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Abstract

The problem of scattering has been extensively studied due to its broad range of
application. Examples go from radar sensing to free space communications passing
through medical ultrasound and acoustic tiling among others.

In particular the physical formulation for the electromagnetic case derives from
Maxwell’s equation. Even further, assuming time-harmonic dependence of the resulting
fields we can summarize Maxwell’s equation into just one type of differential equation:
the Helmholtz equation.

Standard methods for solving Helmholtz’s equation rely on substituting the dif-
ferential equation by an integral equation on the constraint boundary. In cases in
which the obstacle presents edges or a non regular boundary, such critical points induce
singularities on the solution of the integral equation. This implies that finding a solution
by numerical methods become a challenging task.

We introduce here a novel O(1) solver for the integral equation derived from the
transverse electric high frequency scattering problem in R2 by a screen obstacle. It
involves not only state of the art numerical techniques such as the Fourier Continuation
but also new ones introduced in this work.

We recall that by an O(1) solver we mean that under a prescribed error tolerance
the size of the involved matrices will remain constant as k increases and therefore the
after all cost of computation too1. This property is of very important numerical value
not only because of the computing cost but also due to the memory constraints of the
hardware.

In chapter 1 we will deduce the Helmholtz’ equation from Maxwell’s equations and
study the corresponding solution space.

Later on, in chapter 2 we obtain the fundamental solution for the equation and
introduce some operators used to state the boundary integral equation.

Chapter 3 presents the integral equation that we solve as well as our ansatz for the
representation formula of the solution.

In order to develop our O(1) solver we make use of some results of asymptotic theory
regarding highly oscillatory functions. Also we will make use of recently presented close
forms for integral with logarithmic singularities. Such tools are shown in chapter 4.

The development of our solver involves solving highly oscillatory coupled equations.
In chapter 5 we introduce a novel method for solving such equations numerically: the
Pivot Method.

In chapter 6 we describe the Fourier Continuation Method and introduce some new
spectral quadratures developed for this work.

Finally, the solver is presented in chapter 7 together with numerical results.

1For example, applying GMRES or even a backslash operator
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CHAPTER 1

Electrodynamics

1. Maxwell’s Equations

1.1. The Macroscopic Differential Maxwell’s Equations. Maxwell’s Equa-
tions are the language of classical electrodynamics (cf. [6], [5]). They were presented
by the scottish mathematician and physicist James Clerk Maxwell in 1865 [9]. Before
Maxwell, electric and magnetic problems were modelled by a series of laws which assumed
(by exception of Faraday’s law) independence of the electric and magnetic field.

They were:
Coulomb’s Law:

∇~x · ~D = ρf (1)
Absence of free magnetic poles:

∇~x · ~B = 0 (2)

Faraday’s Law:

∇~x × ~E + ∂ ~B

∂t
= 0 (3)

Ampère’s Law:
∇~x × ~H = ~Jf (4)

where ~B is the magnetic field, ~D the displacement field, ~E the electric field, ~H the
magnetizing field, ~Jf the free current density and ρf is the free charge density.

The important observation here is that in Ampère’s Law (4) it is implicitly assumed
that ∇~x · ~Jf = 01. Following the continuity equation:

∂ρf
∂t

+∇~x · ~Jf = 0, (5)

this hypothesis means nothing else but that ∂ρf
∂t

= 0, what, at the same time, implies a
steady-state configuration.

Maxwell realized that in order to frame this equations in a dynamic context, the
steady-state configuration should be avoided and that meant changing the classical
equations, specially Ampère’s Law (4). So instead of supposing ∇~x · ~Jf = 0 he took
the whole continuity equation (5) and found a way of writing it as a divergence using

1This follows from the known fact that the divergence of the curl is 0, i.e., the curl of an scalar field is
an exact form.

7



8 1. ELECTRODYNAMICS

Coulomb’s Law(1):

0 = ∂ρf
∂t

+∇~x · ~Jf =
(1)

∂
(
∇~x · ~D

)
∂t

+∇~x · ~Jf = ∇~x ·
∂ ~D
∂t

+ ~Jf

 , (6)

where the last equality relies on the continuity of the derivatives, the independence
of the spacial coordinates from the temporal one and the linearity of the divergence
operator.

He called ∂ ~D
∂t

the displacement current and using (6), he rewrote Ampère’s Law as

∇~x × ~H = ∂ ~D

∂t
+ ~Jf . (7)

The so called, Maxwell’s equations are then given by

∇~x · ~D = ρf , ∇~x · ~B = 0,

∇~x × ~E = −∂
~B

∂t
, ∇~x × ~H = ~Jf + ∂ ~D

∂t

(8)

Notice that Maxwell’s equations (8) present a cumbersome configuration in order to
be solved: they are coupled. To sort out this problem we are going to make use of the
theory of fields and gauge transformations.

1.2. Field Theory and Gauge Transformations: wave equations. It is a
known fact that the De Rham Complex over the singleton space is acyclic and that, up
to isomorphisms, the cohomology groups of the De Rham Complex are invariant under
homotopy classes. So, since Rn is contractible for all natural n, it follows that the De
Rham Complex associated to Rn is acyclic too 2.

In particular the De Rham Complex Ω• (R3) is acyclic and its three first nonzero
differentials are giving by (isomorphic to)∇,∇×,∇·:

Ω•
(
R3
)

: 0 // Ω0 ∇ // Ω1 ∇× // Ω2 ∇· // Ω3 // · · · . (9)

It follows that all its cohomology groups are null but the zero one. This result is generally
paraphrase as: “in Rn every closed form is exact ”.3

Suppose then that our fields are smooth enough on some open simply connected
U ⊂ Rn. Using equation (2) and (9) it follows then that there exist a field ~A such that

~B = ∇~x × ~A. (10)

Faraday’s Law (3) can be read now as

∇~x ×

 ~E + ∂ ~A

∂t

 = 0

2This result is known as “Poincaré Lemma ”.
3This result also holds for any simply connected open U ⊂ Rn since it is also contractible.
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and in the same manner as ~B, ~E + ∂ ~A
∂t

can be written as

~E + ∂ ~A

∂t
= −∇~xΦ, (11)

i.e., ~E = −∇~xΦ− ∂ ~A
∂t

for some potential Φ.
We have arrived to a convenient stage in which introduce some new hypothesis. Let

us suppose first that our medium is linear, homogeneous and isotropic with instantaneous
response to electric field changes , i.e.,

~D = ε ~E and ~B = µ ~H. (12)

Here ε and µ are both positive constants depending on the medium material. They are
called the electric permittivity and magnetic permeability respectively. It is usual to
compare this two constant with the ones related to the vacuum (which is, of course, a
linear, homogeneous and isotropic medium with instantaneous response to electric field
changes), ε0 and µ0. The relations are given by :

ε = kε0 µ = µrµ0, (13)

where k is the dielectric constant and µr is the relative magnetic permeability.
On the other hand,

ε0 = 1
c2µ0

, (14)

with c equals the speed of light in vacuum. Then in the case of vacuum medium k = 1
and µr = 1, so equations (12) read as

~D = ε0 ~E and ~B = µ0 ~H. (15)

Observe then that due to the linearity relations between (15) and (12) without loss
of generality we can suppose that we are in vacuum medium context.

Going back to the problem. Using hypothesis (15) and equations (10) and (11) we
can derive restatements of Coulomb’s Law (1) and Maxwell-Ampère’s Law (7):

∇~x · ~D =
(15)
∇~x ·

(
ε0 ~E

)
=

(11)
ε0∇~x ·

−∇~xΦ− ∂ ~A

∂t


= −ε0

∆~xΦ +
∂
(
∇~x · ~A

)
∂t

 =
(1)
ρf

(16)

∇~x × ~H =
(15)
∇~x ×

(
1
µ0
~B

)
=

(10)

1
µ0
∇~x ×

(
∇~x × ~A

)
=
(∗)

1
µ0

(
∇~x

(
∇~x · ~A

)
−∆~x

~A
)

=
(7)

~Jf + ∂ ~D

∂t
=

(15)
~Jf +

∂
(
ε0 ~E

)
∂t

=
(11)

~Jf + ε0
∂

∂t

−∇~xΦ− ∂ ~A

∂t


= ~Jf + ε0

−∇~x
(
∂Φ
∂t

)
− ∂2 ~A

∂t2

 ,
(17)
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where in (∗) we used the identity ∇×
(
∇× ~L

)
= ∇

(
∇ · ~L−∆~L

)
4.

Using (14), (16) and (17) we can rewrite Coulomb’s Law (1) and Maxwell-Ampère’s
Law (7) under hypothesis (15):
Vacuum Coulomb’s Law:

∆~xΦ +
∂
(
∇~x · ~A

)
∂t

=
(16)
−ρf
ε0

(18)

Vacuum Maxwell-Amperère’s Law:

∆~x
~A− 1

c2
∂2 ~A

∂t2
−∇~x

(
∇~x · ~A+ 1

c2
∂Φ
∂t

)
(17)=
(14)
−µ0 ~Jf . (19)

Hitherto we have reduced the four Maxwell’s equations (8) to just two ((18), (19)).
But, did we succeed to uncouple them?

In order to answer this question we have to dig more deep. So far, we have use the
acyclicity of complex (9) just to say that every closed form was exact ((10), (11)). But
what we haven’t used is the fact that what we actually have is a class of equivalence
of solutions to equations (10), (11), i.e., each solution is defined up to addition of an
element of the kernel of the corresponding differential (a cycle). And this is the light
in our path: in order to uncouple (18) and (19) we just need to choose the correct
representative. However, to be able to do this we require some kind of gauge that tells
us what to look for.

A gauge transformation is nothing else that a map that selects a representative from
the equivalence class of solutions according to some gauge condition.

Observe first that in order to keep the electric field unchanged (11) if ~A+∇~xΛ is a
representation for our chosen representative for ~A then the representative for Φ must
satisfy a representation of the form Φ− ∂Λ

∂t
.

On the other hand, looking at equation (19) and following Lorenz [7] we propose
the following gauge condition 5:

∇~x · ~A+ 1
c2
∂Φ
∂t

= 0. (20)

Let us as see then necessary and sufficient conditions for the existence of this gauge
transformation. Start with ~A, Φ some representatives of the equivalence classes of the
solution. Then, by the observation made above any gauge transformations of both
representative must have the form ~A → ~A +∇~xΛ and Φ → Φ − ∂Λ

∂t
. Combining this

with equation (20), the new representatives satisfy the Lorenz Gauge if and only if

∆~xΛ−
1
c2
∂2Λ
∂t2

= −
(
∇~x · ~A+ 1

c2
∂Φ
∂t

)
. (21)

Under this condition our solutions ~A +∇~xΛ and Φ− ∂Λ
∂t

(i.e., the representatives
selected by the gauge transformation associated to (20)) satisfy the uncoupled versions
4∆~L must be understood as the operator giving the standard potential’s ∆ operator applied to each
coordinate of the vector field ~L.
5This condition is known in the literature as Lorenz gauge or Lorenz gauge condition.
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of equations (18) and (19) 6:

∆~xΦ−
1
c2
∂2Φ
∂t2

= − ρ
ε0

(22)

∆~x
~A− 1

c2
∂2 ~A

∂t2
= −µ0 ~Jf . (23)

Notice that equations (21), (22) and (23) response to the form

∆xu(x, t)− 1
c2
∂2u

∂t2
(x, t) = −4πf(x, t). (24)

We call this kind of differential equations, wave equations.

2. Helmholtz’s Equation

2.1. From Maxwell to Helmholtz. In order to show existence (and uniqueness)
of solutions to the Maxwell’s equations (8) in vacuum (and by extension under conditions
of the form (12)) we could study solutions to differential equations of the form (24).
One motivational question to perform this is the following:is there anyway of getting rid
of the mix of derivatives? The answer is yes and we have at least two different ways to
do it which, fortunately, arrive to the same unmixed equation.

Let’s suppose first that u(x, t) and f(x, t) belongs to the space of Schwartz’s Tempered
Distributions as generalized functions in t. It follows by the Plancherel Theorem that
the Fourier Transform in t acts on u and f as an isometric automorphic operator, in
particular this means that we have Fourier Transforms and Anti-transforms in t of the
former and latter. Using this result, we can linearize in t equation (24) by means of the
Fourier Operator.

̂(
∆xu(x, t)− 1

c2
∂2u

∂t2
(x, t)

)
(ω) = ̂(∆xu(x, t))(ω)−

̂(
1
c2
∂2u

∂t2
(x, t)

)
(ω)

∆x

(
̂(u(x, t))(ω)

)
+ ω2

c2
̂(u(x, t))(ω) = −4π ̂(f(x, t))(ω).

Calling U(x, ω) = ̂(u(x, t))(ω), F (x, ω) = ̂(f(x, t))(ω) and k = ω
c
,(

∆x + k2
)
U(x, ω) = −4πF (x, ω). (25)

Thus, fixed a frequency ω we obtain a differential equation only in the space coordinates,
where k is known as wave number.

Another way to do it, maybe with a more physics’ semantic, is via separation of
space and time variables and proposing a time-harmonic dependence, i.e.,

u(x, t) = ũ(x)e−iωt f(x, t) = f̃(x)e−iωt. (26)
We can now write (24) as(

∆xũ(x) +
(
ω

c

)2
ũ(x)

)
e−iωt = −4πf̃(x)e−iωt.

6Equations (22) and (23) are called wave equations for electrodynamics in vacuum.
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It follows that (
∆x + k2

)
ũ(x) = −4πf̃(x) (27)

where k is, as before, the wave number. Again, for fixed frequency ω we get a differential
equation only in the space coordinate.

We arrive finally to the conclusion that, fixed ω, both (25) and (27) have the form:(
∆x + k2

)
v(x) = g(x). (28)

Equations of the form (28) are called Helmholtz’s equations.

2.2. Boundary Conditions: transverse magnetic and transverse electric.
Now we are going to set up boundary conditions (Dirichlet and Neumann) in order to
solve some important Helmholtz’s equations (25).

Let’s note first that under the above hypothesis ~E and ~B also satisfy (28). For this
we just need to prove that they satisfy wave equations (24). We achieve this result by
means of (10), (11), (22) and (23):

∇~x ×

∆~x
~A− 1

c2
∂2 ~A

∂t2

 =
(∗)

∆~x

(
∇~x × ~A

)
− 1
c2
∂2

∂t2

(
∇~x × ~A

)

=
(10)

∆~x
~B − 1

c2
∂2 ~B

∂t2
=

(23)
∇~x ×

(
−µ0 ~Jf

) (29)

−∇~x
(

∆~xΦ−
1
c2
∂2Φ
∂t2

)
− ∂

∂t

∆~x
~A− 1

c2
∂2 ~A

∂t2


=

(∗∗)
∆~x

−∇~x~Φ− ∂ ~A

∂t

− 1
c2
∂2

∂t2

−∇~x~Φ− ∂ ~A

∂t


=

(11)
∆~x

~E − 1
c2
∂2 ~E

∂t2
(22)=
(23)
∇~x

(
ρ

ε0

)
+ ∂

∂t

(
µ0 ~Jf

)
(30)

where in (∗) and (∗∗) we used commutativity of the operators7. It follows then that
both ~B and ~E satisfy equations of the form (28), as we wanted.

Let’s assume also that there are no free charges nor free currents then (29) and (30)
can be read as

∆~x
~B − 1

c2
∂2 ~B

∂t2
= 0 (31)

and

∆~x
~E − 1

c2
∂2 ~E

∂t2
= 0 (32)

7In the case of the spacial operators we are exploiting commutativity in a differential sense related to
the complex (9), v.gr., the laplacian operator should be considered in the correct context, i.e., as a
scalar distribution operator or as a vector field distribution operator.
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Thus each of their components satisfies the homogeneous Helmholtz equation(
∆x + k2

)
v(x) = 0. (33)

Assume now that our fields interact with some obstacle in the medium, in particular
a perfect conductor with smooth border and cylindrical symmetry (and infinitely long).
The contour conditions for this kind of material are given by:

~B · ~ν = 0, ~E · ~ν = ρs
ε0

~B × ~ν = µ0 ~Js, ~E × ~ν = 0,
(34)

where ~ν is the exterior normal to the border of the obstacle and ρs, ~Js are the
superficial charge density and the superficial current respectively.

Since our obstacle has cylindrical symmetry the fields must be invariant under the
action of the group of translations in the direction of the “height” of the cylinder, h

αh · ~E(~x) = ~E(~x), αh · ~B(~x) = ~B(~x), (35)

where αh · ~F (~x) := ~F (~x+ αh) and αh ∈< h >R−vec. Up to a change of coordinates
we can take h := ~e3, the third canonical vector. Therefore nor ~E, nor ~B depends on the
z coordinate and we can think of the obstacle as Ω̃ := Ω× R, with Ω ⊂ R2.

Under this change of variables we get

~ν := (νx, νy, 0).
Now let us assume time-harmonic dependence and focus in two particular cases:

Transverse Electric: Bz = 0
Tranverse Magnetic: Ez = 0.
It is clear that any solution can be written as linear combination of the ones above.

Under these considerations from Faraday and Ampère’s Laws we get

∂Ez
∂x

= −iωBy,
∂Bz

∂x
= iωµεEy

∂Ez
∂y

= iωBx,
∂Bz

∂y
= −iωµεEx

(36)

So for the transverse electric polarization (TE) case we get that Ex = Ey = 0,
Bx = −i

ω
∂Ez
∂y

and By = i
ω
∂Ez
∂x

. This means that the whole electromagnetic field is
determined by the behaviour of Ez.

Plugging this into the contour conditions for a perfect conductor we get
~0 = (0, 0, Ez)× (νx, νy, 0) = (−νyEz, νxEz, 0)

and since ‖ν‖ > 0 (smooth border), we get Ez = 0 on the border.
We already know that Ez solves the homogeneous Helmholtz equation and that for

a perfect conductor the electric field inside is null so solving the following Dirichlet
problem determines the electromagnetic field for the TE problem:
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(TE)

∆u(x, y) + k2u(x, y) = 0, (x, y) ∈ (Ω)c

u(x, y) = 0, (x, y) ∈ ∂Ω
(37)

Let us analyze now the transverse magnetic polarization(TM) case. Now Ez = 0 so
following (36) we have Bx = By = 0, Ex = i

ωµε
∂Bz
∂y

and Ey = −i
ωµε

∂Bz
∂x

. Thus in this case
the electromagnetic field is determined by Bz.

Also the contour equation for the electric field reads

0 = (Ex, Ey, 0)× (νx, νy, 0) = (0, 0, Exνy − Eyνx) =
(

0, 0, i

ωµε

(
∂Bz

∂y
νy + ∂Bz

∂x
νx

))
.

It follows that ∂Bz
∂~ν

= 0 on the border.
Therefore, since we already now that Bz solves the homogeneous Helmholtz equation,

the TM problem can be completely determined by solving the following Neumann
Problem

(TM)

∆u(x, y) + k2u(x, y) = 0, (x, y) ∈ (Ω)c
∂u
∂~ν

(x, y) = 0, (x, y) ∈ ∂Ω
(38)

2.3. Existence and Uniqueness. Existence and uniqueness are a serious problem
when it comes to study differential equations. Due to the complexity of finding solutions
it is standard to relax the equations conditions to a weak form. In this context solutions
to the weak equations belong to a space of generalized functions, the Sobolev space, H2,
of square integrable general functions with square integrable first and second general
derivatives. It follows that if we are lucky enough our weak solution might be the strong
solution that we were originally looking for.

According to this practice it seems compulsory then to find conditions under which
there exist weak solutions to the Helmholtz Equation (28). Indeed we can assert this
whenever the domain (Ω) is bounded and k2 does not belong to σ(−∆) (i.e., the spectrum
of the opposed to the laplacian operator). But in general this is not the case, at least in
a physical context. The domains do happen to be unbounded. Nevertheless, even in
this case, if the boundary of the domain (∂Ω) is bounded we can still have hope.

Giving that k2 is not a positive real number (i.e., k is not a nonzero pure real number)
it can be proved that there exist a unique solution to the problem.8 However, as usual,
physics are not easy to tame: in most physical cases k2 is a real positive number. In
order to solve this we must think out of the box. Thus far, we have been looking for
solutions in H2, so instead of trying to find more conditions on Ω and k2 why don’t relax
the hypothesis on the space of solutions? That’s the way to go.

Standing on W 2,2
loc

9 instead of H2 (i.e. W 2,2), we can assert existence of solutions
to the Helmholtz equation giving that ∂Ω is bounded and k2 ∈ R>0. It follows that

8This condition answers to the known fact that with this configuration σ(−∆) = R>0.
9W 2,2

loc is the Sobolev space of locally square integrable functions with locally square integrable first and
second general derivatives.
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whenever ∂Ω is bounded there exists a (not necessarily unique) solution for the Helmholtz
equation in W 2,2

loc .
So far we have found an appropriate framework to find solutions to the problem

but what about uniqueness? In order to solve this we impose a new condition: the
Sommerfeld’s radiation condition

2.4. Sommerfeld’s radiation condition. The standard extra condition usually
followed to guarantee uniqueness addresses the idea that wave sources should be wave
sources and not sinks. This means that someway energy scatters from the source towards
infinity and not from infinity into the field. The goal of this subsection is to show
Sommerfeld’s way to formalize this idea mathematically (cf. [17]).

As an example, given the Helmholtz’s equation in R3

∆u+ k2u = 0 in
(
Bπ

k
(0)
)c

u = 0 in ∂Bπ
k

(0)
(39)

it is clear that u = 0 and us = sin(kr)
r

are two different solutions to equation (39) (where
r is the distance to 0, i.e., the radium). The semantic content of us, as will be seen,
is that of a standing (stationary) wave and therefor it could be added to any other
solution in order to obtain a new one. In order to solve this cumbersome conjuncture it
is necessary to deeply understand the nature of us.

Observe first that us = i
2( eikr

r
− e−ikr

r
). On the other hand, v+

s = i
2
eikr−ωt

r
and

v−s = −i
2
e−ikr−ωt

r
are solutions to the time harmonic homogeneous wave equation (24),

and so they represent outcoming and incoming spherical waves, respectively. Then it is
clear that us is a standing wave, as was stated before, and it follows that if our condition
mirrors well our ideas it should rule out v+

s as well as all other incoming waves.
In order to do this, Sommerfeld found firstly a representation formula for the solution

based on the one he had already found for the interior boundary problem wherein

4πu(x) =
∫

Γ

∂u

∂ν

eikr

r
− u ∂

∂ν

(
eikr

r

)
dΓ

with ∂
∂ν

the outward normal derivative and r the distance from the inside point x to the
surface Γ.

Motivated by this and driven by the idea that at infinity u should be represented as
a sum of waves of the divergent travelling type, he took a zero-centered ball B ⊃ Γ of
radium δ and find out that for every x in the exterior of Γ and in the interior of B,

4πu(x) =
∫
B

∂u

∂δ

eikδ

δ
− u ∂

∂δ

(
eikδ

δ

)
dB =

∫
B
δ

(
∂u

∂δ
− iku

)
eikδ

1
δ2dB +

∫
B
ueikδ

1
δ2dB.

(40)
On the other hand since according to his ideas the infinity should behave as an

energy sink, i.e.,
lim
x→∞

u(x) = 0,
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it follows that the integrands on the right hand side of (40) should vanish too. From
this he inferred two conditions for uniqueness:

(1) limδ→∞ u = 0 and δu is bounded
(2) limδ→∞ δ

(
∂u
∂δ
− iku

)
= 0 uniformly.

Condition (1) was known as the Finiteness Condition and (2) as the Radiation
Condition.

Later Rellich would prove that condition (1) wasn’t necessary and actually found
a weaker formulation for condition (2). Nevertheless due to the simplicity of the
radiation condition (2) nowadays is the most frequently used and it carries the name of
Sommerfeld’s radiation condition.



CHAPTER 2

Bessel functions and the fundamental solution

1. Bessel Functions

In this section we will introduce a family of special functions related to solutions of
the Helmholtz equation called Bessel Functions.

Since our problem has a radial symmetry we begin by proposing a solution via
separation of variables in polar coordinates:

u(x) := r(ρ)a(θ).
Plugging this expression into the Helmholtz equation, by means of the polar form of the
Laplacian Operator we get

∂2

∂ρ2 r a+ 1
ρ

∂

∂ρ
r a+ 1

ρ2 r
∂2

∂θ2a+ k2ra = 0.

Multiplying by ρ2

r a
and rearranging we obtain

ρ2

r

∂2

∂ρ2 r + ρ

r

∂

∂ρ
r + k2ρ2 = −1

a

∂2

∂θ2a

Since the left hand side is independent of θ and the right hand side is independent of ρ
both expression must be constant,i.e.,

ρ2

r

∂2

∂ρ2 r + ρ

r

∂

∂ρ
r + k2ρ2 = κ

1
a

∂2

∂θ2a = −κ.
Therefore we get the following equations

∂2

∂θ2a+ κa = 0 (41)

ρ2 ∂
2

∂ρ2 r + ρ
∂

∂ρ
r +

(
k2ρ2 − κ

)
r = 0 (42)

The solution to (41) is given by a(θ) = α cos(
√
κ(θ − θ0)), but in order to be a 2π

periodic solution, which is something we should be expecting it to be, κ must satisfy√
κ2π = i2π, i.e., κ = i2, where i is an integer.
Now (42) reads

ρ2 ∂
2

∂ρ2 r + ρ
∂

∂ρ
r +

(
k2ρ2 − i2

)
r = 0

and by setting ρ̃ = kρ we get
17
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ρ̃2 ∂
2

∂ρ̃2 r̃ + ρ̃
∂

∂ρ̃
r̃ +

(
ρ̃2 − i2

)
r = 0, (43)

which is called the Bessel Equation of order i.
Given the assumption that the medium is isotropic, no direction should be preferred

what means that our solution to equation (41) should be constant. This implies i = 0
and consequently that the solution that we have proposed for the Helmholtz equation is
a solution for the Bessel equation of order 0.

Observe then that the new equation we are trying to solve is an ODE of order 2.
Thus the space of solutions is a vector space of dimension 2.

Let n ∈ N0 and

Jn(z) =
∞∑
m=0

(−1)m
m!(m+ n)!

(
z

2

)n+2m
(44)

Yn(z) = 2
π

ln
(
z

2

)
Jn(z)− 1

π

n−1∑
m=0

(n−m− 1)!
m!

(
z

2

)2m−n

− 1
π

∞∑
m=0

[ψ0(m+ 1)ψ0(n+m+ 1)] (−1)m
m!(n+m)!

(
z

2

)2m+n
,

(45)

where ψ0 is the digamma function.
The functions Jn(z) and Yn(z) are called Bessel functions and Neumann functions1

and they are analytic in C and C \ (−∞, 0], respectively. They are solutions to the
Bessel Equation of order n.

Both functions satisfy the following properties:
(1) fn+1(z) + fn−1(z) = 2n

z
fn(z)

(2) fn−1(z)− fn+1(z) = 2∂fn
∂z

(z)
(3) fn+1(z) = −zn ∂

∂z
(z−nfn(z))

Applying these properties we arrive to the following result about the Wronskian

W (Jn(z), Yn(z)) := Jn(z)∂Yn
∂z

(z)− Yn(z)∂Jn
∂z

(z) = 2
πz
.

Therefore they are linearly independent and they constitute a base for the space of
solutions of the Bessel equation of order n.

Let’s build now another base for our space of solutions:

H(1)
n (z) = Jn(z) + iYn(z) (46)

H(2)
n (z) = Jn(z)− iYn(z). (47)

1They are also called Bessel functions of first and second kind, respectively
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Figure 1. Bessel function of order 0.

Figure 2. Neumann function of order 0.

They are called Hankel functions of the first and second kind2, respectively.One
important property they have is their asymptotic behaviour

H(1)
n (z) =

√
2
πz
ei(z−

nπ
z
−π4 )

[
1 +O

(1
z

)]
, −π < arg(z) < 2π, ‖z‖ → ∞ (48)

2Also called Weber functions or Bessel functions of the third kind.
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H(2)
n (z) =

√
2
πz
e−i(z−

nπ
z
−π4 )

[
1 +O

(1
z

)]
, −2π < arg(z) < π, ‖z‖ → ∞.

We are in position now to find a fundamental solution for the Helmholtz Equation
in R2.

2. Fundamental Solution

Let Φk : R2 \ {0} → C be defined by

Φk(x) := i

4H
(1)
0 (k‖x‖).

From (44), (45) and (46) we know that Φk is analytic and has a logarithmic singularity
at 0. It follows then that

‖x‖‖Φk(x)‖ → 0, as x→ 0. (49)
It’s straight forward now that Φk ∈ L1

loc(R2): just take any big enough ball to integrate
in and make a change of variables into polar coordinates.

So far we know that Φk induces a distribution in C0 (R2) and by the discussion at
the beginning of the previous section we also know that Φk(x) solves the homogeneous
Helmholtz equation.

Given that we want to show that Φk is the fundamental solution we need to prove
now that

∆Φk + k2Φk = δ0

in a distributional sense, i.e., if φ ∈ C2
0 (R2), and u(x) := Φk ∗ φ then

(∆ + k2)(u)(x) = φ(x)
.

Let u(x) be as above, thus

u(x) =
∫
R2

Φk(x− y)φ(y)dy =
∫
R2

Φk(y)φ(x− y)dy.

It follows by direct calculations 3 that u(x) ∈ C2 (R2). Applying ∆ + k2

(∆ + k2)(u)(x) =
∫
R2

Φk(y)(∆ + k2)(φ)(x− y)dy.

Observe that it suffices to prove this equality for the case x = 0 since the other cases
are obtained by applying a translation to the “zero case”. Also note that by defining
φ̃(y) = φ(−y), φ̃ ∈ C2

0 (R2), ˜φ(0) = φ(0), thus we may replace φ(−y) by φ̃(y) in our
calculations.

(∆ + k2)(u)(0) =
∫
R2

Φk(y)(∆ + k2)(φ̃)(y)dy

3The derivative “passes into” the integral.
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Without loss of generality we might assume that the support of φ̃ is inside a big
enough ball centered at 0, BR(0), and∫

R2
Φk(y)(∆ + k2)(φ̃)(y)dy =

∫
BR(0)

Φk(y)(∆ + k2)(φ̃)(y)dy

Now take Ar,R to be annulus of inner radio r and outer radio R, centered at 0.Note
that inside this annulus we can apply the Helmholtz operator to Φk.∫

BR(0)
Φk(y)(∆ + k2)(φ̃)(y)dy = lim

r→0

∫
Ar,R

Φk(y)(∆ + k2)(φ̃)(y)dy

By means of the third Green Identity we have

lim
r→0

∫
Ar,R

Φk(y)(∆ + k2)(φ̃)(−y)dy =

= lim
r→0

[∫
Ar,R

(∆ + k2)(Φk)(y)φ̃(y)dy +
∫
∂Ar,R

Φk(y)∂φ̃
∂ν

(y)− φ̃(y)∂Φk

∂ν
(y)dS(y)

]
.

Taking into account that (∆ + k2)(Φk)(y) = 0 in Ar,R and ∂φ̃
∂ν

(y) = φ̃(y) = 0 on ∂BR(0),
since φ̃ ∈ C2

0 (R2) and R is big enough.∫
BR(0)

Φk(y)(∆ + k2)(φ̃)(y)dy = lim
r→0

∫
∂Br(0)

Φk(y)∂φ̃
∂ν

(y)− φ̃(y)∂Φk

∂ν
(y)dS(y).

By (49) we arrive to

lim
r→0

∫
∂Br(0)

Φk(y)∂φ̃
∂ν

(y)dS(y) = 0.

Also by the properties of the Bessel Functions we have that ∂H
(1)
0
∂z

(z) = −H(1)
1 (z).

Thus ∫
∂Br(0)

φ̃(y)∂Φk

∂ν
(y)dS(y) = i

4
∂H

(1)
0

∂r
(k.r)k

∫
∂Br(0)

φ̃(y)dS(y) =

− i4H
(1)
1 (kr)k

∫
∂Br(0)

φ̃(y)dS(y).

On the other hand by definition of H(1)
1 (z) ((46), (45)) we have that

lim
r→0

krH
(1)
1 (kr) = 2i

π
,

and by continuity of φ̃ and the Lebesgue Differentiation theorem

lim
r→0

1
2π

∫ 2π

0
φ̃(r cos(θ), r sin(θ))dθ = φ̃(0).

Plugging this altogether we obtain∫
BR(0)

Φk(y)(∆ + k2)(φ̃)(y)dy = lim
r→0

(−1) i4H
(1)
1 (kr)kr2π 1

2π

∫ 2π

0
φ̃(r cos(θ), r sin(θ))dθ =

= φ̃(0) = φ(0).
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Therefore
(∆ + k2)(u)(0) = φ(0),

i.e.,
∆Φk + k2Φk = δ0,

as we wanted.

3. Integral Operators

Now we will present the integral operators used to reformulate the Helmholtz equation
as the integral equation required for our boundary element method.

To begin with let’s introduce some definitions.
An integral operator (a.k.a integral transform), O, is an operator with an expression

of the form
(Of)(x) :=

∫ t2

t1
K(t, x)f(t)dt,

where the density K(t, x) is called the kernel or the nucleus of the operator.
We shall call K weakly singular if there exist constants c and α < n− 1 such that

|K(t, x)| ≤ c|t− x|−α.

In the same manner, we say that K is a kernel of order α (0 < α < n-1) if K is
measurable and there exists A(t, x) bounded such that

K(t, x) = A(t, x)|t− x|−α.

We call K a kernel of order 0 if there exist A(t, x) and B(t, x) both bounded such
that

K(t, x) = A(t, x) ln(|t− x|) +B(t, x).
Finally we say that K is a continuous kernel of order α (0 ≤ α < n− 1) if K is a

kernel of order α and is continuous outside the diagonal.It can be shown that under
some regularity conditions of the integration domain, the integral operators with this
kind of kernels are compact and therefore give place to Fredholm Equations (cf. [10]).

3.1. Single and Dual Layer Operators.
3.1.1. Physical Motivation. Let’s frame ourselves in R3 and let’s suppose we have a

single unit charge q place in y ∈ R3. Then the electric field induced by q at any other
point x is given by

~E(x) = x− y
|x− y|3

.

The potential associated to this field is given by

Θ(x) = 1
|x− y|

,

in the sense that −∇Φ = ~E.
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Let’s suppose now that we have a charge distribution measure ρ(y) over the boundary
surface of a domain Ω. Therefore the potential associated with the electric field generated
by these charges is given by

Θ(x) =
∫
∂Ω

1
|x− y|

ρ(y)dS(y).

Observe that this potential is associated to a layer of monopoles, in other words, to
a single layer of free charges.

On the other hand it is a known fact that∫
∂Ω

1
|x− y|

ρ(y)dS(y) = 4π
∫
∂Ω

Φ(x− y)ρ(y)dS(y),

where Φ is the fundamental solution to the Laplace Equation.
The Single Layer Potential is defined then as

Θ :=
∫
∂Ω

Φ(x− y)ρ(y)dS(y).

Now, let’s fix some t > 0 and let’s suppose that we have a charge distribution
over the boundary surface of a domain Ω with density ρ(y)

t
. Take ν(y) to be the

outward normal vector to ∂Ω and assume also that there is another parallel surface
∂Ωt := {y + tν(y) : y ∈ ∂Ω} with charge distribution of opposite sign, i.e., with density
−ρ(y)

t
.

Then the electric field associated to these charge distributions is given by ~E = ∇Θ
where

Θ(x) :=
∫
∂Ω

[
1

|x− y|
− 1
|x− (y + tν(y))|

]
ρ(y)dS(y).

Thus taking the limit as t→ 0 we get[
1

|x− y|
− 1
|x− (y + tν(y))|

]
→ ∂

∂ν

1
|x− y|

.

Therefore this potential is associated to a layer of dipoles over ∂Ω, in other words,
to a double layer of free charges of opposite sign. Following this we define the Double
Layer Potential as

Θ(x) :=
∫
∂Ω

∂

∂ν
Φ(x− y)ρ(y)dS(y).

3.1.2. The Helmholtz’ equation case. Going back to the equation that we are trying
to solve, i.e. the Helmholtz’ equation, we showed in the previous section that the
fundamental solution is given by

Φk(x) = i

4H
1
0 (k‖x‖)

where k is the wave-number and H1
0 is the Hankel function of first kind and order 0.

Therefore, following the motivation given above we define the Single and Double
Layer operators for the Helmholtz equation by

S(f)(x) :=
∫
∂Ω

Φk(x− y)f(y)dy
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N(f)(x) :=
∫
∂Ω

∂

∂ν
Φk(x− y)f(y)dy,

respectively. It is clear that both operators satisfy the Helmholtz equation outside Γ
(since Φk(x− y) and ∂

∂ν
Φk(x− y) do).

By definition of the Hankel function of first kind and order zero we get that (cf. [1])

Φk(x− y) = A(x, y) ln(|x− y|) +B(x, y)
and therefore it is a continuous kernel of order 0 and so weakly singular. It follows that
∂
∂ν

Φk(x− y) is also weakly singular kernel. Thus, by the observation made before, given
that ∂Ω is regular enough, both S(·) and N(·) are continuous compact operators from
C(∂Ω) to C(∂Ω).

As we will see in the next chapter, in the case of the screen obstacle the solution to
the TE problem can essentially be derived by the solution of a type 1 Fredholm equation
on the Single Layer Operator.



CHAPTER 3

Open Arcs: the screen case

Hitherto we have presented an approach for solving the Helmholtz equation where
the boundary conditions where given on closed smooth curves. But what if the boundary
is not closed, what if, for example, it is a stripe? 1 This is the problem tackled along
this thesis.

There is a vast literature on the topic. Here we will present two approaches that
later on we will put together in order to state our hybrid representation formula for the
jump of the normal derivative of the scattered field.

1. The Stephan-Wendland Approach

In their 1984 paper [4] Stephan and Wendland publish a formulation for the open-arc
Dirichlet homogeneous Helmholtz problem∆u(x) + k2u(x) = 0

u = f on Γ
, (50)

where u satisfies the Sommerfeld’s radiation condition.
Via the Wiener-Hopf method and the calculus of pseudodifferential equations they

rewrote and solved the open-arc problem as a transmission problem: by extending the
open curve Γ to a smooth closed curve Γc and calling ΩΓc the bounded and smooth
domain given by the latter, they considered the following transmission problem

u(x) = u1(x) and ∆u1(x) + k2u1(x) = 0, x ∈ ΩΓc

u(x) = u2(x) and ∆u2(x) + k2u2(x) = 0, x ∈ R2 \ ΩΓc

u1(x) = u2(x), x ∈ Γc and
∂u1

∂ν
(x) = ∂u2

∂ν
(x) x ∈ Γc \ Γ

where u(x) satisfies the Sommerfeld’s radiation condition.
The solution thus satisfies the following Single Layer Representation [4]

u(x) =
∫

Γ
Φk(x− y)

[
∂u

∂ν

]
(y)dS(y), x ∈ R2 \ Γ, (51)

1This case could be seen as particular degenerated case of one of the old ones: an ellipse shrunk to a
segment.

25
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where
[
∂u
∂ν

]
is the jump of the normal derivative2 over Γ and satisfies the following

integral equation ∫
Γ

Φk(x− y)
[
∂u

∂ν

]
(y)dS(y) = f(x), x ∈ Γ, (52)

with f given by the Dirichlet condition over Γ. Therefore the TE problem is essentially
reduced to solving equation (52).

They went even further by stating a strong regularity condition for the jump of the
normal derivative of the solution:[

∂u

∂ν

] ∣∣∣∣∣
Γ

=
2∑
i=1

(
αiρ
− 1

2
i + βiρ

1
2
i

)
χi + ψ, (53)

where ρi denotes the distance to the i′th edge of Γ, χi is a C∞ cut-off function with
value 1 near the i′th edge, αi, βi ∈ R and ψ ∈ H̃ 3

2 +ε(Γ), with H̃ 3
2 +ε(Γ) being the closure

of C∞0 (Γ) in the space of Bessel Potentials H 3
2 +ε(Γ). Thus, the solution to equation (52)

has at least a square root singularity near each edge.
Later on (actually several years after) in [8] Costabel and al. showed an even stronger

result: the singularity near the edges is exactly of square root type and √ρi
[
∂u
∂ν

] ∣∣∣
Γ
is

locally 3 C∞ up to the edge.

2. The Chandler-Wilde Approach

Chandler-Wilde et al. in [16] and [2] give another approach to the open-arc Dirichlet
homogeneous Helmholtz equation for the particular case of TE in a stripe. The key
difference in their approach in contrast with the one above is that instead of extending Γ
to a closed curve, they extend it to the whole line. This allows to find a new representation
for the diffracted field (based on formulas in terms of the Double Layer Operator).

Specifically, suppose we have an incident field ui on our obstacle Γ and we want to
study the scattered field resultant from this interaction for the transverse electric case.
Chandler-Wilde et al. modelled and solved this TE problem by finding u such that∆u+ k2u = 0

u = 0 ∈ Γ
(54)

where u = ui + us, with ui the incident field4 and us the scattered field, satisfying the
Sommerfeld’s radiation condition.

It is shown then that the solution to this problem satisfies the following representation
formulau(x) = 2

∫
Γ+∪Γ−

∂Φk
∂ν

(x− y)u(y)dS(y) on the shadow side
u(x) = ui(x) + ur(x) + 2

∫
Γ+∪Γ−

∂Φk
∂ν

(x− y)u(y)dS(y) on the illuminated side
(55)

2The jump of the normal derivative is given by ∂u
∂ν

− − ∂u
∂ν

+ where the former derivative is from the in
shadow side and the latter from the illuminated side. Specifically ∂u

∂ν

± = limh→0+ν(x)∇u(x± hν(x)).
3Near the i′th edge.
4The incident field is given by eikx·d, with d the unitary incidence direction vector.
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Here ur is the field given by the reflection of the incident field5, i.e.,
ur(x) := −ui(x′),

where x′ is the reflection of x in the extended curve.
Regarding regularity conditions they show in [16] and [2] that[

∂

∂ν(x(s))

∫
Γ+∪Γ−

∂Φk

∂ν
(x(s)− y)u(y)dS(y)

]
= v+(s)eiks + v−(s)e−iks, (56)

with s the parameter that describes the stripe by arc-length and v± slow functions 6

which are well behaved along the interior of Γ but are not in L2(Γ).

3. Hybrid Approach

Following Stephan and Chandler-Wilde we propose a representation that exploits
the benefits of both at the cost of a hybrid approach that as we will be shown in chapter
7 we are able to manage with good numerical properties.

Observe first that
∆ui + k2ui = −k2‖d‖2eikx + k2eikx = 0,

since ‖d‖ = 1 by hypothesis. Thus, from the fact that u = ui + us, we obtain
0 = ∆u+ k2u = ∆ui + k2ui + ∆us + k2us

0 = ∆us + k2us.

Consequently, given that we know explicitly ui, and that u = 0 on Γ, solving (54) is
equivalent to solving the following Dirichlet homogeneous Helmholtz equation∆us + k2us = 0

us(x) = −ui(x), x ∈ Γ,
(57)

with us satisfying the Sommerfeld radiation condition.
Note that (57) satisfies the form (50), ergo, according to (51)

us(x) =
∫

Γ
Φk(x− y)

[
∂us

∂ν

]
(y)dS(y), x ∈ R2 \ Γ

and from (52) ∫
Γ

Φk(x− y)
[
∂us

∂ν

]
(y)dS(y) = −ui(x), x ∈ Γ. (58)

Also, following (53), we know that
[
∂us

∂ν

]
(y) presents square root singularities near

the edges and that locally √ρi
[
∂u
∂ν

] ∣∣∣
Γ

7 ∈ C∞.

5Like in the classical geometrical optics.
6In the sense that they do not depend on the wave-number k
7As before, here ρi represents the distance to the i′th edge.
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On the other hand according to (55) we have thatus(x) = −ui(x) + 2
∫
Γ+∪Γ−

∂Φk
∂ν

(x− y)u(y)dS(y) on the shadow side
us(x) = ur(x) + 2

∫
Γ+∪Γ−

∂Φk
∂ν

(x− y)u(y)dS(y) on the illuminated side
and so [

∂us

∂ν

]
(x) = −2∂u

i

∂ν
(x) +

[
∂

∂ν(x)2
∫

Γ+∪Γ−

∂Φk

∂ν(y)(x− y)u(y)dS(y)
]
.

Together with (56) gives[
∂ur

∂ν

]
(x(s)) = −2∂u

i

∂ν
(x(s)) + v+(s)eiks + v−(s)e−iks (59)

This representation seems very useful since the only unknowns in the expression, v±,
both lack of a k-dependent oscillatory behaviour, hence they could be a good kick-off to
obtain a frequency independent solver (cf. [16], [2]).

However, there is an important fact missing, at least explicitly, in (59):the square
root singularities from (53). This property is vital for any solver since approximating 1√

x

near 0 is a difficult task and should be explicitly taken into account as in [12]. Moreover,
as was noted before, in [2] they explicitly assert that v± doesn’t belong L2(Γ) although
they don’t give an explicit representation to treat this singularities.

In consequence, putting together (59) and (53) we propose the following representa-
tion for the jump of the normal derivative of the scattered field

[
∂us

∂ν

]
(x(s)) =


α1√
ρ1

(x(s)) if ρ1(x(s)) < dk
α2√
ρ2

(x(s)) if ρ2(x(s)) < dk

−2∂ui
∂ν

(x(s)) + ṽ+
√
ρ1

(x(s))eiks + ṽ−
√
ρ2

(x(s))e−iks otherwise,
(60)

where again ρi is the distance to the i′th edge, αi is C∞ up to the i′th edge, ṽ± is C∞
and dk is the length of a fixed quantity of wavelengths. Observe that dk does depend on
k, this goes in tune with the local nature of (53) and will be a key component of our
solver.

We embrace then the approach taken in [4] and focus ourselves in solving equation
(58) by making use of the representation formula (60). In the following chapters we will
present the tools needed to achieve this goal, finally ending with the introduction of a
novel O(1) solver for this equation.



CHAPTER 4

Approximation Methods and Integral Closed Forms Results

1. Stationary Phase

The method of the Stationary Phase was developed by Kelvin and Stokes in the
19th century in order to solve highly oscillatory integrals present in several problems
coming from the Physics.

The idea behind it is that if many sinusoidals have phases which change fast as
the frequency changes they will add varying between constructively and destructively
interaction.

Specifically, consider integrands of the form Φ(kφ(x))f(x) for k → ∞, where the
kernel Φ(t) is oscillatory for large values of t. The stationary phase method consists
in finding asymptotic values of an integral of such kind by studying the asymptotic
expansion of the integral and identifying the terms that contribute to the solution.

As a motivational example, let Ψk(t) = eikφ(t), the classical generalized Fourier kernel.
Now let’s take a look at the values for which the phase φ is stationary, i.e., the solutions
to

φ(1)(t) = 0.
Suppose t0 is one of those and φ is not degenerated at t0 (i.e. φ(2)(t0) 6= 0). Assume

also f(x) smooth and supported in a sufficiently small neighbourhood of t0, then (cf. [18])

I(k) =
∫

Ψk(x)f(x)dx ≈ e−ikφ(t0)k−
1
2

∞∑
j=0

ajk
−j as k →∞

with aj depending only on a finite number of the derivatives of φ and f in t0.
In view of this it is clear that for any f smooth with compact support the mass of

the integral is concentrated near the critical values1 asymptotically.
Thus we are tempted to develop local integration methods where, as the name

suggests, instead of considering the whole domain of integration we split it into small
pieces and integrate on them with (expected) highly accuracy. This enlights another
key component for an O(1) solver.

However, in our particular case, the kernel is Φk(x), i.e., a multiple of the Hankel
function of first kind and order 0, not the generalized Fourier kernel Ψk(t). So, the
question : is there a way of doing this kind of analysis for other types of oscillatory
kernels? A fortiori, the answer is yes. It was presented by Bleistein and Handelsman
in [15] and it was achieve by means of Mellin Transforms. Nevertheless, for the general

1By critical values we mean stationary points and discontinuity points of the φ as well as the edges of
the domain of integration.

29
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case there is a caveat, it is necessary to consider not only the critical points but also the
roots of the phase.

2. Local Integration

2.1. Partitions of Unity. Following the suggestion made in the preceding section
in the next lines we will present a local integration strategy.

The first attempt we could envision is just selecting neighbourhoods of the critical
points and compute the integral only based on those neighbourhoods2. Yet, howbeit
asymptotic accurate, for fixed big k this approach is not as good as we would expect
since, a priori, we could be unable to find a threshold for k after which the approximation
works. Also, the presence of discontinuous cut-off functions makes it even worse.

So using discontinuous cut-off functions is not a good idea, what if we use smooth
ones? Maybe we could even improve the problems with the k. In [13] Delourme and
Bruno address this problem and show a solution.

Take {pα}α a smooth partition of unity subordinated to family of neighbourhoods of
the critical points, i.e., each critical, xβ belongs to the the support of only one pαβ and
pαβ(xβ) = 1. Hence we get

I(k) =
∫

Φk(x)f(x)dx =
∫

Φk(x)f(x)
∑
α

pα(x)dx =
∑
α

∫
Φk(x)f(x)pα(x)dx

and we approximate I(k) by

I(k) ≈
∑
αβ

∫
Φk(x)f(x)pαβ(x)dx.

Since each pαβ has compact support each of the summands are actually local
integrations, as we wanted. As is shown in [13] by a properly choice of the partition of
unity 3 this approach solves both accuracy problems by just blending the (oscillatory)
function smoothly to zero towards the edges of the local integration.

2.2. The Window Method. In [14] Bruno et al., presented an O(1) method for
calculating high frequency oscillatory integrals given a prescribed error tolerance.

They achieved this as follows. Consider the ansatz

f(r) = fslow(r)eikαr.

By means of (48) we get then the following asymptotic behaviour as k →∞

Φk(x)f(‖x‖) ∼ eik(‖x‖+α‖x‖) = eikφ(x).

Thus, according to Bleistein and Handelsman [15], the mass of the integral gets
asymptotically concentrated towards the critical points and roots of the phase φ as well
as to the edges of the domain of integration.

2This is the same to say that we multiply the intengrand by the characteristic function of the union of
those neighbourhoods.
3Will be presented in the next subsection.
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Figure 1. Plot of fA for A = 0.5 and c = 0.5 .

Now let’s analyze the behaviour of the integral near the critical points. By expanding
the Taylor series of φ around them we may assume eikφ(x) ≈ eikx

p , for p ∈ {1, 2, 3} ,
depending on the type of critical value4. Consider the functions

S(x, x0, x1) =


1 for x ≤ x0

e
2e− 1

u
u−1 for x0 < x < x1, u = ‖x‖−x0

x1−x0

0 for x ≥ x1

(61)

and real numbers A > 0, 0 < ε < A and 0 < c < 1.
Define

fA(x) := S(x, cA,A)(1− S(x,−A,−cA))
and

fε := fA

(
Ax

ε

)
.

Note that these fA’s induce a partition of unity which is exactly the one use in [13].
They show hence that

∫ A

−A
fA(x)eikxpdx =

∫ ε

−ε
fε(x)eikxpdx+O((kεp)−n)∀n, (62)

i.e., a local integral can be well approximated by a rescaled version of it. Note
that this result actually means that we can take as domain for our local integration
segments depending on a fixed number of wavelengths by multiplying our integrands by
functions like S(x, x0, x1) for properly chosen x0, and x1. The fact that we multiply by

4For the roots, discontinuities and edges p = 1, p = 2 for the phase’ stationary points and p = 3 for the
shadow boundaries.
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the functions S, mollifying the integrand towards zero at the edges of the local segment,
is important as was stated in the previous subsection.

Together with the generalized Stationary Phase presented above this two results
are fundamental in the development of a O(1) solver for our highly oscillatory integral
equation.

3. Closed Form for Logarithmic Kernel Integrals

In order to develop our solver we made use of a series of results regarding closed
forms for integrals that we present in the following lines.

First of all we recall the Symm’s Operator

Symm(f)(x) :=
∫ π

0
ln(|x− cos(θ)|)f(θ)dθ. (63)

It is a well known result that for |x| < 1 the Symm’s Operator has the following
diagonal property

Symm(en)(x) = λnen(arccos(x)),
where en(θ) = cos(nθ) and

λn =

−π ln(2), if n = 0
−π
n
, if n > 0

One reasonable question that follows is what about |x| ≥ 1? Moreover, what if
instead of cos(nθ) we want to calculate

In(x) =
∫ π

0
ln(|x− cos(θ)|)einθdθ, (64)

for x ∈ R?
If we were able to calculate this then we could envision superalgebraic quadratures

methods for integrals with logarithmic kernels. Concretely given f smooth and 2π-
periodic we could approximate it by its (truncated) Fourier Series and replace the
corresponding integral by a sum of others of the form (64).

A fortiori in [3], Akhmetgaliyev together with Bruno and others presented some
closed forms for this integrals by means of complex integration techniques like, for
example, the residues method among others. We present the results as follows.

Consider first n = 0. For this case the closed form for the integral is given by
I0(x) = πacosh(x)− π ln(2).

Note now that the case n < 0 is just the conjugate of the −n case (positive). Thus
it is enough to calculate In(x) for n > 0.

For the case n > 0 observe first that if x > 0 then In(−x) = (−1)n−1In(x). Hence it
suffices to find formulas for x ≥ 0. Following this, fix x ≥ 0 and define ω1, ω2 as the
solutions to the quadratic equation in ω

ω2 − 2xω + 1 = 0,
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ω1 := x+
√

(x2 − 1),

ω2 := x−
√

(x2 − 1).
It happens that

In(x) = (−i)
[
− 1− ωn1

n
ln(|1− ω1|) + (−1)n − ωn1

n
ln(|1 + ω1|)

+ 1
n

n−1∑
j=0

(ω1
j + ωj2)1− (−1)n−j

n− j
− 1− ωn2

n
ln(|1− ω2|)

+(−1)n − ωn2
n

ln(|1 + ω2|)− iπ
ωn2
n

+ 1− (−1)n
n2

+ ln(2)1− (−1)n
n

]
.

However, from a numerical perspective, it is still hard to calculate ωn1 due to
cancellation errors. To solve this problem in our implementations we followed the
recommendations and caveats presents in [3].





CHAPTER 5

The Pivot Method

We introduce a novel method for solving a special family of oscillatory coupled
equations. This kind equations arise as ansatz for the densities of integral equations
coming from Physics. In general, they are related to results based on the Superposition
Principle.

In particular, this situation appears as part of our representation formula (60).
The method we present here will be crucial in the development of our O(1) solver.
Nevertheless its range of action surpasses our particular problem and therefore it
appears as a new general method for solving oscillatory equations.

1. A simple problem

As proof of concept let’s start with some simple and clear example. Suppose we
have a signal of the form

f(x) =
n∑
l=1

al(x)eiklx, (65)

where the al’s are unknown slowly varying functions that we want to approximate, and
the kl’s are all big enough and different. Our method will produce highly accurate
approximations of the al’s by means of a coarse mesh.

Assume first that f and the al’s are periodic in [0, 2π]. Then, as in Prony’s Method,
we could take truncations of the Fourier series corresponding to the ai’s at a desired
degree, let’s say M , with

al(x) ≈
M∑

j=−M
c

(l)
j e

ijx.

Now by (65) f can be approximated as

f(x) ≈
n∑
l=1

 M∑
j=−M

c
(l)
j e

ijx

 eiklx =
n∑
l=1

M∑
j=−M

c
(l)
j e

i(j+kl)x,

where the new unknowns are the constants c(l)
j ’s. Taking this into a matrix form we get

a new equation
35
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f(x) =
(
ei(−M+k1)x · · · ei(M+k1)x · · · ei(−M+kn)x · · · ei(M+kn)x

)
︸ ︷︷ ︸

L(x)

·



c
(1)
−M
...
c

(1)
M
...

c
(n)
−M
...
c

(n)
M


(66)

It follows then that given any grid of (2M + 1)n different points on the domain of
the problem, the c(l)

j ’s are completely determined by the solution of the linear system
obtained via evaluation of equation (66) at those points. In order to fix ideas, let
{xj = 2πj

(2M+1)n−1 , j = 0, . . . , (2M + 1)n− 1} be a uniform grid on [0, 2π], thus we obtain
the system


f(x1)

...
f(x(2M+1)n)


︸ ︷︷ ︸

F

=


ei(−M+k1)x1 · · · ei(M+kn)x1

... . . . ...
ei(−M+k1)x(2M+1)n · · · ei(M+kn)x(2M+1)n


︸ ︷︷ ︸

L

·


c

(1)
−M
...
c

(n)
M


︸ ︷︷ ︸

C

(67)

Observe that the matrix L is dense and has highly oscillatory components. However
formulations as equation (67) are usually ill-conditioned and numerically unstable, what
results in large errors in the reconstructed functions. Specifically, when performing an
inversion of L by Gaussian Elimination the rising of small pivots gives place to serious
precision problems and thus to poor reconstructions.

To solve this we exploit the high frequency of each summand of (65), i.e., the highly
oscillatory nature of the entries of L(x) in equation (66)1. The method we propose
outputs for any mesh {xi}0≤i≤(2M+1)n−1 a slightly modified version of it which produces
big enough pivots in the Gaussian Elimination process of L and therefore improves the
numerical properties of the system (67).

2. High Frequency Pivot Method

Let’s generalize the above example and suppose that the weight of each unknown is
given by wi(x) instead of eilx. Therefore we get

L(x) :=
(
eik1xw1(x) · · · eiknxw(2M+1)n(x)

)
, (68)

where wi(x) is slowly varying with respect to eikjx (i.e., they do not depend on kj for
every j) and let

1Remember that we supposed that the functions al(x)’s were slowly varying. Then M can be taken so
as kl −M and kl +M are still high for every l.



3. CASES OF USE 37

L(z1, . . . , zn) :=


L(z1)

...
L(zn)

 . (69)

Assume {x̃i}1≤i≤(2M+1)n is a discretization of the domain (e.g., a uniform mesh in
[0, 2π] as in the example). Our goal then is to obtain a new grid from {x̃i}1≤i≤(2M+1)n
which induces better inversion properties on the matrix L. For that without loss of
generality let’s suppose for a moment that M = 0 and observe what happens with the
entries of our matrix while doing Gaussian Elimination. After the first iteration we get

L(1) =


eik1x̃1w1(x1) eik2x̃1w2(x1) · · · eiknx̃1wn(x1)

0 eik2x̃2w2(x2)− eik1x̃2 e
ik2x̃1
eik1x̃1

w1(x2)w2(x1)
w1(x1) · · · ∗

... ... . . . ...
0 ∗ · · · ∗

 .

Note that for fixed x̃1 the pivot entry L(1)
2,2 = eik2x̃2w2(x2) − eik1x̃2 e

ik2x̃1
eik1x̃1

w1(x2)w2(x1)
w1(x1) is a

highly oscillatory function on x̃2. On the other hand, provided |k1| and |k2|, and in
particular max(|k1|, |k2|), are considerable large, their corresponding wavelengths are
very short. Therefore it is possible to obtain a very small neighbourhood of x̃2 on which
L

(1)
2,2 varies a lot and in particular we could find a slightly perturbed version of x̃2 on

that neighbourhood such that the magnitude of L(1)
2,2 is maximal or at least much bigger

than the original one. Once obtained x2 we repeat the procedure iteratively to obtain
x3, . . . , xn.

Algorithm 1 Pivot Method.
given the mesh x

for i← 1, . . . , length(x)
y ← x(i)
k ← max(|k1|, . . . , |ki|)
P(x)← P (x(1), . . . , x(i− 1))(x) // i’th pivot as function only of x(i)
Vk ← (y − π

k
, y + π

k
) // grid on k-neighbourhood of y

x(i)← max{P(Vk)}
end

L← L(x)

return L, x

3. Cases of Use

In this section we present two more example cases, different from the Fourier
approximation one, in which the pivot could be use. The value of this two in particular
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relies on the fact that they constitute the breakthrough approach that lead us to the
development of our O(1) solver.

3.1. Polynomial interpolation. At the beginning of this chapter we presented a
context in which the Pivot Method could be applied. However, in that case we used the
strong assumption that our slowly varying functions were smooth and periodic so as
taking their truncated Fourier series at a convenient frequency happened to be a good
approximation strategy. Nonetheless it is completely natural to ask ourselves, what if
the slow functions are not periodic? This constitutes an important issue for the previous
strategy due to the well known Gibbs ringing phenomenon. This kind of difficulty arises
when trying to approximate functions with jump discontinuities via a finite bandwidth
Fourier series and in particular this happens in the case of non periodic functions (since
the periodic continuation will produce jumps at both edges).

A fortiori there is a possible solution for this: polynomial approximation. That is to
say,

al(x) ≈
M∑
j=0

c(l)
n x

j

f(x) ≈
n∑
l=1

M∑
j=0

c(l)
n x

jeiklx.

Observe that this seems pretty much the same as the Fourier series case with the only
difference that now the weights are given by xj ’s instead of exponentials. Therefore since
xj is obviously slowly oscillatory, the Pivot Method applies. Even though, there could
still be two problems. On one side the Vandermonde matrix is in general ill-conditioned
for big n′s and this could lead to bad condition numbers on our Pivot Method matrix.
On the other hand we could be affected by the Runge’s Phenomenon.

The Runge’s Phenomenon is the manifestation of the following fact. Although the
Weierstrass’ Theorem asserts that given a continuous function on a compact there
exists a sequence a of polynomials (qn)n, qn of degree n, which converges uniformly to
the given function , it doesn’t specify which one indeed is. Therefore increasing the
number of interpolation points (and thus the degree of the interpolant polynomial) in
an approximation routine instead of conducting to better precision can drive to a really
worse one.

To solve these two possible problems we suggest dividing the domain into several
patches and using local interpolation by polynomials of low degree. In this manner we will
build up our system matrix as a block diagonal matrix in which each block corresponds
to the application of the pivot method to one of these patches.

3.2. Square Root Weighted Polynomial Interpolation. In this subsection we
present a slightly modified version of the previous strategy which will be use in our
solver.

Suppose we have a signal of the following form

f = a1(x)√
1 + x

eik1x + a2(x)√
1− x

eik2x,



4. NUMERICAL EXPERIMENTS 39

where the only known fact is that a1(x) and a2(x) are smooth (as it is indeed the case
of our representation formula (60)).

We will apply now a local polynomial interpolation to each ai. On each of the
resulting patches we will have that

a1(x)√
1 + x

eik1x ≈
N∑
j=0

c
(1)
j

xj√
1 + x

eik1x,

and the same happens, mutatis mutandis, to a2(x)√
1−xe

ik2x. Note that the functions xj√
1±x

are slowly oscillatory for every j, therefore the Pivot Method applies in the same manner
as in the local polynomials case but with the square root modified weights.

4. Numerical Experiments

Regarding the expected improvement in condition numbers, for four patches with
local polynomials of degree 6 and a uniform mesh we obtained the following results

K1 K2 cond(Pivot) cond(Uniform)
10000 2000 3.002 104 9.0586 105

50000 15000 1.6181 104 6.5078 109

80000 25000 1.2961 104 5.1534 1011

120000 40000 1.2755 104 1.3017 109

200000 90000 1.2126 104 4.0754 108

Observe the stability and the notorious low magnitude of the condition number of
the Pivot Method matrices with respect to those of the standard uniform mesh ones.

Talking about errors, with the same configuration as before and with K1 = 70000,
K2 = 25000, a1 := x+ 1 and a2 := cos(2πx), for the uniform mesh we get

while for the Pivot Method we obtained
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In this case the condition numbers were 1.4406 104 for the former and 1.3591 1015 for
the latter. It is clear from the plots that the Pivot Method outperforms the uniform
mesh method.

Finally for the square root weighted case, taking the same configuration as before,
K1 = 20000, K2 = 100000, a1 := sin(x) and a2 := x2 + 1, for the uniform mesh we get

meanwhile for the Pivot Method the results are
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Again the Pivot Method outperforms the original method and the condition numbers
are given by 3.8016 109 and 3.9841 104, respectively.





CHAPTER 6

More on Numerical Methods

1. Fourier Continuation

In this section we present an algorithm introduced by [11] in order to solve the
Gibbs ringing phenomenon problem while approximating a non-periodical function by a
truncated Fourier Series. They idea of the method is to extend the function to a bigger
domain in a periodical and smooth way so that this approximation problem disappears.
The method is called FC(Gram), Fourier Continuation by Gram polynomials.

Without loss of generality let’s assume f : [0, 1]→ R and suppose we are given it
in a uniform mesh x0, . . . , xN−1. We want to find an extension f c of f to an interval
[0, b], b > 1, such that f c is smooth and b-periodic (and so it presents a good Fourier
approximation). In view of this we translate a copy of f to b and we construct an
extension on the interval (1, b). It goes as follows.

Choose Nd <
N
2 and consider the submesh {x0, . . . , xNd−1} ∪ {xN−Nd−1 . . . xN−1} :=

Dright ∪ Dleft.
Define now the following positive semi-definite bilinear forms

(h, f)right = 1
Nd

Nd−1∑
j=0

h(xj)f(xj) (70)

(h, f)left = 1
Nd

N−1∑
j=N−Nd−1

h(xj)f(xj) (71)

Consider now the orthonormal basis Bleft := {bleft0 , . . . , bleftNd−1} of Gram Polynomials1,
i.e., polynomials of degree m ≤ Nd − 1 with respect to (·, ·)left. We can achieve
this by means of the Gram-Schmidt orthogonalization process applied to the base
{1, x, . . . , xNd−1}. Idem, mutatis mutandis, we define also Bright.

We can now obtain polynomial approximations of f on each of the submeshes by

fπleft(x) :=
Nd−1∑
j=0

aleftj bleftj (x), with aleftj := (f, bleftj )left

fπright(x) :=
Nd−1∑
j=0

arightj brightj (x), with arightj := (f, brightj )right

On the other hand let d := xN−1 − xN−Nd−1 = xNd − x0, note then that if Bleft :=
{bleft0 , . . . , bleftNd−1} then by {bleft0 (x − b − d), . . . , bleftNd−1(x − b − d)} we get a base Bright.
Thus we build Bright in this way, i.e., we just have to build one of the bases and we
1Also called Discrete Chebyshev polynomials

43
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get immediately the other. We conclude also that by finding an extension for bleftj we
automatically find one for brightj for every j.

Define now the even and odd couples of Gram polynomials (bleftj , brightj ) and (bleftj ,−brightj ),
respectively. Observe then that if we are able to find a continuation for each of these
pairs we obtain also a continuation for our projection fπleft, fπright.

Hence take

greven(xj) :=
∑

k∈t(l), even
prke

ik π
b+dxj , j ∈ {N −Nd − 1, . . . , N − 1}

grodd(xj) :=
∑

k∈t(l), odd
qrke

ik π
b+dxj , j ∈ {N −Nd − 1, . . . , N − 1}

where l is a fixed natural number, t(l) is defined as

t(l) :=

{k ∈ N : − l
2 ≤ k ≤ l

2}, for l even
{k ∈ N : − l−1

2 ≤ k ≤ l−1
2 }, for l odd

and prk’s and qrk’s are obtained as the solution of the least-squares (SVD-based) approxi-
mation of bleftr on Dleft.

It follows from the definitions that for every r, greven(x) = greven(x + b + d) and
grodd(x) = −grodd(x+ b+ d) and thus they are continuations for the corresponding even
and odd pairs.

In this manner we obtain a (not necessarily continuous) continuation for f to (1, b)
by

fmatch(x) =
Nd−1∑
j=0

aleftj + arightj

2 gjeven(x) +
Nd−1∑
j=0

aleftj − arightj

2 gjodd(x).

We have thus the ingredients to define a discontinuous projection of f by

fdπ :=


fπright(x) for x ∈ [0, d]
f(x) for x ∈ (d, 1− d)
fπleft(x) for x ∈ [1− d, 1]
fmatch(x) for x ∈ (1, b)

Finally we define the b-periodic Fourier Continuation of f , f c, by the truncated
Fourier Series of fdπ,

f c(x) :=
∑

k∈t(N+Ne−2)
αke

i2π
b
x

where Ne is the prescribed number of points for f to be extended to.
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Figure 1. Fourier Continuation to [0, 2π] of the restriction of cos( θ2) to [0, π].

2. Nyström Method

The so called Nyström Method2 consists in replacing an integral equation by a
discrete version of it at some collocation points. In other words instead of solving
directly the integral equation, what it is solved is a finite linear system where the matrix
of the problem is obtained based on a quadrature of the corresponding integral.

Concretely, let I : A→ B be given by

I(φ)(x) :=
∫

Ω
K(x, y)φ(y)dy

and suppose, just for illustration purposes, we are trying to solve the following Fredholm
Equation of second type

φ+ I(φ) = f.

Choose n collocation points χn := {x0, . . . , xn−1} and substitute the integral operator
above, In, by a discrete version of it subordinated to χn

In(φ)(x) :=
n−1∑
j=0

α
(n)
j K(x, xj)φ(xj),

where the α(n)
j are the weights coming from the chosen quadrature. Now our equation

reads

φ(x) +
n−1∑
j=0

α
(n)
j K(x, xj)φ(xj) = f(x).

2A.k.a. Quadrature Method.
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Hitherto we have been able to change our almost intractable integral operator by a
convenient matrix. However we still have problem: we don’t know φ yet and since the
left hand side is coupled we can’t solve the equation at this stage.

An easy solution to this is the following. Take the same mesh as before, χn, and
evaluate the discretized version of the equation on those points to obtain n linear
equations on n unknowns of the form

φ(xi) +
n−1∑
j=0

α
(n)
j K(xi, xj)φ(xj) = f(xi)

(Id+ Imatrixn ) ~φn = ~fn.

So in this case we would just solve the linear system to find a discrete version and
use some approximation method to reconstruct the original φ based on those values.

But there is still a leak in our flow: suppose K is weakly singular, as in the case of
the single and double layers potential, is it still possible to obtain a Imatrixn under these
conditions?

The answer is, it depends.
In the following section we will present some particular cases in which this problem

was solved and which are used in our solver.

3. Spectral Quadratures

In this section we will present a variety of quadratures methods based on spectral
theory that can be combined with the Nyström Method to solve integral equations
numerically with superalgebraic convergence rate.

3.1. Clenshaw-Curtis Quadrature. Suppose we have a smooth function f and
without loss of generality assume also that f : [−1, 1]→ R. Imagine now we want to
calculate ∫ 1

−1
f(x)dx.

By a cosine change of variables we get∫ 1

−1
f(x)dx :=

∫ π

0
f(cos(θ)) sin(θ)dθ.

Observe that f̃(θ) := f(cos(θ)) : R → R is a smooth, 2π-periodic, even function.
Thus, it admits a cosine series

f̃(θ) =
∞∑
n=0

an cos(nθ),

where
a0 := 1

π

∫ π

0
f(cos(θ))dθ

and
an := 2

π

∫ π

0
f(cos(θ)) cos(nθ)dθ
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for n > 0.
By uniform convergence we obtain then∫ π

0
f(cos(θ)) sin(θ)dθ =

∞∑
n=0

an

∫ π

0
cos(nθ) sin(θ)dθ =

∞∑
k=0

2a2k

1− (2k)2 ,

where the last equality follows from the fact that for n > 2

cos(nθ) sin(θ) = sin((n+ 1)θ)− sin((n− 1)θ)
2 .

Yet there is a still a problem, we have to calculate the an’s. A fortiori, this can be
efficiently done by means of a type I discrete cosine transform (DCT-I), we just need to
know the values of f(cos(·)) on a closed uniform mesh (Gauss-Lobato Points) on [0, π].

Finally we get

∫ 1

−1
f(x)dx ≈

bN2 c∑
k=0

2â2k

1− (2k)2 , (72)

where N is the length of the chosen uniform mesh, and the âj ’s are the cosine coefficients
obtained by the DCT-I with the only caveat that âN ≈ aN

2
3.

3.2. Spectral Quadrature for Logarithmic Kernel. Assume now that for x0 ∈
[−1, 1] fixed we want to calculate an integral of the form∫ 1

−1
ln(|x0 − y|)f(y)dy

where f is a smooth function.
In order to envision a quadrature rule for this kind of integral we could start by

proceeding as in the Clenshaw-Curtis Rule, i.e., by a cosine change of variables.∫ 1

−1
ln(|x0 − y|)f(y)dy =

∫ π

0
ln(|x0 − cos(θ)|)f(cos(θ)) sin(θ)dθ

If we continue with the Clenshaw-Curtis way we should now apply the DCT-I to
ln(|x0 − cos(θ)|)f(cos(θ)), however this is not a smooth function and so it won’t work.
Nonetheless we could apply the DCT-I just to f(cos(θ) which is indeed smooth and
satisfies all the other requirements for the DCT to work. We arrive to

∫ π

0
ln(|x0 − cos(θ)|)f(cos(θ)) sin(θ)dθ ≈

∫ π

0
ln(|x0 − cos(θ)|)

(
N∑
n=0

ân cos(nθ)
)

sin(θ)dθ.

Using the same trigonometric property as in the Clenshaw-Curtis we obtain(
N∑
n=0

ân cos(nθ)
)

sin(θ) = â0 sin(θ) + â1
sin(2θ)

2 +
N∑
n=2

ân
sin((n+ 1)θ)− sin((n− 1)θ)

2

3This has to do with the fact that we are not just truncating the cosine series but exploiting an
approximation by Chebyshev Polynomials based on the series.
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and so, if we were able to know the values of∫ π

0
ln(|x0 − cos(θ)|) sin(nθ)dy,

we would have already obtained the quadrature rule that we were expecting to get.
Luckily this is the case.

In order to see this, observe first that∫ π

0
ln(|x0 − cos(θ)|) sin(nθ)dy = Im(

∫ π

0
ln(|x0 − cos(θ)|)einθdy).

But the right hand side is just Im(In(x0)), presented in chapter 5. We do have closed
forms for those. Thus, we have arrived to a our expected spectral quadrature rule,

∫ 1

−1
ln(|x0 − y|)f(y)dy ≈

(
Im(I1(x0)) Im(I2(x0))

2
Im(I3(x0)−I1(x0))

2 . . . Im(IN+1(x0)−IN−1(x0))
2

)
·


â0
â1
â2
...
âN

 . (73)

3.3. Spectral Quadratures For Square Root Singularity Densities. Now
we will present two more quadratures that we developed based on the two above but
with the particularity that we add a square root singularity towards one of the edges of
the domain of integration.

3.3.1. Only Square Root Singularity Case. Assume now f smooth and that we want
to find ∫ 1

−1

f(y)√
1− y .

Again, let’s begin with a cosine change of variables
∫ 1

−1

f(y)√
1− y =

∫ π

0

f(cos(θ))√
1− cos(θ)

sin(θ)dθ.

Since sin(θ) ≥ 0 in [0, π], it follows that
∫ π

0

f(cos(θ))√
1− cos(θ)

sin(θ)dθ =
∫ π

0

f(cos(θ))√
1− cos(θ)

√
1− cos2(θ)dθ =

∫ π

0
f(cos(θ))

√
1 + cos(θ)dθ =

∫ π

0
f(cos(θ))

√
2 cos

(
θ

2

)
dθ.

We arrived then to an integrand which is smooth and even. However the Clenshaw-
Curtis idea cannot be applied since the integrand is 4π-periodic, not 2π-periodic as it is
required. Therefore we proceed as follows.

First, we apply a new change of variables φ := θ
2 and we get
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∫ π

0
f(cos(θ))

√
2 cos

(
θ

2

)
dθ = 2

√
2
∫ π

2

0
f(cos(2φ)) cos(φ)dφ.

Now, the integrand is indeed 2π-periodic and still smooth and even, so at this stage
we can apply the cosine transform, although, the extremes of integration are different
from the ones in the Clenshaw-Curtis case.

∫ π
2

0
f(cos(2φ)) cos(φ)dφ ≈

∫ π
2

0

(
N∑
n=0

ân cos(nφ)
)
dφ,

where the ân’s, as in the previous section, are the Chebyshev Coefficients of f(cos(2φ)) cos(φ).
Note also that

∫ π
2

0
cos(nφ)dφ =


π
2 for n = 0
(−1)

n+1
2 +1

n
for n ∈ N, odd

0 for n ∈ N, even
We arrive finally to a new a spectral quadrature rule

∫ 1

−1

f(y)√
1− y ≈

2
√

2
(
π
2 1 0 −1

3 . . .
)
·


â0
â1
â2
â3
...

 (74)

3.3.2. Logarithmic And Square Root Singularities Case. Finally we present a spectral
quadrature rule for the case in which the integrand has both a logarithmic and a square
root singularity.

Let x0 ∈ [−1, 1] and f smooth and suppose we want to calculate∫ 1

−1
ln(|x0 − y|)

f(y)√
1− ydy.

As usual, we begin by a cosine change of variables and apply the same observation
as in the previous case

∫ 1

−1
ln(|x0 − y|)

f(y)√
1− ydy =

√
2
∫ π

0
ln(|x0 − cos(θ)|)f(cos(θ)) cos

(
θ

2

)
dy.

Now the integrand is similar to the one of the only logarithmic singularity case but
again the problem here is that f(cos(θ)) cos

(
θ
2

)
is 4π-periodic not 2π-periodic as needed,

albeit being smooth and even. Moreover an strategy as the one for the just square root
singularity case cannot be carried on here since we still have the logarithmic singularity.
The solution is a bit more complex.
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Since we are integrating on [0, π] we actually don’t need the weight cos
(
θ
2

)
on [0, 2π]

but a smooth function g smooth and 2π periodic such that restricted to [0, π] equals
cos

(
θ
2

)
. In other words, what we need is a Fourier Continuation of cos

(
θ
2

)
to [0, 2π].

Let’s call it, gc(θ).
Hitherto, we have∫ π

0
ln(|x0 − cos(θ)|)f(cos(θ)) cos

(
θ

2

)
dy =

∫ π

0
ln(|x0 − cos(θ)|)f(cos(θ))gc(θ)dy,

so we have solved the periodicity problem. Nevertheless, while solving the periodicity
problem we have lost another requirement needed for applying the just logarithmic
singularity strategy: gc cannot be even. However as far as this might seem like a never
ending loop, i.e., by fixing one problem you break something else, this is not the case.
Having gc is enough, we just cannot use the cosine transform but is essentially the same:
we take the full Fourier Series.

Therefore, we apply the suggestion made above by means of a DFT4 and we get

∫ π

0
ln(|x0 − cos(θ)|)f(cos(θ))f c(θ) ≈

∫ π

0
ln(|x0 − cos(θ)|)

bN/2c∑
−bN/2c

âne
inθdθ.

So the problem reduces to calculating In(x0) of chapter 4.
Finally we obtained the quadrature∫ 1

−1
ln(|x0 − y|)

f(y)√
1− ydy ≈

√
2
(
I−bN/2c(x0) . . . IbN/2c(x0)

)
â−bN/2c

...
âbN/2c

 , (75)

where the ân are the Fourier Coefficients of f(cos(θ))gc(θ).

4It can be done fast by means of the FFT.



CHAPTER 7

The Solver

In this chapter we will combine all the tools shown in the previous ones to present an
O(1) solver for the integral equation (58). The solver is based on our hybrid approach
on the representation formula for the jump of the normal derivative of the scattered
field on the screen.

1. Discretizing the Equation

First of all let’s remember the integral equation (52) we are trying to solve and the
representation formula (60) we proposed for the solution,

S

([
∂us

∂ν

])
(x) = −ui(x), x ∈ Γ

[
∂us

∂ν

]
(x(s)) =


α1√
ρ1

(x(s)) if ρ1(x(s)) < dk
α2√
ρ2

(x(s)) if ρ2(x(s)) < dk

−2∂ui
∂ν

(x(s)) + ṽ+
√
ρ1

(x(s))eiks + ṽ−
√
ρ2

(x(s))e−iks otherwise,

where ρi is the distance to the i′th edge, αi is C∞ up to the i′th edge, ṽ± is C∞ and dk
is the length of a fixed quantity of wavelengths.

Without loss of generality let’s assume that Γ is given by

Γ := [−1, 1]× 0 = {(x, 0)/x ∈ [−1, 1]}

and
ν := (0, 1).

Thus, we can take as parameter for Γ the same x.
Now our representation formula reads

[
∂us

∂ν

]
((x, 0)) =


α1(x)√

1+x if 1 + x < β 2π
k

α2(x)√
1−x if 1− x < β 2π

k

−2∂ui
∂ν

((x, 0)) + ṽ+(x)√
1+xe

ikx + ṽ−(x)√
1−xe

−ikx otherwise.
(76)

Therefore the integral equation becomes

− ui(x) = S

([
∂us

∂ν

])
(x) = (77)

51



52 7. THE SOLVER

=
∫ −1+dk

−1
Φk(x− y) α1(y)√

1 + y
dy +

∫ 1

1−dk
Φk(x− y) α2(y)√

1− ydy+
∫ 1−dk

−1+dk
Φk(x− y) ṽ

+(y)√
1 + y

eikydy +
∫ 1−dk

−1+dk
Φk(x− y) ṽ

−(y)√
1− ye

−ikydy+
∫ 1−dk

−1+dk
Φk(x− y)

(
−2∂u

i

∂ν
((y, 0))

)
dy

From equation (77) we see that one of the summands of the right hand side is
completely known, precisely

∫ −1+dk

−1+dk
Φk(x− y)

(
−2∂u

i

∂ν
((y, 0))

)
dy.

We can then rewrite equation (77) in the form∫ −1+dk

−1
Φk(x− y) α1(y)√

1 + y
dy +

∫ 1

1−dk
Φk(x− y) α2(y)√

1− ydy+
∫ 1−dk

−1+dk
Φk(x− y) ṽ

+(y)√
1 + y

eikydy +
∫ 1−dk

−1+dk
Φk(x− y) ṽ

−(y)√
1− ye

−ikydy =

−
∫ 1−dk

−1+dk
Φk(x− y)

(
−2∂u

i

∂ν
((y, 0))

)
dy − ui(x). (78)

In the following lines we will present a Nyström method to discretize equation (78)
in order to get a linear equation of the form

Af = −~ui + b. (79)
Note the convenient fact that by (78) the matrix A in (79) will not depend on the angle
of the incident field and so, once calculated, it can be re-utilized for solving the problem
for any ui (we just need to recompute b).

Finally observe that by definition we have that (cf. [1] page 64)

H1
0 (x) = 2i

π
J0(x) ln(x) +G(x), (80)

where G(x) is analytic.

1.1. Edges’ Integrals. Let’s start by discretizing the integral∫ 1

1−dk
Φk(x− y) α2(y)√

1− ydy.

By the change of variables z = 2y+dk−2
dk

we map (1− dk, 1]→ (−1, 1], then
∫ 1

1−dk
Φk(x− y) α2(y)√

1− ydy =
∫ 1

−1
Φk

(
x−

(
dk
2 z + 1− dk

2

))
α2
(
dk
2 z + 1− dk

2

)
√

1−
(
dk
2 z + 1− dk

2

) dk2 dz

=
√
dk
2

∫ 1

−1
Φk

(
x−

(
dk
2 z + 1− dk

2

))
α2
(
dk
2 z + 1− dk

2

)
√

1− z
dz (81)
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If x < 1−dk the integrand in the equation above is the quotient of a smooth function
and
√

1− z, then we can apply the spectral quadrature (74).
However, if it is not the case, i.e., x ≥ 1−dk, we have both the square root singularity

and the logarithmic one coming from the Hankel Function. So, we have to do something
else.

From the observation (80) above and given that our change of variables is regular,
by simple arithmetic we get that

Φk

(
x−

(
dk
2 z + 1− dk

2

))
= Φk

((
dk
2 x̂+ 1− dk

2

)
−
(
dk
2 z + 1− dk

2

))
=

Φk

(
dk
2 (x̂− z)

)
= − 1

2πJ0

(
k
∣∣∣∣dk2 (x̂− z)

∣∣∣∣
)

ln(|x̂− z|) +Gk(x̂− z),

where Gk is analytic. Thus, we can split the integral (81) in two√
dk
2

∫ 1

−1
Φk

(
x−

(
dk
2 z + 1− dk

2

))
α2
(
dk
2 z + 1− dk

2

)
√

1− z
dz =

− 1
2π

√
dk
2

∫ 1

−1
ln(|x̂− z|)J0

(
k
∣∣∣∣dk2 (x̂− z)

∣∣∣∣
)
α2
(
dk
2 z + 1− dk

2

)
√

1− z
dz+

√
dk
2

∫ 1

−1
Gk(x̂− z)

α2
(
dk
2 z + 1− dk

2

)
√

1− z
dz

Note that the first summand of the right hand side has only a logarithmic and a square
root singularity so we can apply the quadrature rule (75). On the other hand the
second integral has only a square root singularity so, as we did before, we can apply the
quadrature rule (74).

Now let’s analyze the integral
∫ −1+dk

−1
Φk(x− y) α1(y)√

1 + y
dy.

By the change of variable ŷ = −y we get∫ −1+dk

−1
Φk(x− y) α1(y)√

1 + y
dy =

∫ 1

1−dk
Φk(x+ ŷ)α1(−ŷ)√

1− ŷ
dŷ

and we are in the same case as before. Thus we can build a quadrature rule for it by
means of (74) and (75).

1.1.1. Caveat: Nearly Singular Points. Due to numerical cancellations, even in the
case of smooth target points, i.e., x outside of the integration domain, if the point is
nearly singular we recommend using the singular approach instead of the smooth one.

1.1.2. Fixed Number of points. Observe that since the domain of integration is given
by a fixed number of wavelengths from the edge, once we find a number of points for
the discretization, N , which correctly resolves the signal for some k, the same N works
for any k, in particular for k →∞.
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1.2. Middle Integrals. Let’ s analyze now the case of the two integrals in the
middle of the domain. In order to obtain an O(1) solver we will make use of the
Generalized Stationary Phase and Window Method presented before.

Firstly take the case ∫ 1−dk

−1+dk
Φk(x− y) ṽ

+(y)√
1 + y

eikydy.

By the properties of the Hankel Function and the discussion of the Window Method
section we know that asymptotically the kernel behaves like a generalized Fourier Kernel,
i.e.,

Φk(x− y) ∼ eik|x−y| k →∞.
Thus, asymptotically

Φk(x− y)eiky ∼ eik(|x−y|+y) k →∞.
We have then that the asymptotic phase of the integrand is φ+

x (y) = |x−y|+y. Therefore
the critical points are given by {y/y ≤ x} ∪ {−1 + dk} ∪ {1− dk}.

As we presented in the Window Method section it follows then from [14] that given
a prescribed error tolerance we can find a neighbourhood of each critical point and a
partition of unity subordinated to them for which the corresponding integral can be
replace by the sum of the local integrals induced by the partition of unity, obtaining
the expected precision. Moreover, observe that for the points y such that y < x the
integrand has an asymptotic constant phase φ+

x (y) = x, therefore around these points
the integrand is asymptotically not oscillatory and so we can take a fixed number of
points for resolving every high frequency. On the other side, for the other critical points
(root and edges) we can take a small windows with a fixed number of wavelengths and
hence once we resolve the integral for one k the same number of points works for every
bigger k. We conclude that with this procedure we obtain an O(1) discretization of the
integral for high frequency and prescribed error tolerances.

Precisely, if x is in the domain of integration we get
∫ 1−dk

−1+dk
Φk(x− y) ṽ

+(y)√
1 + y

eikydy ≈

∫ x+εk1

−1+dk
Φk(x− y) ṽ

+(y)√
1 + y

eikypεk1 (y)dy +
∫ 1−dk

1−dk−εk2
Φk(x− y) ṽ

+(y)√
1 + y

eikypεk2 (y)dy

with the prescribed precision. Here pεki (y) are the corresponding elements of the partition
of unity and εk1 (resp. εk2) is the right (resp. left) k-dependent portion of the x’ (resp.
edge ’s) neighbourhood.

Now, for the integral near the edge, since there is no singularity in the integrand, we
can map the domain to [−1, 1] and apply directly the Clenshaw-Curtis quadrature rule
(72).

On the other hand for the other integral we can proceed in a way similar to the
singular case of the edges integral: first we split the integral in two, then we map each
domain to [−1, 1] and finally we decompose the Hankel function into a logarithmic and
analytic part.
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∫ x+εk1

−1+dk
Φk(x− y) ṽ

+(y)√
1 + y

eikypεk1 (y)dy =

∫ x

−1+dk
Φk(x− y) ṽ

+(y)√
1 + y

eikydy +
∫ x+εk1

x
Φk(x− y) ṽ

+(y)√
1 + y

eikypεk1 (y)dy

∫ x

−1+dk
Φk(x− y) ṽ

+(y)√
1 + y

eikydy = x+ 1− dk
2

∫ 1

−1
Φk(x− g1(ŷ)) ṽ

+(g1(ŷ))√
1 + g1(ŷ)

eikg1(ŷ)dŷ =

− 1
2π

x+ 1− dk
2

∫ 1

−1
ln(|1− ŷ|)J0(k|x− g1(ŷ)|) ṽ

+(g1(ŷ))√
1 + g1(ŷ)

eikg1(ŷ)dŷ +

x+ 1− dk
2

∫ 1

−1
G1
k(x− g1(ŷ)) ṽ

+(g1(ŷ))√
1 + g1(ŷ)

eikg1(ŷ)dŷ

∫ x+εk1

x
Φk(x−y) ṽ

+(y)√
1 + y

eikypεk1 (y)dy = εk1
2

∫ 1

−1
Φk(x−g2(ỹ)) ṽ

+(g2(ỹ))√
1 + g2(ỹ)

eikg2(ỹ)pεk1 (g2(ỹ))dỹ =

− 1
2π

εk1
2

∫ 1

−1
ln(|−1− ỹ|)J0(k|x− g2(ỹ)|) ṽ

+(g2(ỹ))√
1 + g2(ỹ)

eikg2(ỹ)pεk1 (g2(ỹ))dỹ +

εk1
2

∫ 1

−1
G2
k(x− g2(ỹ)) ṽ

+(g2(ỹ))√
1 + g2(ỹ)

eikg2(ỹ)pεk1 (g2(ỹ))dỹ

where g1 : [−1, 1] → [−1 + dk, x] and g2 : [−1, 1] → [x, x + εk1] are the inverse of the
changes of variables.

Note the that for both integrals the first integrand is the product of a smooth
function times a logarithm, therefore we can apply the quadrature rule (73) for each of
them. On the other hand the second integrand is completely smooth and thus we can
apply a Clenshaw-Curtis rule (72).

Let’s study now the case x < −1 + dk. Since y > x for all y in the domain of
integration, here the only critical points that we find are −1 + dk and 1− dk. Hence∫ 1−dk

−1+dk
Φk(x− y) ṽ

+(y)√
1 + y

eikydy ≈∫ −1+dk+εk1

−1+dk
Φk(x− y) ṽ

+(y)√
1 + y

eikypεk1 (y)dy +
∫ 1−dk

1−dk−εk2
Φk(x− y) ṽ

+(y)√
1 + y

eikypεk2 (y)dy.

Given that in this case both integrands are smooth we can just change variables to
[−1, 1] and apply directly a Clenshaw-Curtis quadrature (72).

Finally, observe that for the case x > 1− dk every y in the domain of integration
satisfies y < x thus is a critical point. Therefore, since the integrand is smooth in this
situation we can just integrate on the whole domain using again quadrature (72).

For the other integral, ∫ 1−dk

−1+dk
Φk(x− y) ṽ

−(y)√
1− ye

−ikydy,



56 7. THE SOLVER

Figure 1. Local integration regions for x = 0 and dk = 0.1. Here the
blue line indicates the region with weight 1, the magenta the one with
weight is pε1

k
and the green the one with weight pε2

k
.

the only difference is that the critical points are {y/y ≥ x} ∪ {−1 + dk} ∪ {1 − dk}.
Hence, we proceed idem, mutatis mutandis.

Hitherto we have shown how to discretize the operator of our integral equation
(52). However we still need to know the values of α1, α2 and v± at the corresponding
discretization points. Obtaining them is not straightforward and presents interesting
technical difficulties. In the next section we will show how to do it.

1.2.1. Caveat: Nearly Singular Cases. As in the edges case again due to numerical
issues we recommend the use of the singular approach (instead of the smooth one) for
the nearly singular points.

1.2.2. Blended windows. There are cases in which the window of the target points
overlaps the one of the edge. For these cases we recommend just blending both windows
into the union of the two which, in our particular problem, gives the whole domain of
integration.

2. The Target Points And The Local Polynomial’s Approximation

Until now we have shown a way to discretize the operator of our integral equation
(52) but we still haven’t talked about the target points. Let’s remember first that the
unknowns are the functions α1, α2 and v± and observe that the domains of definition
of α1 and α2 are disjoint from each other and from the domain of v±. However the
domains of v+ and v− are the same and the actual “observable” function is

v+(x) eikx√
1 + x

+ v−(x) e−ikx√
1− x

=
[
∂us

∂ν

]
(x) + 2∂u

i

∂ν
(x) for x ∈ [−1 + dk, 1− dk]

not v+ nor v− per se. Ergo, they are coupled.
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For the sake of simplicity let’s start analyzing α1 and α2. Taking into account that[
∂us

∂ν

]∣∣∣∣
−1≤x<−1+dk

(x) = α1(x)√
1 + x

,

[
∂us

∂ν

]∣∣∣∣
1−dk<x≤1

(x) = α2(x)√
1− x

and that
[
∂us

∂ν

]
(x) is highly oscillatory we envision the need of a fine mesh of target

points on those regions. Luckily, we have already faced this problem at the moment
of discretizing the integral operator on those regions and we solved it by using fine
enough Chebyshev’s meshes. Hence near the edges we will use as target points the same
Chebyshev’s meshes that we used for discretizing the operator.

Unfortunately, for v+ and v− the things are not so easy, because of the coupling.
Nevertheless we have already pointed out a method to mitigate this kind of difficulties:
the Pivot Method. Note that by hypothesis v+ and v− are smooth and slowly varying
and therefore can be approximated by local polynomials. Moreover, since they are slowly
varying we can reconstruct them on the whole integration domain with a small quantity
of points that do not depend on k. This is a very important fact for our solver, since it
means not only that the matrix of our system (79) has a constant size as k increases but
also that it is considerable small and thus conveniently tractable for solving the linear
system. Specifically this means that the system could be solved directly by inverting
the matrix or by applying the backslash operator instead of using iterative methods like
GMRES.

Following the above observation for the middle of the integration domain we will
use a coarse mesh obtained by means of a suitably tuned Pivot Method by square root
weighted local polynomials, with pivot functions eikx√

1+x and e−ikx
√

1−x respectively, applied
to a uniform closed1 grid. We will then interpolate the reconstructed v+ and v− to the
quadrature points presented in the previous section.

Summarizing, the target points for solving (79) are given by

{e1
i }i∈I ∪ {ml}l∈L ∪ {e2

j}j∈J ,

where {e1
i }i∈I and {e1

j}j∈J are Chebyshev’s meshes and {ml}l∈L is a coarse mesh obtained
via the Pivot Method.

3. Gluing The Representations: The Merge Points

So far we have shown a Nyström Method for solving (52), yet there is a caveat that
we haven’t pointed out: how do we merge both representations?

The key observation here is that since all the meshes used in our quadratures are
closed, the last points of the Chebyshev’s meshes near the pivot part and the extreme
points of the pivot mesh coincide. Let’s call them c1 and c2, respectively.

1Since we have a change of representation in our hybrid approach we need to capture as much a possible
the behaviour of the solution where this phenomenon happens. That is why we choose a closed mesh.
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At first sight this seems to be a problem since at those points we would need the
values of two completely different functions, v+(x) eikx√

1+x + v−(x) e−ikx
√

1−x and α1 (resp. α2).
However, and a fortiori, this is not really the case.

In order to see this note that cos
(
π
2

)
= 0 and the corresponding Fourier Continuation

of cos
(
θ
2

)
to [0, 2π], gc, also has π as root, i.e., gc = 0. If we now take a deep look at

the quadrature rules (74) and (75) we will figure out that these two facts imply that
the weights corresponding to c1 and c2 are in any case null and thus we don’t actually
need them. Moreover we don’t want them because having them would mean that the
matrix A in (79) is singular.

At the same time observe that the corresponding weight coming from the pivot
side is well behaved. Therefore we can step over the merge points c1 and c2 and just
consider the function v+(x) eikx√

1+x + v−(x) e−ikx
√

1−x at those points. This gives place to a
good conditioned matrix as will be shown.

4. Building up the linear system

So far we have presented the quadratures and the target points used in our Nyström
Method. However we haven’t yet shown how the linear system (79) is conformed.

Assume the target points are given by {x1, . . . , xN} where the first and lastM points
correspond to the Chebyshev’s meshes chosen for the edges’ regions. Remember also
that the system we are trying to solve is of the form

A ~s+~b = −ũi

where s is the unknown and is related to the jump of the normal derivative,
[
∂us

∂ν

]
, in

the following way:
• si :=

√
1 + xi

[
∂us

∂ν

]
(xi), for 1 ≤ i ≤M − 1

• si :=
[
∂us

∂ν

]
(xi) + 2∂ui

∂ν
(xi), for M ≤ i ≤ N −M

• si :=
√

1− xi
[
∂us

∂ν

]
(xi), for N −M + 1 ≤ i ≤ N .

Let’s start by the affine component ~b. Each bj is nothing else but

bj := −2
∫ 1−dk

−1+dk
Φk(xj − y)∂u

i

∂ν
(y)dy.

Since every component of the integral is already known we can use any method of our
choice for calculating it, for example, our own quadrature method described before or
an adaptive mesh.

According to the nature of the unknown s the construction of the matrix A is
achieved by means of building blocks. Concretely

A =

 A B C
D E F
G H I


where A,C,G, I ∈ CM×(M−1), D,F ∈ C(N−2M)×(M−1), B,H ∈ CM×(N−2M+2) and E ∈
C(N−2M)×(N−2M+2).
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As we presented in the previous section, each row of A (resp. I) corresponds to the
quadrature for kernels with logarithmic and square root singularities (75) combined with
(74). The only subtlety is that, as was pointed out before, the weight correponding to the
merge point is null and thus it is removed. On the other hand the rows corresponding
to D and G (resp. C and F ) are obtained as the quadrature’s weights of the rule (74)
again with the zero weight corresponding to the merge point removed.

The structure of the matrices B, E and H is a little bit more complex because
they correspond to the integrals of the coupled v±. Following the previous section, for
matrix E, the entries are obtained by combining the quadrature rules (73) and (72)
with the interpolated values of v+ and v− on the local domains of integration. Such
interpolation is achieved by means of the Pivot Method. At the same time for matrix
B (resp. H) the same approach is applied but this time using just the quadrature rule
(72), with the only exception of the last (resp. first) row which corresponds to the merge
point and therefore, since the kernel is singular at that point, we must use once more a
combination of (73) and (72) together with the Pivot Method’s interpolation.

5. Results

As the name suggests, in this section we will present numerical results for our solver.
First of all, let’s talk about condition numbers. By setting 200 points and 9.5

wavelengths for the edges patches and 120 patches for the middle region with polynomials
of degree 3 and high frequency windows of 30 wavelengths, we obtain

K cond
8000 2.2055 104

10000 1.1492 104

15000 1.3456 104

20000 1.1275 104

Observe that as k increases the magnitude of the condition number of our matrix
remains the same and reasonable small. This presents a major advantage when comparing
against the method developed in [16] and [2].

On the other hand, regarding the solution of our integral equation, we obtained the
following results.

For the grazing case (θ = π
2 ) and k = 10000 the solution of the integral equation is

given by
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For the sake of clarity let’s factor out the square root singularities multiplying the
whole signal by the factor

√
1− x2. The result is

Observe that near the edges there is a higher density of points while in the middle
the mesh is coarse.
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Nevertheless if we take any portion of the region corresponding to the Pivot Method
and we interpolate it to a finer mesh we see that the signal is indeed continuous.
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Regarding now the merge points if we take a closer look on those regions by interpo-
lating the pivot part to a finer mesh the result are

for the left side and
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for the right side. Note the perfect matching between both representations.
Now for the non-grazing case (θ = π

4 ) the solution is

Again by factoring out the square root singularities we obtain
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Finally zooming in around the merge points we get

for the left end and
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for the one on the right. As before, note that we have a perfect match between both
representations.

On the other hand if we increase the wave-number (and therefore the frequency) and
keep the number of points fixed we obtain indeed the same outstanding results. This
was expected since our solver is O(1) for high frequencies.

As an example, taking k = 20000 for the grazing and non-grazing case and factoring
out the square roots singularities, the solutions are
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respectively
If once again we observe the behaviour near the merge points, for the grazing case

on the left side we have

and on the right side
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In the case of the non-grazing case, for the left region we get

and for the one on the right
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Regarding the numerical errors we observe indeed that, for a fixed cost2, as k increases
the magnitude of the relative error3 of the solution remains the same. To achieve this
calculation we followed the approach of Chandler-Wilde et al. (cf. [2]): we compared the
solutions obtained for different quantities of patches above 100 and up to 200 against
the one for 200, which we considered “the exact reference solution”. Then we took the
limit case as an upper bound. As an example we took the solutions for 100, 120, 150
and considered the error against our reference solution. Since the relative error indeed
decreases with the number of patches we considered as an upper bound for the limit
case the error corresponding to 150. We confirmed thus that, as was stated before, as k
increases the relative error stays stable at a fixed magnitude.

In concrete, for the grazing case we obtained
K Relative Error

10000 3.8704 10−7

15000 6.2343 10−7

20000 6.6873 10−7

while, in the case of the non-grazing incident signal the results were
K Relative Error

10000 2.3227 10−5

15000 2.8435 10−5

20000 3.0044 10−5

2In this case, the same one as all the experiments above had
3Remember that the actual solution depends indeed on k and therefore we need a k independent
approach to compare them.
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Conclusions and Future Work

From the preceding results we conclude that it is indeed possible to develop an
O(1) solver for the integral equation derived from the TE Problem on a screen. We
have certainly achieved that. However we are still working on upper bounds for error
estimation. It is precisely the high frequency nature of the problem what makes it
difficult: our method is the first one which addresses the problem in an O(1) way and
therefore it is virtually impossible to obtain solutions by other means in order to compare
with the one we have. Nevertheless we remark the high stability of our solution as well
as the non deterioration of our method as k increases and the perfect match at the
merge points. These results are not trivial at all since in the representation formula we
proposed we had to force the representations found in [4] and [16], [2] to work together.
We also note that while the method presented in [2] seems to increase in cost and
relative error as k increases ours does not.

On the other hand, regarding the Pivot Method by local polynomials, it could happen
that sometimes the method fails to lift a global continuous section from the local ones,
given place to discontinuities near the edges of the patches. We envision a solution for
that problem by extending the method to work on overlapping patches. We will address
this approach in the near future.

Finally, we also expect to port our techniques to the transverse magnetic (TM)
problem by exploiting similar representation formulas.
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