OPTIMIZATION PROBLEM FOR EXTREMALS OF THE TRACE
INEQUALITY IN DOMAINS WITH HOLES

LEANDRO M. DEL PEZZO

ABSTRACT. We study the Sobolev trace constant for functions defined in a
bounded domain  that vanish in the subset A. We find a formula for the
first variation of the Sobolev trace with respect to hole. As a consequence of
this formula, we prove that when 2 is a centered ball, the symmetric hole is
critical when we consider deformation that preserve volume but is not optimal
for some case.

1. INTRODUCTION AND MAIN RESULTS.

Let © be a bounded smooth domain in RY with N > 2 and 1 < p < oo.
We denote by p. the critical exponent for the Sobolev trace immersion given by
pe=p(N—-1)/(N—-p)if p< N and p, =occ if p > N.

For any A C Q, which is a smooth open subset, we define the space

WyP() = G2\ 4),

where the closure is taken in WP —norm. By the Sobolev Trace Theorem, there is
a compact embedding

(1.1) WiP(Q) — L1(89),
for all 1 < g < p*. Thus, given 1 < g < p*, there exists a constant C = C(q,p)

such that
C{/ |uqd5}
o0

The best (largest) constant in the above inequality is given by

VaulP + |ul? d
(1.2) Sy(A) = inf Jo[Vul” + Jul” dz.
wEWRT@\Wo (@) { [, Jul1dS}e

<3

< / [Vu|P + |ul|P dz.
Q

By (1.1), there exist an extremal for S;(A). Moreover, an extremal for S,(A) is a
weak solution to

—Apu+ulf2u=0 inQ\A4,
(1.3) [Vul|P~29% = \|u|9"2u  on 00\ 4,
u=20 on 0A,
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where A,u = div(|Vu[P~2Vu) is the usual p—laplacian, = is the outer unit normal
derivative and A depends on the normalization of u. When |[[ul|fs(90) = 1 we have
that A\ = S;(A). Moreover, when p = ¢ problem (1.3) becomes homogeneous and
therefore is a nonlinear eigenvalue problem. In this case, the first eigenvalue of
(1.3) coincides with the best Sobolev trace constant S;(A) = A1 (A) and it is shown
in [9] that it is simple (see also [3]). Therefore, if p = ¢, the extremal for S,(A)
is unique up to constant factor. In the linear setting, i.e., when p = ¢ = 2, this
eigenvalue problem is known as the Steklov eigenvalue problem, see [11].

The aim of this paper is to analyze the dependence of the Sobolev trace constant
Sq(A) with respect to variations on the set A. To this end, we compute the so-called
shape derivative of S,(A) with respect to regular perturbations of the hole A.

Let V : RY — RY be a regular (smooth) vector filed, globally Lipschitz, with
support in © and let ¢, : RY — R be defined as the unique solution to

{fﬂ/’t(x) =V((z)) t>0

(14) Yo(z) = r € RN,

We have
Yi(x) = +tV(z) +o(t) Vo e RN,
Now, we define A; := ¢ (A) C Q for all ¢ > 0 and
Jo IVulP + |ul? d
weW F@\WIr @) { [ [uledS}T
Observe that Ay = A and therefore S;(0) = S,(A4).

In the linear case p = ¢ = 2, Rossi studies the best constant of the Sobolev
trace embedding in a domain without holes, see [10]. He finds a formula for the
first variation of the best constant with respect to the domain. As a consequence
he proves that the ball is a critical domain when we consider deformations that
preserve volume.

(L5) S,(t) =

In [2], Ferndndez Bonder, Groisman and Rossi analyze this problem in domain
with holes and prove that S»(t) is differentiable with respect to ¢ at ¢t = 0 and it

holds 9
d ou
%Sg(t) —o = —/GA <al/> <V, V> d;g7

where u is a normalized eigenfunction for So(A) and v is the exterior normal vector
to Q\ A. Furthermore, in the case that € is the ball Br with center 0 and radius
R > 0 the authors show that a centered ball A = B,., r < R, is critical in the sense
that S5(A) = 0 when considering deformations that preserves volume and that this
configuration is not optimal.

We say that a hole A* is optimal for the parameter o, 0 < a < ||, if |A*| = «
and
Sq(A*) = inf S,(A).
ACQ
A=
Therefore, in the case p = ¢ = 2, there is a lack of symmetry in the optimal
configuration.
Here we extend these results to the more general case 1 < p < coand 1 < g < p*.
Our method differs from the one in [2] in order to deal with the nonlinear character
of the problem.
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Our first result states

Theorem 1.1. Suppose A C Q is a smooth open subset and let 1 < q < p*. Then,
with the previous notation, we have that Sy(t) is differentiable at t = 0 and there
exists u a normalized extremal (according to ||ul|Lqaaq) = 1) for Sq(A) such that

Ou P
/ — j— —
s,00=-p [ |5 Wiras
where S (0) = 48,1 . and v is the exterior normal vector to Q \ A.
t=

Remark 1.2. If u is an extremal for S,(A) we have that |u| is also an extremal
associated to Sy(A). Then in the previous theorem we can suppose that uw > 0 in ).
Moreover, by [8], we have that for all U CC Q open subset such that U NOA #

is a smooth open set there exists 0 € (0,1) such that u € CY(U\ A) andu >0 on
0N\ OA if Q\ A satisfies the interior ball condition for all x € 00\ DA, see [12].

In the case that 2 = B, we have the next result

Theorem 1.3. Let Q) = Bgr and let the hole be a centered ball A = B,.. Then,
if 1 < q < p, this configuration is critical in the sense that Si(B,) = 0 for all
deformations V' that preserve the volume of B,..

But, if ¢ is sufficiently large, the symmetric hole with a radial extremal is not an
optimal configuration. In fact, we prove

Theorem 1.4. Letr >0 and 1 < p < 0o be fized. Let R > r and
1 N -1
1.6 QR:(l—S B,.>+1.
(1.6) (0= e (17 T (8
If ¢ > Q(R) then the centered hole B, is not optimal.
Finally, to study the asymptotic behavior of Q(R)
Proposition 1.5. The function Q(R) has the following asymptotic behavior

Il%linTQ(R) =1 and RI—I}EOO Q(R) =p.

Observe that Q(R) < 1 for R close to r and therefore the symmetric hole with
a radial extremal is not an optimal configuration for R close to 7.

2. PROOF OF THEOREM 1.1

2.1. Preliminary Results. The proof of Theorem 1.1 require some technical re-
sults. In this subsection we use some ideas from [4].

Given u € Wi’tp(Q) \ W, () we consider v = u oy, so v € WiP(Q)\ Wy ()
and Vol = T/ V(uo )T, where ¢, denotes the differential matrix of ¢, and T A
is the transpose of matrix A. Thus, by the change of variables formula, we have
that

[ v s ds = [ {07V 4o} T da
Q Q
here J(1;) is the usual Jacobian of 1;. Moreover, since supp(V) C Q, we have that

/\u|qd5’:/ [v|?dS.
a9 o0
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In [5] are proved the following asymptotic formulas
(2.7) [ (2) = Id — tV'(z) + o(t),
(2.8) J()(x) = 1+ tdivV(z) + o(t).

Then, by (2.7) and (2.8), we have

/|v|pJ(wt)dx = /|v|p{1+tdivV+0(t)}dx
Q Q

/ |v|P dz + t/ [v|PdivV da + o(t)
Q Q
and
/ T[] VT [P (y) da = / [[Id —tTV" + o(t)]VoT |P{1 + tdivV + o(t)} dz
Q Q
= / Vo —t TV'VoT + o(t)[P{1 + t divV + o(t)} dx,
Q

since
Vo —t V'Vl + o(t)|P = |VolP — pt|Vo|P~2(Vu, TV'VuT) + o(t)

we obtain that
/ T[] VT P () dx = / |VolP da +t/ |VolPdivV dx
Q Q Q
- pt/ |VolP~2(Vo, TV'VoT) dz + oft).
Q
Thus, we conclude
J vl el do = [ (TP o b ) do
Q Q
= / lv|? d:r—i—/ |[Voul? de +t/{|Vv|p + |v[P}divV dz
Q Q Q
— pt/ |VolP~2(Vu, TV'VoT) dz + oft).
Q
Therefore, we can rewrite (1.5) as

(2.9) S)=  imf  {p(v) +ty(v)}
UEWAYP(Q)\WUJ)(Q)

where
o(0) = Jo IV + |v|P dz
— T
{ o ol as}™"
and
Vol? + [vfP}divV dz — p [, [VolP=2(Vo, TV/VoT)d
oy IV YAV o = p o (DT TV A

p/q
{ Jpa leleas}
Given t > 0, let v, € W,P(Q) \ W, P(Q) such that ||v;]|zea0) = 1 and
Sq(t) = @(t) +to(t),

where
@(t) = p(ve) and ¢(t) = y(v) V¢ = 0.
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We observe that ¢, ¢ : R>p — R and

Lemma 2.1. The function ¢ is nonincreasing.

Proof. Let 0 <t; <t5. By (2.9), we have that
(2.10) Q(t2) +t1(t2) = Sgltr) = p(t1) + t1¢(t1)
(2.11) P(tr) +t20(t1) = Sgltz) = p(t2) + t26(t2).
Subtracting (2.10) from (2.11), we get

(t2 = t1)9(t1) > (t2 — t1)B(t2).

Since ty — t1 > 0, we obtain
P(t1) > ¢(t2).
This ends the proof.
Remark 2.2. Since ¢ is nonincreasing, we have
o(t) < ¢(0) Vit >0,
and there exists
6(0%) = Tim 6(t).
t—0t+

Corollary 2.3. The function @ is nondecreasing.

Proof. Let 0 < t1 < ty. Again, by (2.9), we have that
(2.12) p(tz) +t1d(tz) > Sq(t1) = @(t1) + t1d(t1)

SO

p(t2) — p(t1) > ti(d(t1) — ¢(t2)).
Since 0 < t; < t9, by Lemma 2.1, we have that ¢(t1) — ¢(t2) > 0. Then
p(tz) = p(t1) = 0

that is what we wished to prove.

Now we can prove that S,(t) is continuous at ¢t = 0.

Theorem 2.4. The function Sy(t) is continuous at t =0, i.e.,
Jim 5,(0) = 5,(0)

Proof. Given t > 0 so, by Corollary 2.3,

Sq(t) = 5q(0) = o(t) +to(t) — ¢(0) = to(t).
On the other hand, by (2.9), we have that

Sq(t) < ¢(0) + te(0) = S¢(0) + t¢(0).
Then
tp(t) < Sq(t) — Sq(0) < 1¢(0).
Thus, by Remark 2.2,
lim S,(t) — S4(0) = 0.

t—0t
This finishes the proof.

Thus, from Remark 2.2 and Theorem 2.4, we obtain the following corollary:
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Corollary 2.5. The function ¢ is continuous at t =0, i.e.,
li t) = ¢(0).
Jim o(t) = ¢(0)

Proof. We observe that

p(t) = @(0) = S4(t) = 54(0) — to(t)
then, by Remark 2.2 and Theorem 2.4,

lim o(t) — p(0) = 0.

t—0+
That proves the result. O

Finally, we prove the following:

Theorem 2.6. The function ¢ is differentiable at t = 0 and

dep
=0

Proof. Let 0 < r <t. By (2.9), we get
Sq(r) = @(r) +ré(r) < p(t) +ro(t),

and
Sq(t) = @(t) + td(t) < o(r) +to(r).

(1) = o(r)
t

Z(6(r) —o(1) < £ < (r) — ()

hence, taking limits when r — 0", by Remark 2.2 and Corollary 2.1, we have that

So

t) — (0
0< 2020 < 400 s0)
Now, taking limits when ¢ — 07, and again by Remark 2.2, we get
i PO —90)
t—0+ t
as we wanted to show. O

2.2. Proof of Theorem 1.1. We proceed in three steps.
Step 1. We show that S,(t) is differentiable at ¢t = 0 and

5,(0) = 6(0%).

Sq(t) = 54(0) _ ¢(t) — ¢(0)

We have that

; = T T olt).
Then, by Remark 2.2 and Theorem 2.6,
. S,(t) — S,(0)
/ _ q q — +
54(0) = tl_l>%1+ t = ¢(07).

Step 2. We show that there exists u extremal for S,(A) such that |luz¢@q) =1
and

#(0) = / (|VulP + |uP)divV dx —p/ |VulP~2(Vu, TV'Vu) dz.
Q Q
By Theorem 2.1
(2.13) ||vt||€[,1,p(m = p(t) — ¢(0) = S4(0) when t — 0t.
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Then there exists u € WP(2) and t,, — 07 when n — oo such that

(2.14) v, — u weakly in WhP(Q),
(2.15) vy, — wstrongly in LI(0Q),
(2.16) v, — wa.e. in Q.

By (2.15) and (2.16), u € WP(Q) and |[ul|pqa0) = 1 and by (2.14)
$4(0) = Tim_[lve, ey = [l = 54000,
then
(2.17) 53(0) = [l
Moreover, by (2.13), (2.14) and (2.17), we have that
vy, — u strongly in WP ().
Therefore

¢(07) = lim ¢(vy,)

n—oo

/(|Vu|p + |ulP)divV da —p/ |VulP~2(Vu, TV'VuT) dz.
Q Q
Step 3. Finally, we show that

S/(0) = / (IVul? + [uP)divV dz — p / VP2 (Va, TV'VUT) de
Q Q

:(1*29)/% %

To show this we require that u € C2. However, this is not true in general. Since
u is an extremal for S, (A) and [Jul|Le(an) = 1, we know that u is weak solution to

p

(V,v)dS.

—Apu+ [ulP2u =0 in Q\ 4,
[VulP~28% = S, (A)|ul?%u on 002\ 4,
u =0 on 0A,

and by [8] we get that u belongs to the class C*° for some 0 < § < 1.

Now, in order to overcome our difficulty, we proceed as follows. We consider the
following problem, let € > 0

Vol? 2) 222 17y 2 rq
(2.18) S, = nf Jo([Vol® +%)= [Vol® + jvp dz-

VEWLT(@\WS () { fool0jadS}?

Let u. be the normalized positive eigenvalue associated to S.. Observe that the
eigenfunction is weak solution to

—div(|Vu|? +2)P=2/2Vu,) + |u P 2u. =0 in Q\ 4,
(2‘19) (|VU8|2 + 52)(;0_2)/2% = S&luslq_2us on 09,
u: =0 on JA.

It is well known that the solution u. to (2.19) is of class C%*(Q\ A) for some
0<p<1 (see [6]).
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Thus, since u. € WP(Q) \ Wy ?(Q) and |[uc| ra(aq) = 1 for all € > 0, we have
that

Sq(A) S Se

< [ (Ve 4 Fucf 4 el do
Q

< /(|Vu|2—|—52)p2;2|Vu|2—|— luf? da.
Q

Then A\. — S4(0) as ¢ — 0" and the normalized eigenfunction u. associated to
Ac are bounded in W1P(Q) uniformly in € > 0. Therefore, there exists a sequence,
that we still call {u.}, and a function w € W'P(Q) such that

u. — w weakly in WHP(Q),
ue — w strongly in L9(9Q),

U, — w a.e. in .
Hence, w € WyP(Q), |wl|rea0) =1 and

S4(A) = lim S.

e—0*t

= lim [ (|Vul2+e2)" |Vue|? + |uc|’ da

e—0t Jo

> [ Vol + ol ds
Q

> Sq(A).

These imply that w is a normalized positive extremal for S, (A) and ||u5||W1,p(Q) —
|wllwieq) as € — 0T, and therefore

ue — w strongly in W'P(Q).

Let U CC ©Q be a smooth open subset such that U \ A is a smooth open set
and the support of V' is contained in U. By [8], there exists 6 € (0,1) such that
w,u. € CH(U \ A). Moreover, there exists a constant C' independent of ¢ > 0 such
that

HUEHCLS(W) <C.

Then, we have that u. — w and Vu, — Vw uniformly in U \ A as ¢ — 0%,
Hence,

S(0) /(|Vw|p+|w|p)didex—p/ VP2V, TV' V) d
Q Q

lim [(\Vu5|2 +e2)i + |u5|p} divV dx
Q

e—0*t

fp/ |Vw|P~2(Vw, TV'VwT) dz,
Q
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and since
div(|ue|PV) =|ue[PdivV + plucP~*ue (Vue, V),
div((|Vue? + 25 V) =(|Vue|? + €2) 5 divV + p(|Vue |2 + £2) T (Vu. D?u., V)
=(|Vue]? +e2) 2 divV + p(|Vue |2 + €2) "7 (Vue, V(Vue, V)
—p(|Vue* + %)%= (Vue, TV'Vul),
we have that

S,(0) = lim a. — pbe

e—0

where
ae:/diV((\VuE|2—|—62)%V+|Ua|pv)d1‘7
Q
b :/ {(\VUEP+52)”T”<Vue,v<vu5,v>> - |ualp*2ue<vua,v>} dz.
Q

Now, integrating by parts and using that supp(V) C 2 and u. = 0 on 99, we
obtain that

aE:/ (|Vuel? +€2)5(V,v) dS,
O0A

and since u. is solution of (2.19), we have
b :/ (IVuel? + €27 (Vug, V) (Vu., v) dS.
0A

where v is the exteriror normal vector to 2\ A. Then using that Vw. — Vw

uniformly in U \ A as e — 0", we get that
S(0) = / VWl (V, 1) dS — p / Vw2 (Vw, ) (Vaw, V) dS.
OA OA
Hence, since Vw = 2%y on 9A,

ov
S1(0) = <1—p>/3

as wanted to show. O

dw
AaV

p

(V,v)ds,

3. LACK OF SYMMETRY IN THE BALL

In this section we consider the case where Q = B and A = B, with r < R and
show Theorem 1.3, Theorem 1.4 and Proposition 1.5. The proofs are based on the
argument of [2] and [7] adapted to our problem. In order to simplify notations, we
write S,(r) instead S, (B,).

First we proof Theorem 1.3, for this we need the following proposition

Proposition 3.1. Let 1 < ¢ < p. The nonnegative solution of (1.3) is unique.

Proof. Suppose that there exist two nonnegative solutions u and v of (1.3). By
Remark 1.2 it follows that u, v > 0 on 0. Let v, = v + % with n € N, using first
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Piccone’s identity (see [1]) and the weak formulation of (1.3) we have

p
0 §/ |Vu\pd:17—/ |V, [P~2 Vv,V <u_1> dz
Br Br vl
p
/ |Vu\pdx—/ |Vv|p2VvV< “1> da
Br Br op
p p
:f/ upd:ch)\/ uqu+/ L - d:z:fA/ iy
Br dBr Br vh 9Br vh

p
< /\/ uqu—)\/ Sy )
0Bg OBR v,

Thus, by the Monotone Convergence Theorem,

P
Og/ u?dS — vq_l%dS
9Br 8Bn vP

= / uP (ui™P —97P) dS.
9Br

Note that the role of v and v in the above equation are exchangeable. Therefore,
adding we get

0< / (uP —VP)(u?™P —097P) dS.
OBRr

Since ¢ < p we have that u = v on 0Bg. Then, by uniqueness of solution to the
Dirichlet problem, we get © = v in Bpg. (]

Remark 3.2. As the problem (1.3) is rotationally invariant, by uniqueness we
obtain that the nonnegative solution of (1.3) must be radial. Therefore, if Q = Bp,
A =B, and 1 < ¢ < p we can suppose that the extremal for Sy(r) found in the
Theorem 1.1 is nonnegative and radial.

Now we can prove the Theorem 1.3,

Proof of Theorem 1.3. We consider 2 = Bgr, A = B, and 1 < ¢ < p. By Theo-
rem 1.3 and Remark 3.2 there exist a nonnegative and radial normalized extremal
for S,(r) such that

s0=0-»[ |5

@
ov

p

(V,v)dS.

Since u is radial
= con 0B,

where c is a constant.

Thus, using that we are dealing with deformations V' that preserves the volume
of the B,., we have that

5,(0) = (1 - p)cp/ (V,v)dS = (p— 1)c”/ div(V)dz = 0.

0B, s

To prove Theorem 1.4, we need two previous results.
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Proposition 3.3. Let r > 0 fixed. Then, there exists a positive radial function ug
such that

(3.20)

—Apu+ [uP~2u=0 in RN\ B,
u=0 on 0B,.

This ug is unique up to a constant factor and for any R > r the restriction of ug
to Bpg is the first eigenfunction of (1.3) with ¢ = p.

Proof. For R > r, let ur be the unique solution of the Dirichlet problem

APUR: |uR|p_2uR in BR\Bir7
u(R) =1,
u(r) = 0.

Then, by uniqueness, up is a nonnegative and radial function. Moreover, by the
regularity theory and maximum principle we have %—f(r) # 0 (see [8, 12]). Thus,
for any R > r, we define the restriction of uy by

UR
- 8UR

o (r)

Uo

By uniqueness of the Dirichlet problem, it is easy to check that wug is well defined
and is a nonnegative radial solution of (3.20). Furthermore, by the simplicity of
Sp(r), up is the eigenfunction associated to S,(r) for every R > r. O

Proposition 3.4. Let v be a radial solution of (1.3). Then v is a multiple of ug.
In particular any radial minimizer of (1.2) is a multiple of ug.

Proof. Let a > 0 be such that v = aug on dB(0,R). Then v and aug are two
solutions to the Dirichlet problem A,w = w?~! and w = v on 9 (BR \ B,.). Hence,
by uniqueness, we have that v = aug in Bg. [l

Remark 3.5. If 1 < g < p then the solution of (1.3), by Remark 3.2 and Propo-
sition 3, is a multiple of uyg.

Now we can deal with the proof of Theorem 1.4.

Proof of Theorem 1.4. Let R > r be fixed and consider ug to be the nonnegative
radial function given by Proposition 3.3 such that that ug = 1 on dBg. Then, by
Proposition 3.4, it is enough to prove that ug is not a minimizer for S,(r) when
q>Q(R).

First let us move this symmetric configuration in the x; direction. For any ¢ € R
and x € RN we denote x; = (1 — t,22,...,2x) and define

U(t)(x) = uo(x+)

Observe that U vanishes in A; := B,(te1) (the ball with center te; and radius r) a
subset of Bgr of the same measure of B, for all ¢ small.

Consider the function
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where )
f(t):/ [VUPP +UPdz and g¢(t) = (/ qus>q'
Br OBRr
We observe that h(0) = 0 and since h is an even function, we have h/(0) = 0. Now,

_ f"9*— fag" —2f'99' — 2fgg'
73

Next we compute these terms. First, since ug is the first eigenfunction of (1.3) with

q=p and ug = 1 on 0BR we get

f(0) = S,(r)|0Br| and g(0) = [0Bg] .

Thus, by Gauss—Green’s Theorem and using the fact that ug is radial, we get
0
PO == G (Vul +uf)do= [ (Tul? + ufyds =0,
Br 1 OBRr

Again, since ug is radial,

’ p O du?
g'0)== / udS / —dS | =0.
q \JoBy aBr 071

Finally, using that ug = 1 on 0Bp, we obtain

h// (0)

t=0

6UO>2+ 6QUQ ds

"(0) = plOB 5*1/ _1< g7ug
g"(0) = p|OBRg| 8BR(q ) 02, o2

and, by the Gauss—Green’s Theorem

o (1 L0V 10ub
" _ A p—2 -Z70
17(0) p/BR 0x1 <2|Vuo| o0x1 + p 0xq dz

1 ,0|Vug?  10ul
_ - p—2 - 770 d
p/BBR <2|Vuo| pr. + P v dS.

1 5 0|Vug?  10ub
BO) = — L / Vg P2 ~2%)  as
©0) |0BR(0)|r/4 [ 9Bg (QIVU()' 0z + p Oxq "

6u0)2 82UO
- S -1 | =— ) +—==5d5]|.
(7) /6VBR(q ) <8x1 83:%

Thus, since ug is radial, we get

"oy— P L gy p2dVul | 10ug
WO = NaB e [/BBR <2|W°| v Tpow )

—Sp(r)/ (q — 1)|Vuo|? + AugdS
OBRr

Then

Now, by definition, ug(z) = uo(|x|) and « satisfies
(N Hup P~ tug) = sN_lugf1 Vs >r
with ug(R) = 0 and ug(r) = 0, moreover, by Proposition 3.3, we have

up ()P~ = Sp(r)ue(s)P~ Vs >
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Then

1 ,0|Vugl?2  10ul  S,(r)rT N-—-1 1
§|VUO|p 2|8V0|+p8V0 p;_)l <1 Sp(r))+Sp(r)p1

and

Sp(r) [(a = DIVuol* + Aug] = (¢ = 1)Sy(r) 7= +

N -1
+ =y Sp(r) 7T
Therefore
1
pSE~* P N -1

1 (g )S,(r)77 Spm} |

n'(0) = =

~ N|9Bg|i!
Thus, if ¢ > Q(R) we get that h”(0) < 0 and so 0 is a strict local maxima of .

So we have proved that

Sq(r) = h(0) > h(t) = S¢(Br(te1))

for all t small. Therefore a symmetric configuration is not optimal. ([
To finish the paper we prove Proposition 1.5.

Proof of Proposition 1.5. We proceed in two step.
Step 1. First we show that, for R > r, Sp(R,r) = Sp(r) verifies the differential
equation
oS N-—-1 -
3.21 J:_i‘g 1— —1)8r-1T

with the condition
Sp‘R:r = +4-00.

Again we consider ug(x) = wup(|z|) the nonnegative radial function given by
Proposition 3.3. Thus, for all R > r, we get
_ N -1
(0= 1) ()" + =
ug(R)P~H = Spue(R)P~
ug(r) = 0.
Then .
- ()
" \uo(R)
Thus
9y _ )y (B u(R)uo(R) — up(R)?
OR UO(R) UO(R)2
U6(3)>p2 up (R) =
=(p-1 —(p-1)5¢
(p )<U0(R> uo(R) ?= 1%
up(R)P~2ug (R) =
= —1 — —1 P
(p ) UO(R)p71 (p )SP
N-1 L
=1- Sp—(p—1)Sg"
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On the other hand, since (by definition) % =1 on 0B, we get that v/(r) = 1.
Then
e o (BT
Ililglr Sp o ll%linr <U()(R)) = oo

Now, it is easy to check that limp_,. Q(R) = 1".
Step 2. Finally, we prove that

lim Q(R)=p.

R—+o0
We begin differentiating (3.21) to obtain

BZSp_N—ls _N-1098, Sﬁ%

oR2 ~ R® P "R OR " R
Then, since S;, > 0, at any critical point (S}, = 0) we have that S; > 0. Thus, S, has
at most one critical point, which is a minimum. If S, has a minimum, then there

exist Rg > r such that S;,(Ro) = 0. Moreover, since S,(R) # 0 for any R # Ro
and S, — 400 as R — 7 and by (3.21), we get that S, < 0 for all < R < Ry

and S}, > 0 for all R > Ry. Thus, using again (3.21) we have that Syt < ﬁ for
all R > Ry. Then S, is strictly increasing as a function of R and bonded for all

R > Ry. Consequently S} — 0 as R — +oc. It follows, by (3.21), that 55 ' — p%l
as R — 4o00. On the other hand using (1.6) and (3.21) we see that

(3.22) Sy = (Q(R) —p)S7 .

So, if S, has a minimum, we get that Q(R) > p for all R > Ry and Q(R) — p* as
R — +o00. Now, If S}, has not critical points so S; # 0 for all R > r and using that
Sp — +o0 as R — r and (3.21) we get that S;, < 0 for all R > r. Consequently, in
this case, S) is strictly decreasing and therefore S;/o — 0 as R — 400 and by (3.21)
we have that S, — Til as R — +o0o. Then, if S, has not critical points, we get

Q(R) <pand Q(R) —»p~ as R — +o0. O
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