.0159 | 6.8075e-002 | 1.0150 | 2.6468e-002 | 1.0182
5625 | 0.09 | 3.4862e-002 | 0.9344 | 5.5159-002 | 0.9327 | 2.1416e-002 | 0.9389
7225 | 0.08 | 2.7471e-002 | 0.9519 | 4.3507e-002 | 0.9480 | 1.6861e-002 | 0.9554
9409 | 0.07 | 2.0353e-002 | 1.1355 | 3.2304e-002 | 1.1273 | 1.2688e-002 | 1.0766

Table3.2: v=0.75 =107

Observe that the orders agree with those predicted by the theory.
With the next numerical example we want to show that some restriction in the parameter
7y is really necessary in order to have supercloseness (recall that for our proofs we needed
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3/4 < v < 1). Itis interesting to observe that for almost optimal order convergence the
restriction v > 1/2 was enough (see [DL05]). In Table 3.3 we present the results for ¢ =
1075 and the graduation given by v = 0.60. It is observed that the order is deteriorated,
indeed, it is close to 0.5.

N h
1225 | 0.11
1521 | 0.10
1849 | 0.09
2401 | 0.08
3025 | 0.07

lu —up|ly2 | order
2.7244e-001 -
2.4187e-001 | 0.54991
2.1205e-001 | 0.67389
1.8303e-001 | 0.56323
1.5491e-001 | 0.72217

lu—wupl|l, | order
4.3076e-001 -
3.8243e-001 | 0.54991
3.3528e-001 | 0.67389
2.8940e-001 | 0.56323
2.4493e-001 | 0.72217

|[TIu — ||, | order
1.6832e-001 -
1.4938e-001 | 0.55173
1.3091e-001 | 0.67563
1.1297e-001 | 0.56434
9.5585e-002 | 0.72321

Table3.3: y=0.60 e=10"°

Finally, we present some comparisons with the well known Shishkin meshes. An advan-
tage of the graded meshes considered here is that they are independent of the singular
perturbation parameter ¢, and therefore, the same mesh can be used for different values of
e. This can be of interest, for example, in numerical approximation of systems of equations
involving different order diffusion parameters. On the other hand, we have observed in
numerical experiments that Shishkin meshes designed for a given value of ¢ do not give
good approximations for larger values of . Indeed, this can be seen in Table 3.4 where we
give the values of ||[IIu — uy||. for several values of ¢ using both kind of meshes with the
same number of nodes. The graded mesh is generated using v = 0.75 and the Shishkin
one corresponds to e = 1079.

Table 3.4: ||IIu — up||c for both kind of meshes with 9409 nodes.

3

Graded mesh

Shishkin mesh

1071

0.004038859190331

0.003773049703335

102

0.002635114829374

0.097598906440701

1073

0.002326352901515

0.419801187583572

10~%

0.001995679630450

0.909830363131721

10=°

0.003944055357608

0.554766167574668

10~

0.012687752835709

0.001683543678915




Chapter 4

A posteriori error estimator and
adaptivity

4.1 Introduction

In the previous chapters we have shown that, for some simple singularly perturbed model
problems presenting boundary layers, quasi-optimal order error estimates with constants
depending only weakly on the perturbation parameter ¢ can be obtained if appropriate a-
priori adapted meshes are used. In practice, for more complicated problems, the adapted
meshes have to be obtained by using some kind of adaptivity based on a-posteriori error
estimators. The goal of this chapter is to analyze this kind of approach for convection-
diffusion problems.

Consider the model problem

—eAu+b-Vu+cu=f in

(4.1.1)
u=0 on 0f)

where (2 is a polygonal domain in R%.
For our subsequent arguments it will be convenient to write the problem in the form

—div(eVu —bu) + cu = f en ()

4.1.2)
u=10 en 0f)

Observe that, when b is constant, both problems are equivalent. On the other hand, if b is
not constant, one can pass from (4.1.1) to (4.1.2) by simply changing the reaction coefficient
c.

In recent years several methods to obtain so-called guaranteed error estimators have been
developed. Some of these methods are based on flux reconstruction using a mesh which
is dual to the original triangulation used to compute the approximate solution (see for
example [CFPV09, LW04, Voh11] and their references). In order to apply some of these
ideas to problem (4.1.2) we need to construct an approximation t;, tot := —(eVu—bu). For
the a posteriori error analysis we will need t;, € H(div, Q) := {v € L?(Q) : V-v € L?(Q)}.
Using the approximation given by the computed solution u;,, namely, e Vuy, — buy, we will
construct t;, such that it belongs to a Raviart-Thomas space associated with a mesh dual

49
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to the original one. Then, using t;, we introduce the a posteriori error estimator and prove
that it gives an upper bound for the error.
In the last part of the chapter we deal with adaptive anisotropic refinement. We use the
constructed t;, to obtain an approximation to the Hessian matrix of u which, combined
with the code FreeFem++, can be used to define an adaptive procedure. We present some
numerical results showing the good behavior of the method.
We work in this chapter with partitions 7, which for all h > 0 consists of triangles T’
(resp.rectangles R) such that 2 = Urer, T (resp. 0=y reT;, 1Y) and which are conform-
ing, ie., if L1,Ly € Ty, L1 # Lo (Where Ly, Ly are either triangles or rectangles), then
L1 N Ly is either an empty set or a common edge, or vertex of L; and Ls.
Letvj,1 < j < N, denotethe vertices of the triangulation. With each vertex v; we associate
a region 1, consisting of those triangles or rectangles which have v; as a vertex. We now
construct a dual partition Dy, of 2 such that Q = | pep, D and such that each vertex v; of
the partition 7}, is in exactly one D € Dj,. The elements in the dual mesh are called dual
volume or boxes, and are constructed as follows.
In the case of a triangular partition, for each vertex v;, we consider all the triangles 7" € €2;.
Then, the dual volume or box D; associated to v; is the polygon which has these triangle
barycenters and the midpoints of the edges passing trough v; as vertices (see Figure 4.1).
Note that D 1
j .

m =3 V1l<i<N.
We use the notation Di* (D$*') to denote the dual volumes associated with interior (ex-
terior) vertices. And &, &M, £ the set of edges, internal edges and boundary edges,
respectively, associated with the original partition 7.
Finally, in order to define our a posteriori error estimator, we need another partition Sy, of
2 which is obtained dividing each volume D; in triangles as shown in Figure 4.1.

Figure 4.1: Support of the basis function corresponding to vertex v; and dual volume D
with the corresponding subtriangulation which form Sj,.

In the case of rectangular partition, for each vertex v;, we consider all the rectangles R €
2;. Then, the dual volume or box D; associated to v, is the rectangle which has as vertices
the barycenters of the rectangular sharing v;. Note that in this case
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The rectangles K in which is divided each rectangle R of the original partition form an-
other partition K, of 2 (see Figure 4.2).

Q;

Figure 4.2: Support of the basis function corresponding to vertex v; and dual volume D;.

For an element in 7, n denotes its exterior normal vector and we employ the notation
n, for a normal vector of a side e € &, whose orientation is chosen arbitrarily but fixed
for interior sides and coinciding with the exterior normal of () for exterior sides. For a
function ¢ and a side e € £™ shared by L1, Ly € T, we define the average operator {-}

by
1 1
fieh = 5l + 5 (o)l 413
whereas fore € £, {p} := ¢|.. We use the same type of notation also for the meshes Dy,
and Sy,.
We denote with P;(7;,) (resp. Q1(74)) the space of continuous piecewise linear (resp.
bilinear) polynomials associated with 7, when the mesh is made of triangles (resp. rect-

angles). And Py(Dy,) is the space of piecewise constant functions associated with Dy,.
For problem (4.1.2) we define the bilinear form 5 by

B(u,p) := /Q(EVU —bu) - Vo + cup,

where u, ¢ € H}(Q2).
The weak formulation for this problem is then to find u € H}(£2) such that

B(u, ) = /Qfap Vo € H(Q). (4.1.4)

and the standard finite element approximation in a space V}, is given by: find u;, € V),
such that

B(up, p) = /Qf% Vip € V.

We are going to consider Vj, = P1(7,) NH(Q) or V;, = Q1(T,) N HE(Q). For simplicity in
our analysis, we are going to consider b constant on (2.
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4.2 A posteriori error estimator for P; approximation

To construct our error estimator we are going to use the Raviart-Thomas space of order
one associated with the mesh S, which is a subspace of H(div, §2), defined locally on a
triangle S by

RTl(S) = 731(5)2 + (xl,xg)Pl(S).

It is known that there exists an interpolation operator which is defined locally by
s : HY(S)? — RT4(S),

such that for v € H(S)?,

/Hgv-nipds:/v-nipds, Vp e Pi(li),i =1,2,3.
l; l

@ @

/Hgv-pd:c:/v-pdac, Vp € P2(S)
S S

wherel;,i = 1,2, 3 are the edges of the triangle S. See for example [BBD+08, BF91]. Figure
4.3 shows the degrees of freedom.

e o
Figure 4.3: Degrees of freedom for RT.

Therefore, if uj, is the solution of the discrete problem and S is a triangle of S},, there exists
a unique function t;, € RT(S),) such that t, restricted to S verifies:

/ ty, -n;pds = /{{—(€Vuh —buy) - n; }pds, Vp € Pi(li).i =1,2,3,
ll' lz’
/(th)ldx = / —(€Vuh - buh)ldx,
s s
/(th)gd:ﬂ = / —(eVuy, — buy,)o2dx.
s s
for all S € Sy,. Since for any edge [ of a triangle in Sy, it holds that t, - n; is linear on [, it

follows that
th 1y = {—(5Vuh - buh) . nl}.

In particular, if I C 0D fora D € Dp, we have t}, - n; = —(eVuy, — buy) - n.
In [BR87] it was proved the following
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Lemma 4.2.1. Given a vertex v; of the triangulation, let ¢; € P'(Ty,) be the associated basis
function and D; be the dual volume associated with v;. Then, for u € P1(Ty,) it holds

— Vu - nds = / Vu - Vo;dr (4.2.1)
where n is the outward pointing normal.

We are going to use the projection Pp, : L?(Q) — Py(Dy,) which is defined in terms of a
weighted mean value of v on D:

Pp, (v)|p; := Pp,(v) := |D|/ vy dx

where ¢; is the nodal P; conforming basis function associated with the vertex v; of the
triangulation 7. If v is constant on each element 7" € 7y, then Pp(v) = vp, where vp
denotes the average of v over D.

In the next lemma we are going to use the following relationship between the meshes 7j,
and Dy,: if v is constant over each T' € 7}, then

/D vdz = /Q vi;da. (4.2.2)

J J

Lemma 4.2.2. For D € Dy, it holds

/Ddiv(th):/DPD(f_Cuh)-

Proof. Given D € Dy, let ; the nodal basis function associated to its central vertex and
Q); the support of ¢;. Since tj, - n, = —(eVuy, — buy) - n. for e € 0D, we have

/divth:/ t, -n
D 8D
:/ —6Vuh-n+/ bup - n
8D oD

Using Lemma 4.2.1, that div(buy,) is constant over each triangle 7', and (4.2.2) we obtain:

/divth:/ EVuh-Vapj—i—/ div(buy,)
D Q. D

J

:/ 5Vuh-V<pj+/ div(bup,)p;
Q, Q;

J J

= / (eVup, — buy) - Vo

/ — cuh

J

/ Pp(f — cup).

2

)
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For a domain A, we define
loll? 4 = & 17022y + 03 -

When A = Q, we drop the subscript .
If D € D", we will use the Poincaré inequality

llo — SODH%g(D) < CP,Dh2D ||VSO||%,2(D)

and for ¢ € H}(Q2) and D € D§** (since vanishes on a part of D of positive measure) we
have the following Friedrich inequality

2 2
H‘PHL?(D) < C'F,DhQD HV<PHL2(D) :
Lemma 4.2.3. Given ¢ € HY(D) it holds:
2 2
le = epllizpy < mb llel
where
2 . -1 2 int
mp =min{e Cpphp,1}, D e D",
m%, = min{e " 'Crph?),1}, D € Dy
Proof. As pp is the L?—projection over the constant functions on D, we have:
2 2 2
le — enli22(py < etz oy < llell - (423)

On the other hand, as the integral of ¢ — ¢p vanishes over D we can use the Poincaré
inequality and obtain:

le = @pllf2(py < Cr.ohd [Volltaip) = Cr.ohbe e [Vellfzp)
<& 'Cpph} lI9llZ p (4.2.4)

for interior volumes.
If D € Df**, we have

lelltz(py < el
and using the Friedrich inequality:
lellf2py < CrphD IVel2py < 'Crohd el p- (4.2.5)
From inequalities (4.2.3), (4.2.4) and (4.2.5) we obtain the desired result. O
We define the estimator in the following way:
m,p = mp || f = divty, — cup|i2(p

e

n3,0 = ||(f = cun)p — Pp(f — cun)ll12(p)
where
mp = min{5_1/2C]13{§)hD, 1}, DeDm

mp = min{5_1/201{ﬂ/]23hp, 1}, D e D,
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Theorem 4.2.4. We have

H’LL - uh”s <

==

1/2
{ > (mp+mo+ 773,1:))2}

DeDy,
where ;1 = ming{c}.

Proof. We first notice that according to the definition of the e—norm,

U — up
pllu —upll, <B <u—uh,7> .
Hu_uth-:

As p = (u—wup)/|[|[u —up|l| € H(l)(Q), we have B(u, p) = (f, ) by (4.1.4).
Then

pllw = upll. < Bu —up, @) = B(u, ¢) — Blun, 9)
:/f(pdx—/(EVuh—buh)Vapdx—/cuhgodx
Q Q Q

:/fgodx—/(EVuh—buh—i-th)Vap—i—/tthodx—/cuhapdx

Q Q Q Q

:/fgpdx—/(eVuh—buh—l—th)Vgod:c—/divthgpdx—/ cuppdx
Q Q Q Q

= /(f — divty, — cup)pdr — /(5Vuh — bup + tp,)Vda.
Q Q

We estimate each integral separately.
Let D € Dj". From Lemma 4.2.2 we have that [,[Pp(f — cu;) — divty]dz = 0. On the
otherhand, [, (f — cup)pdx = [, (f — cup)dx. Then,

/ (f —divty, — cup)ppdx = / f —cup — Pp(f — cup)| ¢p dx
D D
= /D [(f = cun)p = Pp(f — cun)] ¢p da.
Now, writing
/ (f —divty, — cup)pdx = / (f —divty — cup)(p — pp) + / (f —divty — cup)pp dx
D D D
we have

/ (f — divty, — cup)pdr =
D

/ (f —divty, — cup)(e — ¢p) + / [(f = cun)p — Pp(f — cun)] p dz.
D D
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Then,
plu—wl. < Y { [ = divt = cun)lo — o) - [ (Fun~buy + 6)Viodo
pepine 7P b

+ /D [(f —cun)p — Pp(f — cun)] b dx}

3 { [t - cuoar - [

(eVup — bup, +t,)Ve dx}
DeDyt b

< 3 {IF = diven = cunlliz o) e = @Dl + 1V = bun + tallia) 1Vellao)
DeDirt
10 = ewn)p = Po(f = cun)llzp) oo

+ Z {Hf — divty, — cup[ 2py [1€llL2(py + 1EVUR — bup + tall 2y HV90HL2(D)} :
DeDgxt

Using the result of Lemma 4.2.3 and the definition of the estimators we obtain

plu—wll. < 3 {mDHf—divth—cuhHLz(D)+H61/2Vuh—l—6_1/2(th—buh)

Depint v
+ T (f = cun) = Po(f = cun)lyzp | I19lep+
o 1/2 —1/20,
+ Z {mD If = divtn — cunllyzpy + HE Vup +e/(ty, buh)‘ LQ(D)} llle,p
DeDext
< Z (m +n2+n3) |l p
DEDh
1/2 1/2
< Z (m + 2 +13)? Z H‘PHS—,D
DeDy, DeDy,
1/2
<Q Y (m+m+m)’
DeDy,
as we wanted. O

4.3 A posteriori error estimator for Q; approximation

Similar ideas can be used for rectangular partitions.
For nonnegative integers k, m we call Qy, ,,, the space of polynomials of the form

kK m )
g(ar,a2) =Y Y aijziah

i=0 j=0
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then, the RT (K) is given by
RT(K) = Q21(K) x Q12(K).
It is known that there exists an interpolation operator for v € H! (K)?
g : HY(K)? — RT(K)
given by the following degrees of freedom
/ZHKV-nipds:/lV-nipds, Vp e Pi(l;),i =1,2,3,4,

/HKV-qﬁdx:/v-qﬁdx, Vo € Qoi(K) x Qi 0(K)
K K

where [;,7 = 1,2,3,4 are the edges of the rectangle K. Figure 4.4 shows the degrees of
freedom.

-« —»>
-« —»>

Vo

Figure 4.4: Degrees of freedom for RT.

If wy, is the solution of the discrete problem, as in the case of P; approximation, we define
t;, € RT(K},) such that t}, restricted to K verifies:

/ ty, -nupds = /{—(5Vuh — buy) - n; }pds, Vp e Pi(l;),1=1,2,3,4,
li li
/ ty, - ¢d$ = / —(EVuh - buh) : ¢d$, V(b S QQJ(K) X QL()(K)
K K

for all K € K,

We can define a posteriori error estimator as in the P; case. However, the extension of
Theorem 4.2.4 to this case is not straightforward and requires some further research.
Anyway we will show that the estimator can be used for an adaptive procedure.

4.4 Numerical examples

44.1 Q, approximation

First we consider an adaptive procedure for rectangular meshes. This is the simpler case
because we already know the orientation of the mesh. Our goal is to show that similar
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meshes to those considered in previous chapters can be obtained by a posteriori adaptive
procedures. In particular, we obtain the good order of convergence.

We consider problem (4.1.2), with
b=(1-2)(—1,-1), c=2(1-¢),

and the right hand side given by
1-— efﬂ 1-— efz

f(.l?l,xg) = — (1 — — 1 + €Tro — e €x1+12.
1—e ¢ 1—e"

In this case the exact solution is

l—e < l—e <
w(ry,ze) = |21 — —— | | 22 — ——— | | " 7%
1—e ¢ 1—e =

The adaptive procedure is as follows. Let Vi be the value of t;, + eVu, — buy, at the
barycenter of the subelement K of R, and W the average of the Vi , for K € R.

V)

o= o

|

Then we use as local error estimator
nr =& 2 |[tn + eVun — bun|| 2 -

We compute the total sum of the error and we sort the elements in descending order. Then
we mark the rectangles in order until the sum of the contribution of the marked rectangles
is greater than an a priori chosen constant times the total error.

If a rectangle is marked, we compute the angle between Wg and the z; —axis. If the angle
is lower than /6, we split the rectangle R in the x; direction. If the angle is greater than
7/6, we split the rectangle in the x5 direction. If the angle is between 7 /6 and /3 we split
the rectangle in both directions.

In the next table we show the error against the number of elements.

N |u—upl[f2q) | order | [lu—wuyl|, | order
100 0.197864 — 0.973370 —
225 0.026306 2.4882 | 0.639534 | 0.5180
289 0.007091 5.2371 | 0.388284 | 1.9934
841 0.001987 1.1912 | 0.061829 | 1.7201
7921 0.000496 0.6185 | 0.017572 | 0.5610

23409 0.000125 1.2759 | 0.009437 | 0.5737

Table 4.1: Q; approximation error, e = 0.01.
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—— llu=ull 2
—— llu-ul,

10° 10° 10* 10°

Figure 4.5: Order of Q; error approximation

We show the meshes obtained.

1 1
0.9 0.9
0.8 0.8
0.7 0.7
0.6 0.6
0.5 0.5
0.4 0.4
0.3 0.3
0.2 0.2
0.1 0.1

D0 01 02 03 04 05 06 07 08 09 1 00 01 02 03 04 05 06 07 08 09 1

Figure 4.6: Initial mesh and mesh with 289 elements, ¢ = 1072

0.1

0.08

0.06

0.04

0 01 02 03 04 05 06 07 08 09 1 0 0.02 0.04 0.06 0.08 0.1 0.12

Figure 4.7: Mesh with 841 elements. Left: [0, 1]2. Right: view of [0.125, 0.125]?

4.4.2 P, approximation

We make an adaptive anisotropic procedure based on an approximation of the Hessian
of the exact solution.
Given a symmetric, positive definite matrix M, it defines a dot product:

<‘T7 y>/\/l = thyvvxmy € R2
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which induces a norm and a distance:

Izl v = V(@ ) = VatMz,  Vz e R?
dm(z,y) = [lz — yllp = V(z — )Mz —y), Y,y € R%

As M is symmetric positive definite, there exists an orthonormal basis of R? of eigenvec-
tors and we can express M = V DV?, where D is a diagonal matrix with positive entries
{A1, A2}, and V is an orthogonal matrix which columns are the normalized eigenvectors
of M. In particular, we are using that V1 = V%.

How is the unit ball in the metric given by M? Let ¢ = (c1, ¢2) be a pointin R? and B}, (C)
the unit ball centered in ¢, then:

Biy(c)={z eR?*: (z —¢)'M(x —c) = 1}
={zeR?: (z—)'VDVi(x —c)=1}
= {z e R*: (Vi(z —¢))!DV(z — ¢) = 1}.

Let 7 := V'z the coordinates of x in the eigenvector basis. Then, we can rewrite the last
expression in this basis and obtain:

Bh(c)={z eR*: (z —¢&)'D(z —¢) =1}
={z € R?: A\ (Z1 — ¢1)? + No(To — &) =1}

_ _ 2 — — 2
—wers (L0 4 (222) oy

where h; = \/L/\—Z =1,2.

That is, the unit ball is an ellipse centered at ¢ with axis aligned with the eigenvectors of

: _ 1
M of size hl = W

A usual way to obtain anisotropic triangulations to approximate in an efficient way a func-
tion v which has anisotropic behavior is to use a metric related to the Hessian matrix, and
to try to construct meshes with triangles which are equilateral in this metric.

In practice, the Hessian of the exact solution is not known, and therefore, some approxi-
mation has to be used. Since we have

Vu =~ 5_1(buh —tp)

we can obtain an approximation of the second derivatives of u taking derivatives of the
right hand side.

We introduced this information as data in the code FreeFem++ in order to make an adap-
tive anisotropic refinement.

First, we consider the same example as in the previous subsection.
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Figure 4.8: Initial mesh for the first experiment.

Figure 4.9: Second and fourth iteration, with ¢ = 1072
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Figure 4.10: Second and fourth iteration with ¢ = 1073.

Finally, we present the "double ramp" example which has apart of the boundary layer an
interior layer. In this case, we take Q = [0,1]? \ (1/2,1)%,b=[-1,0],c=0and f = 1.

.vygswyg%q% >

NS

Figure 4.11: Initial mesh and anisotropic mesh after 2 iterations, with e = 1073.
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