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ABSTRACT. In this work we study the asymptotic behavior of the first non-
zero Neumann p—fractional eigenvalue Ai(s,p) as s — 1~ and as p — oo.
We show that there exists a constant K such that K(1 — s)A1(s,p) goes to
the first non-zero Neumann eigenvalue of the p—Laplacian. While in the limit
case p — 00, we prove that A\i(1, s)l/” goes to an eigenvalue of the Holder
oo—Laplacian.

1. INTRODUCTION

In this paper we set out to study the following non-local Neumann eigenvalue
problems in a smooth bounded domain Q@ C R™ (n > 1)

—Zspu=AuP"%u  in Q,
u € WP(Q),

where 1 < p < oo and 0 < s < 1. Here A stands for the eigenvalue and .Z; , is the
regional fractional p—Laplacian, that is

Zspu(@) =2 p.v. i July) — “T?leﬁgi/) —u@)

where p.v. is a commonly used abbreviation for “in the principal value sense”.
Observe that, in the case p = 2, %, 5 is the linear operator defined in [20], that
is the regional fractional Laplacian.
The first non-zero eigenvalue of (1.1) can be characterized as

[ [ vor
QJQ

o — g

/Q ()P da

where Xy, = {v e W*P(Q): v #0, [, |v(x)P?v(z)dz =0} . Here WP(Q) de-
notes a fractional Sobolev space (see Section 2).

(1.1)

)

A1(s,p) = inf Tu€ Xy o

Non-local eigenvalue problems were recently studied in several papers. In [4]
it was analyzed the first Neumann eigenvalue of a non-local diffusion problem for
some non-singular convolution type operators. In [3] this analysis was extended
for non-local p—Laplacian type diffusion equations. Some properties about the
first eigenvalue of the fractional Dirichlet p—Laplacian were established in [18, 23]
and up to our knowledge no investigations were made about fractional Neumann
eigenvalues.

Key words and phrases. nonlinear Fractional Laplacian, Neumann eigenvalues, Holder infinity
Laplacian.
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2 L. M. DEL PEZZO AND A. M. SALORT

To be more concrete, we will study the asymptotic behavior of the first non-zero
eigenvalue \i(s,p) as s = 1~ and as p — co.

In order to introduce our results, we need to mention the well-known result of
Bourgain, Brézis and Mironescu [8]: for any smooth bounded domain © C R”,
u € WHP(Q) with 1 < p < co there exists a constant K = K(n, p, Q) such that

. ) ) gy, [
(12) Jim (1= s) [ B deay = [ vu

See Theorem 2.2 for more details.

Our first result is related to the limit as s — 17 of A1(s,p). We show that such
that IC(1 — s)A1(s,p) goes to

[Vaull7,
Ai (1, p) = inf lpﬁ;ve&,p :
||u||L:D(Q)

that is, the first non-zero eigenvalue of the p—Laplacian with Neumann boundary
conditions, namely A;(1,p) is the first non-zero eigenvalue of

—Apu = AMulP~2u in Q,
g—g =0 on JN).

where Ayu = div(|Vu|P~2Vu) is the usual p—Laplacian and v is the outer unit
normal to 0€2.

Theorem 1.1. Let Q be a smooth bounded domain in R™, and p € (1,00). Then
lim K(1—s)A1(s,p) = A (1,p),
s—1-
where IC is the constant in (1.2).
Lastly we study the limit case p — co. We show that

_ 2
~ diam(Q)s”

D=

A1(s, 00) = lim Ai(s,p)

Here diam(€?) denotes diameter of €2, that is

diam(Q) = sup |z — y|.
z,yeN

This result is truly different than that obtained in the local case, in contrast with
the Dirichlet p-fractional Laplacian. More precisely, in [28] the authors show that

. 2
A1(1,00) = p&ﬂgo)q(l,p)' = diama ()’

S =

where
A1(1,00) = inf {HVU/HLOO(Q): u € WhH>(Q) s.t. maxu = —innu = 1} )
and diamgq(€2) is the intrinsic diameter of 2, that is

diamq () = sup dq(z,y)
z,yeN
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with do denoting the geodesic distance in £2. Moreover, they show that if u, is a
normalized minimizer of A\1(1,p), then up to a subsequence, u, converge in C()
to some minimizer u € W (Q) of A\1(1,00) which is a solution of

max {Asu, —|Vu| + A1 (1,00)u}  in {z € Q: u(x) > 0},
min {Asu, |Vu| + A1(1, 00)u} in {z € Q: u(zr) <0},

Axu=0 in {z € Q: u(zr) =0},
ou
5 = 0 on 0f,

in the viscosity sense, where A, is the co—Laplacian, that is

N

ou O*u Ou
Dot == o w0,

3,j=1
See also [17].

For the local Dirichlet p—Lapalcian eigenvalue problem the same limit was stud-
ied in [21, 22], where the authors show that

1 . |Vl oo () 1oo
=——=pu(l,00 ::mf{:uEW’ Q),u#0,.
Ry ~ M) Talo=co 0

Here R(f2) denotes the inradius (the radius of the largest ball contained in Q) and
w1 (1, p) is the first eigenvalue of the Dirichlet p—Laplacian. In addition, they prove
that the positive normalized eigenfunction v, associated to u(1,p) converge, up to

=

lim p11(1, p)
pP—o0

a subsequence, to a positive function v € W, *(€2) which is a minimizer of z(1, 00)
and is a viscosity solution of

min{|Du| — p1(1,00), Asou} =0 in Q,
u=20 on ON.

Recently, the Dirichlet fractional p—Laplacian is considered, in [23] it was proved
that
1 [Plws.

i (s = g = ms,50) = inf{M: be 03°<9>,¢¢o},

=

where p1(s,p) is the first eigenvalue of the non-local eigenvalue problems

2/n Ju(z) — ufz)f”;lﬁ(:) — u(y)) dy + Nu(@)P~2u(z) =0 in 9,

u=0 in R™\ Q.

Moreover, they show that if w, is a minimizer of ui(s,p), then there exists w €
Co(Q) such that, up to a subsequence wp — w uniformly in R™ which is a minimizer
of p1(s,00) and is a solution of

max {Loou(x), Lu(x) + pi(s,00)u(z)} =0 in Q,
u=0 on 01,
in the viscosity sense. Here

L: u(m) ‘= sup M_’_ inf M
- yerr |y —xl® yeR® |y — x|*

b
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and

L u(x) = inf M
e yeRn |y — z|*

In this context, our result is the following.

Theorem 1.2. Let Q be bounded open connected domain in R™ and s € (0,1).
Then

=

2 . [U] 5,00 () }
= ———— =XM(s,00) =inf{ ————=:u e A,
Tam(@)r ~ M1 (5) { Tullz=c)

where A = {u € W (Q): u # 0, supu + inf u = 0} . Moreover, if u, is the nor-
malizer minimizer of \i(s,p), then up to a subsequence u, converges in C(Q) to
some minimizer us, € W°(Q) of A1(s,00) which is a viscosity solution of

max{.Z; ou(r), Z, u(z) + Ai(s,00)u(z)} =0  when u(x) >0,

(1.3) ZLs.0ou(z) =0 when u(z) =0,
min{.Z; cou(z), L u(z) + Ai(s,00)u(z)} =0  when u(z) <0,

where L sou = L u+ L u,

pli{go )\1(57p)

L u(x) = sup 7u(y) _ ugx) and L u(r) = inf 7u(y) —uiaz)
’ yeQ,y#x |y - ‘T| ’ yeEQy#x ‘y - JC|

The operator .%; o is the Holder co—Laplacian, see [10].

Let us conclude the introduction with a brief comment on previous bibliography
that concerns mostly the non-local operators.

One of the biggest interests in defining the operator .Z; ;, lies in its probabilistic
interpretation in relation of a restricted type of Lévy processes. In [6], it was studied
the s—stable processes, a particular kind of Lévy processes. For s € (0,1) andn > 1
they proved that the Dirichlet form associated with a symmetric s—stable process
in R™ is given by

B =c [ [ W= 006 =30 4y,

o — g

where u, v belong to W#2(R") and C is a constant depending on n and s. It is well
known that E is related to the fractional Laplacian (—A)®, that is

(=A)Y’u(x)=C p.v./ W dy Yu e WSP(R™)

n

where C' is a constant depending on n and s, precisely given by

1 —cos(&) >1
- il SV
o= ([ )
see [14, Section 3.

Due to the action of the process in the whole space it was widely used to model
systems of stochastic dynamics with applications in operation research, queuing
theory, mathematical finance among others, see [2, 5, 9] for instance.

If one wished to restrict the action of a process to a bounded domain 2 C R",
one could consider the so-called s—stable process killed when leaving §2, in which
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the Dirichlet form still being the same, but the functions are taken with support in
Q, see [7].

Alternatively, another way is to study the so-called censored stable process, that
is a stable process in which the jumps between €2 and its complement are forbidden.
In this case, the functions are taken in the fractional Sobolev space W*2(Q2) and
the correspondent Dirichlet form is given by

_ (u(z) —u(y)(v(z) o)) ,
S(U,v)—C’/Q/Q dx dy.

|z —y|nt2s

This kind of processes are generated by

qu(z)=C p.v./ Md

o |z —ylntes

which is called regional fractional Laplacian in Q. See [7, 11, 19, 16, 20] and
references therein.

From a physical point of view, this operator describes a particle jumping from
one point x € §2 to another point y € 2 with intensity proportional to |z —y|~™~25.
Moreover, this kind of process can be used to describe some random flow in a closed
domain with free action on the boundary, and they are always connected to the
Neumann boundary problems. As it was pointed in [4, 12] the idea of s—process in
which its jumps from €2 to the complement of €} are suppressed, are related to the
Neumann non-local evolution equation

u(z,t) = Adu(z)
u € W2(Q)

since the individuals are “forced” to stay inside ). In contrast with the classical
heat equation u; = Awu, the diffusion of the density w at a point z and a time ¢
depends not only on u(x,t), but also on all values of u in a neighborhood of x.

In the course of the writing of this paper, the authors in [15] introduced a
new Neumann problem for the fractional Laplacian by considering the non-local

prescription
u(z) —u(y)
V.| —F——Zdy=0
p /Q |z — g|n+es Y
for z € R™\ Q2 as a generalization of the classical Neumann condition d,u = 0 on

of.

The paper is organized as follows: in Section 2 we collect some preliminaries; in
Section 3 we deal with the first non-zero eigenvalue; in Section 4 we prove Theorem
1.1; in Section 5 we prove Theorem 1.2, while in the final section we give an example
of non-linear non-local operator such that its first non-zero eigenvalue u(s,p) has
the following property: (s, p)"/? — 2/diamq(Q) as p — 0o.

2. PRELIMINARIES

We begin by recalling some results concerning the fractional Sobolev spaces.
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Let © be an open set in R, s € (0,1) and p € [1,00). The fractional Sobolev
spaces is defined as

S,p — P L R y4
WeP(Q) == {ueL (Q): 7 = gr/pts eLP(OQOxQ) ¢,
which endowed with the norm

— p
Wl +/ [u@) = w@)P g
[ ||W (Q) | HL () ala |z —ylrter

is a separable Banach space. Moreover, if p € (1,00) then W*P(Q) is reflexive.
The fractional space W*>°(Q) is defined as the space of functions

W2 (Q) = {u e L>®(Q): W e L®(Q x Q)}
with the norm
u(z) — u(y)
|z —yl®

Throughout the paper [u]ys» ) denotes the so-called Gagliardo seminorm

_ p ?
</ |u(1’)u(y)|d$dy) , i1 <p<oo,
aJa

l[wllws.o @y = l|ullLoe (@) + :
L>(QxQ)

oy
[U]Ws.p(Q) =
Z=yl* |lp=@xa)

For more details related these spaces and their properties, see, for instance,
[1, 13, 14].

The proof of the following lemma can be found in [13].
Lemma 2.1. Let Q C R" be an open set of class C'. Then C'(Q) is dense in
The next results are established in [8, Corollaries 2 and 7).

Theorem 2.2. Let Q be a smooth bounded domain in R™, and p € (1,00). Assume
u € LP(Q), then
SIB{{ ]C(l - 5)[“]5{/&;}(9) = [u]gvl,p(g)

with
/ |VulP dz, if ue WHP(Q),
Q

00 if u g WHP(Q).
Here KC depends only the p and Q.

[uwvl,p(g)

This result was later completed in [24], where the authors show that for u €
Useo.1) Wy (R™) with 1 < p < oo, we have that

St

lim Wsp(Rn) — ”uHZ[),P(]R")'

s—0+ 2wy _1
Here the space W"P(R™) is the closure of C§°(R") in the norm [u]ys»@n) and
Wn_1 is the (n — 1)-dimensional Hausdorff measure of the unit sphere S™~1.
Finally in [25], the author shows that the above two result can be viewed as
consequences of continuity principles for real interpolation scales.
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Theorem 2.3. Let Q be a smooth bounded domain in R™, and p € (1,00). Let
{us}tse(o,) be a subset of LP(Q) such that for any s € (0,1) we have that u, €
W#P(Q) and

(1 = s)[uslwero) < C.
Then, there exist u € WHP(Q) and a subsequence {us, }ren such that
us, = u  strongly in LP(§2),
us, — u  weakly in WP(Q),
for all e > 0.

Remark 2.4. In [8] some inequalities involving fractional integrals are established.
A carefully computation allows us to compute explicitly the constant in [8, Lemma
2]. By means of the Chebyshev inequality together with Lemma 2 from [8], in
equation (36) from [8] it is obtained that

E[ué]]éyl—a,p(g) > 27p56[u8]%/175,p(9)7

where 0 < € < 4.
Denoting s :=1—¢ and ¢t := 1 — 9§, last inequality is equivalent to

(2.1) (1-1) [U‘S]?/Vtyp(ﬂ) < 2p(17t)(1 - 3)[“5]%15,;7(9),

where 0 <t < s < 1.

For any s € (0,1) and any p € [1,00), we say that an open set Q@ C R™ admits
an (s, p)-extension domain if there exists a positive constant C' = C(n, p, s, §2) such
that: for every function u € W*P(Q) there exists @ € W*P(R"™) with u(z) = u(z)
for all x € Q and |||y s.»@ny < Cllullwsr). For example, any Lipschitz open set
Q) admits a (s, p)-extension, see [13, Proposition 4.43].

A useful result to be used is the fractional compact embeddings. For the proof
see [14, Corolary 7.2] and [13, Theorem 4.54].

Theorem 2.5. Let s € (0,1), p € (1,00) and @ C R™ be a bounded open set
that admits an (s,p)-extension. If sp < n then we have the following compact
embeddings

WHP(Q) < L(Q) for all g € [1,p}).

In addition, if  has a Lipschitz boundary and sp > n then we have the following
compact embeddings:

WP(Q) — L1(Q) for all g € [1,p%), if sp=m;
WP(Q) — CZ?’A(Q) for all A < s — n/p, if sp > n.
Here p% is the fractional critical Sobolev exponent, that is

np
pri=Q N —8p
00, if sp > n.

,ifsp<mn,
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3. THE FIRST NON-ZERO EIGENVALUE
Now we will show that A;(s,p) is the first non-zero eigenvalue of (1.1).

We say that the value A € R is an eigenvalue of problem (1.1) if there exists
u € W*P(Q)\ {0} such that

(3.1) E(u, @) _A/W 4 Yo(z)dx Vo € CH(Q),

where

o [ [ a0 ute D) uly) ~ u@)(Bl) = 9(a)

o =y
In which case, we say that u is an eigenfunction associated to .

Of course A = 0 is an eigenvalue and it is isolated and simple. Moreover, if A > 0
is an eigenvalue and u is an eigenfunction associated to A, then, taking ¢ =1 as a
test function in (3.1), we have

/ () P~2u(z) dz = 0.
Q

Thus, the existence of the first non-zero eigenvalue A1 (s, p) of (1.1) is related to the
problem of minimizing the following non-local quotient

[vwvs,p(g)
ol e,
among all functions v € W*P(2) \ {0} such that [, [v(z)[P~2v(x)dz = 0.
We begin establishing the following result.
Theorem 3.1. Let Q be an open set of class C', s € (0,1) and p € (1,00). Then
L0y

IollZ0

is the first non-zero eigenvalue of (1.1).

(3.2)  Ai(s,p) = inf{ v € WHP(Q),v #0, A |o(x) [P~ 20 (x) do = 0}

Proof. Let {u;}jen C W*P(Q) be a minimizing sequence for A;(s,p) such that
lujllzr () = 1 for all j € N. Then there exists a constant C' such that

[ujlwer) < C.

Therefore {u;}jen is bounded in W*P(Q). Then, by Theorem 2.5, there exists a
function uw € W*P(Q) such that, up to a subsequence that we still call {u;} en,

U; —u weakly in W*P(Q),
Uj = u strongly in LP(Q).
Hence |[u| o) = 1, |uj(@)[P~?u;(z) — |u(z)|P~?u(z) a.e. in Q, and
310 TUll Lre-v (@) | -1 (Q)-
et P25 = [llulPu]

Then, by [27, Theorem 12], |u;[P~2u; — |ulP~2u strongly in L”®~1(Q). Therefore,
since [, |u;(2)|P~?u;(x) de = 0 for all j € N, we have that [, |u(2)[P~?u(z) dz = 0.
Then w is not constant.



THE FIRST NON-ZERO NEUMANN p—FRACTIONAL EIGENVALUE 9

On the other hand, since u; — u weakly in W*P(Q),

» < T 1 ok P _
[“]Ws,p(g) = h}ggf[uj]ws,pm) jlggo[uj]ws‘p(g) A1(s,p).

Then, by (3.2), we have that
[u];svs,p(g) = )\l(sap)'

Observe that A1(s,p) > 0 due to u is not constant. In addition, A (s, p) is attained
in

{vewsr@s [ o) de =0 and ol =1}
Q

Then, proceeding as in the proof of Theorem 4.3.77 in [26], we have that A1(s,p)
is the first non-zero eigenvalue of (1.1). O

Finally we show that if an eigenfunction belongs to C'() then it is a viscosity
solution of

(33) _-i/ﬂs,pu = )\1(57p)|’u,|p_2’u,

in the following sense.

Definition 3.2. Suppose that u € C(2). We say that u is a wviscosity super-
solution (resp. wviscosity sub-solution) in € of the equation (3.3) if the following
holds: whenever x¢ € 2 and ¢ € C1() are such that

o(xo) = u(zg) and (z) <wu(z) (resp. p(x) > u(x)) for all z € R”
then we have
Lo (o) + M (5, p)|e(x0) [P p(20) <O (resp. > 0).

A wiscosity solution is defined as being both a viscosity super-solution and a vis-
cosity sub-solution.

For the proof of the following theorem, see [23, Proposition 11].
Theorem 3.3. Let s € (0,1) andp € (1,00) such that s < 1—1/p. An eigenfunction
u € C(Q) associated to M (s,p) is a viscosity solution of (3.3).

4. THE LIMIT AS s — 17
In this section, our main aim is to prove that
K1 —3s)A(s,p) = A(1,p) as s = 17,

where I is the constant of Theorem 2.2.

Before we prove Theorem 1.1, we need to show the following technical lemma.
Lemma 4.1. Let {s;};en C (0,1) and {u;}jen C LP(Q) such that s; — 1~ as
Jj— 00, u; € WP(Q),

(4.1) K1 - sj)[uj]gvsj,p(m =1 and /Q | (2)|P~2u;(z) do = 0

for all j € N. Then there exist subsequences {sj, }ren and {u;, }ren, and a func-
tion u € WHP(Q) such that

uj, —u  strongly in LP(Q)
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and
[u ]Wl ) S < hm mf K(1 Sjk)[quk}gvsjk*f’(Q)

with / lu(x)|P~2u(z) dz = 0.
Q
Proof. For any t € (0, 1), there exists jo € N such that 0 <t < s; < 1 for all j > jo.
By (2.1) and (4.1) it follows that
(4'2) K(l t)[u]}wt p(Q) 2P(1 t)K:(l - S])[U’j]w A P(Q) 2p(1 2 V] > j0~
Then, by Theorem 2.5, there exist a subsequence {u;, }ren, and a function u €
WLP(Q) such that
uj, — u strongly in LP(Q),
uj, —u  weakly in W"P(Q).
Using (4.2), we have
K(1— t)[u];;vt,p(g) < h]gggflc(l - Sjk)[ujk]gvt,p(g)
< 217(1*75) th*l}g.}f’C(l — Sjk)[“jk]imk Q)
On the other hand, by Theorem 2.2, we get
[ul iy, Q) T hm K1 —t)[ulfy, @) S likrgior.}f/C(l - Sjk)[ujk]];y%kvp(g)'
Finally, we show that [, [u(2)[P~?u(z) dz = 0. We have that |uj, ()P~ 2u;, (z) —
lu(x)[P~2u(z) a.e. in Q, and
|||ujk‘p72ujk||L”/(P—1)(Q) - |||U|p72U||LP/<p—1>(Q)

due to uj, — wstrongly in LP(£2). Then, by [27, Theorem 12], |uj, [P~?uj, — |u[P~%u
strongly in L”®=2(Q). Therefore, since Jo lug, (2)|P~2uy, (x) dz = 0 for all k, we
have that [, [u(z)|P~2u(z) dz = 0. O

We finish this section by proving Theorem 1.1.

Proof of Theorem 1.1. Let u € W1P(Q) be an eigenfunction associated to A1 (1, p).
Since WHP(Q) € W*P(Q) for all s € (0,1) and [, [u(x)[P~u(z)de = 0, u is an
admissible function in the variational characterlzatlon of A\1(s,p) for all s € (0,1).
Then,
[ ]?}Vg p(Q)
K(1—s)Ai(s,p) < K1 —8) 7
”uHLp(Q)
Therefore, by Theorem 2.2, we get that
. . [u ]"'}/s P(Q) [U]I;Vl,p(g)
(4.3)imsup (1 — s)A1(s,p) < lim K(1 —s) = 5 = M(1,p).
s—1- s—1- ||UHLp(Q) HUHLI’(Q)

On the other hand, let {s;};en be a sequence in (0,1) such that s; — 17 as
j — oo and

(4.4) lim (1 —s;)A(s;,p) = iminf (1 — s;) A1 (s, p).

j—o0 s—1—

For j € N, let us choose u; € W*?(Q) such that

K1 = s5)[u;lemi) = 1 /Q Juj ()P~ 2u; (2) do = 0,
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and

K(1— Sj)[uj]%/sw(g) =K(1 - Sj)Al(Sjap)”usJ' H]Zp(g)-
By Lemma 4.1, there exist a subsequence, still denote {u;};en, and a function
u € WHP(Q) such that

uj — w strongly in LP(12), /Q lu(z)|P~u(z) dz = 0,

and
[U}ﬁ/l,p(g) < lijrgirolf/C(l - Sj)[ujwv%r'(g)'
Therefore, [u]@vl,p(m < 1. Moreover, since
1= ’C<1 - Sj)[uj]zij[/sj”’(ﬂ) =K(1- Sj)/\l (Sjvp)HujHI[),p(Q)
for all j € N and u; — u strongly in L?(2), by (4.4), we have

(4.5) =Tt (1 = )\ (s, )l
Thus, v is an admissible function in the variational characterization of A;(1,p).
Then, using that [u]fivl,pm) <1 and (4.5), we have that
(4.6) Ai(Lp) < lim%nflC(l —s)A1(s,p).
s—1—
From (4.3) and (4.6) the result follows. O

5. THE LIMIT AS p — o0

The goal of this section is to study the limit as p — oo of the first non-zero
eigenvalue A1 (s, p). Before beginning, we need to establish the following lemma.

Lemma 5.1. Let Q be a bounded open and connected domain in R™, s € (0,1),
zo € Q and ¢ € R. The function w(x) = |z — x| — ¢ belongs to W1>°(Q) and

ﬁﬁdiam(ﬂ)l_ﬂm%
(p(1 —s))¥

where Ky, is the measure of unit ball and || is the measure of Q.

[’lU]Ws,p(Q) S Vp € (1700)

Proof. We start the proof recalling that
weW*®(Q) and |w|yex(g) = diam(Q)'* ae. in Q.

Then, we have that w € W*?(Q) for all p € (1,00).
On the other hand

P _ [w(z) —w(y)P
[w]Ws,P(Q) 7\/9 0 |$—y|”+ps dl’dy
ol — y — pallP
:/ ||z — ol |y+ ol| drdy
Jo |z — y|ntPs

< [ [ 1o yptoondsay
QJQ

< fpdiam(Q)P=9)|Q
- p(1—s) '
This proves the lemma. O

We carry out the proof of Theorem 1.2 in the two following lemmas.



12 L. M. DEL PEZZO AND A. M. SALORT

Lemma 5.2. Let Q be a bounded open and connected domain in R™ and s € (0,1).
Then

S|

. B 2 B . [u ]W*“’(Q)
plglolo)\l(&p) 7m—>\1(8700) .lnf{|u||LOOQ) ueA

where A == {u € W*>°(Q): u#0, supu + infu = 0} . Moreover, if u, is the nor-
malizer minimizer of \1(1,p), then up to a subsequence, u, converges in C(2) to
some minimizer oo € W5(Q) of A1(1,00).

Proof. We split the proof in three steps.
Step 1. Let us prove that

. 2
5.1 li A i —
(5.1) m sup 1(s,p)7 < Giam(Q)"

Let xo € Q. We choose ¢, € R such that the function

wp(x) = |z — 20| — ¢

[ w@P 2w, (@) dz =0,
Q

We can also observe that w, € W*P(Q) for all p € (1,00). Then, by Lemma 5.1,
for any p € (1, 00) we have that

|wp() — wy(y)[” )
// \x—y|n+sp dxdy< kL diam ()1 —*|Q7

/ lwp ()" da (- 5))% Jo lwp(@)[P dr
Q

satisfies that

diam(Q2)1~*

(5.2) lim sup A4 (s, p)%

p—co
lim inf (/ lwy(x)|P dx)
p—r00

On the other hand, proceeding as in the proof of Lemma 1 in [17], we have that

(5.3) lim inf ( /Q |wp(x>|pdx>'l’ > di%m).

p—0o0

Thus, by (5.2) and (5.3), we have that (5.1) holds.

Step 2. Let us prove that
inf{HW‘“’”“’) ue A} < liminf Ay (s, p)*.
||UHLOQ(Q) pP—00
Let {p;}jen be an increasing sequence in (1,00) and {u;};en be a sequence of

measurable functions such that p; — co as j — oo,

(5.4) lim A (s, p]) i = llmlnf/\1(5 p)%

Jj—o0

and for any j € N u; € WP (Q),

lwillzes @) = 1, /Q |w; ()P~ (xz) de = 0,
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and

_ |uj (y) = w(x) [P
(5.5) Ai(s,p;) = /Q =y dx dy.
Then, there exists a constant C' independent of j such that
(5.6) [ujlweri) < C
for all j € N.

Let us fix ¢ € (1, 00) such that sq > 2n. There exists jo € N such that p; > ¢ for
all j > jg. Then by Holder’s Inequality, we have that

1_1 1_1 o
(5.7) lwillag) < 19207 %9 flujllpes @) < 19" 7 Vi > jo,

and taking r = s — 7/q € (0, 1), again by Holder’s Inequality, we get
(5.8)

oo |33—y|“+’“q Iﬂf—quq

N
<'Q'2(1 (L / |u3| L dain)”
r—1Y J

< diam(€) " |25 [}y,

Then, by (5.6),

/ / |“J|x |Wq)| drdy < diam(Q)

where C'is a constant independent of j. Hence {u;};>;, is a bounded sequence in
W™4(§2). Then, since rq = sq —n > n, by Theorem 2.5, there exist a subsequence
of {u;};j>;,, which we still denoted by {u;};>j,, and a function u € C(2) such
that

ng

HePCT R o v > o,

Uj = Uso uniformly in £,

Uj = Use  weakly in WTI(Q).
Then, by (5.7), |[tusc|lLaa) < |Q|é7 and by (5.4), (5.5) and (5.8), we get

[toc)wra() < liminflugwraq)
(-7

< 1iminfdiam(Q)PLj|Q|2 a7 b

J—00

2 1
< |9« lim inf A\ (s, p) 7.
p—>00

)
[Uj] WSPj (Q)

Letting ¢ — 00, we get ||ucol| () < 1 and
(5.9) [Uoo]ws.00 () < lim inf Al(s,p)%.
p—00
On the other hand,
1= llugllzss @) < 1917 lugllz=@) V7 > do
then 1 < [[uco /oo (). Hence [[u || (o) = 1 and by (5.9) we get

M < liminfx\l(svp)%'

(5.10)
[ucollLoc(@) — oo
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Finally, in [17] it was proved that the condition [, [u;(z)[? ~2u;(x) dz = 0 leads
t0 SUP U + Inf Uy, = 0. Then, using (5.10), we get

inf {[u]wm(g) u€ ,A} < liminf)\l(&p)%.
[ull o= () P00
Step 3. Finally, we prove that
2 . [U]ps.00 () }
5.11 —— <inf{ ————~:ucAd;.
( ) diam(Q)* { ]| oo ()
For any u € A, we have
2||ul|poe () = supu — infu
= sup{|u(z) — u(y)|: z,y € Q}
= Sup{|x_y|5|u(l‘)_u£y)|: T,y € Q}
|z -y
S dlam(Q)q[u]Ws,oo(Q).
Thus
2 [u]ws. ()
diam(Q)* = ||lullz= (o)
for all u € A. Hence (5.11) holds.

Then, by steps 1-3, we get

Q(Q)Sginf{mwmm):ueA}

diam l|lull Los ()
< liminf Ai (s, p)?
p—00

1
< limsup A1(s,p)?

p—00
<2
~ diam(Q)s’
that is ) ]
. 1 . UjWs.o(Q)
pli}Holo)\l(s’p)p = m = lnf{”ulLoc(Q). u e A} .
In addition, by (5.10), we have that us is a minimizer of A;(1, 00) which proves
the lemma. g

Our last aim is to show that u. is a viscosity solution of (1.3). We start by
intruding the definition of viscosity solution.

Definition 5.3. Suppose that u € C(2). We say that u is a wviscosity super-
solution (resp. wviscosity sub-solutm@ in Q of the equation (1.3) if the following
holds: whenever x¢ €  and ¢ € C1(€) are such that

o(xg) =u(xg) and ¢(x) <wu(z) (resp.o(xz)>u(x)) forall xR

then we have

a2, o p(0), L 0l0) + M (1,00)p(20)} < 0(resp. > 0)  if (o) > 0
Zs cop(x0) < 0(resp. > 0) if p(z9) =0
min{fs,oogo(xo),fs‘fooap(x) + A1(1,00)p(20)} < 0 (resp. > 0) if () <0
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A wiscosity solution is defined as being both a viscosity super-solution and a vis-
cosity sub-solution.

For the proof of the following lemma we borrow ideas from [23, Theorem 23].

Lemma 5.4. Let Q be bounded open connected domain in R"™ and s € (0,1). Then
Uoo 18 @ solution of (1.3) in the viscosity sense.

Proof. We begin by observing that, by Lemma 5.2, 4, is a minimizer of A;(1,00)
and there exists a sequence {p;}jen such that p; — co and u; — e uniformly in
Q as j — oo, where u; is an eigenfunction associated to Ai(s,p;). Without loss of
generality, we can assume that pjs > n for all j € N. Then u; € C() for all j € N.

We only verify that us, is a viscosity super-solution of (1.3). The proof that use
is also a sub-solution is similar. Let us fix some point zy € 2. We assume that ¢ is
a test function touching u., from below at a point x(, and we may assume that the
touching is strict by considering p(x) — |z|?n(x), where n = 1 in a neighborhood
of zg and n > 0. It follows that u; — ¢ attains its minimum at points z; — xg.
By adding a suitable constant c; we can arrange it so that ¢ 4 ¢; touches u; from
below at the point x;.

By Theorem 3.3, a eigenfunction is a viscosity solution of (3.3), then we have
Lo, e(x;) + M(s,p)ul’ (a) < 0.

We write the last inequality as
-1

A BT DT <0
where
A = 2/ o(y) — ;)P (f(y)—@(ﬂcj))+ dy.
Q |y_$ |n Sp;

lo(y) — ()P 2 (ely) — wlz;))~
2/Q dy,

ly =z
Cf’ = M (s,p5)(u () 1,
DY = (s, py) (u ()P
In [10, Lemma 6.5], it is proved that
Aj = L (o), Bj = =2, p(x0),
as j — oo. In addition, by Lemma 5.2, we have
Cj = Ai(s,00)p(w0) ", Dj = Ai(s, 00)p(wo)
On the other hand, if us(zg) > 0 we get
A;;j—1+c,§)j—1 SB?j—l
and by dropping either Al?j_l or ij_l, and sending j — oo we see that
Lip(ao) < —Ziop(ro)  and  Ai(s,00)p(x0) " < —Z, p(@0),
which leads to
Looop(wo) <0 and L, o(x0) + Ai(s, 00)p(x0) T <0,
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and we can write
max{Zs oo (o), Ls o 0(0) + A1(s,00)p(x0) "} < 0.
If uso (o) < 0 we obtain that
AL < PPt BY T < omax{BY T DY,
that is
A; < 97T " max{Bj, D,}.
Then, sending j — co, we get
Lioop(w0) <0 or L (o) — Mi(s, 00)p(x0)” <0,
which can be written as
min{.Z; 00 0(20), L, 0 p(20) = M (s, 00)p(20) "} < 0.
Finally if ueo (o) = 0, it follows that %5 oo (z9) < 0. This proves that ue is a
viscosity super-solution of equation (1.3). O
6. COMMENTS

Let d(-,-) be a distance equivalent to the usual distance. If we take the following
non-linear non-local operator

|u(y) — u(@)["~*(uly) — u(z))
Lspu(z —2pv/ Az, )" dy

)

in place of .Z; ,, following what was done in the previous section, we can see that
the first non-zero eigenvalue of

—Lspu=AuP72u  in Q,
u € WP(Q),

|u(z) —u(y)?
// xy”“‘si’ dx dy

is

(s, p) = inf tu € Xy
/ |u(z)|P dz
Moreover
. 1 2 . [u]q,ws. ()
lim (\%(s,p))? = ———— = \9(s, 00 :mf{’:uEA .
p—r00 ( 1( )) dlamd(Q)s 1( ) ||u||Loo(Q)
where u( )
u(z) — uly
sio0 () = — iy €N
[u]a,we. (@) Sup{ do(2,9)° T,y }

and diamg(Q) = sup{d(z,y): z,y € Q}.
Finally, observe that if d is the geodesic distance inside €2 then diamg(Q) is the
intrinsic diameter as in the local case.
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