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Descomposiciones atomicas.

Algunos problemas de localidad en el espacio de fases.

Resumen: Considerar un espacio funcional como un espacio de codrbita significa refor-
mular las propiedades que lo definen como condiciones de tamafio impuestas sobre alguna
transformacion adecuada. El espacio de fases es el conjunto de grados de libertad subya-
centes en esa descripcion. En esta tesis se estudia la relacion entre ciertas operaciones en un
espacio funcional y su descripcion en el espacio de fases. Mas precisamente, se prueba que
algunas construcciones sobre el espacio de fases en efecto hacen lo que se espera que hagan.

Palabras clave: Descomposicion atbmica, Espacio de codrbitas, Espacio de fases, Wavelets,
Gabor, Andlisis de tiempo-frecuencia, Localizacién, Multiplicadores.






Atomic decompositions.

Some locality problems in phase-space.

Abstract: Considering a functional space as a coorbit space amounts to formulating the
properties that define it as size conditions imposed on a certain transform. The phase-space
is the underlying set of degrees of freedom in such a description. In this thesis we study
the relation between certain operations on a functional spaces and their description in phase-
space. More precesily, we show that certain constructions on phase-space indeed yield what
they are expected to.

Keywords: Atomic decomposition, Coorbit space, Phase-space, Wavelets, Gabor, Time-
frequency analysis, Localization, Multipliers.
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Introduccion

Una descomposicion atdmica de un espacio funcional X es una familia de dromos A C X
y una operacion que descompone cada elemento de X como superposicion de dtomos. Por
ejemplo, si X es un espacio de Banach y el conjunto de los dtomos consiste de una sucesion
de vectores A = {x; : k € N}, la operaciéon de descomposicién podria estar dada por una
familia de funcionales lineales {f; : k € N} C X’. La descomposicion de un elemento x € X
como superposicion de atomos se logra mediante una serie convergente,

x= ) O
k

Mis generalmente, el conjunto de los d&tomos podria estar parametrizado por un espacio de
medida, A = {f,, : w € Q}. La operacion de descomposicion es en este caso una transfor-
macion lineal x — T'(x) que envia un elemento x € X a una funcién medible sobre Q. Cada
elemento x € X se representa en términos de &tomos como,

X = f T(x)(w) fudw. oY)
Q

Este modelo incluye al ejemplo previo como el caso donde X es un conjunto numerable pro-
visto de la medida de contar, pero también permite resoluciones de la identidad “continuas”.

La férmula reproductiva de Calderén es un ejemplo de una resolucién continua de la
identidad. Sea ¢ : RY — R una funcién suave, radial, con varios momentos nulos y cuya
transformada de Fourier satisface,

f Jx(tw)d—t =1, (w # 0).
0 t

En estas condiciones, para cada f € L*>(R9),

+oo d
fm=£ quwm{, @)

donde y,(x) := t“y(x/t). (La integral debe ser interpretada en el sentido débil, no pun-
tualmente). Si tomamos como coleccion de dtomos el conjunto de todas las traslaciones y
dilataciones de ¥,

A=Y =19 —x)|x eR% 1€ (0, +0) },
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y definimos la transformacién W como,

WD) = (f * U)(x) = 9P fR fow(S2)ax, 3)

la férmula de la Ecuacion (2) resulta ser,

oo d
f= fo fR WP D )

La transformacién de la Ecuacion (3) se conoce como la transformada wavelet continua (con
ventana i) y envia L*(R¢) isométricamente dentro de L*(R¢ x (0, +00), dxdt/t**"). La férmula
de la Ecuacién (4) recupera explicitamente una funcién f € L?>(R9) a partir de su transformada
wavelet, presentando a f como una superposicion de versiones trasladadas y reescaladas de
v.

La expansion en términos de 4tomos en la Ecuacién (4) es vélida no s6lo para f € L*(R%)
sino también para una amplia gama de espacios funcionales que incluye a los espacios de
Lebesgue L, (1 < p < +00), los espacios de Sobolev y, mas generalmente, a toda la clase
de espacios de Besov y Triebel-Lizorkin (véase la Seccion 1.12). Mds ain, la norma de una
funcién f en cada uno de esos espacios es equivalente a la norma de W(f) en un espacio de
Lebesgue con pesos adecuado. Esto significa que las propiedades de suavidad que definen
aquellos espacios pueden ser reformuladas como condiciones de tamafio y suavidad mediante
la transformada wavelet.

El mismo tipo de andlisis puede llevarse a cabo usando un rango discreto de traslaciones
y dilataciones. El conjunto de atomos,

A={yy; =277 -k)|keZ' jez},

se llama un sistema wavelet. Para una funcién ¢ cuidadosamente elegida, A resulta una base
ortonormal de L?(R%), proporcionando entonces el desarrollo,

f= Z Z <fal//k,j>lﬂk,j,

JEZ kezd

para toda f € L*(R?). M4s atin, ese desarrollo se extiende a la misma gama de espacios que
en el caso continuo.

El andlisis de tiempo-frecuencia da mas ejemplos de descomposiciones atémicas. Las
traslaciones de tiempo-frecuencia de una funcién ¢ : RY — C estdn dadas por,

7, () 1= € g(y - x). (5)
Como antes, podemos considerar el conjunto de atomos,

A = {n(x,wp|(x,w) e R xR?}.
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La transformada de Fourier de corto alcance (short-time Fourier transform) con ventana ¢ €
L*(RY) est4 dada por,

V()W) 1= fR OGOy

Para una funcién “ventana‘“ ¢ adecuada, la transformada de Fourier de corto alcance envia
L*(RY) isométricamente dentro de L?>(R>¢). M4s atin, cada f € L*(RY) puede descomponerse
como,

f= f V() (x, w)m(x, w)epdxdw. (6)
RIXRA

Asi, cada f puede presentarse como una superposicion de tralaciones en tiempo y frecuencia
del atomo ¢. El coeficiente correspondiente al &tomo 7(x, w)e es el nimero V(f)(x, w). Esta
cantidad es exactamente la transformada de Fourier de f¢(- — x) evaluada en w. Luego, si
la funcién ventana ¢ es suave y estd bien concentrada espacialmente, el nimero m(x, w)y
representa la influencia de la frecuencia w en f, cerca de x.

La formula de la Ecuacion (6) puede extenderse también a otros espacios funcionales
conocidos como espacios de modulacion (véase la Seccion 1.11). Estos espacios se definen
mediante condiciones de concentracién en tiempo y frecuencia. El espacio de modulacién
MP(RY), por ejemplo, es el conjunto de todas las distribuciones f tales que V(f) € LP(RY x
RY).

Al igual que en el caso de las descomposiciones tiempo-escala, hay una correspondiente
teoria discreta. Un sistema de Gabor es un conjunto de atomos de la forma,

A = {gx; = n(ak,Bje|k, j € Z), (7)

donde @, > 0. Para una funcién ventana ¢ y pardmetros a, 8 adecuados, cada f € L*(R)
admite el desarrollo,

F= {fou) e (8)

k,jezd

Este desarrollo se extiende también a los espacios de modulaciéon. Sin embargo, es sabido
que si ¢ esta bien concentrada en tiempo y frecuencia, entonces el sistema de la Ecuacion (7)
no puede ser una base. Luego, el desarrollo de la Ecuacion (8) es necesariamente redundante.

Ambos ejemplos se encuadran en el marco de la llamada teoria de coorbitas. Los espacios
de codrbitas son espacios funcionales definidos imponiendo condiciones de tamafio a una
cierta transformacion. M4s precisamente, considerar un espacio funcional X como un espacio
de codrbita consiste en dar una transformacién 7 : X — E que incluye a X como un sumando
directo de otro espacio funcional E que es sdlido. Esto significa que la pertenencia a E esta
determinada por condiciones de tamafio (para una definicion precisa ver la Seccién 1.4).
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El espacio E consiste en funciones sobre un conjunto G que frecuentemente es un grupo
localmente compacto.

Cuando un espacio funcional X se identifica como un espacio de codrbitas, las propiedades
de cada elemento f € X quedan reformuladas como propiedades de decaimiento e integrabil-
idad de la funcion T'(f) € E, que se suele llamar la representacion en el espacio de fases de
f. Los elementos de X pueden ser resintetizados a partir de su representacion en el espacio
de fases por medio de un operador U : E — X que es una inversa a izquierda de T (i.e.
f=UT().

La teoria de codrbitas de Feichtinger y Grochenig estudia el caso en el que T surge de
los coeficientes de representacion asociados a la accion unitaria de un grupo localmente com-
pacto (véase la Seccion 1.10). Mas precisamente, si 1 es una representacion unitaria de un
grupo localmente compacto G sobre un espacio de Hilbert H 'y # € H es un vector adecuado,
la transformada wavelet abstracta de un vector f € H se define como,

Vif(x) = (fin(0h)y, (x€G).

Los espacios de codrbitas se definen imponiendo condiciones de tamafio y decaimiento a
la transformada wavelet asociada a 7. En este contexto, existe una version de la férmula
de la Ecuaciéon (1), con X = H, Q = G, T = V,, y el conjunto de dtomos dado por la
Orbita de h, {n(x)h | x € G}. El ejemplo del andlisis tiempo-escala se obtiene tomando 7
como la representacién del grupo afin sobre L*(R?), dada por los operadores de traslacién
y dilatacion, mientras que el caso del andlisis de tiempo-frecuencia se obtiene a partir de la
accion del grupo de Heisenberg sobre L?>(RY) mediante las traslaciones de tiempo-frecuencia.

Uno de los resultados centrales de Feichtinger y Grochenig es el hecho de que los espacios
de coodrbitas asociados a una representacion de un grupo admiten una descomposicion donde
el conjunto de dtomos se obtiene haciendo actuar cualquier subconjunto suficientemente
denso* de G sobre un vector admisible (véase la Seccién 1.10 para mds detalles). En los
ejemplos de las descomposiciones tiempo-escala y tiempo-frecuencia, esto da los sistemas
wavelet y de Gabor antes mencionados.

Aunque la mayoria de los ejemplos de lo que se entiende comunmente por espacios de
codrbitas estdn incluidos en el caso de las representaciones de un grupo, es ciertamente posi-
ble considerar espacios de codrbitas sin una accion de grupo subyacente. Un marco para un
espacio de Hilbert H es un conjunto de vectores {f; : k € I} que brinda un desarrollo

f=) efe ©
k

donde los coeficientes ¢ = {c, : k € I} dependen linealmente de f € Hy ||f|lz ~ |||l (véase la
Seccién 1.8). Luego, los marcos son conjuntos de dtomos para una descomposicion atémica
de un espacios de Hilbert. Los espacios de codrbitas asociados a un marco se definen im-

poniendo condiciones de sumabilidad a los coeficientes de la Ecuacion (9) (véase la Seccion
1.13).
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Consideremos de nuevo el escenario abstracto de un espacio funcional X y una descom-
posicion atdmica instrumentada por un conjunto de dtomos {f,, : w € Q}, indexados por un
espacio de medida €, y una transformacion T que envia elementos de X a funciones medibles
definidas sobre €, brindando la expansion,

x= f T(x)(w) fudw, (x € X). (10)
Q

El espiritu de la teoria de codrbitas es que el conjunto de dtomos {f,, : w € Q} y la trans-
formacion T deben descomponer no s6lo un espacio funcional X, sino que deben servir de
descripcion simultdnea para toda una gama de espacios. Los diferentes espacios queda car-
acterizados imponiendo diferentes normas sélidas a la transformacién 7. En el contexto
abstracto los espacios de codrbitas se construyen asi, mientras que en ejemplos concretos,
espacios ya definidos tienen que ser identificados como espacios de codrbita de una cierta
transformacion.

El poder de una tal descripcion de una familia de espacios funcionales estd en el hecho
de que las propiedades que definen cada espacio X quedan reformuladas como condiciones
de tamafio mediante la transformacién 7. En estas condiciones es tentador tratar de describir
diferentes operaciones sobre elementos x € X como operaciones sobre 7'(x). Esto se conoce
como un enfoque de espacio de fases.

El término espacio de fases proviene de la fisica y se puede definir vagamente como un
espacio donde cada estado de un sistema esté representado por un tinico punto. Las funciones
sobre el espacio de fases representan entonces una cantidad medible de un sistema. En el
contexto de las descomposiciones atémicas, el término “espacio de fases* se usa mayormente
en forma imprecisa, sin definir cuidadosamente su significado. En ese contexto, el rango de la
transformada wavelet 7'(X) juega el rol de la familia de funciones sobre el espacio de fases,
mientras que el espacio de fases en si mismo se entiende como el conjunto de “grados de
libertad* subyacente para esa familia de funciones. Si por casualidad 7'(X) resulta ser un
algebra C* conmutativa, entonces el espacio de fases podria ser definido rigurosamente como
su espectro, pero este es raramente el caso. Una definicion formal del espacio de fases yace
en el dominio de la geometria no conmutativa. En el caso del analisis de tiempo-frecuencia,
la terminologia del espacio de fases corresponde de hecho a conceptos relacionados en la
mecdnica cudntica. Mads atn, sus relaciones con la geometria no conmutativa estdn siendo
estudiadas rigurosamente (véase [85]).

En esta tesis se estudian dos problemas en el espacio de fases relacionados con descom-
pociones atomicas y espacios de codrbitas. El primer problema que estudiamos es el de
la cirugia de marcos. Dadas varias descomposiciones atdmicas para un mismo espacio de
codrbitas, construimos una nueva descomposicion atdmica para el mismo espacio, pegando
porciones arbitrarias de las descomposiciones originales, siempre que la superposicion entre
estas porciones sea suficientemente grande. Las nociones de porcion® y “superposicion‘ se
consideran con respecto al espacio de fases. Esta técnica puede ser util para producir de-
scomposiciones atdmicas cuando la forma exacta de los d&tomos es importante. Por ejemplo,
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los atomos podrian ser autovectores de ciertos operadores o representar ciertos funcionales
lineales. Esperamos que la técnica de cirugia de marcos sea en una herramienta util para con-
struir descomposiciones atomicas adaptadas a problemas concretos, aunque no explorameos
aqui su aplicacion a otras ramas de la matematica, posponiendola para una contribucién fu-
tura.

Cuando se aplica a marcos de Gabor, el procedimiento de la cirugia da un resultado
general de existencia para el concepto recientemente introducido de “quilted Gabor frames*
[32]. Dada una familia de marcos, G' = {n(/l)gi W R= Ai}, (i € I) (donde m(1) denota la
traslacion de tiempo-frecuencia definida en la Ecuacién (5)), y un cubrimiento de R? x R?,
& = {E,};, construimos un nuevo marco de Gabor,

{n(g' i€l A€ AndAE) <1,

seleccionando de cada marco G' aquellos elementos asociados con nodos de tiempo frecuen-
cia cercanos a E;. El concepto de “quilted Gabor frame* fue formalmente introducido en
[31, 32] con el objeto de construir diccionarios funcionales adaptados al procesamiento de
senales musicales. En efecto, existen muchas herramientas concretas para construir marcos
de Gabor usando una funcién como ventana y un reticulado como conjunto de nodos de
tiempo-frecuencia. La eleccion de la ventana determina el balance deseado entre resolucion
en tiempo y en frecuencia. El objetivo de los “quilted Gabor frames* es potenciar estas con-
strucciones, permitiendo que el balance de resolucion tiempo-frecuencia varie a través del
plano tiempo-frecuencia, como lo requiere, por ejemplo, la descripcion de diferentes instru-
mentos musicales. Existen numerosos resultados numéricos para este tipo de sistemas (véase
por ejemplo [12, 77]). Los resultados de esta tesis dan condiciones suficientes para la validez
de esa construccion.

La cirugia de marcos puede aplicarse también al problema del muestreo irregular, con-
siderando como 4tomos los vectores que representan los funcionales de evaluacién. Dada una
clase de funciones y familias de conjuntos de muestreo X para los que se tiene la estimacion,

A lle = 1CF () xexllers

construimos nuevos conjuntos para los que esta relacion sigue siendo valida. Més auin, dadas
formulas explicitas de reconstruccion para los conjuntos originales, obtenemos formulas de
reconstruccion aproximadas para los nuevos conjuntos.

Otras aplicaciones incluyen la identificacion de ciertas clases de multiplicadores de tiempo-
frecuencia. Los multiplicadores de Gabor surgen de aplicar una mascara a los coeficientes de
un desarrollo de Gabor. Luego cada uno de estos operadores tiene la forma,

T = Z c.Py,
AeEA

donde ¢, € Cy P, es un operador de rango uno (esecialmente un projector sobre el sube-
spacio generado por un atomo de tiempo-frecuencia). Cada operador en una clase de mul-
tiplicadores de Gabor, puede identificarse por medio de su simbolo inferior, que consiste en
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la sucesién de productos internos Hilbert-Schmidt { (7', P,) |/l € A}. Usando la técnica de
cirugia obtenemos condiciones suficientes para identificar una clase de multiplicadores de
Gabor mediante un simbolo inferior mixto, construido usando diferentes tipos de operadores
de rango uno P, para A en distintas regiones del plano tiempo-frecuencia.

El segundo problema que estudiamos es el de caracterizar espacios de codrbitas mediante
multiplicadores del espacio de fase. Sea X un espacio funcional considerado como espacio
de coorbita mediante una transformacion 7 : X — E que incluye a X como un subespacio
complementado de un espacio de funciones solido E, sobre un grupo localmente compacto.
Como T'(X) es complementado en E, existe una retraccion U : E — X que sirve de inversa a
izquierade T (i.e., UT(x) = x).

Con el propésito de retocar la propiedades de una funcién f que estdn exhibidas por
su representacion en el espacio de fases T'(f), podemos considerar operadores de la forma
M, (f) = UmT(f)), que aplican una mascara m a T(f). Vamos a llamar a estos operadores
multiplicadores del espacio de fases. Por supuesto, la interpretacion rigurosa de M,,(f) es
problematica dado que, en general, TM,,(f) # mT(f). Cuando T es la transformada wavelet
abstracta asociada a una representacion unitaria de un grupo, estos operadores se conocen
como operadores de localizacion o multiplicadores wavelet [71, 113, 83]. En el caso del
andlisis de tiempo-frecuencia, estos operadores se conocer como operadores de localizacion
en tiempo-frecuencia o multiplicadores de la transformada de Fourier de corto alcance [24,
21,22, 13].

Estudiamos el problema de caracterizar la norma de un espacio de codrbitas en términos
de familias de multiplicadores del espacio de fases asociadas a una particién de la unidad en
G. Especificamente, supongamos que X es un espacio de Banach considerado como espa-
cio de codrbita mediante una transformaciéon 7 : X — E que tiene una inversa a izquierda
U:E — X. Sea {Hy}y una particioén de la unidad sobre G y consideramos los respectivos

multiplicadores del espacio de fase M, (f) = U(6,T(f)). De la particién de la unidad sdlo se

asume que satisface ciertas condiciones de localizacion espacial, pero fuera de eso es arbi-

traria. Probamos que || f]|x es equivante a la norma de la sucesion {llMy( b3l B} en una version
y

discreta del espacio E, donde el espacio B puede elegirse dentro de una amplia clase de es-
pacios funcionales. Mds aun, probamos que la aplacién f +— {My( f)}y incluye a X como

un sumando directo de un espacio de sucesiones B-valuadas, obtenido mediante una dis-
cretizacion de E. Esto cuantifica la relacion entre un elemento f € X y sus partes localizadas
en el espacio de fases {My( f)}y.

En el caso del andlisis de tiempo-frecuencia, Dorfler y Grochenig obtuvieron reciente-
mente este tipo de caracterizacion de los espacios de modulacién [34], usando ciertas técnicas
de 4lgebras de rotacion (toro no conmutativo) desarrolladas en [66] y [64], y teoria espectral
de espacios de Hilbert (véase también [33]). En esta tesis se usa un enfoque diferente para
obtener resultados en contextos donde las técnicas de [34] no son aplicables como las de-
scomposiciones tiempo-escala y los espacios de Besov. Como resultado adicional de las
nuevas técnicas, obtenemos una version mds fuerte del resultado principal de [34], donde se
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limita las particiones de la unidad admisibles a traslaciones de una misma funcién por un
reticulado y el espacio B es L. Estas restricciones parecen ser esenciales para las técnicas
usadas en [34].

Para ambos problemas usamos el mismo enfoque general. Consideramos un modelo para
el espacio de fases que consiste en un espacio funcional sélido, llamado “medio ambiente”,
y un cierto subespacio complementado, llamado “espacio atdmico”. Probamos todos los
resultados en este contexto y luego obtenemos las aplicaciones usando como espacio atémico
el rango de distintas transformaciones.

En cuanto a la organizacion de la tesis, el Capitulo 1 da una breve referencia sobre la
teoria de coodrbitas, las descomposicones atomicas y temas relacionados, haciendo que este
trabajo sea mayormente autocontenido. En los capitulos 2 y 4 adaptamos algunas herramien-
tas conocidas para hacerlas aplicables a nuestro contexto. El Capitulo 3 introduce el modelo
para el espacio de fases y da algunos ejemplos. El Capitulo 5 desarrolla el método de la
cirugia de marcos, mientras que en los capitulos 6 y 7 se estudia el problema de la caracter-
izacién de espacios de codrbitas mediante multiplicadores del espacio de fases. Luego, los
Capitulos 5, 6 y 7 contienen los resultados principales de esta tesis. Cada capitulo comienza
con una introduccién a los temas y resultados en cuestion, seguida de una discusién sobre las
técnicas involucradas. Al final de cada capitulo se presentan aplicaciones de los resultados a
descomposiciones atomicas y espacios de coorbitas. El Capitulo 7 es ligeramente no autocon-
tenido. Ciertos resultados ahi requieren conceptos mas refinados sobre grupos topoldgicos.
Estas sutilezas son, sin embargo, mayormente irrelevantes para las aplicaciones propuestas.

La mayoria de los resultados de esta tesis fueron presentados en articulos de investigacion.
Las estimaciones de la Seccién 4.2 fueron publicadas en [93]. Los resultados del Capitulo 5
estan contenidos en [95], mientras que los de los Capitulos 6 y 7 fueron presentados en [94].



Introduction

Loosely speaking, an atomic decomposition of a functional space X is a family of atoms
A C X and a procedure to decompose every element of X as a superposition of atoms.
For example, if X is a Banach space and the set of atoms consist of a sequence of vectors
A = {x; : k € N}, the decomposition procedure could be a sequence of linear functionals
{fi : k € N} C X’. The decomposition of an element x as superposition of atoms is achieved
by a norm convergent series,

x= ) D
k

More generally, the set of atoms could be parametrized by a measure space A = {f,, : w € Q}.
The decomposition procedure is in that case a linear transform x — 7'(x) that maps an element
x € X to a measurable function over Q and every element x € X is represented in terms of
atoms as

:fnmmmm (an
Q

This model includes the previous example as the case where X is a countable set endowed
with the counting measure, and also allows for “continuous” resolutions of the identity.

Calderén’s reproducing formula is an example of a continuous resolution of the identity.
Let ¢ : RY — R be a radial smooth function with several vanishing moments and a Fourier
transform satisfying,

+00

&(tw)% =1, (w # 0).

Then for any f € L*>(RY),

+00

Jx) = (f e ) (X)— (12)

0

where ,(x) := t“y(x/t). (The integral should not be interpreted in the pointwise sense, but
weakly). If we let the set of atoms be the collection of all translations and dilations of ¢,

A=Y =1y —x)|x eR% 1€ (0, +0) },

17
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and let the transform W be given by,

WD) = (f * U)(x) = 4P fR o () ax (13)

then the formula in Equation (12) takes the form,

oo d
f= fo fR WP D (14)

The transform in Equation (13) is known as the wavelet transform (with window ) and maps
L*(RY) isometrically into L2(R?x (0, +0), dxdt/t**"). The formula in Equation (14) explicitly
recovers a function f € L>(RY) from its wavelet transform by presenting f as a superposition
of shifted and scaled versions of .

The expansion in terms of affine atoms in Equation (14) is valid not only for f € L*(R9)
but also for a wide range of functional spaces that includes the Lebesgue spaces L?, (1 <
p < +00), Sobolev spaces and more generally the whole class of Besov and Triebel-Lizorkin
spaces (see Section 1.12). Moreover, the norm of a function f in each of those spaces is
equivalent to the norm of W(f) in an adequate weighted Lebesgue space. This means that the
smoothness properties defining these spaces can be reformulated as size and decay conditions
by means of the wavelet transform.

It is also possible to carry out the same analysis using only a discrete set of shifts and
scales. The set of atoms,

A={yp,; =277 k) |kez jeZ},

is called a wavelet system. For a very carefully chosen function ¢, A is an orthonormal basis
of L2(R%), yielding the expansion,

f= Z Z <f,lﬁk,j>lﬁk,j,

JEZ kezd

for f € L*(R%. Moreover that expansion extends to the same functional spaces that the
continuous one.

Time-frequency analysis provides more examples of atomic decompositions. The time-
frequency shifts of a function ¢ : RY — C are given by,

m(x, wp(y) = ey — x). (15)
As before, we can consider as set of atoms,
A = {n(x,w)g0|(x,w) e R xRY).

The short-time Fourier transform with window ¢ € L*(R?) is given by,

V(A w) 1= f FOITCE WPy
Rd
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For an adequate window function ¢, the short-time Fourier transform maps L*(R¢) isometri-
cally into L2(R?>¢). Moreover, every f € L*>(R?) can be decomposed as,

f= V() (x, w)n(x, w)pdxdw. (16)
RIXR4
Thus, every f can be presented as a superposition of time-frequency shifts of ¢. The coeffi-
cient corresponding to the atom 7(x, w)g is the number V(f)(x, w), which equals the Fourier
transform of fo(- — x) at w. Consequently, if the window ¢ is smooth and well-concentrated,
the number 7(x, w)p represents the influence of the frequency w near the point x.

The formula in Equation (16) can be extended to other functional spaces known as mod-
ulation spaces (see Section 1.11), defined by time-frequency concentration conditions. The
modulation space MP(R?), for example, is defined as the set of all distributions f such that
V(f) € LP(RY x RY).

As in the case of time-scale decompositions, there is a corresponding discrete theory. A
Gabor system is a set of atoms of the form,

A= {gw, = nlak,Bj)e|k, j € Z'), (17)

where a, > 0. For an adequate window function ¢ and lattice parameters «, 3, every f €
L*(R?) admits the expansion,

= (fe) e (18)

k,jezd

and this expansion also extends to modulation spaces. However, it is known that if ¢ is well-
concentrated in time and frequency, the system in Equation (17) cannot be a basis. Hence,
the expansion in Equation (18) is necessarily redundant.

Both examples fit into the general framework of coorbit theory. Coorbit spaces are func-
tional spaces defined by imposing size conditions to a certain transform. More precisely,
considering a functional space X as a coorbit space consists of giving a transform7 : X — E
that embeds X into another functional space E that is solid. This means that membership
in E is determined by size conditions (for a precise definition see Section 1.4). The space
E consists of functions defined on a set G that is commonly taken to be a locally compact
group.

When a functional space X is identified as a coorbit space, the properties of an element f €
X are reformulated in terms of decay and integrability conditions for the function 7'(f) € E,
that is sometimes referred to as the phase-space representation of f. The elements of X can
be resynthesized from their phase-space representation by means of an operator U : E — X
that is a left-inverse for T (i.e. f = UT(f)).

The coorbit theory of Feichtinger and Grochenig studies the case when T arises as the
representation coefficients of a unitary action of a locally compact group (see Section 1.10).
More precisely, if 7 is a unitary representation of locally compact group G on a Hilbert space
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H and h € H is an adequate vector, then the abstract wavelet transform of a vector f € H is
defined as,

Vif(x) :={f,n(0h), (x€G).

Coorbit spaces are defined by imposing size and decay conditions to the wavelet transform
associated with 7. In this setting, a version of the formula in Equation (11) is valid, where X =
H, Q = G, T = V), and the atoms are given by the orbit of &, { 7(x)h | x € G}. The example of
time-scale analysis is obtained by letting 7 be the representation of the affine group on L*(R%)
given by the translation and dilation operators, whereas the one of time-frequency analysis is
obtained by letting the Heisenberg group act on L?(R%) by time-frequency shifts.

One of the central results of Feichtinger and Grochenig is the fact that coorbit spaces asso-
ciated with group representations admit an atomic decomposition whose atoms are produced
by letting any “sufficiently dense” subset of the group act on an admissible vector (see Sec-
tion 1.10 for details). In the examples of time-scale and time-frequency analysis this yields
wavelet and Gabor expansions.

Even though most of the examples of what is commonly understood as a coorbit space
are covered by the setting of group representations, it is certainly possible to consider coorbit
theory without an underlying group action. A frame for a Hilbert space H is a set of vectors
{fx : k € I} that provides an expansion,

f=> e (19)

k

where the coefficients ¢ = {c; : k € I} depend linearly on f € H and || f]|gz = |||l (see Section
1.8). Thus, frames are sets of atoms for an atomic decomposition of a Hilbert space. Coorbit
spaces associated with frames are defined by imposing decay and summability conditions to
the coefficients in Equation (19) (see Section 1.13).

Let us consider again the abstract setting of a functional space X and an atomic decom-
position implemented by a set of atoms {f,, : w € Q} indexed by a measure space €2, and a
transform 7 that maps elements of X into measurable functions over €, providing an expan-
sion,

X = f T (x)(w)f,,dw, (x € X). (20)
Q

The spirit of coorbit theory is that the set of atoms {f,, : w € Q} and the coefficient mapping T
should not only decompose one functional space X, but serve as a simultaneous description
of a whole family of spaces. Different spaces are characterized by imposing different solid
norms on the range of the transform 7'. In the abstract setting coorbit spaces are constructed
in this way, while in specific examples, already existing spaces have to be identified as coorbit
spaces of a certain transform.

The power of such a description of a family of functional spaces lies in the fact that
the properties defining each space X are reformulated as size conditions by means of the
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transform 7'. It is then tempting to describe operations on an elements x € X as operations
on 7T'(x). This is commonly called a phase-space approach.

The term phase-space comes from physics and is vaguely defined as a space where each
possible state of a system is represented by a unique point. Functions on phase-space then
represent measurable quantities of a system. In the context of atomic decompositions the term
“phase-space” is mostly used loosely, without giving it a precise meaning. In that context,
the range of the wavelet transform 7'(X) plays the role of the family of all functions on phase-
space, and phase-space itself is understood as the underlying set of “degrees of freedom” for
that family of functions. If 7(X) happens to be a commutative C*-algebra, then phase-space
could be precisely defined as its spectrum, but this is hardly ever the case. A formal definition
of phase-space lies then in the domain of non-commutative geometry. In the case of time-
frequency analysis, the phase-space terminology actually corresponds to related concepts in
quantum mechanics. Moreover its links with non-commutative geometry are currently being
rigorously studied (see [85]).

In this thesis we study two phase-space problems related to atomic decompositions and
coorbit spaces. The first problem that we study is the one of frame surgery. Given several
atomic decompositions for a coorbit space, we construct a new atomic decomposition for the
same space by piecing together arbitrary portions of the original atoms, provided that the
overlaps between these portions are large enough. The notions of “portion” and “overlap”
are considered with respect to phase-space. This technique could be useful to produce atomic
decompositions when the exact form of the atoms is important. For example, the atoms can be
eigenvectors of a certain family of operators or representatives of certain linear functionals.
We hope that frame surgery will became a useful tool to construct atomic decompositions
adapted to concrete problems, although we do not study here its applications to other areas
of mathematics, postponing it to a future contribution.

When applied to Gabor frames, the surgery scheme yields a general existence result for
the recently introduced concept of quilted Gabor frame [32]. Given a family of Gabor frames,
G = {n(/l)gi A e A,»}, (i € I) (where (1) denotes the time-frequency shift defined in Equa-
tion (15)), and a covering of R? x RY, & = {E,},.;, we construct a new Gabor frame,

{n(g' i€l A€ AndAE) <1},

by selecting from each frame G’ those elements associated with time-frequency nodes lying
near E;. The concept of quilted Gabor frame was formally introduced in [31, 32] with the
aim of constructing functional dictionaries that are well-suited for the processing of musi-
cal signals. Indeed, there are several tools available to construct Gabor frames using a single
window function and a lattice as set of time-frequency nodes. The choice of the window func-
tion determines the desired balance between time and frequency resolution. The objective of
quilted Gabor frames was to empower these constructions by allowing the time-frequency
resolution balance to vary over the time-frequency plane, as required, for example, for the
description of different kinds of musical instruments. There are several numerical results
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for these kinds of systems (see for example [12, 77]). The results in this thesis give general
sufficient conditions for the validity of these constructions.

Frame surgery can be also applied to the irregular sampling problem, by considering as
atoms the vectors representing the evaluation functionals. Given a class of functions and a
family of sampling sets X for which a sampling estimate,

A lle = 1CF () xexller

is known to hold, we can construct new sets for which the sampling inequality still holds.
Moreover, given explicit reconstruction formulas for the original sets, we get approximate
reconstruction formulas for the new sets.

Further applications include identifying certain classes of time-frequency multipliers. Ga-
bor multipliers are operators that arise from applying a mask to the coefficients associated
with a Gabor frame expansion; hence each of these operators has the form

T = Z c,Py,

AeN

where ¢, € C and P, is a rank-one operator (essentially a projector onto the subspace gener-
ated by a time-frequency atom). Each operator in a given class of Gabor multipliers can be
identified by its associated lower symbol which consists of the Hilbert-Schmidt inner prod-
ucts { (T, Py) |/1 € A }. Using the surgery scheme we get a sufficient condition to identify a
class of Gabor multipliers by a mixed lower symbol constructed by using different types of
rank-one operators P, for A in different regions of the time-frequency plane.

The second problem we study is the one of characterizing coorbit spaces through phase-
space multipliers. Let X be a functional space that is regarded as a coorbit space by means
of a transform 7 : X — E that embeds X as a complemented subspace of a solid function
space E over a locally-compact group G. Since T(X) is complemented in E, there exists a
retraction U : E — X serving as a left-inverse of T (i.e., UT(x) = x).

In an attempt to finely adjust the properties of a function f that are expressed by its phase-
space representation 7'(f), one can consider operators of the form M,,(f) = U(mT(f)), that
apply a mask m to T(f). We will call these operators phase-space multipliers. Of course,
the rigorous interpretation of M,,(f) is problematic since, in general, TM,,(f) # mT(f).
When T is the abstract wavelet transform (representation-coefficients function) associated
with a unitary representation of a group, these operators are know as localization operators
or wavelet multipliers [71, 113, 83]. In the case of time-frequency analysis these operators
are known as time-frequency localization operators or multipliers of the short-time Fourier
transform [24, 21, 22, 13].

We study the problem of characterizing the norm of a coorbit space in terms of families
of phase-space multipliers associated with a partition of unity in G. Specifically, suppose that
X 1s a Banach space that is regarded as a coorbit space by means of a transform 7 : X — E,
having a left-inverse U : E — X. Let {Qy}y be a partition of unity on G and consider the
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corresponding phase-space multipliers given by M, (f) = U(6,T(f)). The partition of unity is
only assumed to satisfy certain spatial localization conditions but it is otherwise arbitrary. We
prove that ||f]|x is equivalent to the norm of the sequence {||My( b3l B}y in a discrete version

of the space E, where the space B can be chosen among a large class of function spaces.
Moreover, we prove that the map f +— {My( f)}y embeds X as a complemented subspace of

a space of B-valued sequences, obtained as a discretization of E. This quantifies the relation
between an element f € X and the phase-space localized pieces {My( f) .

For the case of time-frequency analysis, Dorfler and Gréchenig have recently obtained
this kind of characterization of modulation spaces [34], using techniques from rotation alge-
bras (non-commutative tori) developed in [66] and [64] and spectral theory for Hilbert spaces
(see also [33]). We use a different approach to obtain consequences for settings where the
techniques in [34] are not applicable, such as time-scale decompositions and Besov spaces.
As a by-product we derive a stronger version of the main result in [34] where the admissible
partitions of unity are restricted to be lattice shifts of a non-negative function and the space
B is L. These restrictions seem to be essential for the techniques used there.

For both problems we take the same general approach. We consider a model for the
phase-space consisting of a solid functional space - called the environment - and a certain
complemented subspace - called the atomic subspace. We prove all our results in this setting
and then obtain applications to coorbit spaces by letting the atomic subspace be the range of
the wavelet transform.

The thesis is organized as follows. Chapter 1 gives a brief background on the theory
of coorbit spaces, atomic decompositions and related topics, making this work mostly self-
contained. In Chapters 2 and 4 we adapt and extend some known tools and results in order
to make them applicable to our context. Chapter 3 introduces the model for phase-space and
gives several examples. Chapter 5 develops the frame surgery scheme, whereas Chapters 6
and 7 study the problem of characterizing coorbit spaces through phase-space multipliers.
Thus, Chapters 5, 6 and 7 contain the main results of the thesis. Each chapter begins with an
introduction to the main topic or results, followed by a discussion of the techniques involved.
At the end of each chapter the main results are illustrated by presenting applications to atomic
decompositions and coorbit spaces. Chapter 7 is slightly non self-contained. Certain results
there use more refined concepts of topological groups. However, those subtleties are not very
relevant for the proposed applications.

Most of the results in this thesis have been presented in research articles. The estimates
of Section 4.2 have been published in [93]. The results of Chapter 5 are contained in [95].
The content of Chapter 6 and 7 has been presented in [94].
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Chapter 1

Preliminaries

1.1 Notation

The cardinality of a set A will be denoted by #A. The characteristic function of the set A will
be denoted by y 4.

If E is a Banach space, B(E) will denote the set of all the bounded operators on E. If
T : H — H is a bounded operator on a Hilbert space, the set

spec(T) = {4 € C|T — Al is not invertible },

is called the spectrum of 7.

If T : H — K is a bounded operator between Hilbert spaces and has closed range, we
will denote by T its Moore-Penrose pseudo-inverse. We will only need pseudo-inverses
of self-adjoint operators. These can be easily described in the following way. An operator
with closed range T restricts to an isomorphism 7'|ker(T)* : ker(T)* — rng(T), from the
orthogonal complement of its kernel onto its range. If T is self-adjoint, 77 : K — H equals
the orthogonal projection onto rng (T') followed by the inverse of T'|ker(T)*.

A Radon measure on a topological space is a Borel measure that is finite on compact
sets, outer regular on all Borel sets and inner regular on open sets. Outer regularity for a set
means that it can be approximated in measure from the outside by an open set whereas inner
regularity means that it can be approximated from the inside by a compact set. All o-finite
Borel measure are outer and inner regular on all Borel sets.

The Fourier transform of an integrable function f : R4 — C, is defined by,

F(HHw) = fw) = f fe ™ dx,
R
The modulation and translation operators are defined by,

T.f) = fo-x),  (xyeR?, (1.1)
M, f) =™ f(y),  (w,y €R).

27
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(In the last definition the product wy denotes the inner (dot) product).

The symbol S(R?) denotes the Schwartz class of functions on the Euclidean space R,
while S’(R?) denotes the class of tempered distributions.

A subset A C R? is called a lattice if there exists an invertible matrix A € R such that
A = AZ?. This is sometimes referred to as a full-rank lattice.

Given two non-negative functions f, g : X — [0, +00), the statement,

f<s

means that there exists a constant C > 0 such that f(x) < Cg(x), forall x € X. If f < g and
g < f,wewrite f ~ g.

1.2 Locally compact groups

In this thesis we will often work with a locally compact group G. We will always further
assume that G is o-compact, i.e., that G is a countable union of compact sets. This will
simplify all measure-theoretic considerations and will be sufficient for all the applications.
However this restriction is not essential. For more details on how to overcome the measure-
theoretic technicalities arising in the non-o-compact case see Folland’s book [51].

A left Haar measure on a topological group G is a non-zero (non-negative) Radon mea-
sure u such that u(xA) = u(A), for all x € G and Borel sets A. Any locally-compact group
G has a left Haar measure and any two such measures are multiples of each other. We will
let || stand for a left Haar measure on &G, and will moreover call it the left Haar measure,
the particular normalization being immaterial. Integration will be always considered with
respect to the left Haar measure. The symbol (-,-) will stand for the L? inner product,
(f,g) = fg f(x)g(x)dx, whenever defined and the identity element of G will by denoted
by e.

The modular function of G is the unique function A : G — (0, +00) that satisfies,

|Ax| = A(x) |A], (1.2)

for all Borel sets A. Its existence is granted by the essential uniqueness of the left Haar
measure. It is easy to see that A : G — (0, +o0) is a continuous group morphism. A group is
called unimodular if A = 1, i.e., if the left Haar measure is also right-invariant.
For a function f : G — C and x € G, the left and right translates of f by x are defined by,
Lof () = f(x7y),
R.f(y) = fyx).

We also define the involution ¥ by,

)= fOh.
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Using Equation (1.2) it is easy to see that,

f R, f(x)dx = f fOy)dx = Ay™) f fx)dx = Ay)™ f f(xdx.
G G G G

The modular function also comes up in the change of variables x +— x7!,

fﬁmw:fﬂﬂw:fﬂmmﬂm
G G G

Given two functions f, g : G — C, the convolution f * g is formally defined by,

fegn) = fg FOIg Xdy.

We will sometimes regard this definition, not in the pointwise sense, but as a vector-valued
integral,

frgi= fg FO)Lygdy.

We now mention an important class of groups. A locally compact group G is said to be an
IN group if there exists V, a relatively compact neighborhood of the identity that is invariant
under inner automorphisms; i.e., xVx~! =V, for all x € G. The abbreviation IN stands for
“invariant neighborhood”.

Some of the constructions below require choosing a relatively compact neighborhood V,
but are largely independent of it in the sense that different choices of V will yield equivalent
objects. When working with an IN group G with a distinguished neighborhood V, we will
further assume that V is invariant.

1.2.1 Sets

A set V C Gis called symmetric if V = V™', A set A C G is called relatively separated if for
some (or any) V C G, relatively compact neighborhood of e, the quantity

pv(A) == sup#(A N xV)
xeG

is finite, 1.e. if the amount of elements of A that lie in any left translate of V' is uniformly
bounded. Equivalently, A is relatively separated if for any compact set K C G,

sup#{ A’ € A|AK N VK # 0} < +oo.
AeN

For technical reasons, we will sometimes need to allow for repeated elements in sets. A
set with multiplicity is simply amap A 3 4 — A* € G. Any subset of G can be considered
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as a set with multiplicity by letting the underlying map be the inclusion. By a slight abuse of
notation, it is usual to refer to a set with multiplicity by the domain of the underlying map.
For sets with multiplicity, the relative separation is defined by,

pv(A) :=sup#{ e A
XEG

A" exV}]

Every statement and proof that we give for “ordinary” sets also works for sets with multi-
plicity. To see this, it suffices to read A* instead of 4 whenever an element A of a set with
multiplicity is used as an element of G instead of as an index set.

When G = R? we will always use V = [—1/2, 1/2]¢ as the distinguished neighborhood.
The corresponding quantity,

p(A) := max {#(A N ([-1/2,1/2]* + x)) | x e R} (1.3)

will be called the relative separation of the set A. This is somehow an abuse of language
since for a very separated set, this quantity is small.

A subset A € G of a locally-compact group G is called V-dense (for V, a relatively
compact neighborhood of e¢) if G = |J,ca AV. A is called well-spread if it is both relatively
separated and V-dense for some V. In the case of the Euclidean space R? we say that A is
L-dense if it is [-L, L]?-dense.

1.3 Weights

Let G be a locally compact group. A locally bounded functionw : G — (0, +0c0) will be called
a weight on G. We will say that a weight w is admissible if it satisfies following conditions,

w(x) = A Hwx™), (1.4)
w(xy) < wx)w(y). (1.5)
The second condition is called submultiplicativity. When G is unimodular, the first condition

simply says that w is symmetric (i.e., w(x) = w(x™1)).
A second weight v is called w-moderate if,

v(xyz) S wx)v(yw(z), forall x,y,z€G.

In the case that G is the Euclidean space R¢, an admissible weight is thus a weight w :
R? — (0, +o0) such that,

w(x +y) < wx)w(y), for all x,y € RY, (1.6)
w(x) = w(=x), for all x € R4.
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As an example, the polynomial weights
wi(x) := (1 + [x]), (1.7)

are admissible if > 0.
A second weight v is w-moderated if it satisfies,

v(x +y) < Cv(x)w(y), (1.8)

for some constant C > 0 and every x,y € R?. If the constant in Equation (1.8) is 1, we say
that v is strictly moderated by w. The polynomial weight w, is strictly wg-moderated if s > 0
and |f] < s.

A weight w on the euclidean space R? is called subexponential if it has the form w(x) :=
e*™_ for some norm |-| on R¢ and some continuous, concave function p : [0, 0] — [0, co]
such that p(0) = 0 and lim,_,, ’@ = 0. Under these conditions, the weight w satisfies:
w(0) = 1, w(x) = w(—x) and is submultiplicative. The condition lim,_, '%x) = 0 is equiva-
lent to the Gelfand-Raikov-Shilov condition for w,

lim w(nx)'/" = 1, for all x € RY.

g—)DO

An example of a subexponential a weight is,
w(x) = e (1 + |x))(log(e + 1Y, (1.9)

forO0<B<1,s>0andt>0.
We now state for future reference some facts about polynomial weights. The first lemma
says that polynomial weights are subconvolutive (see [37].)

Lemma 1.3.1. Ift > d, then,
w_;xw_; < Kw_;,

for some constant K < max {1, 1/(t — d)}.

There is a corresponding statement for relatively separated index sets. The important
point is that the bounds depend only on the relative separation of the sets involved (and this
quantity is translation invariant).

Lemma 1.3.2. Let I’ C R? be a relatively separated set of points and let t > d. Then, the
following estimates hold for a constant K < max {1, 1/(¢t — d)}.

(a) 2yer w—i(y) < Kp(I),
(b) Xy W—i(y) < Kp(DM =9,

(¢) Xyer wo(YW_i(x —y) < Kp(Mw_(x), for all x € R
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1.4 Function spaces

Let G be a locally-compact group. A BF space is a Banach space E consisting of functions
on G that is continuously embedded into L}OC(Q), the space of locally integrable functions. A
BF space E is called solid if for every f € E and every measurable function g : G — C such
that |g(x)| < |f(x)| a.e., it is true that g € E and ||gl|g < ||fl|g. If E is a solid BF space and
w is a weight, we let E,, be the set of all functions f € Llloc(g) such that fw € E and endow
it with the norm ||f]lg, := ||fwllg. If w is an admissible weight, then L! (G) is a convolution

algebra, [|fll,y = [1flly. and ILull .y < w().
We say that a BF space E is translation invariant if it satisfies the following.

(1) E is closed under left and right translations (i.e. L,E C E and R, E C E, for all x € G).
(i1) The relations,
L@ +«ECEandE«L\G) CE, (1.10)

hold, with the corresponding norm estimates, where u(x) := ||Ly||[g—g and v(x) :=
A DIIR - llg—E-

Left (resp. right) translation invariant spaces are defined similarly, requiring only the condi-
tions for left (resp. right) translations and convolutions.

Remark 1.4.1. Observe that, for a BF space, if the translations leave E invariant, then they
are bounded by the closed graph theorem.

Remark 1.4.2. In the definition of translation invariant space, the technical assumption (ii)
follows from (i) if the set of continuous functions with compact support is dense on E, or
more generally if the maps x — L, and x — R, are strongly continuous.

We say that E is isometrically left (resp. right) translation invariant if it is translation
invariant and, in addition, left (resp. right) translations are isometries on E.
Given a BF space E, a set of functions { f; | A€ A} C L (G - indexed by a relatively

separated set A - is called a set of E-molecules if there exists a function g € E - called
envelope - such that

a0l < Lag(x), (x€G, A€ N).

Given a solid, translation invariant, BF space E, we say that a weight w : G — (0, +0) is
admissible for E if w is admissible and, in addition, it satisfies,

w(x) > max{u(x), u(x™h), v(x), A(x_l)v(x_l)}, (1.11)

where u(x) = ||L,||g—g and v(x) := A" D||R,-1|lg-g. Under these conditions, w(x) 2 1,
L)« E CEand E = L, C E, with the corresponding norm estimates.
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If E is a solid BF space, we construct discrete versions of it as follows. Given a well-
spread set A € G and a symmetric, relatively compact neighborhood of the identity V, we
define the space,

E'=E'(A\) :={ceC| ) leilyw € E}
a1

and endow it with the norm,

enacallge = 1) lealxavlle.
A

The definition, of course, depends on A and V, but a large class of neighborhoods V and sets
A produce equivalent spaces (see [44, Lemma 3.5] for a precise statement). In the sequel, we
will mainly use the space E¢ keeping V fixed and making an explicit choice for A.

The space E? is an example of a BK-space on the index set A, i.e., a Banach space
of sequences that is continuously embedded into the product C*. When E = L, for an
admissible weight w, the corresponding discrete space E*(A) is £%(A), where the weight w
is restricted to the set A. This is so because the admissibility of w implies that for x € AV,
w(x) = w(A).

We will also need a vector-valued version of E. Given another BF space B we let,

Ej = E4(A) = {c € B*| Y llcillsyav € E},
A

and endow it with a norm in a similar fashion.

1.5 Some examples

1.5.1 The affine group

The affine group is the set G = R? x (0, +o0) together with the operation (x, s) - (x', 5") = (x +
sx’, ss”). The inverse of an element (x, s) is therefore (—x/s, 1/s). The measure with density
s~ @ Ddxds with respect to the Lebesgue measure is a left Haar measure. The corresponding
modular function is given by A(x,s) = s, so the affine group is not unimodular. The
translation operators are given by,

xX—y s)

Lonf09) = f(Z2,2

The weighted Lebesgue spaces Ly, L, , are given by the norms,

+00 q/p dS 1/q
fllzpe = (f (fd |f(x, S)I”dX) s~ sd+1] , (1<p,g<sco,a€R), (1.13)
0 R

1/p

+00 ds rlq
1A, = (f (f lfx, s)l‘fs‘”’—) dX) ., (dspg<o,aeR), (114
’ R4 \Jo S

Ronf(x,8) = f(x + sy, st). (1.12)
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(with the usual modifications when p or g are +0). These spaces are examples of solid BF
spaces. Using Equation (1.12), the spaces L. are easily seen to be translation invariant.
Moreover,

d(1/p—1/g)— d
Lo fllgps = (PO fllpa, IR fllgge = 177 fllpe. (1.15)

In contrast, the spaces L7 , are only left-translation invariant.
The set V = [-1/2,1/2]¢ x (1/2,2) is a relatively compact neighborhood of the identity,
while the set

A:={(k27,27) |kez! jez),

is an example of a relatively separated set. Identifying the point A = (k27/, 27/) with the index
(k, j) it is easy to see that the norms of the discrete spaces corresponding to L2 and L7, are
given by,

J

alp 1/q
”C”(Lp,q)d ~ (Z (Z |Ck’j|p] 2j(a+d/q_d/[7)11} , (116)
k

(1.17)

'Ll’(Rd) ’

1/q
. . .
lellzg y = H[Z e Xic1/21/2027 - _k)zjaq]
K

with the usual modifications when p or ¢ is +oo.

1.5.2 The Heisenberg group

The polarized reduced Heisenberg group is the set H := R? x RY x S!, together with the
operation (x,w, 1) - (x',w’, ") = (x + X',y + y,Ae >¥). Here, S' denotes the set of
unimodular complex numbers. The Haar measure on H is the (product) Lebesgue measure.
This measure is also right-invariant, so H is unimodular.

For (x,w) € R? x R?, the time-frequency shift n(x,w) is defined as n(x, w) := M,,T, (cf.
Section 1.1). Hence, for a function f : R — C the time-frequency shift acts on f by,

a(x, w)f(y) := ™ f(y — x). (1.18)

The time-frequency shifts do not determine a representation of R* on L*(R¢) because they
do not commute. However, 7 can be extended to an action of the Heisenberg group by setting
7(x, w, A) = Ar(x, w).!

!Other conventions for the order of modulation and translation in the time-frequency shifts give rise to other
(equivalent) versions of the Heisenberg group.
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1.6 Wiener amalgam spaces

Amalgam spaces are defined by the global behavior of certain local properties of their ele-
ments. The norm of the amalgam space is built up out of two other spaces: the local and the
global component. In concrete examples, the local properties defining the amalgam space can
be integrability or smoothness conditions whereas the global properties are size conditions.
The best known example is the one of LP-£9 amalgams [54, 74] on the Euclidean space R?,
given by the norm,

1/q
1 llwizreny = {Zufuzp(m,”d%)] : (1.19)

kezd

with the usual modification for g = +oco. Convolution relations among L”-£? amalgams play
an important role, for example, in the work of Wiener [112, 110, 111].

In [38], Feichtinger introduced a far-reaching generalization of these amalgam spaces by
allowing the inner (local) norm to be non-solid. Instead, the space used as local component
is required to have a sufficiently rich algebra of pointwise multipliers. (The solidity of a
space means that L™ embeds into its algebra of pointwise multipliers; so the point of the term
“sufficiently rich” is that that algebra should be large, but not necessarily as large as L*). This
allowed him to derive abstract convolution relations for amalgam spaces that express at the
same time the regularizing effect of convolution together with the preservation of integrability
given by Young-type inequalities.

We first introduce amalgam spaces in the context of the Euclidean space and then in the
general setting of locally compact groups. Of course, the first is an special case of the second,
but certain matters pertain only to setting of the Euclidean space.

1.6.1 Amalgams on the Euclidean space

We now describe amalgam spaces in the context of the Euclidean space R?, following the
treatment in [41]. See that article for an exposition on the application of amalgam spaces to
sampling theory, signal processing, spline approximation and error analysis.

Let us denote by D(R?) the set of all C*, compactly supported, complex-valued functions
on R?, by C°(R?) the set of all continuous functions vanishing at infinity and by S(R¢) the
Schwartz class.

Let (B, || - ||g) be a uniformly localizable, isometrically translation invariant Banach space.
That is, B satisfies the following axioms.

e S(RY) — B — S'(R?) are continuous embeddings whose composition is the canonical
embedding S(RY) — S'(RY).

o If h € D(RY) and f € B, then hf € B and there is a constant C = C(h) > 0 such that
lh(- = x) fllg < C||fllg, for all x € R? and f € B.
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o If f € Band x € RY, then f(- — x) € B and ||[f(- — )|Iz = ||f]l5-

e Complex conjugation defines an isometry on B. That is, if f € B, then f € Band
Iflls = [1£lls-

We consider the space of distributions that belong to B locally,
B :={f €S ®R)|hf € B, forall h € DR?)}.
Given f € By, and a non-zero window 1 € D(RY), we consider the control function
K(H®) = ¢ = nll,  (xeRY).

Let E be a solid, translation invariant function space (cf. Section 1.4) such that the polynomial
weight w(x) := (1 + |x|)* is admissible for it, for some @ > 0. The Wiener amalgam space
W(B, E) is defined by,

W(B,E) :={f € Bp.

K(f) € E},

and is given the norm || f|lwg.r) := [|K(f)llg. This definition of course depends on the window
function n but the space W(B, E) is independent of this choice in the sense that different
windows yield equivalent norms. The amalgam W(B, E) is a Banach space.

When B = L? and E = L, for a polynomially moderated weight w, and 1 < p < oo, then
W(LP, L) coincides with the classical amalgam space W(L?, £{) from Equation (1.19).

The most important result about amalgam spaces is the following abstract convolution
relation.

Theorem 1.6.1. Suppose that (B, B,, B3) and (E,, E, E3) are convolution triples® , i.e.,
Ilf = gllB; < CillfllglIgll,,  forall, f € By, g € B,
If = glley < CallfllE lIgllE, forall, f € E\, g € E,
hold for some constants C1,C, > 0. Then, (W(B, E,), W(B», E>), W(B3, E3)) is also a con-

volution triple, i.e.,

f = gllw, k) < Cillfllwe, £0)l1gllw,.Ey)s Jorall, f € W(By,Ey), g € W(By, E»),
holds for some constants C5 > 0.

A great number of operators in spline approximation, sampling and signal analysis can be
modeled as distributional convolutions. Theorem 1.6.1 allows then to quantify this formal-
ism. As an example we mention that the relation (cf. Equation (1.19)),

1> e = Bl oy 5 LOelleoll fllweass o,
keA

follows from Theorem 1.6.1 by letting E; = E3 = L?, E; = L', B, = B; = L™ and taking B,
to be the space of all complex-valued measures with the norm of absolute variation.

2Here we also assume that the spaces B; and E; satisfy the hypothesis introduced above.
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1.6.2 Amalgams on general groups

We now present amalgam spaces in the general context, as introduced in [38]. The definition
is more technical than in the case of the Euclidean space since the reservoir of tempered
distributions is not available. Such technicalities will be mostly irrelevant for this thesis.

Let G be a locally compact group. As local component of an amalgam we will use a
Banach space B such that,

e There exist an isometrically left-translation invariant Banach space A that is also a
regular Banach algebra under pointwise multiplication (i.e. separating points from
closed sets) and isometrically closed under pointwise conjugation.

e B is embedded into (A N K(G))’, where K(G) is the space of compactly supported
functions on G, with the inductive limit topology.

e B is a pointwise A-module, i.e., if f € A and g € B, then fg € B and ||fgllp <
1A 1lallglls-

Note that the third condition makes sense because of the second one. Indeed, since A is
a pointwise algebra, A" has a natural pointwise module structure over A. The embedding
B — (ANK(G)) allows us to restrict that action to B. Note also that, since A is isometrically
translation invariant,

I(Lxf)glls < 11 f1lallgll,

holds forall fe Aandge Band x € G.

The space B, is defined as the set of all elements f € A’ such that hf € B, for all
h € AN K(G). This space can be shown to be independent of the particular choice of the
algebra A.

For the global component, we let E be a solid, translation invariant BF space (cf. Section
1.4). The left Wiener amalgam space (or space of Wiener-type) with local component B and
global component E is defined by,

W(B,E) :={f € B

Kp(f) € E},

where the control function Kg(f) is given by,

Kp(H)(x) := |fllpav) = inf {llglls |g = fon xV }.

We endow W(B, E) with the norm ||f|lws.e := IKg(f)llg. This definition depends on the
choice of the neighborhood V, but a different choice produces the same space with an equiva-
lent norm. W(B, E) is a Banach spaces and it is also independent of the choice of the algebra
A. The right amalgam space Wr(B, E) is defined similarly, this time using the control func-
tion,

Kp(f.R(x) := ||fllaxry = inf {liglls | g = f on Vx~!}.
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Theorem 1.6.1 can be generalized to the abstract setting when G is an IN group. We say that a
triple of Banach spaces (X, X,, X3) is a convolution triple if (X; NK) = (X, NK) C (X3NK),
and convolution extends to a bounded bilinear mapping X; X X, — Xj3. This definition makes
sense when each space X, is a Banach function space, but also when they consist of extremal
distributions as in the case of the local components above.

Theorem 1.6.2 ([38]). Let G be an IN group. Suppose that (B, B,, B3) and (E1, E,, E3) are
convolution triples.® Then, (W(B,, E\), W(B,, E,), W(B3, E3)) is also a convolution triple.

In this thesis we will use amalgam spaces with non-solid local components only for the
Euclidean space, where we are interested in smoothness matters. For abstract groups we will
mainly use solid BF spaces as local components. In this case, all the technicalities above
disappear since L, . can be used as a reservoir in all the definitions. Moreover, when B is a
solid BF space, the restriction norm || f]|v), can be simply computed as || fl|pv) = | fxxvll-

Amalgam spaces with L' and L™ as local components will be a key technical tool in
this thesis. The spaces W(L™, E) and Wx(L*, E) can be easily described in terms of certain
maximum functions. For a locally bounded function f : G — C we define the left and right

local maximum functions by,

F*(x) := supess | f(xy)l,

yev
Ju(x) = supess|f(yx)|.
yev
The neighborhood V can be always assumed to be symmetric. Then, the maximum functions
are related by (fy)" = (f¥)*. Using these definitions we have,

vz = 1 lE, (1.20)
1wy = ()Nl (1.21)

In particular, ||fllwyz=.5 = If*llwe=.r. Note also that, by the solidity of E, both W(L>, E)
and Wx(L>, E) are continuously embedded into E. The space W(Cy, E), constructed using
Cy as local component can be characterized as the subspace of W(L™, E) formed by the
continuous functions. A similar statement holds for W(Cy, E).

When E = L! for an admissible weight w we can drop the involution in Equation (1.21)
yielding,

W lweces sy == el (1.22)

In addition, since L,(f*) = (L,f)*, the space W(L*, L! ) is invariant under left translations and
the norm of the left translations is dominated by w. A similar statement holds for Wx(L>, L)
and right translations.

3Here we also assume that the spaces B; and E; satisfy the hypothesis introduced above.
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We finally note that if G is an IN group, the left and right local maximum functions
coincide and therefore W(L™, E) = Wi(L™, E).

In [44], Feichtinger and Grochenig used amalgam-space techniques to discretize contin-
uous reproducing formulas for functional spaces. The condition that the G be an IN group
in Theorem 1.6.2 is then too restrictive as it would exclude the important case of time-scale
decompositions from coorbit theory. They developed then variants of Theorem 1.6.2 where
left and right amalgam spaces are combined.

We now state some facts mainly taken from [44] and [45]. In the cases when we were
unable to find an exact reference we sketch a proof.

Lemma 1.6.1. Let E be a solid, translation invariant BF space and let w be an admissible
weight for it. The following embeddings hold, together with the corresponding norm esti-
mates.

(a) E =« W(L>, L)) — W(L*,E) and E =« W(Cy, L!) < W(Cy, E).

(b) E — W(Ll,L‘l"}W). In addition, if E is isometrically left-translation invariant, then
E — W', L™).

(c) W(L',L®).W(L>,L") — L' and W(Ll,L‘;‘}W).W(L"",LVlV) — L.

(d) W(L',L®) » We(L™, LL) < L* and W(L', L} ) » We(L™, LL) <= L .

Proof. Part (a) is proved in [45, Theorem 7.1]. By [44, Lemma 3.9], E — W(L',L>, ),
(")

where u(x) := ||L,||g—g. The admissibility of w implies that u" < w, so part (b) follows.
To prove (c) first observe that for any f € L'(G), since V = V7!,

ffhumgwmmeifwmj&mﬂmmuﬂwfvax
GJIG G G G

Using this observation, for f € W(L!, LY, and g € W(L™, L),

f lf(Ol lg(x)] dx ~ f f lf (Ol lg(x)| dxdy
G G Iy

S f”f”Ll(yV)”g”L"“(yV)dy < ||f||W(L1,Lf;jw)||g||w(Loo,L¢,)-
G

The unweighted case follows similarly. To prove (d) let f € W(L!, L‘l’jw) and g € W(L™, Lvlv).
For x € G we can use (c) to get,

1/w

|ﬂam$fmmm@w@swmmmmymmm
G

< N fllw

\
l/w)”g ”W(L"O,LJV)W(X).

Since llg"llwerty = llgllwe=11, the weighted inequality in (d) is proved. The unweighted
one follows similarly, this time using the unweighted bound in (c) and the fact thatw > 1. O
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Lemma 1.6.2. Let E be a solid, translation invariant BF space, let w be an admissible weight
for it and let A C G be a relatively separated set. Then the following holds.

(a) Forevery f € W(Cy, E), the sequence f(A) = (f(A))en belongs to EY(A) and,
f (Mllga < 11 fllwico.B)-
(b) Forevery f € E and g € Wg(Cy, L)), the sequence ({f, Lig))cn belongs to EYA) and,
(S, Lag)allee S N1 lEllgllwys,cty-
(c) If (ca), € EYA) and f € WR(L‘X’,L:V), then ), c,L,f € E and

1" ealaflle < Weallpl Fllwgee.cs,-
P

The series converges absolutely at every point and, if the set of bounded compactly
supported functions is dense in E, it also converges unconditionally in the norm of E.

(d) E‘(A) = €5, (A).

All the implicit constants depend on the set A.

Proof. Part (a) follows easily from the definitions (see for example [44, Lemma 3.8]). For
(b) observe that (f, L,g) = (f * g")(1). Hence Lemma 1.6.1 and part (a) imply that

(S5 Lag)allee SIS * gV”W(Co,E) S ||f||E||gv||W(Lw,L3V) = ||f||E||g||WR(Lw,L3V)'

Part (c) is Proposition 5.2 of [44]. Lemma 3.5 in [44] gives the embedding EYA) —
f‘l’ju(A), where u(x) := ||L,||[g—g. Since u < w, part (d) follows. |

Finally we state the following lemma that will be used to justify treating convolutions
pointwise.

Lemma 1.6.3. Let E be a solid, translation invariant BF space and let w be an admissible
weight for it. The following embeddings hold, together with the corresponding norm esti-
mates.

(a) WL, E) — L.

(b) W™, E) x Lvlv — Cy,y, where Cy,,, denotes the subspace of L‘l"}w formed by the contin-
uous functions.

Proof. By Lemma 1.6.2, E! — ff‘;w. This implies that W(L*™, E) — W(L*, L‘f‘}w) = L‘f‘;w (see

for example [44, Proposition 3.7]). This proves part (a). The embedding W(L*®, E).L! —

LT‘}W.Lvlv < L', implies that, W(L®, E) « L} = W(L®, E) « L\ — LY;,,- Now part (b) follows

from the fact that the class of continuous, compactly supported functions is dense in L!. O
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1.7 Spectral invariance of some matrix algebras

Let A C B be two Banach algebras. A is said to be spectral or inverse closed in B if for each
element a € A, the spectrum of a as an element of A equals its spectrum as an element of B.
This means that if an element a € A has an inverse a~! € B, thena™' € A. We will be mainly
interested in the case where B is the algebra of bounded operators on a certain Hilbert space.

Wiener’s 1/f lemma states [112] that if a function f : [0,1] — C has an absolutely
convergent Fourier series,

f(X) — Z akeZn'ikx’

kezZ

and is never vanishing, then 1/f has also an absolutely convergent Fourier series,

1/f(x) — Z bke2ﬂikx.
keZ
This says that the algebra ¥ ~!(¢!(Z)) of functions having an absolutely convergent Fourier
series 1is spectral in C([0, 1]), the algebra of continuous functions on [0, 1]. Wiener’s lemma
can be reformulated without using the Fourier transform as follows. Consider the inclusion,

t'(2) = B(*(2))

am a *x —,

which maps a sequence a into the convolution operator with kernel a. Wiener’s lemma states
that this inclusion is spectral.

This second formulation makes sense for every locally compact group. The problem of
determining what classes of groups G are such that the inclusion

LY@ = BL*G))
fefx-
is spectral has been extensively studied [73, 75, 81, 82, 84, 50, 48].

A more general problem is the one of finding conditions for a subalgebra A C B(L*(3))
to be spectral. In the next sections we cite a number of results in this direction. Weighted
versions of Wiener’s lemma follow by applying these results to convolution operators.

Before doing that we make the following remark that will be important for the applica-
tions to function spaces.

Remark 1.7.1. Let B(H) be the algebra of bounded operators on some Hilbert space H and
let A be a spectral subalgebra. If T € A is a self-adjoint operator with closed range, then
T € A.

Indeed, L™ = f(L), where f(z) = 7', for z # 0 and £(0) = 0. The function f is holomor-
phic on the spectrum of L because, since the range of L is closed, 0 is an isolated point of its
spectrum. Since the inclusion A — B(H) is closed under inversion, it is also closed under
holomorphic functional calculus.
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1.7.1 The Jaffard algebra

Let A C RY be a relatively separated set of points and s > d. The algebra J consists of all
matrices A € C™ such that,

Akl < +1k = jD,

for some constant C > (. The least value for that constant defines the norm of A. The Jaffard
algebra is embedded into B(£?(A)) by Schur’s test (interpolation). Jaffard proved in [76] that
this inclusion is spectral.

1.7.2 Weighted Schur algebras

Let A C R? be a relatively separated set of points and let w be a subexponential weight (cf.
Section 1.3). Suppose in addition that w(x) > (1 +||x||)°, for some § > 0. An example of such
a weight is given by,

w(x) = €' (1 + [x))*(log(e + |x)),

if0<B<1,5>0ands>0.
Let A, be the class of all matrices A € C™* such that,

IAll, := max {sgp Z Ak j| wik = j). sup Z A wik - j)}
J Ik

is finite. Grochenig and Leinert proved in [67] that A, is a spectral subalgebra of B(£*(A))
(see also [104]). It is known that the algebra (A,, may not be spectral without the assumption
w(x) 2 (1 + [l ([105]).

1.7.3 The Baskakov-Sjostrand algebra

For s > 0, let C, be the class of all matrices A € CZ*Z' guch that,

IAlle, == > sup |4 (1 + k= ",
k J

is finite. In [8, 9] Baskakov proved that C; is a spectral subalgebra of B(€*(Z%)) (see also
[102]).

1.7.4 Controlled inversion

The results that we have just cited mean that certain off-diagonal decay conditions of a matrix
A are inherited by its inverse A~!. However they are only asymptotic because they do not
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specify what qualities of the matrix A determine the off-diagonal decay of the inverse matrix
A~'. Let us formulate this more precisely. All the above spectral invariance results take the
following form. There is a certain matrix algebra A that is embedded into B(£?). From the
knowledge that ||A||.4 < oo and that A has an inverse in B(£?) we conclude that ||[A7!]|4 < oo.
We would like to moreover have bounds on ||A~!||.4 depending on ||A||.4 and possibly some
additional quality of A. An obvious candidate for such extra quality is ||A™!|| B(2)-

The problem of quantifying spectral invariance is very subtle. It has been extensively
studied by Nikolsky in [90] (see also [36]). Let us just mention that for the unweighted
Baskakov-Sjostrand algebra Cy, having bounds on [|Al|¢c, and ||A_]||B(€2) is not sufficient to
bound |[|A7!|c,.

In [104] Qiyu Sun proved a spectral invariance result for matrix algebras, using a very
general geometric model for the underlying set of indices. As a by-product of his technique he
not only established the inverse closedness of certain new matrix algebras but he also obtained
a qualitative control for some of the classical ones. In Chapter 4 we cite an application of his
result to the Jaffard algebra. For another result in that direction see [10].

1.8 Bases and frames for Hilbert spaces

We now introduce several concepts related to atomic decompositions in Hilbert spaces. For
a general reference on these topics and proofs of the corresponding facts we refer the reader
to [35, 114, 17].

1.8.1 Riesz bases

An orthonormal basis for a separable C-Hilbert space H is a (countable) set {e;};c; € H that
is orthonormal (i.e., <ek, e j> = 1, if k = j, and O otherwise) and is complete, i.e., it generates
a dense linear subspace. In this case, every element f € H has an expansion,

f:Z<f,€k>€k,
%

with unconditional convergence in the norm of H. The unconditionality of the convergence
means that the net of finite sums

) (1.23)

[Z (fsex ek

keF ) fci finite

converges to f, where the class of finite subsets of [ is ordered by inclusion. More concretely,
given € > 0, there exists a finite set F; C [ such that for every finite set iy C F C I,

2 ker (fsex) ex — fllu < &. -



44 CHAPTER 1. PRELIMINARIES

A Riesz basis { fi };; for H is the image of an orthonormal basis {e;},c; under an invertible
operator T : H — H, i.e., i = T(ey). If we let g := (T~")*(ey), it follows that every f € H
admits the expansion,

F=> 1 Fo (1.24)
k

and also,

f=) {8k (1.25)
k

Here, the convergence is also unconditional in the norm of H. The set {g};c; 1s also a Riesz
basis and it is called the dual basis of {fi};;- 1t is characterized by the bi-orthogonality
relation: < Je 8 j> =1, if k = j, and O otherwise. For any c € £2, the series Y, ¢ fi converges
unconditionally in the norm of H and moreover ||c||2 = |2 i cxfillz- As a consequence, the
coeflicients in Equation (1.25) provide the only way to write f as Y., ¢ fi with ¢ € £2.

The property that ||c||2 = || 2« cxfillz in fact characterizes Riesz bases.

Theorem 1.8.1. Let H be a Hilbert space and let { fi},c; € H. Then {fi}, is a Riesz basis if
and only if it generates a dense linear subspace of H and satisfies the inequalities,

Allclle < IIZ cxfillz < Bllclle, c a finitely supported sequence,
k

for some constants 0 < A < B < +o0. The optimal constants satisfying these inequalities are
called the Riesz basis constants.

1.8.2 Frames

A frame {fi},c; for a Hilbert space H is the image of an orthonormal basis {e;};c; under a
surjective bounded operator 7 : K — H. Here, K is another Hilbert space, so the cardinality
of a frame may exceed the algebraic dimension of the space. This consideration, of course, is
only important when H is finitely dimensional. If U : H — K denotes the canonical section
(right inverse) of T, characterized by U(H) = ker(7T)*, and we let g; := U*(ey), it follows
that every f € H admits the expansions in Equations (1.24) and (1.25), with the same kind
of convergence. The choice for the system {g;}, yielding those expansions is however non-
unique due to the fact that 7 admits many other sections. The system defined by g := U*(ex)
can be seen to also be a frame and is called the canonical dual frame of {f,},. The sequence
{{f, g}, is characterized by the property of having minimal ¢2-norm among all sequences
c € ?such that f = 3, 1 fi

Hence, frames provide possibly redundant basis-like expansions. In several cases where
it is impossible to obtain bases with a desired structure it is however possible to construct
frames. Similarly to Theorem 1.8.1, the property of being a frame can characterized in terms
of an inequality.
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Theorem 1.8.2. Let H be a Hilbert space and let {fi};; € H. Then {fi}, is a frame for H if
and only if, there exists two constants 0 < A < B < 400 such that,

ANFR < Y KEfOP < BAAIR,  forall f € H. (1.26)
k

The optimal constants satisfying that condition are called the frame bounds.

According to Theorem 1.6.1, if {f;}, is a frame for H, then the operator S : H — H given
by,

S(f) = D {1 fo (1.27)
k

is well-defined and satisfies Ay < S < Bly, for some 0 < A < B < +oo. Therefore, S is
invertible. S is called the frame operator. The canonical dual frame of {f;}, is easily seen to
be given by g = S7!(fi). If A = B = 1 we say that {f;}, is a Parseval frame. In this case
gx = fx and the frame {f;}, provides an orthonormal-basis-like expansion.

In general, however, reconstructing an element f from the coefficients {{f, fi)}; requires
inverting the operator S. This can be done by using Neumann series, yielding the following
frame algorithm. Let 0 < @ < 2/B and set ¢ := max {|1 — a@A|, |l — aB|}. For f € H, define,

{ fo =0,
for1 = futaS(f = fo), (n e N).

Then, f, —, f with a geometric rate of convergence,

If = fall < 6”11l

The optimal value for the relaxation parameter « is ﬁ. Since finding sharp estimates on
the frame bounds can be difficult, the numerical efficiency of the frame algorithm is seriously
limited. In practice, this limitation is addressed by combining the frame algorithm with an
acceleration method like the one of conjugate gradients.

Riesz bases can be characterized as non-redundant frames.

Theorem 1.8.3. Let H be a Hilbert space and let {f},c; € H be a frame for H. Then the
following conditions are equivalent.

o {fi} is a Riesz basis.
e Every element f € H has a unique expansion f = Y, ¢ fx, with ¢ € £2.

o IZ;crfillia = liclle,  (c € %),
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1.8.3 Bessel sequences and frame pairs

A family {f;},.; in a Hilbert space H is called Bessel if it satisfies the inequality,

D KA < BIFIE,  (f €MD, (1.28)
k

for some constant B. This condition means that the analysis operator,

H — £2(I) (1.29)
= C) =KL fide

is well-defined and bounded, with norm at most B. The formal adjoint of C is the synthesis
operator,

() - H (1.30)
¢ R(C) ::chfk. (1.31)

k

Consequently, the Bessel condition is equivalent to the estimate,

IIZ cifilla < Bllelle, c a finitely supported sequence. (1.32)
k

Riesz bases and frames can be easily characterized in terms of these operators.

Theorem 1.8.4. Let H be a Hilbert space and let {fi};; € H be a Bessel sequence. Then the
following holds.

o {filies is a frame if and only if the analysis map C bounded below. This happens if and
only if R is surjective.

o {fi}ies is a Riesz basis if and only if the analysis map C is invertible. This happens if
and only if R is invertible.

A pair of Bessel sequences ({fi}; , {g«};) is called a frame pair if they provide the expan-
sion,

f=2 (8 fe
k

for every f € H. When {f;}, is a frame, the canonical dual frame {g;}, yields a frame pair
({fx}x » {8x},) but there may be many others choices for {g;},. These are called non-canonical
duals frames.
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1.8.4 Bases and frames for subspaces

A Riesz sequence is a subset of a Hilbert space that is a Riesz basis of the closure of the linear
subspace that it generates. Similarly, a frame sequence is a subset that is a frame for that
subspace. Theorem 1.8.4 can be reformulated as follows.

Theorem 1.8.5. Let H be a Hilbert space and let {fi};; € H be a Bessel sequence. Then the
following holds.

o {filies s a frame sequence if and only if C has closed range. This happens if and only
if R has closed range.

o {fi}ies is a Riesz sequence if and only if R is bounded below.

Given a Hilbert space H and a closed subspace K, an outer frame (or exterior frame) for
K is a family {f;}, € H whose orthogonal projection onto K, {Px(fi)};, forms a frame for K.
The family {f;}, € H needs not to be Bessel. Using Theorem 1.8.2 it follows that {f;}, € H
is an outer frame for K if and only if there exist two constants 0 < A < B < +oo such that the
frame inequality,

AR < D KE P < BIFIE,
k

holds for all f € K. This is so, because {f, fi) = (f, Px(fx)) in the inequality above.

In the context of a Hilbert space H and a distinguished subspace K, a frame pair for K is
a pair o Bessel sequences ({fx}; , {gx};) such that ({ i}, , {Px(gk)};) 1s a frame pair in the sense
of Section 1.8.3. This simply means that the expansion,

f=) {80 fio
k

holds for every f € K, although the analysing atoms {g;}, are not assumed to belong to K.

1.8.5 The Gramian matrix

Given a Hilbert space H, the Gramian matrix of a family {f;},., € H is the matrix G € C™*!
given by,

Grj = (fi f;)-

Note that the Gramian matrix is Hermitian (i.e., G* = G). If we let C and R denote the
analysis and synthesis operators given by Equations (1.29) and (1.30), then G is the transpose
of the matrix representing the operator CR : ¢>(I) — ¢*(I). This operator is well-defined
and bounded if {f;}, 1s a Bessel sequence. Conversely, it is easy to show that if G defines
a bounded operator on ¢2, then the sequence {f;}, is Bessel. The Gramian matrix is dual
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to the frame operator S defined by Equation (1.27) in the sense that G' = CR = CC* and
S = RC = C*C. As shown in Theorem 1.8.2, the invertibility of the frame operator is
equivalent to the frame property for {fi},. In contrast, the Gramian matrix depends only
on the smallest closed subspace of H that contains the family {f;},. Hence, it can only be
used to decide if the system {f;}, is a frame or Riesz sequence, but cannot decide about the
completeness of the family in the whole space H.

Theorem 1.8.6. Let H be a Hilbert space and let {fi};; C H be a Bessel sequence. Then the
following holds.

o {fi} is a Riesz sequence if and only if the Gramian matrix G in invertible. In this case,
A := inf{x: x € spec(G)} and B := sup{x : x € spec(G)} are the Riesz basis bounds
Jor {fiy-

o {f}; is a frame sequence if and only if G has closed range. This happens if and only if
0 is an isolated point of the spectrum of G (or does not belong to it at all). In this case,
A :=inf {x : x € spec(G) \ {0}} and B := sup {x : x € spec(G)} are the frame bounds for
Ui

The canonical dual frame can be calculated using the Gramian matrix (instead of the
frame operator). If {f;}, is a frame (or frame sequence), Theorem 1.8.6 implies that its
Gramian matrix G has closed range and therefore admits a Moore-Penrose pseudo-inverse.
The canonical dual frame {g;}, is given by,

gj = Z Glfeo (eD. (1.33)
k

1.9 Atomic decompositions of Banach spaces

We now introduce atomic decompositions for abstract Banach spaces. The concept of frame
for a Hilbert space can be generalized in two directions. The elements of a Hilbert-space
frame {f;}, can be considered as atoms of the space yielding expansions ), ¢ fi or as linear
functionals f — (f, fi) providing abstract “samples” of a vector that can then be used to
reconstruct it. It was shown in Section 1.8 that, as a consequence of the self-duality of Hilbert
spaces, these two notions are equivalent: any admissible system of “analyzing vectors” (cf.
Equation (1.26)) is also an adequate set of atoms and vice versa.

We have faced already in the context of Hilbert spaces the need to distinguish the two
usages. The elements of an outer frame {f}, for a subspace K of a Hilbert space H can be
considered as non-canonical representations of the functionals K > f — (f, f;) but not as
atoms of K since they do not even belong to K.

For general Banach spaces the two notions must certainly be distinguished. Atomic de-
compositions will be defined as pairs of analyzing functionals and atoms. We now present
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a definition that fits all the examples that we are interested in. Let X be a separable Ba-
nach space over the complex field. A Fatou topology 7 on X is a locally-convex Hausdorff
topology that is coarser than the norm topology and such that, for every x € X,

Ixllx = sup { If(] | f € X, T, Il < 1).

Here, (X,7")" denotes the set of linear functionals on X that are continuous with respect to
7. Hence, a Fatou topology is a topology with enough continuous linear functionals so as
to approximate the norm of each element. The terminology comes from the fact that this
condition is equivalent to the validity of Fatou’s lemma: if x, — x in the 7 -topology, then
llxllx < liminf,[lx,|lx (see [98]).

Recall (cf. Section 1.4) that a BK space is a Banach sequence space S over a countable
index set I that is continuously embedded into C’; i.e., each coordinate projection, a — ay,
defines a continuous linear functional. Recall also that a BK space S is called solid if a € §
and |b| < |a|, imply that b € S and ||b||s < ||als.

An atomic decomposition of X consists of a solid BK space S of sequences over a count-
able index set [ together with a Fatou topology 7~ on X, a set of vectors {x; : k € I} C X and
functionals {f; : k € I} € X’ such that,

(i) For every c € S, the series R(c) := 2, cxx; converges unconditionally in the topology
7. Moreover, the synthesis operator, R : § — X is bounded.

(i1) For every x € X, the sequence C(x) := (fi(x))r belongs to S. Moreover, the analysis
operator C : X — § is bounded.

(iii) RC = Ix. That is, every x € X admits the expansion, x = >}, fi(X)x;.

In concrete examples, when X is a space of functions, the topology 7 can be some weak
topology like the one of distributions. When the set of finitely supported sequences is dense
in S, due to the solidity of S, the family of “delta sequences” {0}, - given by, 0;(j) = 1,
if k = j and O otherwise - forms an unconditional basis of S. As a consequence, the series
defining the synthesis operator R converge unconditionally in the norm of X. Therefore, in
that case, the topology 7~ can be taken to be the norm-topology of X. The definition of atomic
decomposition given above makes sense even if the sequence space S is not assumed to be
solid, but we shall only work in the context of solid sequence spaces.

A Banach frame for a (separable) Banach space X consist of a solid BK space S of
sequences over a countable index set / together with a set of vectors {x; : k € [} € X - called
atoms and a bounded linear retraction R : § — X such that R(6;) = fi. The fact that R
is a retraction means that there exists another operator C : E — E,, called the coefficient
operator, such that RC = Ig. Since S — C/, this operator is implemented by some family of
linear functionals {g;}, € E’ by means of the formula C(f) = ({f, g«));,- When the operator
R is implemented by a series converging in a Fatou topology, each choice of a coeflicient
operator gives rise to an atomic decomposition in the sense of the definition above. As we
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remarked before, this is the case whenever the set of finitely-supported sequences is dense in
S.

It is common in the literature to define Banach frames in terms of the coefficient func-
tionals {g;}, rather than the atoms {f;},. A family of linear functionals {g;},.» € X', together
with a solid BK sequence space S is called a Banach frame for X if the coefficient operator
X > f = (f,8): €S is a bounded section, i.e., there exists a bounded operator R : § — X
such that RC = Ix. In the abstract setting there is no possible confusion between the two
usages since the atoms and the coefficient functionals belong to different spaces. However,
in concrete examples where X is a classical function space and X’ is identified with another
classical function space, these two usages can be ambiguous. To avoid confusions, every
reference to a Banach frame will be followed by a clarification about its precise meaning.

1.10 Coorbit theory

We now briefly introduce coorbit theory (see [44]). Let m be a (strongly continuous) unitary
representation of a locally compact group G on a Hilbert space H. For a fixed 4 € H, the
abstract wavelet transform is defined as,

Vif(x) == (fin(0h), (f€H,xeg).

Let w be an admissible weight on G. A vector h € H is called admissible if V,h € Wr(L*, L&V)(Q)
and the reproducing formula,

Vif = Vif x V,h,

holds for all f € H. Here, Wg(L*, L&V)(Q) is the Wiener amalgam space from Section 1.6.
Moreover, h is assumend to be cyclic, i.e. the orbit of h, {n(x)h | x € G} is assumed to be
dense in H. Admissible vectors are the main ingredient of coorbit theory. They are known to
exist under several circumstances. For a study about the validity of the reproducing formula
see [58]. In concrete examples one can often produce explicit admissible vectors.

Let i be an admissible vector. Since V,i(x~') = V,h(x), it follows that V},h also belongs
to W(L™, L!). As a consequence of the reproducing formula, V}, : H — L*(G) is an isometry
and therefore has an inverse on its (closed) range.

Under these conditions the space H! is defined by

H), :={f e€H|V.f €L},

and endowed with the norm || f{lg := |[V,.fll.1 . The anti-dual of Hlv (i.e. the space of continu-
ous conjugate-linear functionals) is denoted by (H!)". The inner product Hx H — C extends
to a sesquilinear form on H! x (H!)" — C. Since / is assumed to belong to H!, the abstract
wavelet transform can be defined for f € (H!)".
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Coorbit spaces are defined by selecting from the reservoir (H.)" those elements that sat-
isfy a certain criteria. Let E be a solid, translation invariant BF space on G such that w is
admissible for it. The coorbit space is defined by

CoE :={f € (H)) | V.f € E},

and endowed with the norm || fllcor := |VifllE-
The results in [44, 61] provide atomic decompositions for coorbit spaces, where the co-
herent states {n(A)h : A € A} can play both the role of atoms and coefficient functionals.

Theorem 1.10.1. Let w be an admissible weight and h € H an admissible vector. Then,
there exists U, a relatively compact neighborhood of the identity in G, such that for any U-
dense and relatively separated set A C G, the following atomic decomposition of CoE holds
simultaneously, for all BF spaces E for which the weight w is admissible.

(i) Forevery ¢ € E*(A), the function,

f=> cn(h,

A

belongs to CoE and ||fllcor < lIcl|ge. The series converges unconditionally in the weak*
topology of (H!)" and, if the set of bounded, compactly supported functions is dense in
E, it also converges unconditionally in the norm of CoE.

(ii) There exists a bounded linear operator C : CoE — EY(A) such that

f =), C(Pum(h.
P

The operator C is given by C(f), = {f, ga), for a certain family {g, : 1 € A} C H!, that
is independent of E. In addition, the quantity ||({f, ga)allg« is an equivalent norm on
CoE.

(iii) The quantity ||(( f,m()h)) A” o 18 an equivalent norm on CoE. Moreover, there exists a
bounded operator R : E*(A) — CoE such that R(({f, n(D)h)),) = f, for all f € CoE.

1.11 Modulation spaces

For f,h € L*(RY), the Short-Time Fourier Transform (STFT) (or windowed Fourier Trans-
form) is defined by,

waﬂmgw:fiﬂwEMWMy—m@a
Rd
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Recall that the translation and modulation operators are given by 7,f(y) := f(y — x) and
M_f(y) := e f(y), so that,

Vif(x,¢) := (f, MT:h) . (1.34)

If h is suitably normalized, V), : L*(RY) — L*(R*?) is an isometry. The adjoint (inverse)
STFT is given by,

VIF) = f O, M Tyh(dyds.
R

For a general h € L*(R?) the integral should be understood in the weak sense (not pointwise).

Let ¢ be any non-zero Schwartz class function. For example, ¢ can be the Gaussian func-
tion ¢(x) := ¢ ¥ The definition in Equation (1.34) then extends to tempered distributions.
Modulation spaces are defined by imposing integrability conditions of the STFT. Let v be a
polynomially moderated weight on R*. For 1 < p,q < +oo, the modulation space M? is
defined as,

MP9 = MPARY = ( f € SRD|Vof € LIRY))

where,

q/p 1/q
||F||Lg-q:( [ ( | |F<x,g>|Pv<x,g>pdx) dg) ,
R4 R4

with the usual modifications when p or g are +oco. MY is of course given the norm || f]| MPe =
Vi fllpe. When p = g we write M = M}

Thus, modulation-space norms measure the time-frequency concentration of a distribu-
tion. The decay properties of a distribution f are roughly evidenced by the decay of V, f(x, w)
in the variable x, where the smoothness of f near point x = X, is related to the decay of
Vs f(x0,w) in the variable w. Here are some precise statements [62, Proposition 11.3.1].

Proposition 1.11.1. Let v,(x) := (1 +|x|), t € R, denote the polynomial weights on R*. Then
the following holds.

(a) If |f(x)| S v_(x), for some t > d, then |V¢f(x, w)| < v_(x). If|f(w)| < v_(w), for some
t > d, then |V, f(x,w)| < v_,(w).

(b) If v(x,w) = v(x), then Mf = Lf.

(c) Ifv(x,w) = v(w), then M> = F(L?). In particular if v(x, w) = v,(w), then M? is a Bessel
potential space.

(d) SRY) = NizoM;? and S'(R?) = U,oM;.
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Modulation spaces are coorbit spaces of the Heisenberg group (cf. Section 1.5.2). The
abstract wavelet transform V, associated with the representation 7 from Section 1.5.2 is
related to the short-time Fourier transform by,

@tpf(x, w,A) = /_l"V¢f(x, w).

Since the mapping f + f given by f(x,w, 1) = Af(x,w) preserves weighted L norms, it
follows that the abstract construction from Section 1.10 coincides with the more concrete
presentation given above.

1.11.1 Gabor frames

A Gabor system generated by a function g € L*>(R?) is a set of functions of the form,

G(g. D) = {n(Dg|1e A},

where n(x,w) = M,, T, and the set A C R?? is called the set of phases.

As an example, if we let g = x0.1; and A = Z X Z, the corresponding Gabor system is an
orthonormal basis of L?>(R). Several classic results show that this is only possible when the
generating atom g has poor time-frequency localization. Hence, redundancy is essential in
good time-frequency representations.

Theorem 1.11.1 ([72, 11]). If G(g,aZ x bZ) is a Riesz basis for L*(R?), then both g ¢
W(Co, L") and & ¢ W(Cy, L").

Theorem 1.11.2 (Balian-Low, Daubechies, [25, 11]). If G(g,aZ X bZ) is a Riesz basis for
L*(RY) then xf ¢ L*(R) or f ¢ L>(R).*

Gabor systems provide atomic decompositions for modulation spaces. This was first
noted in [40]. Using the realization of modulation spaces as coorbit spaces we can deduce
this from Theorem 1.10.1.

Theorem 1.11.3. Let v be a polynomially moderated weight on R*? and let h € M! be a
non-zero function. Then, for every sufficiently dense, relatively separated set A, the Gabor
system G(g, A) is a Banach frame for M%), for all 1 < p,q < oo and all v-moderated weights
m.

Here, the terms Banach frame can be understood in both of the senses discussed in Section
1.9, so the elements of the Gabor system G(g, 4) play simultaneously the roles of atoms and
analyzing functionals.

Constructing Gabor frames in L*(R?) is significantly easier than constructing atomic de-
compositions for the whole family of modulation spaces. As an example, we quote the fol-
lowing construction known as “the painless method” [26] (see also [62, Prop. 6.4.1]).

“Here, xf denotes the function taking the value xf(x) at a point x € R. The assertion f’ ¢ L?(R) means that
£ does not have a weak-derivative in L.
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Theorem 1.11.4. Let g € L*(R?) be supported on the cube [0,L]%. Let 0 < a < L and

0 < B < 1/L. Then, the Gabor system G(g,aZ® x BZ¢) is a frame for L*(RY) with bounds
B~a, B~b if and only if,

O0<ac< Z lg(x — ak)P < b, for almost every x € RY.
kezd

In particular, G(g, «Z? x BZ4) is a tight frame if and only if,
Z lg(x — ak)]* = B¢, for almost every x € RY.

kezd

In the “painless” case it is even possible to get an explicit formula for the dual frame
of the Gabor system. This is almost the only case where this is possible. Most existence
results for Gabor frames rely on establishing the frame inequality but do not provide explicit
constructions of the dual system.

The other important case where the frame condition for a Gabor system has been com-
pletely characterized is the case of the time-frequency translates of the one-dimensional
Gaussian function over a lattice [86, 99, 100].

Theorem 1.11.5. Let ¢(x) := e"”‘z, (x € R). Then, the Gabor system G(¢, aZXSZ) is a frame
for L*(R) if and only if af < 1.

The proof of this theorem resorts to sampling estimates for entire functions and does not
provide an explicit formula for the canonical dual system.

Theorems 1.11.4 and 1.11.5 provide sharp conditions for a Gabor system to be a frame
of L2(R?). In contrast, the result in Theorem 1.11.3 is only qualitative, it does not give such
sharp sufficient conditions. As a trade-off, Theorem 1.11.3 yields a much stronger conclu-
sion: it gives a the simultaneous atomic decomposition of the whole class of modulations
spaces. In order to bridge this gap, it is desirable to known when a Gabor frame for L*(R¢)
extends to a Banach frame for all modulation spaces. The key technical obstacle is the lack
of information on the dual system, whose existence is granted by the frame inequality. This
difficulty has been addressed in the last years by resorting to spectral invariance results (or
non-commutative variants of Wiener’s lemma) like the ones in Section 1.7 [46, 66, 63, 6].
We cite the following result as an illustration.

Theorem 1.11.6 ([66]). Let v be a subexponential weight, g € M!(R?), and A C R* a lattice.
Suppose that the Gabor system G(g, \) is a frame for L*(R). Then, its canonical dual frame
has the form G(h, A), for some function h € le (RY).

As a consequence, each of the pairs (G(g, N), G(h, N)), (G(h, N), G(g, N)) provides, simul-
taneously, an atomic decomposition for every modulation space M%*, with 1 < p,q < +o0
and m a v-moderated weight. >

3In order to define modulation spaces as subsets of the class of tempered distributions, we must further
assume that the weight v is polynomially moderated. If this is not the case, modulation spaces can still be
constructed by the abstract method of Section 1.10.
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More generally, the set of phases A need not be assumed to be a lattice [6], but in this
case the dual frame is not a Gabor system. Instead it is a set of time-frequency molecules
{ h, | A € A}, ie., it satisfies,

[ Vsha((x,w)| < H((x, w) — ),

for some function H € W(L*, L!). This is enough to deduce the Banach frame condition in
Theorem 1.11.6 above.

1.12 Besov and Triebel-Lizorkin spaces

1.12.1 Besov spaces

Let ¢ € S(R) be such that suppy C {w € R?|1/2 < |w| < 1} and that [p(w)| 2 1, for
3/5 < Iwl < 5/3. If we let ¢;(x) := 27#p(27/x), for j € Z, it follows that 3;|¢;| ~ 1.
For 1 < p,q < 40, @ € R and a distribution f € &', we define the (semi)norm,

. /g

. —aqj 114

fllge = (Z]ezz_ ||f*901||Lp) > ?fq < +o09, (1.35)
b7 supe 2l gl ifq = oo,

Note that in the definition above, f * ¢; is a smooth function because it is a distribution with
compactly-supported Fourier transform. Observe also, that || fllz; = 0 if and only if fis
supported at {O0}. This happens if and only if f is a polynomial. Thus, in order to have a
Banach space, elements in B‘;’ , have to be considered modulo polynomials. Let ¥ denote the
class of all polynomials on R¢. The space homogeneous Besov space Bg’q is defined as the
set of all f € 8’/ such that /11, < +o0.

The inhomogeneous Besov spaces are defined by distinguishing the positive and negatives
scales. Let ¢(x) := X, o¢j(x). For1 < p,q < +oo, @ € R and a distribution f € &', we
define,

—aqj g \\Va .
I£sg, == I * @llr +{ (Zjs027IIf + @illf,) ™, if g < +oo, (1.36)

Sup o 27f x @ylls  if g = +oo.

The inhomogeneous Besov space B, , is defined as the set of all distributions f € S such that
Ifllzg, < +oo. In this case there is no need to cancel out the class of polynomials.

For @ > 0, inhomogeneous Besov spaces consists of “ordinary” functions and can be
characterized in terms of moduli of continuity (see [107, Section 2.6]). (For simplicity we
only mention the inhomogeneous case; a similar statement holds for the homogeneous case).
For a function f : R? - C and h € R?, the differences A? /" are defined recursively by,

ALf(x) := f(x) = f(x = h),
AL f(x) == A ().
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For 1 < p < oo, the n-th order L? modulus of continuity of f is defined as,

wa(f, 1), = supllA; fllzr
|h|<t

For 1 < p,q < 400 and a > 0 the Besov space B, consists of all the locally-integrable
functions such that the quantity,

—aqj ng\l/a .
1l +] (B2 (R 20) 7, g < oo, (1.37)
SUp 7, 27 wra41(f5 27)p, if g = +o00,

is finite. Moreover, the expression in Equation (1.37) is an equivalent norm on By .

1.12.2 Triebel-Lizorkin spaces

Triebel-Lizorkin spaces are defined similarly to Besov spaces. We keep using the notation
from Section 1.12.1. For 1 < g < 400, 1 < p < +00, @ € R and a distribution f € &', we
define the norm,

g 1 .
1l = { (222 _:] 1 eil) s if g < oo, (1.38)
SUp ez, 2 f|f*<pj|||Lp, if g = +oo0.

The definition for p = +oco is more complicated: the L™ norm should be replaced by a Car-
leson measure condition. We refrain from discussing the details. As noted before, pointwise
evaluation of f x ¢; makes sense since this is a smooth function. As in the case of Besov
spaces, the homogeneous Triebel-Lizorkin space is defined as the set of all f € §'/# such
that ||f||F;_q < +00.

The inhomogeneous version is defined using the norm,

wai 1/ )
£z, = ||f*¢||u+{ [(Zr02 |7 il Pl ifq <+, (1.39)

SUp 50 2-i |f s tpj|||Lp, if g = +oo.

Many classical function spaces lay in the range of Triebel-Lizorkin spaces (see [57] and
[60, Chapter 6]). For example, for 1 < p < oo, Fg,z =F 2’2 = LP(RY). More generally, for
l<p<ooanda €eR,

Fy, = LARY, Fo, = LORY,

where L (R) and L(R?) are the homogeneous and inhomogeneous Sobolev spaces given by
the norms,

I lliz e, = |F A FOO)|| 0
£z @y = ||F 1L+ FPY2F ()

Lr’
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More precisely, the homogeneous and inhomogeneous Sobolev spaces are defined as the class
of all tempered distributions having finite norm. In the homogeneous case, the space should
be considered modulo polynomials. When « is a nonnegative integer, the inhomogeneous
Sobolev space consist of all the functions in L” having weak derivatives of order up to @ in
LP.

1.12.3 Identification as coorbit spaces

Besov and Triebel-Lizorkin spaces are coorbit spaces of the affine group acting by translations
and dilations. Let G = R? x (0, +o0) be the affine group (cf. Section 1.5.1). For (x, s) € G let
n(x, s) be the operator on L*>(R?) given by,

70 9)f0) 1= D) = 572 f (22,

The associated Wavelet transform is,

Waf(x,s) = 5 f fon(“=Ear,
R4 N

for f,h € L*(RY), whereas the inverse wavelet transform is given by,

+oo = d
W F(x) = f f FO, s)h(—x Y )dx @ _
0 Rd Ky S§d+l
for F € LX(G).5

In [68, Section 4.2] it is shown that a function & € L*(R%) is an admissible window in the
sense of Section 1.10 if it satisfies the classical “smooth molecule” conditions [55, 56, 57],

IDPh(o| s (1 +1x)™,  forall || < M,
h(x)dx = 0, for all || < N,
Rd

for sufficiently large N, M > 0. In particular, any Schwartz & with all moments vanishing is
adequate.

Triebel’s work [106] (see also [61, 108]) yields a characterization of Besov and Triebel-
Lizorkin spaces in terms of the wavelet transform, giving:

By (R = Co(LVY,, ., (@),  foralll <p,g< -+, a€R, (1.40)
Fo (RY) = Co(Lot%(G)),  forall 1 g <+e0,1<p<+m,acR, (1.41)

The integral converges in the weak-sense. The possibility of evaluating it pointwise requires further hy-
pothesis.
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where the space LY and L7 are defined in Equations (1.13) and (1.14). There is however
a serious caveat in the case of Tribel-Lizorkin spaces. The spaces L7 , do not statisfy the
general assumptions of Section 1.10 since they are not right-invariant. The spaces F g Can
however be regarded as coorbit spaces of the so-called Tent spaces (cf. [20]) which are left
and right translation invariant. Recently, it has been shown that Tribel-Lizorkin spaces can
also be regarded as coorbits of the so-called Peetre spaces (see [108]).

A characterization of the corresponding inhomogeneous spaces as coorbit spaces of r is
also possible, although it requires a more geneneral setting (see [109]), where the domain of
the wavelet transform is not the group G anymore.

1.12.4 Wavelets

Given a function 2 € L*>(R?) and a relatively separated set of the affine group A C G, the set

{T.D;h

(x,5) e A} = {s_d/zh(%c) |(x,s) €A}

is called the wavelet system generated by the window & and the set of phases A. Theorem
1.10.1 implies that given a function & with adequate decay and smoothness and sufficiently
many vanishing moments, the exist 8 > 1 and @ > 0 such that the wavelet system

{ﬁ—jd/Zh (ﬁ_jd . _a,k) |] €Z ke Zd },

provides a simultaneous atomic decomposition for the spaces ng, (1 £ p,g £ +0,a € R)
and ng, (1 <g<+400,1 < p < +oo, € R). The corresponding sequence spaces are given by
Equations (1.16) and (1.17). In fact, Theorem 1.10.1 allows for much more irregular sets of
phases and gives a more robust statement (where, for example, any sufficiently small choice
for 5 and « is granted to be adequate).

In contrast to the case of time-frequency decompositions, non-redundant well-behaved
time-scale decompositions do exist. In [80], Lemarié and Meyer constructed a wavelet sys-
tem,

(272 (27 - k) | jik € Z),

that is an orthonormal basis for L?>(R). The method was refined and generalized by Mallat
[87, 88], introducing the method known as multi-resolution analysis. In [23], Daubechies
obtained a compactly supported orthonormal wavelet basis with integer translates and dyadic
scales. All these systems extend to atomic decompositions of the Besov and Triebel-Lizorkin
spaces by a density argument.’

"The historical references are taken from [57].
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1.13 Coorbit spaces of localized frames

Let H be a separable Hilbert space and let ({fi}ic; > {8k}ie;) @ frame pair for it (cf. Section
1.8.3). This means that {f;},.{g«}, are Bessel sequences and that every f € H admits the
expansion

F=>fek (1.42)
k

There are two abstract ways to extend this expansion to other Banach spaces. The orbit
method consist of “pushing forward” a certain sequence space through the synthesis map
¢ — Y crfr, while the coorbit method consists of “pulling back™ a sequence space by the
analysis map f — ({f, g«))x- The second method is similar to the one used in Section 1.10 to
define coorbit spaces. In that context, the orbit method is also possible and the equivalence
of both methods was shown in [44, Corollary 4.5].

In abstract setting of Hilbert space frames the same constructions were considered in
[63, 53] (see also [5]). The frame pair ({ fi}ie; > {8k }ies) 18 called localized with respect to a
subalgebra A of B(¢*(I)) if the Gramian matrices of { Ji}r and {gi}, belong to A (cf. Section
1.8.5). In this case, the cross-gramian matrix K given by,

7<k,j = <.ﬁ€agk>’ (k’.] € I),

also belongs to A. Localized frame pairs with respect to adequate matrix algebras (like for
example the ones considered in Section 1.7) are appropriate for the construction of orbit and
coorbit spaces.

We illustrate this construction for some concrete decay conditions. Let A,, be the weighted
Schur from Section 1.7.2. Here, the index set I = A C R is a relatively separated set and
the weight w is subexponential (cf. Equation (1.9)) and satisfies w(x) 2 (1 + |x])°, for some
6 > 0. Note that A, is an algebra of matrices with entries in A that acts boundedly on £ (A)
and E‘f‘}w(/\).

Suppose that ({ fi}iea > {8k}rep) 15 @ frame pair for a Hilbert space H that is A,,-localized.
Let v be a w-moderated weight on R? (cf. Equation (1.8)). Let HY be the linear space
(algebraically) generated by the atoms {f;}, within H. For f € H® and 1 < p < +c0 we
define,

I ke == KT, gi)ellers

(o8]

and let the space HJ be the completion of H* with respect to that norm. Since £, < £¢ T

the space HY can be described as,

HY = {f eHy, | (frg) € ).
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The pair ({fi}ie; » {8x}ie;) yields a Banach frame for HY with corresponding sequence space ¢
(cf. Section 1.9). In particular, each f € HY admits the expansion,

f=> f80 fio (1.43)
k

with unconditional convergence in the HY-norm. Moreover, the norm of H! is equivalent to
the quantity,

inf {liclly | £ = ) exfich

k

This shows that the space HY, originally constructed as a coorbit space of the map f
({f, &)k, 1s also an orbit space of the map ¢ — ) ¢ fi-

When p = oo the construction above yields a space that will denoted by H;°. All the
statements above apply to this space, but the sequence space ¢! should be replaced by c?, the
closure of the set of finitely supported sequences within £;°. It is also possible to consider
a space associated with the full sequence space ¢;°; in this case the expansion in Equation

(1.43) converges only in the (Hf) , H!) topology.

Two localized frame pairs ({fi}ie; » {8k} ier)s ({ 1 }kel , {g,’(}kd) yield the same spaces with
equivalent norms if they are localized with respect to each other in the sense that the cross-
gramian matrices £, M given by,

Lij = fi8)» Mij = (fi> &) » (k,jel,

belong to A.

A frame {f;}, for a Hilbert space H is called intrinsically localized with respect to A if its
Gramian matrix belongs to A (see [53]). If the algebra A is one of the algebras from Section
1.7, it follows that the Gramian matrix of the canonical dual frame {g;}, also belongs to A
and consequently ({fi}.c; » {8k}ie;) 1S @ localized frame pair. Indeed, the Gramian matrix of
{8k}, 1s the pseudo-inverse of the Gramian matrix of {f;}, so Remark 1.7.1 applies.

For Gabor frames generated by windows that are well-localized in space and frequency
the corresponding coorbit spaces are modulation spaces. Theorem 1.11.6, for example, can
be seen as an instance of the abstract theory presented in this section. This setting does
not apply however to the case of time-scale decompositions because the assumptions on the
geometry of the index sets in Section 1.7 are not well suited to that scenario.

1.14 Shift-invariant spaces

Let A C R? be a lattice. A closed subspace S C L*(RY) is called A-shift-invariant if whenever
feSandAe A, thenT,f = f(- — A1) € S. The structure of shift-invariant spaces has been
extensively studied in [96, 28, 14] through the so-called fiberization theory.
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Let A+ be the orthogonal lattice of A given by,
At ={2" eRY| (A, A") eZ, forall e A}. (1.44)

For a function f € L*(RY), the fiber of f at a point w € R? is the sequence f* € £*(A*) given
by,

= (fov+ah) L (1.45)

Of course the family of sequences { f* | w € R} is only well-defined up to null measure sets.
For any countable family X C L?>(R?) we further define,

X, = {f"|fex}

The fibers of shift-invariant spaces are defined as follows. Given a shift-invariant space S, it
is always possible to obtain a countable family X C S that generates S in the sense that S is
the closed linear span of the set,

EX,A) :={T,f|feX 2eA}.

For example we may take X to be a countable dense subset of S. For w € RY, we let S,, be
the subspace of £2(A*) generated by the set X,,. The family { S, |w € R?} is called the set of
fibers of S. A different choice for X produces the same set of fibers up to null measure. As
the following theorem shows, they completely characterize the space S.

Theorem 1.14.1. Let S € L*(R?) be a shift-invariant space and let { S,
fibers. Then the following holds.

w € R?} be its set of

(a) A function f € L*(RY) belongs to S if and only if for almost every w € R?, f* € §,,.

(b) E(X,A) is complete in S (i.e., it generates a dense subspace) if and only if for almost
every w € R the set X,, is complete in S,,.

(c) E(X,A) is a Riesz basis (resp. frame) of S with bounds A, B if and only if for almost
every w € RY, the set X,, is Riesz basis of S,, (resp. frame) with bounds A, B.

The conditions in Theorem 1.14.1 can be further reformulated by computing the Gramian
matrix of the fibers. For f, g € L>(RY), the bracket product is defined by,

[, 1= > fow+ g+ D), (weRY.
AteAt

The Gramian matrix of the system X, is,

Gy = (Lfor H1a))

x,yeX :

Theorem 1.8.6 then yields the following.
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Theorem 1.14.2. Let X C L*(RY) and consider the family,
EX,N) ={T\f|feX. 2eA)},
and the family of matrices,

d
e’ (w e RY).

Gy = (Lfer H1a )
Let 0 < A < B < +o0o. Then the following holds.

e E(X,A) is a Riesz sequence with bounds A, B if and only if for almost every w € R,
inf(spec(éw)) = A and sup(spec(éw)) = B.

o E(X,A) is a frame sequence with bounds A, B if and only if for almost every w € R,
inf(spec(éw) \ {0} = A and sup(spec(éw)) = B.

Theorems 1.14.2 and 1.14.1 answer the fundamental questions concerning shift-invariant
spaces. Using these tools a complete characterization of the structure of shift invariant spaces
in terms of fibers is possible (see [14]).

Finally, we illustrate the theory of Section 1.13 in the case of shift-invariant spaces. For
a complete proof in a more general context see Section 3.3. Suppose that X is a finite set
X =1{fi1,..., f,} and that E(X, A) is a frame sequence. Let us denote by S the closed linear
span of E(X, A). Assume further that each f; belongs to W(L®, L) (cf. Section 1.6). Then the
frame E(X, A) is easily seen to be self-localized with respect to the unweighted Baskakov-
Sjostrand algebra C from Section 1.7.3. The coorbit space corresponding to the sequence
space {* is just the LP-closure E(X,A) within L? (as before, for p = oo the right sequence
space is ¢, not £*°). The canonical dual frame of E(X,A) has the form E(Y,A) where
Y ={g1,..., g} The self-localization of the dual frame and Equation 1.33 imply that each
g; also belongs to W(L™, L'). Consequently we have the following.

Theorem 1.14.3. Let {fi,..., f,} € W(L>,L"). Assume that E = { T f,,...,T\f, |/1 €A}
forms a frame of S, its closed linear space within L>(RY). Then the canonical dual frame is
givenby E' ={Tig\,...,T:g,|A € A}, for some family {g,, ..., g,} € W(L>,L").

As a consequence, if for 1| < p < +o00 we let S” be the closure of E within L, then both
(E,E’) and (E’,E) are Banach frames for S” with associated sequence space €*(A). For
p = oo the same is true, replacing €= with c°. In particular, for 1 < p < +oo, every f € S”
admits the expansions,

f= Z D gl = D) Al = ) = Z DAl = D) gu- = ),

k=1 AeA k=1 AeA

with unconditional convergence in LP-norm.



Chapter 2

Amalgam spaces

In this chapter we introduce two variants of the amalgam space norms with the aim of ob-
taining stronger statements in several applications. The first one concerns general locally-
compact groups and is irrelevant in the case of IN groups. We introduce a weak amalgam
space and prove that certain convolution relations for amalgam spaces can be improved by
introducing this space. The second one, in contrast, concerns only the Euclidean space. It is
designed to model the concept of smooth spatial molecule.

2.1 Weak and strong amalgam norms

Let G be a locally-compact group. We now introduce some variations of the amalgam spaces
W(L™, Lvlv), Wr(L™, L}M). We do so in order to handle certain technicalities involving right
convolution actions on the spaces W(L™, E). For an IN group, the spaces W(L*, E) are right
L! modules, but for a general group G, they are only right W(L*, L! ) modules. We will now
introduce a space between Lvlv and W(L*™, Lvlv) that acts on the spaces W(L>, E) from the right
and collapses to L! in the case that G is an IN group. Similarly, we will introduce a certain
subspace of W(L®, L!) N Wg(L*, L!) that reduces to W(L™, L!) when G is an IN group.
For an admissible weight w, let the left and right weak amalgam spaces be defined by
WYL, L) = { f € Ll | xv = |fl € WL, L) },

loc

WRNE® L) o= L f € L | e xv € WeL™, L)),

loc

and endow them with the norms,

. — #
WA llwweczo )y == 1w * [flllwes o1y = 10w * LDz
I llweak o 2ty == ML xvllwees oy = N1 * xv el -

These spaces are related by || fllywe s 1) = 1Y llwsess 2 11

63
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Consider also the strong amalgam space defined as,
WL®, L)) := We(L®, W(L™, L))).
Hence, the norm of a function f € W*(L®>, LJV) is given by,
I w2ty = ||(f#)#||L;,~
We now observe how these new spaces are related to the classical ones.

Proposition 2.1.1. Let w be an admissible weight. Then the following holds.

(a)
W(L®, L)) & WYL= Ly — L},

and
Wr(L™, L) = Wy (L™, L,) < L.

(b) If G is an IN group then,

Wl\zlleak(LOO, L‘%V) — WWCak(Loo’ Lvlv) — st.
(c) WYL, Ly < W(L®, L) N Wr(L®, L}).
(d) If G is an IN group then,

W(L®, LYY = We(L™, L)) = W'(L™,L})).

Proof. For (a) and (b) we only prove the statements concerning the “right” spaces; the corre-
sponding statements for “left” spaces follow by using the involution V.
Let f € Wr(L™, L)). Since (|f] * xv)# < (fs * xv), we have that,

I lwyeas sy = WA+ v delly < (Lfe + xvllp,
< fllzlbevlizy < N llwes. -

This proves the first embedding of (a). For the second one, let f € W;{eak(L“’, L!) and esti-
mate,

f O wdx < f W) f G ydydx
G G G
< fg fg WO Xy (e Y)daw()dy.

Since w is locally bounded, in the last integral w(y~'x) < 1 and we conclude that ||f]| LS
Il f1 % xvllz;,- Now the conclusion follows from the fact that |f] * xv < (|f] * xv)s.
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Part (b) follows from the convolution relation,
WL, Ly« L) — W(L>, L)),

which holds when G is an IN group. This follows easily from the fact that, for an IN group,
f* = fu. It also follows from Theorem 1.6.2. Indeed, Theorem 1.6.2 imples that W(L™, L} ) =
WL, L)y — W(L>, L!). Tt is straightforward to see that W(L',L!) = L!.

Part (c) follows from the observation that fi < (fs)* and f* < (f*)s. Finally if G is an IN
group, for x € G, VxV = VVx, and therefore,

(fi*(x) = sup fy(xv) = sup sup |f(wxv)| = sup | f(yx)| .

veV veV weV yevv

Hence the conclusion follows from the fact that a different choice for the neighborhood V
induces an equivalent norm in W(L*, L}). O

For the weak norm, we now derive the following convolution relation (cf. Lemma 1.6.1).

Proposition 2.1.2. Let E be a solid, translation invariant BF space and let w be an admissible
weight for it. Then,

W(L,E) « WY*(L™, L) < W(Cy, E),
together with the corresponding norm estimate.
Proof. Let f € W(L™,E) and g € WY(L>,L!). For almost every y € G and t € V,
)| < f*(yt). Hence for x € G,

f1* Igl (x) < f f Fotxv(Hdt g x)| dy

GvYG

_ f 0 f () g7 0| dydr
G G
= fg F OOy * 1) x)dt = % (v * 1g)(x).

Therefore Lemma 1.6.1 implies that,

Lf = gllwe.g) < 1 % v # lgDllw=.E)
< ”f#HE”XV * |g|||W(L°",L‘]¢,) = ||f||W(L°°,E)“g”WWCak(L‘X’,LJV)'

It only remains to note that f * g is a continuous function. This follows from the embedding
wweak(L> L1y < L! in Proposition 2.1.1 and Lemma 1.6.3. m

Using Proposition 2.1.2, we can derive a variant of Lemma 1.6.2 (b) that only requires g
to be in Wyek(L>, L1).
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Lemma 2.1.1. Let E be a solid, translation invariant BF space and let w be an admissible
weight for it. Let A C G be a relatively separated set. Then, for f € W(L*,E) and g €
Wy eak(, Lvlv), the sequence ({f,L,g)).ecn belongs to E%A) and satisfies

IS, LagMallee < Nfllwezs gllgllwmest o 11
where the implicit constant depends on the set A.

Proof. As in the proof on Lemma 1.6.2 (b), [|((fs Lig)illee S IIf * &"llwico.r): Now we
can invoke Proposition 2.1.2 and the fact that the involution ¥ maps Wl‘geak(L"",L}V) into
wweak(L= L) to obtain the desired conclusion. o

2.2 Schur-type amalgam norms

When moving from shift-invariant spaces (cf. Section 1.14) to the setting of spaces gen-
erated by general atoms, the standard tools for amalgam spaces are not directly applicable
and require an extension. In the study of shift-invariant spaces (or more generally, spaces
generated by translates) the relevant operators can be expressed as products and convolutions
with possibly distributional kernels. Wiener amalgam spaces, have proved to be a powerful
tool to quantify this formalism. The abstract convolution multiplier theorems allow to deal
with smoothness and approximation problems in the context of atoms generated by irregular
shifts. In the context of general spline-type spaces, the relevant operations are not convolu-
tions but, nonetheless, they are convolution-like. For example, in the intended applications
to time-frequency analysis we will consider the image of a modulation space (cf. Section
1.11) through the short-time Fourier transform (with a fixed window). In this case, the rele-
vant operations are not convolutions on the Euclidean space but twisted convolutions (which
nevertheless are closely related to convolutions on the Heisenberg group).

Convolution dominated operators and enveloping conditions for irregular atoms are widely
used concepts. Here, we will consider an enveloping condition for atoms, not in a pointwise
sense, but in the sense of a local - possibly non solid - quantity. We will extend the amalgam
norm of a function f to families of functions F in such a way that the condition ||F||w g,k < o0
grants to ' the same properties shared by a set of translates of f, when || f]lw.z) < 0. When
the local norm measures size, the condition [|F||ypE < oo will amount to certain spatial
localization for the family F; when the local norm measures smoothness, it will amount to
certain equismoothness property for the family F. Using this extension of the amalgam norm
and a simple interpolation argument, we obtain replacements for some of the convolution in-
equalities in amalgam spaces. These will be used, for example, in Section 3.3 to extend to the
general setting the principle that in a finitely-generated shift-invariant space the smoothness
of the generating windows is inherited by the whole space.

We will consider a relatively separated set of points A C R?, which will be called nodes
and a symmetric, submultiplicative, continuous weight w : R? — (0, 400). We will also
consider a family of measurable functions f; : R? — C indexed by the set of nodes A.
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Let (B, || -||p) be a uniformly localizable, isometrically translation invariant Banach space
on RY (cf. Section 1.6.1). For a family F = {fi};cx € B, we define its W(B, L! ) norm by

||F||W(B,L3V) -= max {sup||gk||1, supess Z |8k(x)|} )
k X T
where gi(x) := [Ifin¢: — Vllpw(x — k), (x €R% ke A).

Here, 7 € D(RY) is any nonzero window function (see Proposition 2.2.1 below).

Observe that if [|F|lypy) < +oo, then each f; belongs to W(B, L!). The estimate
|Fllwp,) < +oo implies, in addition, certain uniformity for the set {f;},, similar to that
shared by the translates of an individual atom. Some results to come will give evidence of
that. The following proposition shows that, at least, the hypothesis ||F||yg 1, < +oo indeed
extends to more general families F', the condition || fly g .1, < co normally imposed on fami-
lies produced by translation of a single generator f. Before showing that, we must prove the
independence of the window function in the definition above.

Proposition 2.2.1. Let a family F = {fi};cp € Bioc be given.

(a) Let ||Fllw,p1) be the norm defined using a nonzero window function n; € D(RY),
(i=1,2). Then ||Fllw, g 1) ~ |IFllw,B,L1)

(b) For any bounded set Q C R? with non-empty interior, the norm ||F lwep,L) is also
equivalent to the norm ||F ||ﬁ/< BLL) defined by

1F I .01, = max {supngknl, supess ) |gk(x>|} ,
k X X

where gi(x) = lfillpgeow(x — k), x€R% ke A,
and ||fllgig) = inf {llglls : g = f on Q).

(c) If the family F is given by f; = f(- — k),k € A and A is relatively separated, then
”F”W(B,L&,,) ~ ||f||W(B,L,£,)-

Remark 2.2.1. The implicit constant on (c) depends on the relative separation of A.

Proof. For (a), since 1, is compactly supported and not identically 0, it is possible to choose
a > 0 such that ez Iml* (- = aj) ~ 1. This series is locally finite, so the function m :=

-1
m (Zjezd Il (- = cyj)) is smooth. Choose 6 € D(R?) such that = 1 on the support of 7;.
Now,

mo=0m =) ominl (- aj).

jezd
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Since both 6 and 7, are compactly supported, only finitely many terms are not zero and we
may write

m= Z mmn(- — x;),
=1

where x; € @Z? and m; := Omn,(- — x;) € DRY).
Now, for x € R%, and k € A,

i (= 0llswx = k) < Y Ilfima(- = x = x)llswix - k)
j=1

S lefknz(- — (x + x))llsw((x + x;) = )w(x)).
=1
Consequently,

”F”WI(B,L&V) S ”F“Wz(B,LEV)'

The other inequality follows by symmetry.

To prove (b), consider first a window 1 € D(R?) such that 7 = 1 on Q. Then for any k € A
and x € RY, || fillso+y < Ifinn(- = 0)llp and it follows that ||Fligp 1) < 1Fllw.LL)-

For the other inequality, since Q has non-empty interior, there exists a non-zero window

function € DRY) supported on Q. For any k € A, x € R? and any /& € B such that & = f;
on QO + x, we have

Ifin(: = Ol = [lAn(- = 0)llp < IAlls.-

Therefore, ||fin(- — X)llg < |l fllBo+y), and the desired inequality follows.
Let us now prove (c). For x € R4 and k € A, since B is isometrically translation invariant,

gk(x) = [If ¢ = ln(- = vllpwlx = k) = [Ifn(: = (x = k)llpw(x — k).

Integrating over x we get that for any k € A,

1w,y = 11gll:- 2.1)

This shows that ”f”W(BaL»]») < ”F”W(B,Ll]v)
Since by (2.1) we know that sup,[Igxlli < [Ifllwp,L1) it suffices to show that supess, . gx(x) <

”f”W(B,L}J'
To this end, let us call Q the unitary cube centered at 0 and let § € D(RY) be such that
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6 =1onsupp(n) + Q. For x e RY and k € A,

&) = 11 = (x = K)llgwx — ) = fQ 1 = G = R)llgwix = Koy
- fQ I = G = RO — (x+ ¥ — K)llgwlx = Koy
< fQ 1O = Gx + y = D)llgw(x — Ky
- fQ 8=l .

Since w is bounded on Q, fory € Q + x — k, w(x — k) < w(y) sup, w. Therefore, for any
x e R4,

Yaos Y, [ -y
k & O+x—k

= [ 170 =) Y xoria .
R4 k

Finally, observe that > ; xo..—«(y) is bounded by the relative separation of the set of nodes A.
This completes the proof. O

Example 2.2.1. As an easy example of amalgam norm of families, consider a relatively sep-
arated set of nodes A C R?, and a family of measurable functions f, : R — C, k € A
satisfying the concentration condition,

1fi(0)] € Cw_isiar(x — k), xR k€A, (2.2)

for some s > d and a > 0.
Let Q := [0, 1]¢ be the unit cube. From equation (2.2) we get that for any x € R¢,

I fellze(oer) < Clw_(s+all=(@sx-k)) S CW_(54a)(x = k),
where the implicit constant depends on s + a. Therefore,
fellz=@+xyWa(x — k) S Cw_s(x — k).
Hence by Proposition 2.2.1 and Lemma 1.3.2, ||Flly 11, y S Cp(A).

The concentration condition in Equation (2.2) is however much more precise than the last
Statement.
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2.3 [Estimates for Schur-type norms

We now introduce a number of multiplier estimates that will replace in certain applications
the convolution relations for amalgam spaces. These are easily established for some endpoint
spaces and then generalized by interpolation. Throughout this section we will assume the
following.

e A relatively separated set of nodes A C R? is given.

e B is auniformly localizable, isometrically translation invariant, Banach space (cf. Sec-
tion 1.6.1).

e w:RY— (0,+c0)is a symmetric, submultiplicative, continuous weight.
e v:R? — (0, +00) is a symmetric weight moderated by w.

We first show that the synthesis of well-localized atoms is bounded with respect to amalgam
space norms.

Proposition 2.3.1. Let a family F = {fi}icp € Bioe such that ||Fllyg 11, < +00 be given. Let
cell, forsomel < p<oo, orce °, for p = +oo. Then, the series

c-F:= chfk,

k

converges in W(B, LY) and satisfies the following estimate,

lle - Fllw,zy S llcllel|Fllwg,r)-
Remark 2.3.1. The implicit constant is the constant in Equation (1.8).

Remark 2.3.2. If ¢ € {7, then the same conclusion holds but the series is only weak™* con-
vergent.

Remark 2.3.3. In contrast to Lemma 1.6.2, the space B is not assumed to be solid.

Proof. We will assume that the sequence c is finitely supported. The general case follows
from this one by approximation and the completeness of W(B, L!).
Letus set f := ¢- F = 3, cxfi. For a window function 7 € D(RY) and x € R, we have

fn( = x) = X i fin(- — x). Therefore

lfn¢- = 0)llpv(x) < C Z ek vl fim(- = 0llpw(x — k),
k

where the constant C is the constant in (1.8).
Now Schur’s lemma (see below) yields the desired inequality. O
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In the proof we used part (a) of the following interpolation lemma which we quote for
completeness. For a proof see [60, Theorem 1.3.4].
Lemma 2.3.1. Let F = {f,}, be a family of measurable functions on R? and let 1 < p < oo.
(a) Let {ci}, € C be a sequence. Then,

1/p 1/p’
le - Flls < llcler (supnfkny) [supess >, |fk<x>|] ,
k k

xeR4

where,

c-F::chfk.

k

(b) Let g : R? — [0, oo] be a measurable function. Then,

xeR4

1/p 1/p
llg - Fller < llgllze (SUPka”Ll) (Supess Z |fk(x)|) ,
k %

where,

(g F)y = f (i),
Rd

For both statements, if p = 1, we interpret 1/p’ = 0.

We now give estimates for transformations operating on families of well-localized atoms.
For a matrix of complex numbers C = (¢ )k jea, We consider the following weighted Schur-
type norm,

IClls, := max {sgp D Jewiwik = ) sup > e | wike - j)} :
J Ik

Furthermore, we denote by S,, the set of all such matrices having finite norm.
Let us show that these matrices act boundedly on well-concentrated families of atoms.

Proposition 2.3.2. Let a family F' = {fi};cp € Bioc such that ||Fllyg 11, < +o0 and a matrix
C e S, be given.
Let C - F = {gi}, be the family defined by,

8k = Z Ck,jfj-
J

Then, each of the series defining g, converges in W(B, L}) and we have the following esti-
mate,

IC - Fllw.cy < IClls, I1Fllwe.Lt)-



72 CHAPTER 2. AMALGAM SPACES

Proof. Again, by an approximation argument we may assume that C is finitely supported.
First observe that for fixed k € A, the sequence {ck, j}j belongs to £ , where m is the weight
given by m(j) := w(k — j). Since w(j) < m(j)w(k), it follows from Proposition 2.3.1 that the
series defining g; converges in W(B, L}).
Fix a window function n € D(R?) and x € R%. Foreach k € A, gin(-—x) = X ; cx ;1 fn(-—x).
Consequently, if we set hi(x) = ||gxn(- — x)||pw(x — k), we get,

() < Jew | wike = DIFIC = Dllpwix = ). (2.3)

J

Integrating this equation yields,

el < Y Jew i wik = DIFlwa.).
J

Hence, sup,|l/lli < [IClls, |IFllw.r1,- From Equation (2.3) we also get,
D) < 7 e wike = pllfmt = Dllswix - )
x 7%

<IClls, Y IfimC- = Dllpw(x = j).
J

Therefore, supess, 3 hi(x) < ||Clls, |IFllw,.1)- This completes the proof. |
We now give a dual estimate.

Proposition 2.3.3. Let two families F = { filicn » G = {8idgen S Bioc such that ||Fllyg 11, 1Gllwg, 1) <
+00 be given. Suppose that B is continuously embedded in L, . Then the cross-correlation
matrix C, defined by

Ck,j = <‘fk7 gj> )
satisfies ||Clls, < IFllw,)IGllwe, L)

Remark 2.3.4. The implicit constant depends on the embedding B — L’ .

Proof. Fix n € D(R?) supported on an open ball B around 0 and such that 7 = 1 on a smaller
concentric ball B'. Let f : R? — C be a locally integrable function. Given x € R?, for almost
everyy € B’ + x,

FOI = 1f Oy = 0 < [1fnC = Dlle=@) < [1fn = 2)lls-

Hence

B! f Oy < 106 = Dlla.
B,(x)
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for all sufficiently small » > 0. This shows that

lfOl < 1 ¢ = 0)lls,

at every x € R? that is a Lebesgue point of . Consequently,

|ewi| wik - j) < f I1fin( = Ollpw(x = bllgn(- = Ollpw(x = jdx.
R4

Taking sup, >’; and sup; 2, it follows that [|Cl|s, < IFllw.c1)IGllws.LL)- O
Finally we show that well-localized atoms induce bounded analysis operators.

Proposition 2.3.4. Let a family F = {filyen S Bioe such that ||Fllyp 1) < +o0 be given.
Suppose that B is continuously embedded in L... For f € L} (1 < p < o) define the analysis
sequence,

C = <f’f}€>’ (keA)
Then c is well-defined, belongs to ¢! and satisfies
lleller < W2 W s, )-

Remark 2.3.5. The implicit constant depends on the embedding B — L;> and the constant
in Equation (1.8).

Proof. Fix n € D(R?) supported on an open ball B around 0 and such that 7 = 1 on a smaller
concentric ball B’. As in the proof of Proposition 2.3.3, the sequence c satisfies

el < fR FCNfinte = Dl

SO

el v(k) < f LFCOIvOIlfim(x = Kl pw(x — k)dx.
R4

The conclusion now follows from part (b) of Lemma 2.3.1. |



Chapter 3

Atomic spaces: the model for phase-space

Considered in full generality, coorbit spaces are functional spaces defined by imposing size
conditions to a certain transform. More precisely, considering a functional space X as a coor-
bit space consists of giving a transform 7 : X — E that embeds X into another functional
space E that is solid. This means that the membership in E is determined by size condi-
tions. The space E consists of functions defined on a measure space with some underlying
geometrical structure.

The coorbit theory presented in Section 1.10 studies the case when T arises as the rep-
resentation coefficients of a unitary action of a locally compact group. The examples of this
theory include a wide range of classical function spaces. In the case of the affine group acting
on L*(R?) by translations and dilations, T is the continuous wavelet transform and the cor-
responding class of coorbit spaces includes the Lebesgue spaces L” (1 < p < o), Sobolev
spaces and, more generally, the whole class of Besov and Triebel-Lizorkin spaces (see Sec-
tion 1.12). In the case of the Heisenberg group acting on L*(R?) by time-frequency shifts, the
transform T is - up to a phase-factor - the short-time Fourier transform and the corresponding
coorbit spaces are the modulation spaces from Section 1.11. Another example is the coorbit
theory from Section 1.13. In this case, the map T consists of the coefficient mapping of an
abstract frame.

When a functional space X is identified as a coorbit space, the properties of an element
f € X are reformulated in terms of decay or integrability conditions of the function 7'(f) € E,
that is sometimes referred to as the phase-space representation of f. The elements of X can
be resynthesized from their phase-space representation by means of an operator U : E — X
that is a left-inverse for T (i.e. f = UT(f)).

We now introduce a general setting that will model phase-space in several situations. The
model consists of a solid BF space E over a locally-compact group G (called the environment)
and a certain distinguished subspace S that is the range of an idempotent integral operator
P : E — S. The kernel of the operator P is assumed to be concentrated around its diagonal.
Hence its range S enjoys certain regularity properties (see Proposition 3.1.1 below). This
setting models phase space in the following way. If a functional space X is presented as

74
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X=TYE), weletS:=T(X)and P:=TU.

After introducing the general setting we introduce a number of more particular scenarios.
We will study the case where the atomic space has a distinguished atomic decomposition. We
do so because some applications will require a “fine-tuning” of the general results based on
this extra structure. Secondly, we consider the case when the group G is the Euclidean space,
where smoothness matters are relevant.

3.1 The general model

Let G be a locally-compact group. We list a number of ingredients in the form of two as-
sumptions: (A1) and (A2).

(A1) — E is a solid, translation invariant BF space, called the environment.
— w is an admissible weight for E.

— S is a closed complemented subspace of E, called the atomic subspace.

The second assumption is that the retraction E — S is given by an operator that is dominated
by right convolution with a kernel in W(L>, LL) N Wr(L>, L}).

(A2) We have an operator P and a function H satisfying the following.

P:W(L', L‘f}w) - L‘l"}w is a (bounded) linear operator,
P(E) =8,

P(f) = f,forall feS§,

He W™, L)ynWg(L>, L)),

For f € W(L',L5),

IP(H)(0)] < fglf(y)lH(y_IX)dy, (x€G). (3.1)

We now observe some consequences of these assumptions.

Proposition 3.1.1. Under Assumptions (Al) and (A2) the following holds.
(a) P maps E boundedly into W(L*, E).
(b) S — W(L™,E).
(c) If f € WL, LY, then IP(llzss, S I fllwet s 1w

(d) If f € W(L', L), then ||P(f)ll~ < W Mweer o) H w0 )-

Remark 3.1.1. Sincew =1, L® — L‘l";w.

Proof. Part (a), (c) and (d) follow from Equation (3.1) and Lemma 1.6.1. For (b), observe
that by part (a), P maps E into W(L*™, E) and coincides with the identity operatoron S. O
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3.1.1 Example

We now show preciseley how the coorbit theory of Section 1.10 fits into this model. Let 7
be a (strongly continuous) unitary representation of a locally compact group G on a Hilbert
space H and let 4 be an admissible vector and let E be a solid BF space.

With the notation of Section 1.10 let S = V,,(CoE). It is proved in [44, Proposition 4.3]
that S is a closed subspace of E and that, moreover, P(F) := F * V,h defines a projector onto
S.

By the admissibility of 4 (cf. Section 1.10), V,h € Wr(L™, L}). Since V,h(x™") = V,h(x),
it follows that V,h also belongs to W(L*, le). Hence, if we let H := V;,h, Assumptions (A1)
and (A2) are verified. When E is L*(G), the operator P is in fact the orthogonal projector
onto S.

3.2 The case of atomic decompositions

We now consider a setting where the atomic space from Section 3.1 has a distinguished
atomic decomposition. We prove a number of technical results that will allow us to finely
adjust the results obtained in the general setting in order to get sharper statements for certain
applications.

It is known that under certain conditions any instance of the model introduced in Section
3.1 has an associated atomic decomposition (see [89]). However, the point here is not the fact
that S has an atomic decomposition, but they way in which this extra structure relates to the
general model.

Let us assume that Assumption (A1) from Section 3.1 holds. We now state Assumption
(A2’) introducing new ingredients to the model.

(A2’) - A C Gis arelatively separated set. Its points will be called nodes.

- {¢a | A€ A}and {y, | A € A} are sets of W(L™, L!) molecules, enveloped by a
function 4. That is,

* (0], ()l < k(A1 x), (xeG,A1eN),
x he WH(L>,L)).
The sets {¢,}, and {¥,}, will be called atoms and dual atoms respectively.
— S C E has the following atomic decomposition.

(a) For every ¢ € EY(A), the series ., ca¢, belong to S. !
(b) Forall f € S, the following expansion holds,

F=D (fver (3.2)

AeA

IThe convergence of the series is clarified in Lemma 1.6.2.
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Associated with the atoms we consider the analysis and synthesis operators given by,

C:E—>E;, C():=(LHva)a
S:E;—>E, S():=) cig.

A

Under Assumptions (A1) and (A2’), these operators are well-defined and bounded by Lemma
1.6.2 and the fact that h € WS(L™, L}) € Wgr(L>, L}).
We also consider the operator P : E — S defined by P := § o C. Hence,

P(f)= ) {Fu) ¢u. (3.3)

AeA

According to (A2’), P is a projector from E onto S.

We will now see that the setting introduced by (A1) and (A2’) can be regarded as an
instance of the one set by (A1) and (A2). We first introduce the function H required by (A2).
Let H : G — [0, +0) be defined by

H(x) = sup > A~ y)h(A"yx). (3.4)

Y€G Jea
The following lemma shows that P and H satisfy the conditions in (A2).
Lemma 3.2.1. Under Assumptions (Al) and (A2’) the following statements hold.
e The function H (cf. Equation (3.4)) belongs both to W(L™, L) and Wx(L>, L!).
e For every f € W(LI,L‘l"}w), the function P(f) = 2, {f, W) ¢, is well-defined (with
absolute convergence at every point) and satisfies the following pointwise estimate,

PO < fg FOIHG Ddy,  (x€6).

Moreover, ||P(llr= < 1 fllweer o

1/w

1/w) | |H||WR(L007L»1V)’

Proof. Let us prove (a). Let x,y € G be given. We estimate,
PRI f (™ A (A yox v ()
Fl 1 vYG
Making the change of variables ¢ — 7'yt we get,

DAY ) < f et (%) Y oAy,
1 G 2



78 CHAPTER 3. ATOMIC SPACES: THE MODEL FOR PHASE-SPACE

Since A is relatively separated and V = V!,

Z)(V(/l_lyt) = ZX(ytV)(/D < 1.

1 4
Hence, taking supremum on y we get that
H(x) < fg hy(t™ " ha(r x)dt.
Using this inequality we can estimate the local maximum functions of H. For v € V, we have
H(xv) < fg hy(t™Hhe(t xv)dt < fg hy(t™ ") (hy)* (¢ x)dt.

Hence,

H'() < fg o)™ 0. (3.5)
Likewise, forv e V,

Hx) < f ha(t (7 vx)dt = f he( v Dha( x)dt
G G

< fg (hy)* (") () (™ x)dlt.
So,
Hy(x) < fg (hyg)* (£ ) (hy) (¢ x)dt. (3.6)
Using Equation (3.5) and the submultiplicativity of w we get,

H () < f (WO ) W 0
G

Hence,

IH Iy < )"l f hy(t~Yw(D)dr
G

= 1)l fg hy(w(rHAG " dt

= )l el -

Therefore, ||Hllwi=.g) S WAllwse r1)ll2llwe 11> and the desired conclusion follows from the
embedding W*(L*,L!) < W(L*, L!) in Proposition 2.1.1. The bound for ||H||y, =g fol-
lows similarly, this time using Equation (3.6).

For part (b), we use the enveloping condition in (A2’) we get the desired pointwise esti-
mate for P. The rest of the claim the follows from part (a) and Lemma 1.6.1. O
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3.2.1 Weak continuity of the atomic decomposition

Suppose that Assumptions (A1) and (A2’) hold. Lemmas 1.6.1 and 1.6.2 give the embeddings
E — W(L',LY,) and E? — t5,,- We denote by (E“, () the space E considered with the
restriction of the weak™ star topology of £}} . Likewise, since by Lemma 1.6.1, W(L', LY,)
embeds into the dual space of W(L*, Lvlv), we let (E, W(L*™, Lvlv)) stand for space E considered
with the topology induced by the linear functionals obtained by integration against W(L*>, L)
functions. Observe that, since this family of functionals separates points, the corresponding
topology is Hausdorff.

We will now establish the continuity of the maps that implement the atomic decomposi-
tion of S with respect to these coarser topologies. This will allow us to use density arguments
for §. This is irrelevant when the atomic decomposition in Equation (3.2) converges in the
norm of E, but is important to make the abstract results fully applicable.

Proposition 3.2.1. Under Assumptions (Al) and (A2’) the following statements hold.
(a) The map C : (E,W(L®, L)) — (E“, £!) is continuous.
(b) For ¢ € E% the series defining S (c) converge unconditionally in the (E, W(L*, L))
topology. Moreover; the map S : (E, Yy - (E,W(L*, L)) is continuous.

Proof. For A € A, Wallwae 11y < ILakllws 1y < w(DIlAlly e 11, Hence, for any b € 0,(N),
the series )., by, are absolutely convergent in W(L*, Lfv). Moreover, by Lemma 1.6.1 (c),
for f € EC W(L', L‘]’jw) we can interchange summation and integration to obtain: (C(f), b) =
(f, > ba,y). Part (a) now follows from this formula.

For (b), let ¢ € E? and let us show that the series S (¢) = 3 1 Ca, converge unconditionally
in the (E, W(L*, LJV)) topology. For f € W(L™, L:V), we need to show that,

<Z CAQOA,f> — <Z C/I‘P/l,f> )
AeN AeA

as A’ — A in the directed order of finite subsets of A. Since ¢ € E?, Lemma 1.6.2 implies
that Y ,ca lcal Lih € E C W(Ll,L‘f‘}W). Hence by Lemma 1.6.1,

D el Ly = <|f| D el Lm> < +oo,

AeA AeA

where the interchange of summation and integration is justified by the Fubini-Tonelli Theo-
rem. Consequently,

(Ziewes)-(Siemw)

AeA AeN’

< > lealdIfl, Lihy > 0,

AEA\N
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as A" = A.

To establish the continuity of S, let ¢ € E“ and feW(lL>, LVIV) and observe that, since the
series defining S (c) converge in the (E, W(L*™, L!)) topology, we can interchange summation
and integration against f to obtain,

S, f) = L. {fr o)) -

We will now see that the sequence ({f, ¢,)), belongs to ¢! and this will yield the desired
continuity of S. Using the bound |¢,| < L;h and Lemma 1.6.3 with E = L! we see that
{(frean)a € W(L®, LY. Since W(L™,L!) — L!, we have that W(L™,L!)? — ¢! and the

conclusion follows. O

3.3 Spline-type spaces in the Euclidean space

We now consider the setting of the Euclidean space. We make concrete choices for the func-
tion and sequence spaces and emphasise the matters that pertain the Euclidean space. In this
context it will be better to use Schur-type conditions instead of domination by convolution.

As function spaces we use weighted L? spaces and as sequence spaces the corresponding
P spaces. To avoid having to distinguish the case p = +oco in every statement we let 7/ stand
for the closure of the set of finitely-supported sequences within €. For p < +oo this is just
7, and for p = +oo it is .

We consider a relatively separated set of points A C RY which will be called nodes and a
family of functions F' = {fi};c, C L. that will be called atoms.

Let V be the set of finite linear combination of elements of F. For a weight function v,
and 1 < p < oo, we denote by V? the L!-closure of V. If the weight v is the trivial weight 1
we drop it in the notation.

Following the spirit of coorbit theory, we do not want to consider each of the spaces V?
individually, but to treat all the range of spaces V’ as a whole. We think of each V’ as variant
of a single spline-type space V = V(F, A).

It will be assumed that the family F' is a Banach frame for each V2. The general theory
of localized frames (see Section 1.13) ensures that this is indeed the case provided that F is
a Hilbert space frame for V7 and that F satisfies a localization property. In our context this
property amounts to spatial localization.

We now formulate precisely the assumptions that we will make on the set of atoms F' and
show that under those assumptions, F is a Banach frame for the whole range of spaces V7.

e We assume that we have chosen a uniformly localizable and isometrically translation
invariant Banach space B, that is continuously embedded into L;> (see Section 1.6.1).
An example to keep in mind is the one of fractional Sobolev spaces L. These spaces
are embedded in L} if either g = +oo or if s > d/q (see [1]).
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e We also assume that F satisfies the uniform concentration and smoothness condition
IFllwp,1) < +oo, for some subexponential weight w : R? — (0, 00) that verifies w(x) 2
(1 + ||x|])°, for some § > 0 (cf. Section 2.2)

e Finally, we assume that F forms a frame sequence in L*(R%).

If all the above assumptions are met we say that V = V(F, A) is a spline type space.

Remark 3.3.1. Remember that, under the above assumptions, the weight w satisfies: w(0) =
1, w(x) = w(—x) and is submultiplicative. The polynomial weights w, with « > 0 and the
subexponential weights w(x) := e witha > 0 and 0 < B < 1 satisfy the assumptions above

(cf. Section 1.3).
The first items of the next proposition are just an application of the theory in Section 1.13.
Theorem 3.3.1. Let V = V(F, A) be a spline type space, then the following holds.
(a) G = {gi}y the canonical dual family of F satisfies ||G|ly g 11, < +oo.

(b) For any 1 < p < oo and any symmetric, w-moderated weight v, the pair (F,G) is a
Banach frame for V? with associated sequence space z5,.

(c) Forany 1 < p < oo and any symmetric, w-moderated weight v, we have the inclusion
VP C W(B, L)). Moreover, on V¥, the L} and W(B, L") norms are equivalent.

Remark 3.3.2. If the norm of B measures smoothness (eg. B is a Sobolev space), item (c)
implies that all the elements of VI are as smooth as the set of atoms. Moreover, size estimates
for a function f € VI can be turned into smoothness estimates.

Remark 3.3.3. In the situation of the theorem, the frame expansion arising from the pair
(F,G) can be extended to the weak* closure of V*° within LY using coefficents in £, but the
series converge only in the weak* topology.

Proof. Consider the self-correlation (Gramian) matrix C, given by ¢; := < T fj> By propo-
sition 2.3.3 we have that ||C||s, < +co, where S,, is the weighted Schur class. Since F is
a frame sequence in L*(R?), the matrix C has a pseudo-inverse C* € B(£?). By the result
in Section 1.7.2 and Remark 1.7.1 it follows that ||CT||SW < +4o00. The formula for the dual
frame in Equation 1.33 yields G = C' - F. Hence, it follows from Proposition 2.3.2 that
IGllwp.11) < +oo. This proves (a).

For part (b) let v be a symmetric, w-moderated weight and let 1 < p < co. The recon-
struction operator R : z, — VP, ¢ — c - F, is well defined and bounded by Proposition
2.3.1. Moreover |[R]| < [IFllyp, ) Proposition 2.3.4 implies that the coefficients mapping
C: L) — ¢, given by f — {(f, g}, is well defined and satisfies ||C|| < lIGlly g1, More-
over, if f is a finite linear combination of functions of F, we have that RC(f) = f. It follows
that (F, G) determines a Banach frame pair.



82 CHAPTER 3. ATOMIC SPACES: THE MODEL FOR PHASE-SPACE

Now (c) follows easily from Proposition 2.3.1. Since B < L™/¢ < [P/¢ we have the
inclusion W(B, L) < W(L?, L!) = L!. Therefore, for f € V?, f = RC(f) and,

||f||L{,’ S ||f||W(B,L{,’) < ||F||W(B,L3V)||C(f)||£’£’
S WFlwes ey lG w11l 22

O

We now observe that, in order to bound an operator on a spline-type space, we just need
to control its behavior on the atoms.

Proposition 3.3.1. Let V = V(F,A) be a spline-type space. Let v be a symmetric, w-
moderated weight, 1 < p < oo and let T : VP — LI be a linear operator. Then,

WTllyr e S T F)llwes, i)

Proof. If f = c- F for a finitely supported sequence ¢ € ¢7(A), then T(f) = ¢-T(F). Theorem
3.3.1 implies that,

IT(Hllz < NTPllwazy S W T llwes )
S llelle 1T Fllwes iy < WAl T CE)llwes -

The conclusion extends to general f by an approximation argument. O

Finally we observe that, as a consequence of Theorem 3.3.1, there is a universal projector
P: LY — VP forall 1 < p < oo and w-moderated weights v. More precisely, we have the
following statement.

Theorem 3.3.2. Let V = V(F, A) be a spline-type space and let P : L*> — V? be the orthog-
onal projector onto V2. Then, for all 1 < p < oo and w-moderated weights v, the restriction
of P to S(R?) extends by density to a bounded projector P : L — VP. For p = oo the same
statement is true replacing L with C°.

Moreover, the norm of P is uniformly bounded for 1 < p < +oo and any class of w-
moderated weights for which the constant in Equation (1.8) is bounded.

Proof. We only need to check that the restriction of P to S(RY) is bounded in the norm of L.
The projector P is given by,

P(f) = > (f.80 fo

keA

where G 1is the family of dual atoms given by Theorem 3.3.1 (a). Using Propositions 2.3.1
and 2.3.4 we get,

||P(f)||L{,’ < ||P(f)||W(B,Lf) < ||F||W(B,L,1¢.)||G||W(B,L3‘,)||f||Lf-



Chapter 4

Localization of dual atoms

One of the fundamental parts of the theory of localized frames (cf. Section 1.13) is the fact
that self-localized frames have localized dual frames. This is particularly important because
it is rarely the case that dual system are explicitely exhibited. The construction in Chapter 5
will require however more refined information. In addition to the existence of localized dual
frames we will need to know what qualities of the original atoms influence the concentration
of their respective dual atoms. This problem is closely related to the one of quantifying
spectral invariance for matrix algebras, as discussed in Section 1.7.4.

More concretely, the general problem to address is the one of determining what qualities
of a matrix influence the off-diagonal decay of its inverse, or more generally, its pseudo-
inverse. Among the vast literature on preservation of off-diagonal decay under inversion
[27,29,30,7,59,76,8,102,9, 10, 66, 103, 4, 67, 104, 3] only a small portion uses completely
constructive methods. For the kind of application we will need in Chapter 5 the most suitable
result is the one of Qiyu Sun in [104]. There, the author establishes the inverse-closedness of
certain algebras of matrices concentrated around their diagonal, under very general geometric
conditions on the corresponding index set. His methods are mainly constructive and, as a by-
product, he obtains a quantitative conclusion. Below we quote an application of his result to
polynomial off-diagonal decay conditions that yields a quantitative version of Jaffard’s result
(cf. Section 1.7.1). We then give a slight adaptation of this result to cover pseudo-inversion.

Before noticing that the quantification of Jaffard’s Theorem was contained in Qiyu Sun’s
result, I studied that same problem [93]. In Section 4.2 we give certain estimates on the
preservation of polynomial off-diagonal decay from a matrix to its inverse. The techniques
and precise form of the estimates might be of independet interest, although the result in [104]
yields a much better qualitative conclusion.
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4.1 Controlled inversion

The following is a particular case of Theorem 4.1 in [104]. It also follows from a careful
reading of the proof in [103].

Theorem 4.1.1. LetT" C RY be a relatively separated set and let M € B(£*(T)) be an invertible
operator. Assume the following.

e M satisfies,
M| <CA+lk=jh"  (kjeD),
for some constants C > 0 and s > d.

o IM7Y2p < A, for some constant A > 0.

e p(I') <R, for some 0 < R < co.
Then M~ satisfies,

M <C+k-j)  (kjeD),

for some constant C’ that only depends on C, s,d, A and R.

We now generalize this to cover pseudo-inversion. The case of the pseudo-inverse is
treated in [104], but no explicit reference to the qualities involved in the off-diagonal decay
of the pseudo-inverse is made. However, the proof given in [104, Theorem 5.1] (see also [53])
can be slightly adapted to obtain a quantitative conclusion. We only sketch the modifications.

Theorem 4.1.2. Let T’ C R? be a relatively separated set and let M € B(t*(I)) be a positive
operator. Assume the following.

o M satisfies,
M| <CA+lk-jh™  (kjeD),
for some constants C > 0 and s > d.
o The spectrum of M, satisfies,
(o(M) \ {0}) N B4(0) = 0,
for some A > 0. (Here B5(0) C C is the ball of radius A centered at 0).

e p(I') <R, for some 0 < R < co.
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Then M, the Moorse-Penrose pseudo-inverse of M, satisfies,
M | <cavik=p kjen,
for some constant C’ that only depends on C, s,d, A and R.

Proof. Under the assumptions of the theorem,

1
M= — f— (zl — M) dz, (4.1)
2ni ), 2

where the curve vy is the rectangle with vertices A/2 +i, ||M||+A/2 +i oriented anti-clockwise;
here ||M|| denotes the norm of M in B(¢*(I')). Consequently, for k, j € T,

_ 1 1
M =— | =@ -M);! dz 4.2
ki ZHiLZ(Z W 2 (*+2)

Observe that ||M|| can be bounded in terms of d, s, C and R (by interpolating its ! — ¢! and
¢~ — {~ norm) and that the length of y is 2||M|| + 2. For z in the curve vy, |z| < ||M|| + 1 and
|1/z] < 2/A. Hence, it suffices to bound the off-diagonal decay of the resolvent (z/ — M ) in
terms of the allowed parameters.

Let z lie in the curve y. The distance from z to o(M) is at least m := min {1, A/2}, so
(o(zl — M)\ {0}) N B, (0) = 0. Moreover, fork, j €T,

|zl = M), < Izl 6+ C(L+ [k = jD~
< (C+ M|+ DA + [k = j)~.

By Theorem 4.1.1, the off-diagonal decay of (zI — M)~ is bounded by a constant depending
only on allowed parameters. O

4.2 Explicit polynomial off-diagonal decay bounds

We now prove some exlicit estimates for the off-diagonal decay of inverse matrices, from
where a quantitative conclusion like the one in Theorem 4.3.1 can be derived.

The intuiton of the techinique is the following one. If M € B(¢*(Z%)) is an invertible
convolution operator then,

: — d
Mk,j = ak—j’ (k’ J €L )’
for some sequence a. The inverse matrix M~ is similarly given by,

M =bij,  (kjeZ%,
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where the sequence b satisfies a * b = . The off-diagonal decay of M and M~! is therefore
equivalent to the decay of their kernels a and b. Since the decay of a sequence x can be
characterized by the smoothness of its Fourier transform X, the problem can be reformulated
as the preservation of the smoothness of the function & under pointwise inversion.

We can measure the smoothness of a by considering weak-derivatives and use repeatedly
a chain-rule argument for Sobolev spaces to obtain similar smoothness conditions for b.

In the general case, where M need not be a convolution operator, we try to imitate this
reasoning, but we avoid using the Fourier transform. Given a matrix M and 1 < h < d,
consider the matrix D,(M) defined as,

Dy(M)yj = (ky — jo) My ;.

Observe that, up to some multiplicative constant, the map D), acts on a convolution operator
by taking a partial derivative of its symbol (that is, the Fourier transform of its kernel). The
domain of D, consists of those matrices M such that D,(M) defines a bounded operator on
£2. We call D,(M) the partial derivative of M (with respect to x;,).

Dy, is a derivation in the sense that it satisfies Leibniz’s rule: D,(AB) = D,(A)B+ AD;(B),
provided that D,(A) and D;(B) are both defined. We can then try to imitate the computations
related to derivatives of functions in this setting. A reasoning of this kind seems to be implicit
in Jaffard’s proof [76]. For more on the use of derivations in the field of operator algebras
(see [15], [78] and [79]).

The use of the derivation D, to measure off-diagonal decay in matrix algebras was also re-
cently introduced by Grochenig and Klotz in [65], with the aim of relating off-diagonal decay
to rates of approximation by banded matrices. We refer the reader to that article for a discus-
sion about the connection between this technique and Jaffard’s and Baskakov’s approaches
[76, 8].

We now formally state and prove the result.

Theorem 4.2.1. Let ' C R? be a relatively separated set and let M € B(£*(T)) be an invertible
operator. Assume the following.

o M satisfies,
d
M| < C+ k= [ A+t - ™ K jel), (4.3)
h=1
for some constants C > 0 and s > d, and integers t; > 0.

o [M7 Y22 < A, for some constant A > 0.

e p(I') <R, for some 0 < R < co.
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Then M~ satisfies,

d
M| <c | A+t -ih™  (kjeD),
h=1
where
C' =E°A"'CRA+(s—07"), t=t+...+1,
and E > 0 is a constant that only depends on the dimension d.

Remark 4.2.1. The constant E can be explicitly determined from the proof.

Remark 4.2.2. Observe that although the theorem does not assert the full preservation of the
rate of decay from M to M~', it shows that if M has a priviledged off-diagonal decay in a
certain direction, then this is also the case for M~".

Before proving the theorem, we introduce the following notation. For a multi-index 8 €
N4, let the operator Df act on a matrix T € C™T by,

DX(Tj = (k= jYTy, (k,jeD),

where, for an index k € R?,

kP = k’ih.

d
h=1
Also, denote by |B| := 8 + ... + B4, the length of a multi-index. If @ and 8 are multi-indexes,
a < B means that o < 3y, for all k.

Proof of Theorem 4.2.1. Let K := 1+ (s—1t)"' and @ := (14,...,1t;). Throughout the proof

we denote by ||M|| the norm of a matrix 7 € C™T as an operator T : £> — ¢>. We make and
prove a number of claims that will lead to the desired conclusion.

Claim 4.2.1. For B < a, |D*(M)|| < CRK.
Proof of Claim 4.2.1. For B < a, using the estimate in Equation (4.3) we see that,
DM p| <CA+lk-jh"  (kjeDD.
The conclusion follows from Schur’s lemma (interpolation) and Lemma 1.3.2. m|

Claim 4.2.2. For all B < a, |DP(M~)|| is a bounded operator on €*().
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Proof of Claim 4.2.2. By Jaffard’s Theorem (cf. Section 1.7.1), M~! satisfies the off-diagonal
decay,

d
Ml <@+ be= i [+ - ™ kjeD),
h=1

for some (unknown) constant C”’. Proceeding as in Claim 4.2.1 we see that the derivatives of
M~" are bounded (and obtain a bound depending on the unknown constant C”). m|

Claim 4.2.3. Forall0 # B < «,
1D < ACRK2Y max||DF (Ml
Proof of Claim 4.2.3. Using Leibniz’s rule for D? we get,
0=DM"'M) = Z (5 )DB’(M—l)Dﬁ—ﬁ’(M). (4.4)

B'<p

Since by Claim 4.2.2 all the operators involed in the last formula are bounded, we can asso-
ciate factors to obtain,

pPmy=-3 (5 )Dﬁ'(M‘l)Dﬁ‘ﬁ/(M)M‘l. (4.5)
B<p
Using Claim 4.2.1 we the get,

IDFM <A Y (5,)||DB’<M-‘>||||DB—”(M>||
B<p

< ACRK Z (5,)||D5'(M‘1)II

B'<p
The claim now follows using that Y,z s (5) = 28, i
Claim 4.2.4.
max||D/(M )| < EA™!(CRKY,
for some constant E that only depend on the dimension d.
Proof of Claim 4.2.4. Consider now the numbers

ve := max |[DP(M™Y)| (k > 0).
B<a,|Bl<k
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Since by Claim 4.2.1, ||[M|| < CRK, we have that 1 < ||M~!||||M|| < ACRK. Using this and
Claim 4.2.3 we see that the numbers v, satisfy,

Ve < ACRK2v_,, (k=>1)
vy < A.

Iterating these relations ¢ = || times we get,
v, < (E/)tzt(t+l)/2At+l(CRK)t < E12A1+1(CRK)Z,
where E and E’ are constants that only depend on the dimension d. O

Having proved the claims we now finish the proof of Theorem 4.2.1. Observe that Claim
4.2.4 implies that for each k, j € T,

d
max 1_[ ey — julP* | MY < max|DP(M Y| < E” A" (CRKY'.
pLa P i pLa
Hence, it suffices to observe that,
d d
[ a1+ 1k = ab < E'max | ] 1ky = jaf
h=1 s
for some constant E, that only dependes on the dimension. Given an index (k, j), if |k, — ji| <
1 we let B, := 0, so that,
(1 + i = jal)™ < 2% = 2" |k = jiul".
If |k, — jhl > 1, we letﬁh =1, = ay, so that
(1 + Lk = juD)™ < 2% ky = jiul .

Then 8 < a and HZzl(l + [k — ju) <2 ]—[;'f:1 |k, — jhlﬁ”. m|

4.2.1 Some remarks on the proof

The most delicate part of the proof is the justification of the formal computations in Claim
4.2.3, that allowed us to solve ||Dﬁ(M ~1)|| recursively from the binomial formula. In order to
associate factors, we needed to know that M~! belongs to the domain of Dﬁ .

To see why this is important, let us consider the case when M is a convolution operator,
having some sequence a as kernel. The matrix M~ is also a convolution operator and has a
kernel b that satisfies,

axb=29. (4.6)
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The decay of a and b can be reformulated in terms of smoothness estimates for their Fourier
transforms & and b. As we pointed out before, in this case, the argument in the proof of
Theorem 4.2.1 amounts to transferring smoothness estimates from & to its pointwise inverse
b by an iterated application of the Leibniz product rule (cf. Equation (4.4)).

The obstacle to derive Equation (4.5) formally from Equation (4.4) is that the latter equa-
tion does not determine, by itself, the derivatives of M~'. For example, when a is a finitely
supported sequence, Equation (4.6) is a recurrence equation in b, that has many solutions
even if & has no zeros. The sequence b that we are looking for (that is, the kernel of M~!) can
be singled out as the only solution of Equation (4.6) that belongs to £2.

In the case that M is a convolution operator, the justification we need follows from some
careful regularization argument for Sobolev spaces. In our case, this justification was done
in Claim 4.2.2, by resorting to Jaffard’s result [76], where derivations are implicitly used.
Another possible approach would be to use the general theory of unbounded derivations, in
particular the results in [15] and [78]. However, this would require adapting those results to
non-densely defined derivations.

As observed before, in Theorem 4.2.1, the decay condition on the original matrix M is
not shown to be fully shared by the inverse matrix M~! (although the result in [76] shows
that the full decay condition is actually preserved). This is due to the kind of objects used to
bound the decay of the entries of M and M~!. According to the previous remark, in the case
of a convolution operator with symbol 7, the estimates given amount to smoothness estimates
for 7. In Claims 4.2.1 and 4.2.3 we bounded the size of the entries of a matrix by means of
its £> — ¢* operator norm and controlled that norm by interpolating its £' — ¢! and £~ — £
norms (by Schur’s lemma). This would correspond in the case of a convolution operator to
bounding the L* norm of its symbol 7, from above by its ¥ (£') norm and from below by its
L? norm. This accounts, in that case, for the loss of some precision in the estimates.

4.3 Applications to spline-type spaces

Theorem 4.3.1. Let V = V(F, A) be a spline-type space, where the atoms F satisfy,
il <CA+x—k)*  (xeRLkeN),

for some constant C > 0 and s > 0. Assume the following.

e Foreachi € I, we have a family of measurable functions {"DZ}keA- that satisfy the fol-

lowing uniform concentration condition around their nodes \;:
ek < C" (L +|x— kD) (xeRL ke A, 4.7)

for some constant C’ > 0 (independent of i).
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e The set of nodes A; are uniformly relatively separated. That is,

sup p(A;) < oo, (cf. Equation (1.3)).

i€l
e FEach family {(pj{}k satisfies the (exterior) frame inequality’,

AlFE < 3 [l < BfiE. (48)
k

for f € V* and constants 0 < A < B < oo that are independent of i.

Then, the respective families of canonical dual frame sequences {lﬂ;{}k C V2 satisfy,

i@ <D +1x—k)™*  (xeRLkeA), (4.9)
for some constant D, independent of i.

Proof. Let G = {g}, be the canonical dual frame of F. By the theory of localized frames (cf.
Sections 1.13 and 1.7.1), there exists a constant C”” > 0O such that

lgr()| < C”" (1 + |x—k[)™° (x e R% k e A).

Foreachi € I and k € A, let 9_0}; be the orthogonal projection of ¢ on V2. Each of the

functions has the expansion,
%= (logi) fr
JEA
Consequently using Lemmas 1.3.1 and 1.3.2,
G| s cCe” Y w k= jw(x = )
JEA

S CC'C"p(Ayw_g(x — k).

Since the exterior frame condition in the hypothesis is also satisfied by the functions {@};}k,
we can replace each goj( by @2 and assume without loss of generality that goj( eV
For each i € I, consider the Gram matrix M’ given by,

M= (g¢})  (kjeA.
By Lemma 1.3.2, it follows that

ML | < KA +1k— D7 (kjeA,

Note that the functions gof{ need not to belong to V2.
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for some constant K that depends on s and C’. Moreover, since each {go}'c}k is a frame with
bounds A and B, the spectrum of M’ satisfies,

o(M') C {0} U [A, BI.
By Lemma 4.1.2, the pseudo-inverse of M’ satisfies
O | < KA+ k= D™ e A,

for some constant K’ independent of i.
Each of the dual elements ¢/, is given by,

Yl = Z(M"),Q,.go;, (cf. Equation (1.33)).
JEA;

Therefore,

o] < CK" D wo e = jw-(j = »),

JEA;
Using Lemma 1.3.2 (¢) with I := A; — {x} and k" := k — x, it follows that
W] < K7pMw-s(x = k) = K" p(Adw-(x = k).

For some constant that K"’ independent of i. Since the sets of nodes are uniformly relatively
separated, the conclusion follows. O

Similarly, the estimates in Section 4.2 yield the following result. For simplicity, we only
illustrate the case of isotropic decay.

Theorem 4.3.2. Let V = VX(F,Z%) be a spline-type space, where the atoms F form a Riesz
sequence within L*>(RY) with lower bound A and satisfy,

il < C A+ |x—kD™°, (x € R,

for some constants C > 0 and s > 2d + 1. Let t be an integer such thatd <t < s — d. Then,
the dual system G = {gi}, C V? satisfies

lge(0)l < C" (1 + x — kD™, (x € RY).

C = Etzc2t+1 - 1 !
A s—t—d)’

for some constant E > 0 that only depends on the dimension d.

where,

Proof. The proof is similar to that of Theorem 4.3.1, this time using Theorem 4.2.1 instead
of Theorem 4.1.1. O



Chapter 5

Frame surgery

In this chapter prove a locality principle for spline-type spaces in the form of a surgery scheme
for well-localized frames. Then, using spline-type spaces as models for the range of certain
wavelet transforms we obtain consequences for various kinds of atomic decompositions. Our
main result asserts that, given a family of frames for a spline-type space, it is possible to
construct a new frame for the same space by piecing together arbitrary portions of the original
frames, provided that the overlaps between these portions are large enough. Although the
result we prove is qualitative, special emphasis is made on how the qualities of the ingredients
affect the surgery procedure and what kind of uniformity is to be expected. This is one reason
why we work on the Euclidean space and not on a general locally-compact group (although
much of the elements involved in the construction have a counterpart in the abstract setting).
The other - more important - reason is that we make use of localization theory (cf. Section
1.13) and the results for matrix algebras on which that theory relies (cf. Section 1.7) are not
available for arbitrary groups.

For the applications we consider mainly two transforms. The first is the Short Time
Fourier Transform (STFT) with a fixed (good) window. This transform maps modulation
spaces into spline-type spaces - considered in the general sense - and then yields an applica-
tion of the surgery scheme to Gabor frames. These results imply a general existence condition
for the recently introduced concept of quilted Gabor frame (see [31, 32]). Since the STFT
does not exactly map time-frequency shifts into translations - there is an extra phase factor
or twist on the STFT side - we see that shift-invariant spaces are not a sufficient model for
the range of the transform: we must us general spline-type spaces. As a by-product of this
general treatment, the result we obtain holds not only for pure time-frequency shifts but also
for Gabor molecules concentrated around a general set of nodes.

The second transform we consider is the Kohn-Nirenberg map, which - as shown in [42]
- establishes a correspondence between the class of Gabor multipliers (related to different
Gabor frames) and the class of (shift-invariant) spline-type spaces (see also [47, Chapter 5]).
Gabor multipliers are operators that arise from applying a mask to the coeflicients associated

93
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with a Gabor frame expansion; hence each of these operators has the form

T = Z 1Py,

AeN

where ¢, € C and P, is a rank-one operator (essentially a projector onto the subspace gener-
ated by a time-frequency atom). Each operator in a given class of Gabor multipliers can be
identified by its associated lower symbol which consists of the Hilbert-Schmidt inner prod-
ucts { (T, P,) |/l € A }. Combining the surgery scheme with the KN map and known tools
for shift-invariant spaces we get a sufficient condition to identify a class of Gabor multipliers
by a mixed lower symbol constructed by using different types of rank-one operators P, for 4
in different regions of the time-frequency plane.

Finally, we give an application to irregular sampling. Given a family of sampling sets
for which a sampling inequality is known, we can construct new sets for which the sampling
inequality still holds. Moreover, given explicit reconstruction formulas for the original sets,
we get an approximate reconstruction formula for the new sets.

The construction in this Chapter motivated a great part of the previous study of spline-
type spaces and amalgam norms. For example, to identify modulation spaces with certain
spline-type spaces we needed a sufficiently general treatment of spline-type spaces, allow-
ing for general spatial molecules. Moreover, in the proposed applications to Gabor frames,
instead of the usual convolution inequalities for Wiener amalgams we would need twisted
convolution inequalities. These are covered by the “multiplier” estimates for Schur-type
amalgam families in Section 2.2. Secondly, the surgery scheme requires specific information
on the dual atoms of the frames being glued. In practice, this would greatly compromise the
applicability of the result. This problem motivated the study carried out in Chapter 4.

5.1 Frame surgery for spline-type spaces

In this section we consider the following locality problem. We are given a spline type space
V and several exterior frames {(,o;;}keA_, i € I, for it. For each of these frames, we arbitrarily
select a region of the Euclidean space E ; where we want to use it. The family {E;}; must form a
covering of RY. We argue that, if for each i € I we pick from the frame {gojc} those elements

that are concentrated near E;, then the resulting family {gok} el forms an exterlor frame for

V. Moreover, given (possibly non-canonical) dual frames for each of the original exterior
frames, we provide an approximate reconstruction operator for the new exterior frame.

Since we are not dealing with frames for the whole space L*(R¢), we cannot take a func-
tion f, break it into pieces f; supported on E;, expand each f; using the exterior frame {"Di}k’
and then add all those expansions. This approach does not work in our context because for
f €V, the localized pieces f; do not belong to V and consequently cannot be expanded using
the frame {gaj{}k.
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Instead, we argue that for each member of the covering E;, the norm of a function f €
V restricted to E; should depend mainly on the atoms concentrated around E;. Then we
glue these local estimates together by means of an almost-orthogonality principle, which is
implicit in the computations below.

To be able to quantify the approximation scheme we will work with frames that are poly-
nomially localized in space.

5.1.1 The approximation scheme
We now give the precise assumptions for this section.

e We assume that V = V(F, A) is a spline-type space where the atoms F = {f;},., and a
given system of dual atoms G = {g;},., satisty,

O g0l < C (1 + Jx = k)™ (x e Rk €N, (5.1)

for some constants C > 0, s > d and a > 0. It is well-known [63] that if this condition
holds for the atoms F|, then it is automatically satisfied by some system of dual atoms
G (see Sections 1.7.1 and 1.13).

e We are given a family of frame pairs for V2. !

({wﬁ;}m : {905;},@[_) (el

that satisfy the following uniform concentration condition around their nodes A;,

i@l <CA+—ky ™ (xeRLkeAsieD,  (52)

i (x)

for some constant C > 0, that, for simplicity, is assumed to be equal to the constant in
(5.1).

Observe that we are requiring all the frames and the dual frames to be uniformly lo-
calized. Given a concrete family of uniformly localized (exterior) frames, it can be
difficult to decide if they possess a corresponding family of dual frames sharing a com-
mon spatial localization. This was the motivation for Chapter 4.

e We have a (measurable) covering of RY, & = {E;},; that is uniformly locally finite. This
means that for some (or any) cube Q,

H#eq = ma§#{i61/(Q+x)ﬂE,~ # 0} < oo. (5.3)
xeR
Observe that this assumption in particular implies that number of overlaps of & is finite.
That is,
#e 1= mazl(#{iel/xEEi} < 00, (5.4)
xeR

'Remember that the analyzing atoms {goj{}k need not belong to V7.
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e We suppose that the set of nodes A; are uniformly relatively separated. That is,

sup p(A;) = supmax #(A; N ([-1/2, 1/2]¢ + x)) < +o0. (5.5)
i€l iel xeR4
Observe that this assumption, together with the uniform localization of the dual frames,
implies that the original frames have a uniform common lower bound.

We now prove the central approximation result. In Section 5.1.2 we apply this result to the
construction of new frames.

Theorem S5.1.1. Let {1;},c; be a (measurable) partition of unity subordinated to &. That is,
each n; is nonnegative, ),;n; = 1 and supp(n;) C E;.
For each r > 0 consider the sets

A} ={ke A\;/d(k,E;) <)

and choose any set A such that A C A7 C A;. Consider also, the following approximate

reconstruction operator,
A=Y > (f. ey

i€l keA]

Then, for any 1 < p < oo, any w,-moderated weight v and any f € V7,

IATCH) = flliy < Kol fllpr™~2,

where K > 0 is a constant that only depends on d,C, s, a, the set of nodes A, the common
relative separation of all the sets of nodes A; and the constant in Equation (1.8) using the
weight w, as moderator.

Remark 5.1.1. The fact that the covering is uniformly locally finite is not used in the proof
of the theorem; only the weaker condition in Equation (5.4) is needed. However, the stronger
assumption of Equation (5.3) is required for the applications.

Proof. Observe first that we can always add more nodes to the set A and extend the set of
atoms F and dual atoms G by associating O to the new nodes. All the assumptions on the
atoms are preserved by this extension, but the relative separation of the set of nodes changes.
By adding to A any fixed relatively separated and relatively dense set I', we can assume that
A i1s L-dense, for some L > 0 (cf. Section 1.2.1). The relative separation of the resulting set
can be bounded by p(A) + p(I).

For all i € I, every f € V% admits the expansion,

f= (e

JEA;
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Averaging all these expansions yields,
F=> > {re)vn.
i€l jeA;

Since f also admits the expansion f = > ; (f, g) fx, it follows that

= e Y > oy

keA iel jeA;

Similarly,

A =D > (f6) vim

i€l jeA!
= > (0 ) > {fo ) vl
keA i€l jeA]

Therefore, for f € Vo

F=A (=D (e ). > (fosy Wi

keA i€l jeA!

Consequently, if we set ¢, := (f, gx), by Lemma 1.3.1,

F= AN S D led D0 > Wooran(c = B Wosan (- = DY Wi (- = DX

keA il jeh;
< Z |cl Z Z W—(x+(x)(k - j)W—(s+(y)(' - j))(E,--
keA i€l jeAl

If we define,

E]}; = Z Z W—(s+(y)(k - j)W—(s+(t)(' - ,j)XE;a

il jeA!

Lemma 2.3.1 implies that,

xeR4

l/p 1/p
f = A" (Ol < lleller (Sl;pllEZwa(- - k)”l) [SUPGSS Z Ej(x)we(x — k)|] :
k

Since (F, G) is a frame pair for V7, [cll» < K]|f]|,7, for some constant K that only depends
ond, C, s, @, the constant in Equation (1.8) (taking w = w,) and A. Consequently,

1/p 1/p
If = A"(POllz < Kllfllz (Sl;p”E]ZWa(' - k)”l) (SUPGSSZ E(x)wq(x - k)|] . (5.6)

x€R4 k
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Now observe that, since w,(x — k) < wo(x — Hwy(k — j),

Ejxwa(x =R < >° 3wk = jw_o(x = e ().

iel jgA!

For every i € I, since A is now assumed to be L-dense, there exists a map y; : A; — A such
that |k — w;(k)] < L, for all k € A;. This map will be used to reduce the proof to the case
where all the index sets are equal. This same argument was used in [5], where irregularly
distributed phase-space points are assigned a near point in a regular reference system by
means of a ‘round-up’ map.

Since the sets A; are assumed to be uniformly relatively separated, there exists a number
N € N, that depends only on L and the relative separation of all the sets of nodes, such that

#u'({j}) < N, for every j € A.

Suppose initially that » > 2L, define R := r — L and estimate,

EfGowax =Rl < 3 > ) woslk= Dw-(x = Dy ().
i€l jeA ley[‘l(j),
IgA]

Ifl e ,ul.‘l(j), then |j— | < L,sow_g(k—1) <w_g(k—j)and w_s(x — 1) < w_s(x — j). (Here the
implicit constants depend on L and s). If in addition / ¢ A/, then j ¢ QF, where

Of :={ke Al|dk E) < R).

Consequently,

Ej(xwa(x = S N > wo ik = jyw_y(x = e, (1), (5.7)

iel jgg[’?

Using this estimate, we bound the weighted Schur norm of the kernel E".
For every k € A,

IEpw = 0l < Y, Y =) [ e i

i€l jséQf E;
=Y, > wali-h f woy(x = j)dx
jeA  iel E;
d(Er)>R

<#e ) wo(G=k) | wolx = .

jeA UE;
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where the union in the last integral ranges over all i € I such that d(j, E;) > R. Since the
complement of the cube Qg(j) contains that union, we get,

IEwa( = Bl < #e Y w_(j— k) w_y(x — j)dx
JjeA RAQR())
=#5 > w.(j—k) W_y()dx.
JEA RA\QR(0)

The set A — k has the same relative separation that A, so Lemma 1.3.2 implies that

IE;wa(- = Ol < #af w_s(x)dx

R\ Qr(0)
< #5R6D,
Since r > 2L, it follows that R > r/2 and
SupllEpwe(- — b)ll < #er 0. (5.8)
k

Using again the estimate in Equation (5.7), we now bound supess . >, |E;(x)w,(x — k)|.

Fix x € R? and let
I,:={iel|xe€E}

From Equation (5.4) we know that #1, < #s. We now estimate,

D wax =0 5 D D Y o= o= .

keA i€l . ,‘ggQiR keA

Since A and A — {j} have the same relative separation, Lemma 1.3.2 implies that,
D owk=j s,
keA
ol

D Eiowatr =il s 3 Y wolx = ).

keA i€l jeQR

Foriel,and j ¢ Qf, we have that [x — j| > d(j, E;) > R. It follows that,

D EGwax =R < >0 > wx— ).

keA i€l j:lx—jI>R
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Since the sets I' and x — I" have the same relative separation, Lemma 1.3.2 implies that,

2,

keA

Ej(x)wa(x — k)| S #eR .

Using again the fact that r > 2L, it follows that,

supess Z

xeR? en

Ej(x)wa(x — k)| < #er . (5.9)

Combining the estimates in Equations (5.8), (5.9) and (5.6), it follows that

IA(f) = fllz s fllp#ter™~2,

for r > 2L.

It remains to show that a similar estimate holds for 0 < r < 2L. In this case, 9 > 1.
So, it suffices to observe that [|A"|ly»_,;» < #g, uniformly on r. Reexamining the estimates
given for the error kernel E”, the desired conclusion follows. O

Remark 5.1.2. The technique in the proof of the theorem of using the frame expansion twice
is somehow analogous to the use of reproducing formulas in the classical decomposition
results for function spaces (see for example [57] and [44]).

The formula defining the operator A" makes sense in L}, but the bound given in the the-
orem is only valid in the smaller subspace V', where the “reproducing formula” (the frame
expansion) is valid. By means of it, the task of bounding the operator is reduced in the proof
to the one of controlling its behavior on atoms, much in the spirit of the classical atomic
decompositions (see [57] and also [68]).

5.1.2 Constructing new frames

We now interpret the approximation result of Section 5.1.1 as a method to produce new
frames. Observe that, however, for some applications, the estimate provided by Theorem
5.1.1 is all that is needed. If concrete atoms and dual atoms are known, then the estimate in
the theorem provides an approximate reconstruction operator for the new system of atoms.

Consider again the ingredients of Section 5.1.1 and let {r;},.; be a (measurable) partition
of unity subordinated to & (e.g. n; = (X; )(E,-)_l XE)- Let v be a w,-moderated weight and let
P : LY — V? be the universal projector onto V? (cf. Theorem 3.3.2).

Fix a value of r > 0 and consider the operator B" : V! — V? given by B" := Po A", where

A= Y > (e v

i€l keA!

and, as before, Al := {k € A;/d(k,E;) < r}.
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For each i € 1, let (V?), be the L}-closed linear space generated by the atoms {%ni}ke,\r'

These spaces, of course, depend on r.
Consider the direct sum &; (V?), as a subspace of le,, the space of L!-valued ¢” families;

more precisely, ®; (V?), is the closure of the algebraic direct sum within fi{?' Lete: &; (V) —

L? be the operator given by
GOEDWS

Since & is locally finite, ¢ is well-defined and bounded uniformly on p and v. Indeed, for
1 <p<oo,

P
v(x)Pdx

1y, £, = fR d‘z fi(x)
< fR Qi@ vy,

iel,

where I, :={i € I|x € E;}. Since #I, < #g,
0, <4 [ S o vy ds

= #2 3 IIAIE,
= #ICODI, .
Ly

So, I3 £l < #gll( O o, For p = oo, a similar computation establishes the same estimate.
LV

Composing ¢ with the projector P, we obtain a synthesis operator Sy : &; (V?), — V..
Foreachi € I, let Q; : V! — (V7). be given by

0i(f) = ) (- eh) i

ke

The concentration conditions on Equation (5.2) imply that all these operators are uniformly
bounded. Moreover, they determine a map Q : V¥ — &;(V?),, given by Q(f) = (Qi(f));.
We will prove below that Q is well defined and bounded. Assuming this for the moment, we
have a commutative diagram,

vi—L2D.(vD), (5.10)

el

4
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It follows from Theorem 5.1.1 that for a sufficiently large value of » > 0, B" is invertible and
consequently Q is left-invertible and Sy is right-invertible. This provides two ways of viewing
V! as a retract of @; (V?),. One is Q (with retraction (B")~'Sy) and the other is Q(B")~! (with
retraction Sy). In the spirit of [91] and [16], this can be called an exterior Banach fusion
frame or an exterior stable splitting (see also [43] and [39]).

Now observe that each of the maps Q; can be factored through 7/ 2,

v 2 (v,

X E

Z(A])

where Ci(f) := (. ¢})), and Ri(c) := T cupim.
This induces a commutative diagram,

vi—2B.(v),

T I

D,z (AD

where in @izf(A;) we use the p-norm; that is [|(c');]| := ||(||ci||[5)i||gp. This is just a weighted
¢P norm; this way of presenting it is due to the structure of the index sets. The boundedness of
the operators C and R is proved in Theorem 5.1.2 below. Assuming this fact for the moment,
observe that if B" is invertible, then Q is left-invertible and so is C. We formalize this in the
following theorem.

Theorem 5.1.2. Suppose that the assumptions of Section 5.1.1 are satisfied. Let v be a w,-
moderated weight. Then for all sufficiently large values of r > 0,
{tpi = I,keAf}

is a Banach frame for V?.
More precisely, if we define the index set I := | J;¢; Al X {i} and the weight V(k, i) := v(k),
then the analysis map

Vf — zﬁ(l")
fe ((f’ "0;‘>)(k,i)

is bounded and left-invertible, for all sufficiently large values of r > O.

Moreover, the value of r may be chosen uniformly for all 1 < p < oo and every class
of wo-moderated weights for which the respective constant (cf. Equation (1.8)) is uniformly
bounded.

ZRecall that the space z} is £ when p < +oo and ¢ for p = +co.
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Remark 5.1.3. Observe that although we are constructing a new frame {902}'@ renr Ol of
telkehy;

the pieces {Qpi}keA” we do not claim that each of these pieces forms a frame sequence. This
construction should be compared to the methods in [2], [52] and [16] where a global frame
is built from local (possibly exterior) frames for certain subspaces.

Remark 5.1.4. As a related result, we mention Lemma 4.7 in [97] where it is shown that
if {282y (28 - —)) | k,j € Z} is a wavelet frame for L*(R) and the wavelet  satisfies a mild
smoothness condition, then for all sufficiently large values of r > 0, the system of fine scales
{250 (2K - +)) | k € Z,j > 0} forms an exterior frame for the subspace H, := { f € L*(R) | f=
Oon[-r,r]}.

Proof. Using Theorem 5.1.1, choose a value of r > 0 such that the operator B" is invertible.
By the discussion above, it only remains to bound the operators C and R. Consider the index
set I" as a set with multiplicity, where we map each of the sets A} X {i} into R? by discarding
the second coordinate.

The fact that the sets A; are uniformly relatively separated (cf. Equation (5.5)) and that
the covering & is uniformly locally finite (cf. Equation (5.3)) implies that I' is relatively
separated. Indeed, let Q be the unit cube and Q" := Q + [-r, r]¢. For any x € R4,

{(ki)eT|keQ+{xt}=|J{keAn(Q+(xh|dk E) < r}x1i)
i€l
c | Jain@+ta x i,

i€l

where I, := {i € I|El- N(Q +{x}) # 0}. Hence p(I') < #5q sup; p(A;) < oo (cf. Equation

(5.3)).

The family of atoms {go}c} . satisfies a polynomial concentration condition. By Example

(ki)
2.2.1, the family has finite W(L>, L\}V(,) norm. The boundedness of the operator C now follows
from Propositions 2.3.4.

For the boundedness of R, observe that the families {zpj(m}ke/v satisfy a uniform polyno-
mial concentration condition and their nodes are uniformly relatively separated. Hence, by
Example 2.2.1,

M = Sll.p||{‘/’;;77i}k||w(Lw,L3Va) < oo,
Consequently, by Proposition 2.3.1, for 1 < p < oo,

IR@IE, < Y11 vl
L

v i keA!

< M2 N,
v
i
= M?|lcll.
\%4
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So, ||R(c)||[pp < ||c||5€ . A similar computation shows that the same estimate is valid for p =
Lh

00, O

5.1.3 Application to spline-type spaces
We now combine the results of Section 5.1.2 and Chapter 4 in a concrete statement.
Theorem 5.1.3. Let V = V(F, A) be a spline-type space. Assume the following.
e The atoms F satisfy the polynomial concentration condition around their nodes,
I < CA+[x=—k)  (xeRLkeN), (5.11)
for some constants C >0, s > d and a > 0.

o We are given a family of exterior frames for V2, {¢2}k€A_, i € I, that satisfy the following

uniform polynomial concentration condition around their nodes A,
k)| < C' L+ x -k (xeRLkeA,ieD), (5.12)
for some constant C’ > Q.

o The exterior frames ({(pi}k)'a share a uniform lower (and upper) bound. That is,

A< S [re) <BIAE eV, (5.13)
k

holds for some constants 0 < A < B < 0. 3
o The sets of nodes A\; are uniformly relatively separated (cf. Equation (5.5)).

o We have a measurable covering of RY, & = {E;},; that is uniformly locally finite (cf:
Equation (5.3)).

Then, for all sufficiently large values of r > 0,
{0, i€ LdkE)<r)

is an exterior Banach frame for V7.
More precisely, if we define the index set I := | J;¢; Al X {i} and the weight V(k, i) := v(k),
then the analysis map

VP — 20"
fe (<f’ (’0;‘>)(k,i)

30bserve that Equation (5.12) already implies the existence of a uniform upper bound B.
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is bounded and left-invertible.

Moreover, the value of r may be chosen uniformly for all 1 < p < oo and every class of
wo-moderated weights for which the respective constants (cf. Equation (1.8)) are uniformly
bounded.

Proof. Combine Theorems 5.1.2 and 4.3.1. |

5.2 Applications

5.2.1 Shift invariant spaces

As a corollary of Theorem 5.1.3 we describe a method to piece together bases of lattice
translates. First we recall some notation and facts for shift-invariant spaces (see Section
1.14). Given a lattice A C R¢ and £, g € L*(R¢), the bracket product is defined by,

[f,81a00:= ) fe+ A3+ D) (reRY.

AteAL

The A translates of a finite set of functions {f;, ..., fy} form a Riesz sequence in L*(R9)

A

if an only if the matrix of functions G = (G”””)Kk jen given by

G = Lfos fula(x)  (x €RY),

is uniformly invertible in the sense that all its eigenvalues are bounded away from 0 and oo,
uniformly on x (up to sets of null measure).
Combining the theory of shift-invariant spaces with Theorem 5.1.3 we get the following.

Theorem 5.2.1. Ler A C RY be a lattice and let V> = V*(F,A x {1,...,N}) be a finitely-
generated shift invariant space where the atoms are given by,

F={f,((-):1<n<N,A1€eA}.
Assume the following.
e The atoms form a Riesz basis of V* and satisfy the following decay condition,
I£,(0)] < C(1 + |x])~6*® (1 <n<N), (5.14)
for some constants C >0, a > 0 and s > d.

e We have a measurable covering of RY, & = {E;},; that is uniformly locally finite (cf-
Equation (5.3)).
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o We are given a family of measurable functions
{gi:R'">Cliei,l <n<N)

satisfying the decay condition,

g <CU+ )™  (1<n<N), (5.15)
for some constant C’ > 0 (independent of i and n).

o The matrices of functions (Gi )1<n . given by

n,m

G = [ gIa®)  (x € RYAD),
are uniformly bounded and invertible in the sense that each éi(x) is invertible and

supl|G/ ()|, supl|Gi(x)™"| < oo

Then, for all sufficiently large values of r > 0, the set
{gi-D]ieL1<n<NAeAdNE)<r},

is a Banach frame for V¥, for all 1 < p < oo and all strictly w,-moderated weights v. More
precisely, if we define the index set

"= () €Ix{1,....,N}x A|d(LE) < r)
and the weight V(i,n, 1) := v(Q) on it, then the analysis map
VP — zp(I")
F o (£

is bounded and left-invertible.

Remark 5.2.1. The theorem is stated for bases just for simplicity. Using the tools from [96],
[28] and [14] it can be reformulated for frames.

Proof. Let A and B be the Riesz basis bounds of F. Also let A" := supx,,-lléi(x)‘lll and
B = supx’illé"(x)ll. Using the fiberization theory from Section 1.14, for each x € RY/A*, the
system {(fl x+E))y..., (fN(x + l))k} is a Riesz basis with bounds A and B for some subspace
V)zc C (?(A*Y). Since its cross-gramian matrix with the system {(é’l x+), ..., (gzv(x + k))k}
is invertible, it follows that this latter system is an exterior Riesz basis for the subspace V2
with bounds B~'A’~2 and (B’)?A~!. Invoking again the fiberization theory, it follows that the
A translates of {g’i, e gjv} are an exterior basis for V? with bounds ~ B'A’"2 and (B)*A™!

(the implicit constant depends on the volume of the lattice A). We can now apply Theorem
5.1.3. O
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Remark 5.2.2. In [14] no results for exterior bases or frames are explicitly given. However,
it is proved there (and also in [28]) that the orthogonal projector onto a shift-invariant space
operates fiberwise, so the desired extension follows. For further results on exterior frames for
shift-invariant spaces see [18] and [19].

5.2.2 Sampling

Applying Theorem 5.1.3 to the reproducing kernels of a (smooth) spline-type space we get
the following.

Theorem 5.2.2. Let V = V(F, A) be a spline-type space generated by a family of continuous
atoms F C C°(RY) that satisfy,

i@ <CA+|x—k), (xeR%keA),

for some s >d, C >0anda > 0.
Assume the following.

o & = (E;},; is a uniformly locally finite measurable covering of R? (cf. Equation (5.3)).

e Foreachi € I, we have a set X; C RY and this collection of sets is uniformly relatively
separated (i.e sup, p(X;) < o).

e For each of the sets X;, the following sampling inequality

AllFIZ < D IFOP < BIIFIB, (5.16)

xeX;
holds for all f € V* and some constants 0 < A < B < oo independent of i.

For each r > 0, let
X ={G,x):iel,xe X;,dx,E;) <r}.

Then, for all sufficiently large r > 0, there exists constants 0 < A" < B" < oo such that the
sampling inequality,

1/p
ATl S[ Z lf (ol V(x)”] < B'lIfll, (5.17)

(i,x)eX”

holds for all 1 < p < oo (with the usual adjustment for p = o), all strictly w,-moderated
weights v, and all f € V7.

Remark 5.2.3. For any class of w,-moderated weights for which the respective constants (cf.
Equation (1.8)) are uniformly bounded, the conclusion of the theorem still holds.
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Proof. First observe that since F € C°(R?), Theorem 3.3.1 applies with B = C° and con-
sequently V? C C°. The norm equivalence of Theorem 3.3.1 also implies that V?* is a
reproducing-kernel Hilbert space. We already know that F has a dual frame G = {g;}, satis-
fying a polynomial decay condition,

|gk(x)| <C (1+ lx — kl)—(s+a) :

for some constant C’ > 0. The functional f + f(xy) is represented by the function K, € v?
given by
Ky = ) &) i (5.18)

keA
We will apply Theorem 5.1.3 to the family of frames,

(Ko} rex, (ieD.

To this end, observe that Equation (5.16) implies that this family satisfies the condition on
Equation (5.13) of Theorem 5.1.3. We only need to check the condition on Equation (5.12)
for the family of reproducing kernels.

For x € X;, using Equation (5.18), we estimate,

K < CC Y W sran(t = KW (s1ap(- = ).

keA

Using Lemma 1.3.2 (¢) with I := A — {x}, it follows that
IK,| < CC'p(MW_(510)(- = X) = K" p(A)W_(540)(- — X).

Now we can apply Theorem 5.1.3 to obtain the desired conclusion. O

5.2.3 Gabor molecules

Let us recall some notation and facts about time-frequency analysis and Gabor frames (cf.

X2
Section 1.11). Let ¢ : RY — R, ¢(x) := 7 “*e~F be the Gaussian normalized in L. The
Short-Time Fourier Transform with respect to ¢ of a test function f € S(R¢) is defined by

Vof(x,w) :=(f, M, T,¢). (5.19)

Here, T, is the translation operator given by

T(NH) = fly =),

and M,, is the modulation operator given by

M, () = e F).
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For 1 < p < oo and a weight v, the modulation space M? is defined as
M? = {f e SRY|Vyf € LL®R™) ),

and given the norm || f||yr := ||V fll2. MS is similarly defined, this time using C? instead of
LY.

For an adequate lattice, A € R? x R?, the Gabor system {M,,T.¢ : (x,w) € A} is a frame
for L*(R?). Consider the family of functions F = {fi};cx € L*(RY x RY) defined by f; :=
Vs(M,T.¢), where k = (x,w). Since V,, : L*(RY) — L*(R? x RY) is an isometry, it follows
that F forms a frame sequence in L2(R? x RY).

Since V4 € S(RY) (cf. Prop. 1.11.1), for any s > O there exists a constant C, > 0 such
that

[Ved(2)] < Co (1 +12) 7.

Since |fil = [ V(- — k)| it follows that,
@I S C(1+1z -k (zeR¥ keA). (5.20)

Consequently, by Example 2.2.1, we know that V = V(F, A) is a spline-type space.

Observe that for polynomially moderated weights v and 1 < p < oo, V,;, maps, by defini-
tion, the modulation space M/ isometrically onto V?. For p = oo, the same statement is true
replacing M for MC.

In view of this, Theorem 5.1.2 can be reformulated for Gabor molecules.

Theorem 5.2.3.

o Let & = {Ej},; be a uniformly locally finite measurable covering of R* x R? (cf. Equa-
tion (5.3)).

o Foreachi€l, letG' = {gi}keA_ be a frame for L*(RY) with lower bound A; and suppose

that A := inf,-Ai > 0.

o Suppose that the sets of time-frequency nodes A; C RY x R? are uniformly relatively
separated (i.e sup;;; p(A;) < o).

o Assume that the molecules G' satisfy the following uniform time-frequency concentra-
tion condition,

[Vogi@| < CA+ 2=k (zeR!xRke Ay, (5.21)

for some constants C > 0, s > 2d and a > 0 (independent of i).
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Then, for all sufficiently large r > 0, the system
{giielkeA.dkE)<r]

is a Banach frame simultaneously for all the modulation spaces M?, for all strictly w,-
moderated weights v and 1 < p < oo. The same is true for p = oo, replacing M;® for
M.

More precisely, if we set,

I":={G,k):iel, ke Aj,dk,E)<r},

and define a weight V on I by
V(k,i) := v(k),

then, the coefficients map given by
M? — z,(T")
fe (<f’ gk>)(i,k)

is bounded and left-invertible, for all sufficiently large values of r.

Remark 5.2.4. For any class of w,-moderated weights for which the respective constants
(cf. Equation (1.8)) are uniformly bounded, it is also possible to choose a value of r > 0 for
which the conclusion of the theorem holds.

Proof. Consider the spline-type space V? = V4 (L*(R?)) from the discussion above. Define
the functions,

¢, = Vy(g)  (GelkeA).

Since V, : L*(R?) — L*(R? x R?) is an isometry, each of the families {go;;}k is a frame for V2
with lower bound A. Moreover, Equation (5.21) implies that these families share a uniform
polynomial concentration condition. This condition is also shared by the atoms {f;}, because
Equation (5.20) holds for any value of s > 0. The theorem now follows from Theorem 5.1.3
and the fact that : V, : M} — V? is a surjective isometry (with the discussed modification
for p = 00). O

Remark 5.2.5. Observe that since we have identified the range of the STFT (with a fixed
window) with a spline-type space, it follows from Theorem 3.3.1 that, on the range of the
STFT, the LY and W(L®, L") norms are equivalent (the class of weights v for which this is
true depends on the time-frequency localization of the window function; in the case of the
Gaussian window, any polynomial weight w, with a > 0 will work). Results of this kind can
be found in Chapter 12 of [62], see for example Proposition 12.1.11 there.
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Remark 5.2.6. Finally observe that the argument given can be used to combine not only time-
frequency concentrated frames for L*(R?) but also frames for proper subspaces S C L*(R%).
Simply let V* = V4(S) and apply the same argument as above.

For completeness, we give a version of Theorem 5.2.3 for pure time-frequency atoms.

This gives general sufficient conditions for the existence of the so called quilted Gabor
frames, recently introduced in [32].

Corollary 5.2.1.

o Let & = {E;},; be a uniformly locally finite measurable covering of R? x RY (cf. Equa-
tion (5.3)).

e Foreachic I, letG' = {Mkagi :(k, j) € A,-} be a Gabor frame for L*(R?) with lower
bound A; and suppose that A := inf; A; > O.

e Suppose that the sets of time-frequency nodes A; C RY x R? are uniformly relatively
separated.

o Assume that the windows {gi } satisfy the following uniform time-frequency concentra-
4
tion condition,

Ws+a

C :=supllg’llmg,,, < +oo,
i

for some constants s > 2d and a > 0 (independent of i).

Then, for all sufficiently large r > 0, the system
(M;Tig' i e I, (k, j) € Ay d((k, j), Ei) < 7}

is a Banach frame simultaneously for all the modulation spaces MY, for all strictly w,-
moderated weights v and 1 < p < oo. The same is true for p = oo, replacing M;® for
M,

Proof. Observe that,
[Vo(M;Tigh)| = | Vs = D| < CW_sra(z = ), (5.22)

where A := (k, j) € A;. Therefore, we can apply Theorem 5.2.3. O
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5.2.4 Gabor multipliers

Now we give an application of the frame surgery scheme to Gabor multipliers. We follow
largely the approach in [42]. For a general background on Gabor multipliers see [47, Chapter
5].

Given a lattice in the time-frequency plane A € R?? and two families of functions F =
{fir.. s fv}, G =1{g1,...,gn} € L*(RY) we consider the class of operators,

m, € *(A)},

N
Grg =1 ), > ml) (- w(g) 7D,

n=1 AeA

where m(1) is the time-frequency shift n(1) := M, T, if 4 = (x,w). The convergence of the
series defining the class G requires additional assumptions (see below). The operators in this
class are called the Gabor multipliers associated with the time-frequency atoms (F, G) and
the lattice A.

For f,g € L*(RY) we use the notation P, := (-, g) f for the corresponding rank-one
operator. Furthermore, for a point (x, w) € RY x R¢ we let the time-frequency shifts act on an
operator 7' by

o(x,w)T) :=M,T,TT_M_,, = rx(x,w)Tr(x,w)".

Every linear operator T mapping continuously S(R?) into S’(R?) admits a distributional
kernel K(T) € S'(R*?). The Kohn-Nirenberg symbol of T is defined in terms of K by

o(T)(x,w) := f K(T)(x, x — s)e" 7V ds.
R4

From this definition it follows that the Kohn-Nirenberg map defines an isometry between the
class of Hilbert-Schmidt operators and L?>(R*?). The important property for us is that the
Kohn-Nirenberg map interwines the action p with the regular action of R¢ x R (by transla-
tions). That is,

ce@T)=c(T)(--2) (z€R!xRY).

We see then that the Kohn Nirenberg map KN : T +— o(T) relates the class G to a shift-
invariant space V3(F,G) := KN (Grg) given by,

N

V2= () miDo (P ) = D) | (my) € BN}

n=1 AeA

The Kohn-Nirenberg symbol of the projector P, is explicitly given by,

T(Pr)(x, w) = f(X)(w)e ™, (5.23)
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so its 2d Fourier transform is

0'@)()(, w) =V, f(-w, x).
Consequently, the inner product between the building blocks of V? is given by,

(T Pre) T (Ph0,)) = (Ve S Ve fon)

whereas, with the notation z* = (—w, x) for z = (x, w), their bracket product (see Section 1.14
and 5.2.1) is given by

[P0, TP e AR = Y Vo fule' = AV ful@ = A5, (5.24)

AteAt

Hence, the theory of shift-invariant spaces (cf. Section 1.14) implies the following.

Proposition 5.2.1. The set { (—, m(A)g,) n(D)f, |1 € A} is a Riesz sequence in the space of
Hilbert-Schmidt operators if and only if the matrix of functions G =G(F,G) = (GAn,m)ISn,mSN’
given by,

Cun@ = ), Vi ho(a = Ve, fulz = 1), (5.25)

AteAL

is uniformly bounded and invertible (that is, its eigenvalues are bounded away from 0 and oo,
uniformly on z).

Remark 5.2.7. Observe that, for time-frequency concentrated windows, since by Remark
5.2.5 the STFT of an L? function belongs to the amalgam space W(Cy, L?), it follows that the
entries of the matrix in Equation (5.25) are continuous periodic functions. Therefore, that
matrix will be uniformly invertible if it is invertible at every point.

Proof. The only observation to complete the proof is that, since the condition in Equation
(5.25) is required for every z € R?*?, we can drop the change of coordinates z — z* in the
bracket product. m|

Consequently, in the situation of Proposition 5.2.1, any operator T € G(F,G) can be
stably recovered from its lower symbol

((T, Pn(/l)f,,,ﬂ(/l)g,,>HS cAe€ A) ,

where (-, -)ys denotes the Hilbert-Schmidt inner product. We can now reformulate Theorem
5.2.1 in this context.
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Theorem 5.2.4. Let a lattice A C R* and a uniformly locally finite measurable covering of
R & = {Ej},;, be given.

Let fi,..., fv,81,...8x € L*(R?) be such that the matrix G(F,G) on Equation (5.25) is
uniformly invertible and suppose that these atoms satisfy,

/()] < CA +|x)77, (5.26)
18, (W)l < C(1 + W), (5.27)

for some constants C > 0 and s > 2d.
Let families {ﬂ, ... ’lev} , {g’i, .. gjv} C L2(RY), i € I be given. Assume the following.

o The given families satisfy,

fi| <A+, (5.28)
gw)| <@+ wh, (5.29)

for some constant C' > 0 (independent of i and n).

o The matrices of functions (G; m)1< oy given by
> n,m=<

Gl (D = Z Ve fulz =AYV fi(z— ) (z€R'XRY,

AteAt
are uniformly bounded and invertible in the sense that each Gi(z) is invertible and

supllGi(2)ll, supl|Gi(z) || < oo.
2,0 2,1

Then, for all sufficiently large values of r > 0, any Gabor multiplier T € G(F,G) can be
stably recovered in Hilbert-Schmidt norm from its mixed lower symbol

(7. Prar i) s i€ L1 <n<N,A€AdE) <), (5.30)

Remark 5.2.8. As we have seen, the theorem also establishes an uniform equivalence be-
tween the €5 norm of the coefficients in Equation (5.30) and the L' norm of the Kohn-
Nirenberg symbol of T, for 1 < p < oo and a certain class of weights.

Proof. By the discussion above, in order to apply Theorem 5.2.1 we need to observe that
the Kohn-Nirenberg symbols of all the atoms are adequately localized. This follows from
Equation (5.23) and the fact that w_,(x)w_,(w) < w_,(x, w), for x,w € R, O



Chapter 6

Phase-space coverings

In this chapter we study a second locality problem in phase-space. We now go back to the
most abstract setting of locally-compact groups rather than the Euclidean space. This is
required by certain applications. Recall that a coorbit space, in the most general sense of
the term, is a functional space X that is defined by imposing size conditions to a certain
transform. More precisely, considering a functional space X as a coorbit space consists of
giving a transform 7 : X — E that embeds X as a complemented subspace of a solid BF
space E.

When a functional space X is identified as a coorbit space, the properties of an element
f € X are reformulated in terms of decay or integrability conditions of the function 7'(f) € E
- called the phase-space representation of f. The elements of X can be resynthesized from
their phase-space representations by means of an operator U : E — X that is a left-inverse
for T (i.e. f=UT(f)).

In an attempt to finely adjust the properties of a function f that are shown by T (f) one
can consider operators of the form M,,(f) = U(mT(f)) that apply a mask m to the phase-
space representation 7'(f). We will call these operators phase-space multipliers. Of course,
the rigorous interpretation of M,,(f) is problematic since, in general, TM,,(f) # mT(f).
When T is the abstract wavelet transform (representation-coefficients function) associated
with an unitary representation of a group, these operators are know as localization operators
or wavelet multipliers [71, 113, 83]. In the case of time-frequency analysis these operators
are known as time-frequency localization operators or multipliers of the short-time Fourier
transform [24, 21, 22, 13].

The main result of the chapter is a characterization of the norm of a coorbit space in terms
of families of phase-space multipliers associated with a partition of unity in G. Specifically,
suppose that X is a Banach space that is regarded as a coorbit space by means of a transform
T : X — E, having a left-inverse U : E — X. Let {Hy} be a partition of unity on G and con-

sider the corresponding phase-space multipliers given by M, (f) = U(6,T(f)). The partition
of unity is only assumed to satisfy certain spatial localization conditions but it is otherwise
arbitrary. We prove that || f||x is equivalent to the norm of the sequence {llMy( b3l B}y in a dis-

115
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crete version of the space E, where the space B can be chosen among a large class of function
spaces. Moreover, we prove that the map f +— {My( f)}y embeds X as a complemented sub-

space of a space of B-valued sequences, obtained as a discretization of E. This quantifies the
relation between an element f € X and the phase-space localized pieces {My( f )}y.

For the case of time-frequency analysis, Dorfler and Grochenig have recently obtained
this kind of characterization of modulation spaces [34], using techniques from rotation al-
gebras (non-commutative tori) developed in [66] and [64] and spectral theory for Hilbert
spaces.! Here, we use a different approach to obtain consequences for settings where the
techniques in [34] are not applicable, such as time-scale decompositions and Besov spaces.
As a by-product we derive a stronger version of the main result in [34] where the admissible
partitions of unity are restricted to be lattice shifts of a non-negative function and the space
B is L?. These restrictions seem to be essential for the applicability of the techniques in [34].

However, to fully recover and generalize the results in [34], we will need to refine the
results of this chapter using tools that are only available on certain groups. We carry out that
task in Chapter 7. There, instead of the tools from rotation algebras used in [34], we will
resort to related results for matrix algebras.

6.1 Approximation of phase-space projections

In this section we prove the main technical estimate of the chapter. Given the setting from

Section 3.1 and a partition of unity >, 7, = 1, we will show that the phase-space projection
P(f) from Section 3.1 can be resynthesized from the phase-space localized pieces {P( f ny)}y.
Note that P(f) can be trivially recovered from {P( f UY)}y by simply summing all these func-

tions. We will prove that this reconstruction can also be achieved by placing the localized
pieces on top of the (morally) corresponding regions of the phase-space. This controlled syn-
thesis will then allow us to quantify the relation between P(f) and {P( fny)}7 and yield the

main result on the characterization of the norm of S.

6.1.1 Setting

Let us recall the model from Section 3.1. Let G be a locally-compact group. We assume the
following.

(A1) — E is a solid, translation invariant BF space, called the environment.
— w is an admissible weight for E.

— S is aclosed complemented subspace of E, called the atomic subspace.

(A2) We have an operator P and a function H satisfying the following.

For more about the relation between time-frequency analysis and non-commutative tori see [85].
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P W(LI,L‘IX;W) - Ly, is a (bounded) linear operator,
P(E) =S,

P(f) = f,forall f €8S,

He W™, le) N Wge(L™, L:V),

For f € W(Ll,L‘lx}W),

IP(/)(0)] < fg [ HG™ x)dy, (x€G). (6.1)

We now state Assumption (B1) introducing the partition of unity covering phase-space and
the norm used to measure it.

(B1) =T C Gis arelatively separated set.

- {n | vy € I'}is a set of ngveak(L“’, L!)-molecules enveloped by a function g. More
precisely,

(0| gy '),  (xeGyeD),
x g€ Wyek(L=, L)

- {;77}7 is a bounded partition of unity. That is,

Znyzl, and Z|77y|eL°°(Q).
Y Y

— B is a solid, isometrically left-translation invariant Banach space such that,
W(L>,L!) < B.
Remark 6.1.1. By Lemma 1.6.1, B — W(L', L®). In addition, by the definition of translation

invariant space L' + B — B.

6.1.2 Vector-valued analysis and synthesis

Let us now describe the operators mapping a function f into the phase-space localized pieces,
by means of the partition of unity {nﬁy. Let the operator C® be formally defined by,

Py = (PUm), ..

For each U, a relatively compact neighborhood of the identity in G, we also formally define
the operator S 8, acting on a sequence of functions by,

SE(5), ) = D, PUw-
Y



118 CHAPTER 6. PHASE-SPACE COVERINGS

The operator S will be used as an approximate left-inverse of the vector valued analysis op-
erator CB. Let us now establish the well-definition and mapping properties of these operators.

Proposition 6.1.1. Under Assumptions (Al), (A2) and (B1) the following statements holds.

(a) The analysis operator C® maps W(L®, E) boundedly into E;’,(F). In particular (cf.
Proposition 3.1.1) it maps S boundedly into E‘}}(F).

(b) For every relatively compact neighborhood of the identity U, and every sequence F €
E’é, the series defining S g(F ) converges absolutely in the norm of B at every point.
Moreover, the synthesis operator S g maps E‘é(F) boundedly into E (with a bound that
depends on U).

Proof. To prove (a) let f € W(L*, E). Since 1, is bounded, fn, € W(L*,E) C E. By the
pointwise bound for P (cf. Equation (6.1)),

PUn ] < [ 100 WHO 0y
G
Since B is solid and L' « B — B, we have,

IP(fn)lls < |H]|p f FD gy »dy S 1Hllwiz 1) f FDl gy~ »dy.
G G
Now the solidity of E and Lemma 2.1.1 yield,

B
IC (f)||Ezlg < ||f||W(L°°,E)”g“WIV;eak(L"",L}V)'

To prove (b) consider a family F' = (f,), € E‘é. Foreachy €T, f, € B C W(L',L*), so by
Proposition 3.1.1, P(f,) is well-defined and satisfies,

1P| s A wa o1 H gz sty S WANBIH oo o).

Hence, for every x € G, |SB(F )(X)| < YA lsxu(y~'x). Since U is relatively compact,
xu € Wg(L®, L) and consequently Lemma 1.6.2 together with the solidity of E imply that

IRy (F)llE < |I/\/U||WR(L°°,LJV)||F||E%- O

6.1.3 Approximation of the projector

Now we can state the main result on the approximation of P. For every U, relatively compact
neighborhood of the identity in G, consider the approximate projector Py : W(L*,E) — E
given by,

Py(f) = ) PUfmxu- (6.2)

yell

Since Py = S 5 o CB, Py is well-defined. We will prove that Py approximates P in the
following way.



6.1. APPROXIMATION OF PHASE-SPACE PROJECTIONS 119

Theorem 6.1.1. Given € > 0, there exists Uy, a relatively compact neighborhood of e such
that for all U 2 U,

IP(f) = Pu(Plle < ellfllwas=r), (f € WL, E)).

In order to prove Theorem 6.1.1 we introduce the following auxiliary function. For each
U,letGy : G — [0, +c0) be defined by,

Gy(x) = SUgZ@ X0 Y610 (). (6.3)
Ye yell

Observe that Gy is defined as a supremum of a family of sums. The estimates for P that we
will derive in terms of G are sharper than the usual convolution estimates involving Wiener
amalgam norms of g. This extra precision is crucial for the proof of Theorem 6.1.1. Before
proving that theorem we establish some necessary estimates for the auxiliary function.

Lemma 6.1.1. The function Gy satisfies ||Gyll~g) < 1 (with a bound independent of U).
Moreover, for every compact set K C G,

1Guxllim) < f (@ * ) OW(x.
V(G\U)

Proof. Let a compact set K and an element x € K be given. Fory € G, if yx € y(G \ (UK)),
theny 'yx ¢ UK,soy 'y ¢ U.
Therefore,

Z(gw)(y M@ wmeD) < > @)y

yiy~lyeU
f(g*)(v)#(f y 'y (0)dt
yiy~lygU
f (@ X)) Z xv(y .

vy~ lygU

Since F is relatively separated, Y., xv(y~'yt) = X xv(t"'y"'y) < 1. In addition, if y"'ytr € V
andy'yg Uthent = (y 'y)y lylyre (G\ U)'V.
Hence,

Guk(x) < f (g * xv)u(tHdt = f (g * xv)e(AE .
G\U)y'v V(G\U)

Since A(t™") < A Hw(t™") = w(f) the desired bound follows. Reexamining the computations
above we see that, ||Gylli~g) < fg(g s« xv)s(t)w(t)dt. Since g € WyeK(L™, L)), the last integral
is finite and we obtain the desired uniform bound. O
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Now we can prove Theorem 6.1.1.

Proof of Theorem 6.1.1. Let f € W(L™, E) and let U be a relatively compact neighborhood
of e. Since ), n, = 1,

P(f) = Pu(f) = Y P(f1) = > P(Fnxou = ) P(Fn e,
Y Y Y
Consequently, by the pointwise bound for P (cf. Equation (6.1)), for x € G,

P(N) = Pu(H@)| < Y. fg FOI ™ WHG™ Xy ()dy.
Y

Since |f)l < [ fH@xv(y'2)dz, we have,

IP(f)(x) = Pu(f)(x)] fg @) fg X' 28(y T MHG™ 0xy6\0) (N dydz.
Y

Note that if y™'z € V, then y™'x = y~'zz7'x € V(z7'x), and therefore H(y 'x) < Hy(z 'x).
Hence,

[P(f)(x) = Py(f)(x) Sfgf#(Z)H#(Z_IX)Zfg8(7_1)’)Xv(y_IZ)Xy(Q\U)(x)dde-
y
= L FH()Hw(z " %) Z(g*)(V)()’_IZ))(y(g\U)(X)dZ-
Y

< f F@H( ' 0)Gy(7 ' x)dz.
G

Consequently,

IP(f) = Pu(Plle < IfIENHGull, = I fllwesp | HsGull,,-

Therefore, it suffices to show that [|[HyGyll,; — 0, as U grows to G. For every compact set
K C G, Lemma 6.1.1 implies that

f Hy(2)Gy(2)w(z)dz
G
< ”GU”L‘X‘(K)”H#”L}V + ||GU||L°°(g)f Hy(z)w(z)dz
G\K

SGullz=) + Hy(2w(z)dz.
G\K
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Given € > 0, we choose a compact set K such that the second term in the last inequality is
less that £. Since g € ngveak(L‘”,LfV), we can also choose a compact set 9 C G such that
fg \Q(g * xv)u(X)w(x)dx < e. Set Uy := VOK. If U 2 U, is arelatively compact neighborhood
of e, then, using Lemma 6.1.1,

16U @l < IGvorllimg < f (g % ) OW(Ddx.
V(G\(VQ))

Since V = V!, we have that V(G \ (VQ)) C (G \ Q) and consequently ||Gy(2)ll=x) < &.
Hence, we have shown that for U 2 Uy, [[HyGyll;) < e. This completes the proof. O

6.2 Approximation of phase-space multipliers

We will now interpret Theorem 6.1.1 as a result about approximation of phase-space multi-
pliers. Let us suppose that Assumptions (A1), (A2) and (B1) hold.
For m € L*(G), the multiplier M™ : § — S with symbol m is defined by,

M™(f) == P(mf),  (f€S). (6.4)

The operator M™ is clearly bounded by Proposition 3.1.1 and the solidity of E. When the
space S is taken to be the range of the abstract wavelet transform associated with an unitary
representation of G, these operators are called localization operators or wavelet multipliers
(see for example [71, 113, 83]). (To be precise, the operators M"™ are unitary equivalent
to localization operators, see Section 6.4.1 for further details). When S is the range of the
Short-time Fourier transform the corresponding operators are known as STFT multipliers or
Time-Frequency localization operators ([24, 21, 22]).

Using the approximation of the projector from the previous section, we construct an ap-
proximation of the multiplier M™. For a relatively compact neighborhood of the identity U,
let M}} : S — S be defined by,

Mi(f) == PPy(mf), (f€S$).
Now Theorem 6.1.1 implies the following.
Theorem 6.2.1. For each m € L*(G), M} — M" in operator norm, as U ranges over the

class of relatively compact neighborhoods of the identity, ordered by inclusion. Moreover,
convergence is uniform on any bounded class of symbols.

Proof. By Proposition 3.1.1, for f € S,

1M () = M" (Dl = IPPy(mf) — PP(mllg < IPy(mf) — P(mf)llg.
By Theorem 6.1.1, ||Py(mf) — Pmf)llg < 6(U)llmfllw~.r), for some function ¢ such that
o(U) — 0, as U grows to G. Finally, since m € L*(G) and f € S, the embedding
S — W(L>,E) in Proposition 3.1.1 implies that [[mfllwier < |Ifllweer < |Ifllz and
the conclusion follows. Observe that if m belongs to a certain bounded subset of L®, then the
last estimate holds uniformly on that set. O
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6.3 Characterization of the atomic space

We can finally prove the main abstract result on the characterization of the atomic space with
phase-space multipliers.

Theorem 6.3.1. Under Assumptions (Al), (A2) and (B1), the map

Cc?:S - E5
I (P(fny),

is left-invertible. Consequently, the following norm equivalence holds for f € S,

If1le = AP NB) N g

Remark 6.3.1. The fact that there is such a liberty to choose the BF space B is analogous
to the fact that for coorbit spaces only the “global behavior” of the norm imposed on the
wavelet transform matters. See [45, Theorem 8.3].

Proof. With the notation of Section 6.2, using Theorem 6.2.1 with symbol m = 1, we choose
a relatively compact neighborhood of the identity U such that M 11] is invertible. Since the
operator Py (cf. Equation (6.2)) can be factored as Py = S5C®, we have that, M}, = PSEC5.
Since M llj is invertible, C8 is left-invertible, as claimed. This implies that ||f]|z < |ICE(f)I| B
for f € S. The converse inequality is just the boundedness of C® and was proved in Proposi-
tion 6.1.1. O

6.4 Applications

6.4.1 Coorbit spaces

We now give some applications to the theory of coorbit spaces of group representations (cf.
Section 1.10). Let 7 be a (strongly continuous) unitary representation of a locally compact
group G on a Hilbert space H. Let E be a solid BF space, w an admissible weight for it, and
let h € H be an admissible vector (in the sense of Section 1.10).

Let § = V,(CoE). It is proved in [44, Proposition 4.3] that S is a closed subspace of E
and moreover P(F) := F % V,h defines a projector onto S. When E is L*(G), the operator P
is in fact the orthogonal projector onto .

In order to apply Theorem 6.3.1 to this setting, let a partition of unity {ny}y and a BF space

B satisfying (B1) be given. Let the operators M, : CoE — CoE be defined as,

M,(f) := Vi, V().
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Observe that, since Vj, : H — L? is an isometry, V; is the projection onto the range of V,
followed by the inverse of V), on its range. Hence,

M, (f) = V' (M, V()

where M, : § — § is the multiplier form Section 6.2. Now Theorem 6.3.1 yields the
following.

Theorem 6.4.1 (Characterization of coorbit spaces). Let a partition of unity {ny}y and a BF
space B satisfying (Bl) be given. Then, for f € CoE, the following norm equivalence holds,

1llcor: ~ 1My (Flcon . llps-
In particular, f € (H.)" belongs to CoE if and only if {|| M f)||CO,,}7 e EYT).

Remark 6.4.1. One possible choice for B is L*(G) yielding CoB = H (cf. [44, Corollary
4.4]).

Proof. The norm equivalence follows directly from Theorem 6.3.1 and the fact that V), :
CoE — S is an isometry. The “in particular” part follows from a standard approximation
argument. O

6.4.2 Time-Scale analysis

We now consider the affine group G = R? x (0, +o0), where multiplication is given by (x, s) -
(x',s") = (x + sx’, s8") (cf. Section 1.5.1). We recall some facts. The measure with density
dxs% with respect to the Lebesgue measure is a left Haar measure. The modular function is
given by A(x, s) = s~¢. The affine group acts on L>(R¢) by translations and dilations,

rx9)f0) = 5 (22,

The Wavelet transform associated with 7 is,

W, f(x, s) = 57 f f(t)h(t_—x)dt,
R4 N

for f,h € L*(RY), whereas the inverse wavelet transform is given by,
+o0 x—w d
W F(x) = f f F(y, s)h(u)dx @
0 Rd Ky S§d+l

’The integral converges in the weak-sense. The possibility of evaluating it pointwise requires further hy-
pothesis.

for F € LX(@).?
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The wavelet multiplier with symbol m € L*(G) is given by,
WM, f(x) = W,(mW,F), (6.5)

for f € L*(RY).

We illustrate Theorem 6.4.1 for homogeneous Besov spaces (cf. Section 1.12.1). Recall
that for 1 < p,q < +co and o € R, the homogeneous Besov space B, (R?) is the set of all
tempered distributions (modulo polynomials) f € S’/P(R?) such that

1A, = 2277 @ F (Dl

JEZ

is finite (with the usual modification for ¢ = o), where ¥ is the Fourier transform and {ga j} )
J
is an adequate Schwartz class partition of unity subordinated to dyadic crowns.

As mentioned in Section 1.12.1, B, (R) = Co(L!?, 12-a/4(@), Where,

+00 q/p 1/q
oo S
I1Fllzze = (f (f |F(x, S)I”dX) s d+1) -
0 R A

In addition, the admissibility of the window 4 is implied by the classical “smooth molecule”
conditions involving decay of derivatives and vanishing moments (see [55, 56, 57]). For
example, any Schwartz function 4 with all moments vanishing is adequate.’

In order to illustrate Theorem 6.4.1, we can consider a covering of R? x (0, +00) of the
form,

U= 2((=1, )7 + k) x (277,27, (keZ,je2),

and let {nk, j}k _be a (measurable) partition of unity subordinated to it. The discrete norms
’.]

corresponding to the spaces L. are given in Equation (1.16). We now obtain the following
result.

Theorem 6.4.2. The quantity,

alm\1/4
ZZ‘ja/q{Z”WMnk‘jﬂliz] ] :

JEZ kezd

where 0’ := o +d/2 —d|/p, is an equivalent norm on ng

p or q are ).

(with the usual modifications when

Remark 6.4.2. Observe that Theorem 6.4.1 also allows for non-compactly supported parti-
tions of unity, as long as its members are enveloped by a well-concentrated function. Also
observe that in the norm equivalence above we can measure the norms of WM, .f in other
Besov spaces besides L*.

3To satisfy the general assumptions of Section 3.1 we can use the weight w(x, s) := max {s‘(’, Ax, )7 s"} =

max {s“’, sd+”}.



Chapter 7

More general phase-space coverings

Under additional assumptions we can extend Theorem 6.3.1 to the case where the condition
on the partition of unity, 3, n, = l isrelaxedto0 <A < 3, n, < B < 0.

To be able to use the result from the previous chapter we keep the assumption that
2,7y = 1 and introduce a new (generalized) partition of unity {07 iy € F} related to the
one in Assumption (B1) of Section 6.1.1 by 6, = mn,, where 0 < A < m < B < co. This
is the general form of a family of functions {97 (Y€ F} enveloped by g and whose sum is
nonnegative and bounded away from zero and infinity.

Consider the setting of Section 3.2. The problem of extending Theorem 6.3.1 to this new
partition of unity can be reduced to the one of establishing the invertibility of the multiplier
M™ (cf. Equation (6.4)). To this end, we will extend the atomic decomposition on Equation
(3.2) to an adequate Hilbert space H, then prove the invertibility of M™ on H and finally use
the spectral invariance of a certain subalgebra of the algebra of bounded operators on £ to
deduce the invertibility of M™ on S. This is where certain restrictions on the geometry of G
need to be imposed. For the case of time-frequency decompositions and modulation spaces,
this line of reasoning is hinted on the final remark of [22] and developed for a very general
class of symbols and weighted modulation spaces in [69].

7.1 Setting

We now assume that we are in the situation of Section 3.2. Specifically we assume the
following.

(A1) - Eisasolid, translation invariant BF space, called the environment.
— w is an admissible weight for E.

— S is aclosed complemented subspace of E, called the atomic subspace.

(A2’) - A C Gis arelatively separated set. Its points will be called nodes.

125
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- {¢a | A€ A}and {y, | A € A} are sets of W(L™, L! ) molecules, enveloped by a
function 4. That is,

* |oa(ol, a2l < h(a™'x), (xeG,1eN),

x he WH(L™, L)).
Let us also assume that we have a partition of unity like the one considered in Section 6.1.1.
(Bl) - TI' € Gisarelatively separated set.

- {n, | y € I'} is a set of Wy**(L*, L )-molecules enveloped by a function g. More
precisely,

* |77y(x)| < gy 'x), (xeG,yel),
*x g€ Wl‘geak(Loo, Lvlv)

- {777}7 is a bounded partition of the unity. That is,

ZmEL and Z|ny|eL°°(g).
Y Y

— B is a solid, isometrically left-translation invariant Banach space such that,

W(L>,L!) — B.

We will now introduce Assumptions (C1) and (C2) and present the extension of Theorem
6.3.1.

7.2 Assumption (C1)

We will use a key result from from [49]. To this end we introduce the following conditions
for a discrete group  and a weight u on it.

Definition 7.2.1. We say that the pair (Q,u) satisfies the FGL-conditions if the following
holds.

o Qs a discrete, amenable, rigidly symmetric group.
o u:Q — [1,00)is a submultiplicative, symmetric weight that satisfies,
lim sup u(x)"" =1, and,

n—+00 yepn

inf wu(x)= sup u(x), ((meN),
xeUm\un-1 xeUn\Un-1

for some generating subset U of Q, containing the identity element.
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For an explanation of the FGL-conditions and their relation to other concepts for groups
(such as polynomial growth) see [49, 48] and the references therein. In Proposition 7.2.2 we
give more concrete sufficient conditions for the applicability of the FGL conditions to our
setting.

We introduce the following assumption on the geometry of G and the set of nodes A
that provides the atomic decomposition of S. This will be satisfied in the applications to
time-frequency analysis but not in the case of time-scale decompositions.

(C1) We assume the following.

— Gis an IN group.!

— The set A is a closed, discrete subgroup of G that, considered as a topological
group in itself, satisfies the FGL-conditions with respect to the restriction of the
weight w.

Remark 7.2.1. The fact that G is an IN group implies that it is unimodular (i.e. A = 1) (see
[92]). As a consequence, the weight w is symmetric (i.e. w(x) = w(x™1)).
The submultiplicativity of w now implies that (1/w)(xy) < w(x)(1/w)(y). This equation in

turn implies that the weight w is admissible for all the spaces L%, and Llf I (1 <p<+400).

Remark 7.2.2. In (Cl), G is assumed to be an IN group. Then, according to Theorem 2.1.1,
the space W' (L™, L\) in (A2’) is just W(L™, L) = Wg(L™, L) while the space Wy**(L*, L)
in (BI)is L!.

Since under Assumption (C1) A is a subgroup, it is possible to consider convolution
operators on EY. The space E? is always left-invariant, but for a general group G it may not
be right-invariant (even if E is). Using the fact that in (C1) G is assumed to be an IN group,
we have the following proposition.

Proposition 7.2.1. Under Assumption (C1), E* x £\(A) C E“, with the corresponding norm
estimate.

Proof. Fora € E*, b € (' (A) and x € G, we estimate,

DM@ s bulyavx) < 0 larl bl xav(x)
A a1
= > D lavlbalywav(x)
A
= > bl D lavlxavxd™,
A A

'Remember that, by convention, we also assume that the distinguished neighborhood V is invariant under
inner automorphisms.
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where we used that AV = A’V A. Since a € E¢, the function C(a) := 3 v lay| x v belongs to
E. Moreover, ||R-1Cllg £ w(D)I||Cllg = w(A)||al|z«. Hence, then sum

D bl R C,

A

converges absolutely in E and by the solidity of E,

la + bllge < " Ibalw(Dllall .
Pl

Hence the conclusion follows. O

Before introducing the second assumption we give some sufficient conditions for As-
sumption (C1) to hold. Recall that a group is called almost connected if the quotient by the
connected component of the identity element is compact.

Proposition 7.2.2. Suppose that Assumptions (Al), (A2’) and (B1) hold and that, in addition,
G is an almost connected IN group. Suppose that A is a discrete, closed, finitely-generated
subgroup of G and that the weight w satisfies the Gelfand-Raikov-Shilov condition,

lim w(A")'" = 1, forall 2 € A, (7.1)

n—+0o

and the condition,

inf w(x)x~ sup w(x),forallneN,
xeUm\yn-! xeUm\un-1

for some generating subset U of A, containing the identity.
Then, the conditions in (C1) are satisfied.

Proof. The group G is an almost connected IN group and therefore has polynomial growth
(see [92]). Since A is discrete and closed in G it also has polynomial growth (with respect to
the counting measure). Indeed, let F C A be a finite set containing the identity. Since A is
discrete and closed in G there exists W’, a relatively compact neighborhood of the identity in
G such that W N (A '\ {e}) = 0. Let W be a relatively compact neighborhood of the identity in
G such that W = W~ and WW C U’. We then have that AW N A’W = 0 for any two distinct
elements 4, A" € A.

Since e € W, we have that for any n > 0, F"W C (FW)". So, using the polynomial growth
condition for the neighborhood FW we have that,

|F"W| < [(FWY'| < nt,

for some positive integer k. Since F' C A, F"W = U, ¢ AW and the union is disjoint. Hence
|F"W| = #(F")|W| and we deduce that A also has polynomial growth.
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Hence, A is a finitely-generated discrete group of polynomial growth. Therefore A is
amenable (see [92]). In addition, by Gromov’s structure theorem [70], A has a nilpotent
subgroup of finite index. Corollary 3 from [82] implies that A is rigidly symmetric (see also
[49]). Finally, since A is a finitely-generated discrete group of polynomial growth, Theorem
1.3 from [48] implies that the GRS condition in Equation (7.1) implies the condition required
in (C1). O

7.3 Assumption (C2)

In order to introduce the second assumption, suppose that Assumptions (A1), (A2’) and (C1)
hold and let H be the closed linear subspace of L*(G) generated by the atoms {¢, : 1 € A}.

Since G is now assumed to be unimodular, left and right translations are isometries on
L*(G). Hence, the weight w is also admissible for L*(G) (cf. Equation 1.11) and conse-
quently the operators C and S from Section 3.2 map L*(@) into £*(A) and £*(A) into L*(G),
respectively. For clarity, when considered with this domain and codomain we will denote
these operators by Cy and S. We also consider the operator Py := SyCy, which coincides
with Pon L>NE.

Recall that a frame for a Hilbert space L is a collection of vectors {e;}, such that ||[v||, =
[|({v, ex)illg2, for v € L (see Section 1.8). We now observe that the atoms of § form a frame
for H.

Claim 7.3.1. The set {¢, : 1 € A} is a frame for H.

Proof. Since f = P(f) = Py(f) = SyCyx(f) for finite linear combinations of the atoms
{¢1},, and Cy and S g are bounded, it follows that f = S yCy(f), for all f € H. This implies
that f = QCySy(f), for all f € H, where Q is the orthogonal projection onto H. Hence,

||f||L2(g) ~ ||qu(f)||£2(/\) = [IK/fs %))A”fz(/\), forall f € H. o

Since {¢, : 4 € A}is aframe for H, it has an associated canonical dual frame, that provides
an expansion with coefficients having minimal ¢2>-norm (cf. Section 1.8). This dual frame
need not coincide with our distinguished set of dual atoms {y, : 1 € A}. We will now assume
that they do coincide. This assumption will be justified in a large number of examples.

(C2) We assume that the set {{, : 1 € A} is the canonical dual frame of {¢, : A € A}, consid-
ered as a frame for H.

Under Assumption (C2), the operator Py is the orthogonal projector L*(G) — H. Also
Cy and S g are related by C;I =Spygand S L = Cg. (Here L' denotes the Moore-Penrose
pseudo-inverse of an operator L).
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7.4 Convolution-dominated operators

For the remainder of this chapter we assume that conditions (A1), (A2), (B1), (C1) and (C2)
hold. Using the fact that A is a subgroup, it is possible to dominate operators on E¢ by
convolutions. We consider the class of operators dominated by left convolution,

CD(A,w) :={T € C¥*| |Tyu| < agm1, for some a € €L(A) },
and we endow it with the norm,
ITllepaw) = inf {llallp | [Tov| < apm, forall 4,47 € A},

CD(A,w) is a Banach *-algebra (see [49]). We also consider the Banach *-algebra of opera-
tors dominated by right convolution,

CD(A,w) :={T € CV| |Ty x| < ay1,, for some a € €4(A) ],

and we endow it with a norm in a similar manner. We will use a slightly adapted version of
the main result from [49].

Proposition 7.4.1. The inclusion CDg(A,w) — B(t*(A)) is spectral (i.e. it preserves the
spectrum of each element).> Moreover, if L € CDg(A,w) is a self-adjoint operator with
closed range, then its pseudo-inverse L' also belongs to CDg(A, w).

Proof. Let A denote the set A considered with the opposite group operation, given by
Aopd’ = A'A. Since x — x7! is an algebraic and topological isomorphism between A and
A and the weight w is symmetric, if follows that A also satisfies the FGL-conditions with
respect to the restriction of the weight w. Hence, [49, Corollary 6] implies CD(A”,w) is
a spectral subalgebra of B(¢*(A%)). Finally note that CDg(A,w) = CD(A%,w) and that
B(L*(A)) = B(L*(A)).

The second part of the theorem is a consequence of the first one (cf. Remark 1.7.1). Since
the inclusion CDg(A, w) < B(£*(A)) is closed under inversion, it is also closed under holo-
morphic functional calculus. For a self-adjoint operator with closed range L € CDg(A,w),
its pseudo-inverse is given by L' = f(L), where f(z) = z7!, for z # 0 and f(0) = 0. fis
holomorphic on the spectrum of L because, since the range of L is closed, O is an isolated
point of its spectrum. O

Remark 7.4.1. The result in [49] seems to be the most appropriate one for this context but in
some cases it is also possible to apply the results in [104, 101] to the same end. If the group
A is Z% then the desired result also follows from [8], [67] and [102] with the advantage of
slightly improving the assumptions on the weight.

We now observe that CDg(A, w) acts on E.

2Here, B(£?(A)) denotes the algebra of bounded operators on E(A).
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Proposition 7.4.2. Let T € CDg(A,w). Then the following holds.
(a) T maps E* into E* and ||T||ge_ g < ITlcDpiam)-
(b) T : (Ed,fvlv) — (Ed,fvlv) is continuous.

Proof. Part (a) follows from Proposition 7.2.1 and the solidity of EY. For part (b), observe
that the spaces L! and LY, satisfy the same assumptions that E (cf. Remark 7.2.1) and
consequently, by part (a), every operator in CDg(A,w) maps ¢! into ¢! and 7, into £ .
Since the class CDg(A, w) is closed under taking adjoints it follows that 7' : £~ — €7} is
weak* continuous, so part (b) follows. O

7.5 Invertibility of multipliers

We will now prove the invertibility of M™ on S. We assume that m € L*(G) is real-valued
and satisfies,

0<A<m<B<oo,

for some constants A, B, and we will establish a number of claims that will lead to the desired
conclusion.

Claim 7.5.1. The operator M™ : H — H is invertible.

Proof. Observe that, since Py : L*(G) — H is the orthogonal projector, and m is real-valued,
the operator M : H — H is self-adjoint. Moreover, for f € H,

M (Ollellflle = (Pmf), f) = (mf, )

- fm(x) |f0* dx > AllfIIE.
G

Hence, M™ : H — H is self-adjoint and bounded below and therefore invertible. O

Remark 7.5.1. Claim 7.5.1 may not be true without the assumption that m is nonnegative.
Indeed, if G =R, A =7, ¢) = ) = X1a.a+1] And M = X (—c0,1/2) = X[1/2.+00) then M"(¢p) = 0.

Let L € CM be the matrix representing the operator S5 M™S i : €*(A) — *(A). Hence,
L is given by,
Lyy = mey,pa).

Claim 7.5.2. The matrix L belongs to CDgr(A,w) and has a Moore-Penrose pseudo-inverse
L' that also belongs to CDg(A,w). In addition, (M™)™' : H — H can be decomposed as
(M™)™ =SyL'S3,.
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Proof. To see that L € CDg(A, w) let us estimate,
|L/uf| < fh(/l_]x)h(/l"lx)dx =dy-1y,
G

where a, := h * hY(2). Using Lemmas 1.6.1 and 1.6.2 we see thata € £}

The operator S i has range H because {¢,}, is a frame for H (cf. Claim 7.3.1). Since
M™ : H — H is invertible by Claim 7.5.1, the range of L = S, M™S y equals S,(H). This
subspace is closed because S, is bounded below on H (that is the frame condition). Hence,
L has closed range and consequently has a pseudo-inverse L. Since M™ is self-adjoint, so is
L. In addition, L' is given by,

L' = Cy(M™'Cy,.
Hence, (M™)™! = S yL'S,, (Where the operator S, is restricted to H). Finally, by Proposition
7.4.1, LT € CDg(A,w). O
Now we can prove the invertibility of M™ on S.

Proposition 7.5.1. Let m € L™ (G) be real-valued and satisfy 0 < A < m < B < oo, for some
constants A, B. Then, the multiplier M™ : S — § is invertible.

Proof. Let N : S — S be the operator defined by N := S L'S’. It follows from Proposition
7.4.2 and Claim 7.5.2 that N is bounded. Moreover, by Claim 7.5.2, for f € S N H,

M"N"(f) = N"M"(f) = f. (7.2)

By Propositions 3.2.1 and 7.4.2, the operators M™ and N™ are continuous in the (E, W(L>, L))
topology. Since by Proposition 3.2.1, any f € S can be approximated by a net of elements
of S N H in the (E, W(L>, L})) topology (by considering the partial sums of the expansion in
Equation (3.2)) it follows that Equation (7.2) holds for arbitrary f € S. Hence M™ : § — S is
invertible. O

7.6 Characterization of the atomic space

Finally we can derive the extension of Theorem 6.3.1 to more general partitions of unity.

Theorem 7.6.1. Suppose that Assumptions (Al), (A2’), (Bl), (Cl) and (C2) are satisfied. Let
{97 : yEF}begivenbyey = mn,, where 0 <A <m < B < o0,
Then the operator,
CB: S — ELI)
f = (P8,

is left-invertible. Consequently, the following norm equivalence holds for f € S,

A lle = IANPCfOIB)y N e
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Remark 7.6.1. Any family {Gy}y that is enveloped by g and whose sum is a real-valued func-

tion that is bounded away from 0 and oo, has the prescribed form for some adequate choice
of the partition of unity {UV}y and the function m.

Proof. First observe that CB(f) = CB(mf), so CB is bounded on S by Propositions 3.1.1 and
6.1.1. By Proposition 7.5.1, M™ is invertible, so by Theorem 6.2.1 we can choose a relatively
compact neighborhood of the identity U such that M7; is also invertible. Since the operator Py
(cf. Equation (6.2)) can be factored as Py = SBC®, we have that, M72(f) = PSECE(mf) =
PS 557*( /). Since M7 1s invertible, 57* is 1s left-invertible, as claimed. This also implies the
desired norm equivalence. O

7.7 Applications

7.7.1 Time-Frequency analysis

Let us recall some notation and facts from time-frequency analysis (cf. Section 1.11). For
f, h € L>(RY), the Short-Time Fourier Transform (STFT) (or windowed Fourier Transform) is
defined by,

Vaf(r.s) = f F@)e T = 0dy.
R{/

The translation and modulation operators are given by 7T, f(y) := f(y — x) and M f(y) :=
e?sY £(y), so that,

Vif(x,6) := (f, M;T:h). (7.3)

If h is suitably normalized, V), : L*(RY) — L*(R*?) is an isometry. The adjoint (inverse)
STFT is given by,

ViFe = [ Fo.oMT hodyds.
R
so the localization operator with symbol m € L¥(R??) is given by,
H,.f(x) = V)(mV,f)(x) = f ) m(y, )V f (v, IMTyh(x)dyds.

R2

If h belongs to the Schwartz class, the definition in Equation (7.3) extends to tempered dis-
tributions. Modulation spaces are then defined by imposing integrability conditions of the
STFT. Let w : R* — (0,+0c0) be a submultiplicative, even weight that satisfies the GRS
condition: lim,_,. w(nx)'/" = 1, for all x € R*. Let v : R** — (0, +o0) be a w-moderated
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weight; that is: v(x +y) < w(x)v(y), for all x,y € R*?. Assume further that w is moderated by
a polynomial weight® . For 1 < p, ¢ < +oo, the modulation space M? is defined as,

MM = {f e SRY|Vif € LIIR™) )

where,

1/q

q/p
||F||Lg-q:( f ( f |F<x,g>|Pv<x,g>pdx) dg) ,
Rd ]Rd

with the usual modifications when p or ¢ are +oo. M;*? is of course given the norm || f],rs =
Vi Sl

After some normalizations and identifications, modulation spaces can be regarded as
coorbit spaces of the Schrodinger representation of the Heisenberg group. We chose how-
ever to consider them in the context of Section 3.2. For & € M&;l, 1 <p,g<oo,and w,v as
above, we let Gbe RY x RY, E := LPY(G) and S := V,(M"Y).

For an adequate lattice A C R* the system { M. T ,h | (x,¢) € A} gives rise to an atomic
decomposition of M?*?. Moreover, on M?? the dual atoms consist of the Hilbert-space dual
frame of { M. T,k |(x,5) € A} and are of the form { M.T i | (x,¢) € A} for some function / €
M, (see Section 1.11). Hence, if we define (o) := Vi(M.T,h) and ¢, o 1= Vi(MT.h),
the atoms { ¢, | A € A} and dual atoms { ¢, |/l € A } provide an atomic decomposition for S.

Since G is abelian, left and right amalgam spaces coincide. The envelopes for the atoms
and dual atoms are the functions Vi and V,i.* These functions indeed envelope the atoms
because of the straightforward relation: |(VhM§Tx f | = |V, f(- = (x,¢))|. The fact that & and &
belong to M,;' means that V,4 and V,,/ belong to L}, but it is well-know that in this case they
also belong to W(L™, LVIV) (see Remark 5.2.5). This fact can also be derived from the norm
equivalence in Proposition 3.1.1.

Let us now consider a family of functions { 6, | v € I'} that satisfy

0<A<> 6 <B<o.
Y

Let us also assume that I" is a relatively separated subset of R* and that there exists a function
g € L (R*) such that |9y(x)| < g(x — ), for all x € R* and y € I. We will let the space
B that measures the localized pieces be an unweighted Lebesgue space L. We are then in
the situation of Theorem 7.6.1 (remember that, since G is abelian, L}V = W,V{eak(L‘x’, Lvlv) - cf.
Proposition 2.1.1).

To illustrate Theorem 7.6.1 more clearly we further assume that I' = I'; X I'; for two
relatively separated sets I';,I', € R?. Then we get the following.

3This assumption is only made in order to define modulation spaces as subsets of distributions. For a general
weight, the same results hold, but the space M?-9 has to be constructed as an abstract coorbit space.

* For simplicity Assumption (A2’) requires the same envelope for both the atoms and the dual atoms, but
clearly if they have different envelopes then their sum serves as a common envelope.
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Theorem 7.7.1. Forall 1 < s,t < oo, the quantity,

alp\1/4
b]Zw%Mmmwf]],

v2€l \y1€l

is an equivalent norm on MY (with the usual modifications when p or q are ).

This generalizes the main result in [34] in two directions. The results in [34] apply only
to partitions of unity produced by lattice translations of a single function, whereas Theorem
7.7.1 allows for irregular partitions. Secondly, in [34] the space measuring the localized
pieces is restricted to be L?. In contrast, in Theorem 7.7.1 it is possible to measure the
localized pieces using the whole range of unweighted modulations spaces.

The proof in [34] resorts to techniques from rotation algebras and spectral theory to con-
struct an atomic decomposition that is simultaneously adapted to all the localization operators
{Hp}y. Part of our motivation came from the observation that such an atomic decomposition
could be obtained in a more constructive manner by using the technique of frame surgery
from Chapter 5.

7.7.2 Localized frames

Theorem 7.6.1 also applies to coorbit spaces of localized frames (cf. Section 1.13). Let H be
a Hilbert space and let ¥ = {f;};cz« be a frame for it. Assume that # satisfies the following
localization property,

(fof) sas  kjez,

where a € ¢! (A) and w is a subexponential weight that satisfies w(x) > (1 + |x|)°, for some
0>0.

Let G = {8k}« be the canonical dual frame of F. Every element f € H then admits the
expansion f = Y, {f, fi) &. The coorbit spaces H} are defined by imposing ¢/ sumability
conditions to that expansion (see Section 1.13 for the details).

Frame multipliers are defined by applying a mask to the canonical frame expansion. For
m € £>(Z%), let

My(f) = > mif, f) g
k

where m € [°(Z¢). Theorem 7.6.1 can be applied using G = A = Z¢ and yields a characteri-
zation of the spaces HY in terms of frame multipliers.

When H = L*(R?) and ¥ is a Gabor frame, then the corresponding coorbit spaces are
modulation spaces (see Section 1.11) and the corresponding multipliers are the Gabor mul-
tipliers from Section 5.2.4. The fact that the index set is Z¢ is no limitation. The case of a
general relatively separated set as index set can be reduced to this one by a well-known trick
(see [5)).
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