GLOBAL BIFURCATION FOR FRACTIONAL p-LAPLACIAN
AND APPLICATION

LEANDRO M. DEL PEZZO AND ALEXANDER QUAAS

ABSTRACT. We prove the existence of an unbounded branch of solutions to
the non-linear non-local equation
(=A)pu = MNulP~2u+ f(z,u,A) in Q, uw=0 in R"\Q,

bifurcating from the first eigenvalue. Here (—A)7 denotes the fractional p-
Laplacian and €2 C R™ is a bounded regular domain. The proof of the bifur-
cation results relies in computing the Leray—Schauder degree by making an
homotopy respect to s (the order of the fractional p-Laplacian) and then to
use results of local case (that is s = 1) found in [15]. Finally, we give some
application to an existence result.

1. INTRODUCTION

In this paper, we study Rabinowitz’s global bifurcation type result form the first
eigenvalue in a bounded domain of the non-linear non-local operator called the
fractional p-Laplacian operator, that is

)

— p—2 —
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R @ —y|rtep
where K is a constant depending on the dimension and p. Observe that, this

operator extends the fractional Laplacian (p = 2).

More precisely , we prove the existence of an unbounded branch of solutions to
the non-linear non-local equation

(1.2) (—A)ju= MNuP™2u + f(z,u,\) in Q, wu=0 in R"\Q,

bifurcating from the first eigenvalue of the fractional p-Laplacian assuming that f
is o(|u|P~2u) near zero and Q C R” is a bounded regular domain.

Bifurcation and global bifurcation are basic principles in mathematical analysis
that can be established using, for example, implicitly function theorem or degree
theory and, in some simple situation, sub and super solution method, i.e Perron’s
method. In particular, bifurcation is used as a starting point to prove existence
of solution to ODE’s and PDE’s, see for example [28, 35]. Some of the pioneer
works related with our method can be found in [13, 33, 34]. Then many others
generalization are established in different context of local operator, see for instance
[4, 5, 10, 14, 15, 19, 20, 23, 27] and the reference therein.

Fraction equations are nowadays classical in analysis, see for example [39]. Frac-
tional Laplacian have attracted much interest since they are connected with differ-
ent applications and sometimes from the mathematical point of view the non-local
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character introduce difficulties that need some new approaches, see for instance
[18, 38] and the reference therein.

In [11], the fractional p-Laplacian is studied through energy and test function
methods and it is used to obtain Holder extensions. See also [6, 7], where the
authors consider a non-local “Tug-of-War” game, and [26].

Recently, existence and simplicity of the first eigenvalue in a bounded domain
for the fractional p-laplacian are obtained and also some regularity result are es-
tablished in [17, 22, 25, 29]. Some results of these works extend the results of [3]
to the non-local case.

In the process of writing this article, appearing the following work [25] where
the authors, using barrier arguments, prove C“-regularity up to the boundary for
the weak solutions of a non-local non-linear problem driven by the fractional p-
Laplacian operator. This result generalises the main result in [36], where the case
p = 2 is studied.

Thus, there is natural to ask if bifurcation occurs, this is even not known, as far

as we know, for the case p = 2, except for some related very recent results that can
be found in [21, 32, 37].

In our approach, to establish the Rabinowitz’s type of global bifurcation re-
sult, we use Leray-Schauder degree that can be computed by making an homotopy
respect to s (the order of the fractional p-Laplacian operator) and then use the
homotopy invariance of the Leray—Schauder degree to deduce that the degree is the
same as in the local case (s = 1), i.e. the p-Laplacian, which is already computed
in [15]. Notice that in [15] similar ideas are used, where the homotopy was done
with respect to p and the result were deduced from the (by now) classical case of
the Laplacian. To do this homotopy with respect to s, we need as a starting point
different properties of the first eigenvalue in terms of s up to s = 1, analogous
properties to the ones that were obtained in [15], but now with respect to s not
respect to p.

Notice that one of our limiting procedures s to 1 are obtained in the weak
formulation with the help of some limiting properties of the fractional Sobolev
spaces already studied in [8]. Moreover, in [26] this limiting procedure is done by
viscosity solution techniques for a very close related operator.

Before stated our main theorem we will give the precisely assumption of the
function f: 2 xR xR — R:
(1) f satisfies a Carathéodory condition in the first two variables;
(2) f(x,t,\) = o(|[t|P™1) near ¢t = 0, uniformly a.e. with respect to z and
uniformly with respect to A on bounded sets;
(3) There exists ¢ € (1,p%) such that

el
[t|—>+oo  [E|27L

uniformly a.e. with respect to x and uniformly with respect to A on bonded
sets. Where p? is the fractional critical Sobolev exponent, that is
np
p; = n—sp
400, if sp > n.

, ifsp<m,
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Our main result,

Theorem 1.1. Let Q C R™ be a bounded domain with Lipschitz boundary, s €
(0,1), and p € (1,400) The pair (A (s,p),0) is a bifurcation point of (5.41). More-
over, there is_a connected component of the set of non-trivial weak solutions of
(5.41) in Rx W*P(Q) whose closure contains (A1(s,p),0) and it is either unbounded
or contains a pair (X, 0) for some A, eigenvalue of (4.21) with A > A1(s,p).

Notice that the ideas of the proof can be used for other problems. As for example,
a very close related problem such as bifurcation from infinity by the change of

variable v = U/Hun%s,p(m, for details see for example [20].

Then, we use the above theorem for some application, more precisely, we prove

existence of a non-trivial weak solution of the following non-linear non-local problem
—A))%u=g(u) in Q,
(1.3) ( P) g( ) ]
u=0 in R™\ Q,

where 9(s)/|s|?=25 is bounded an crosses the first eigenvalue, for the precisely as-
sumption see Section 6. For the prove of this existence result we need some extra
qualitative properties of the branch of solutions in the above theorem. Some of
these properties come in some cases from the study of the first eigenvalue of the
fractional p-Laplacian with weights, see Section 4.

The paper is organized as follows. In Section 2, we review some results of frac-
tional Sobolev space and some properties of the Leray-Schauder degree; in Section 3
we study the Dirichlet problem with special interest in proving continuity in terms
of s (see Lemma 3.1 below); in Section 4 we study the eigenvalue problem with
weights. In addition, we establish the continuity of the eigenvalue respect to s that
will help us to make the homotopy and then to compute the degree. In Section 5
we prove our main theorem. Finally, in Section 6 we prove our existence results.

2. PRELIMINARIES

2.1. Fractional Sobolev spaces. First, we briefly recall the definitions and some
elementary properties of the fractional Sobolev spaces. We refer the reader to
[1, 16, 18, 24] for further reference and for some of the proofs of the results in this
subsection.

Let © be an open set in R, s € (0,1) and p € [1,+00). We define the fractional
Sobolev space WP () as follows

WeP(Q) = {u € LP(Q): /Q Ju(z) = u(w)I” dxdy < —i—oo},

o lo— ol

endowed with the norm

=

i@y = (Il + [6lfyeny)

where

[ullfoy = [ lu@)[Pde and fulfy.,q) =
o Q

A proof of the following proposition can be found in [1, 16].

|u(z) = u(y)[”

o — y[es dxdy.

Q
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Proposition 2.1. Let Q2 be an open set in R™, s € (0,1) and p € [1,+00). We have
that

o W*5P(Q) is a separable Banach space;
e If1 < p< +oo then WSP(Q) is reflezive.

We denote by Wy (€) the closure of the space C§°(€2) of smooth functions with

compact support in W*?(Q). We denote by W‘W(Q) the space of all u € W*P(Q)
such that @ € W*P(R"™), where @ is the extension by zero of .

The proofs of the next theorem is given in [1, Theorem 7.38].

Theorem 2.2. For any s € (0,1) and p € [1,+00), the space C§°(R") is dense in
WeP(R™), that is Wy'P (R™) = WP(R™).

In the next result, we show the explicit dependence of the constant of [18, Propo-
sition 2.1] on s, that is needed for our propose.

Lemma 2.3. Let Q be an open set in R™, p € [1,400) and 0 < s < s’ < 1. Then

1 1
(2.4) [wlyen@) < [Ulyer gy + Cn:p) (sp - S,p> [z
for any u € W*'2(Q).

Proof. Let u € W*2(Q), then

p _ Ju(z) —u(y)”
o= | QW‘“@

Ju(z) — u(y)|? / / Ju(z) — u(y)]P
= dxdy + dzd
/Q 4 |x—y|n+ps o |x—y|n+ps Y

where A = QN {|lz —y| < 1}.
Using that s’ > s, we have that

u(z) —u()l” [u(z) —u@)l”
(2.6) /Q . d dyg/Q . — dzdy.

|z —y[tpe |z —y[rtpe

(2.5)

On the other hand, we have that

/ / |p dx d _ / / )‘ | y|(slfs)p dl’dy
o\A \x - y|"+p5 o\A |33 - Z/|"+p6
/ / () = uly)l” (|x y|¢' =) dmder/ / u(y)” dxdy
o\ |93 - |”+’” o\A |$ - |"+ps/
// ECAY] (\ y|'=op 1 dxdy+// [u@) = u@)I” 4,
o\A |33 - |”+ps o\A |33 - |"+p§

< il [ EE b [ g,
(z1>13  |2[mtPs o\ |33— y|ntps

Then
| P vy <conn (o - - )n I
ray s0(n,p) | — — P
o Tt Z o

/ / )|p dxdy
o\A |=T - y|n+ps/ .

2.7)
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Therefore, combining (2.5), (2.6) and (2.7), we get

1 1
iy < il iy + C0) (= ) Nl

The proof is now complete. O

Remark 2.4. The space W*?(Q) is continuously embedded in W#P(Q) for any
0<s<s <land1l<p< +oo.

Lemma 2.5. Let Q be an bounded open set in R", s € (0,1) and p € [1,+00).
Then
sp|Q|
Iy < o bl

for any u € W”’(Q). Here w,, denotes n-dimensional measure of the unit sphere
S,

Proof. Let u € Ws’p(Q). Then

luf? - [u@) = WP g+ o dwd
W E T Jo Jo e =yl wgmf|mw !

1
> 2/ u(z / . dydw
il re\Q |T — y["TPs

By Lemma 6.1 in [18],

1
uf® nz2/Wmmw/ L e
wer(®?) Q re\Q |7 — y["TPS

2Py

wn'
> 22—
€2

which proves the lemma. O

|“||I£za(g)

The proofs of the next two theorems are given in [18, Proposition 2.2], and [16,
Proposition 4.43], respectively.

Theorem 2.6. Let Q be an open set in R™ of class CO' with bounded boundary
€ (0,1), p € [1,+00), and u € WHP(Q). Then, there exists a positive constant
C =C(n,s,p) such that

lullwer@) < Cllullwir@)-
In particular, W1P(Q) is continuously embedded in W*P ().

Theorem 2.7. Letp € [1,+0), s € (0,1) and 2 C R™ be an open set with Lipschitz
boundary. Then WP (Q) is continuously embedded in WP (R™).

The proofs of the following embedding theorems can be found in [16, Theorems
4.47 and 4.54].

Theorem 2.8. Let s € (0,1) and p € (1,4+00). Then we have the following contin-
uous embeddings:

WP(R™) — LI(R™) forall1 < q<pk if sp < m;
W*P(R"™) — Cg’ﬁ(R") where = s —1/p, if sp > n.
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Where p} is the fractional critical Sobolev exponent, that is
np

pri=(q N —8p

+o0, if sp>mn,

) z..]"Sp<77/7

Remark 2.9. Note that p%, as a function of s, is continuous in (0, 1] where p} is the
critical Sobolev exponent, i.e.

np

py=gn—p
+00, ifp>mn,

, ifp<mn,

A proof of the next theorem can be found in [30, Theorem 1].

Theorem 2.10. Let s € (0,1), p € [1,400) and sp < n. Then there exists a
constant C = C(n,p) such that

s(1—s)
(n —sp)p—t

P

el o gy < C A

for all uw € W*P(R™).
By Theorem 2.7 and Theorem 2.8, we have the next result.

Corollary 2.11. Let s € (0,1), p € (1,400) and Q@ C R™ be an open set with
Lipschitz boundary. The conclusions of Theorem 2.8 remain true if R™ is replaced
by Q.

The following embedding theorem is established in [16, Theorem 4.58]. See also
[1].

Theorem 2.12. Let Q) C R™ a bounded open set with Lipschitz boundary, s € (0,1)
and p € (1,400). Then we have the following compact embeddings:

W*P(Q) — LI(Q) for all q € [1,p}), if sp < m;
WP(Q) < CPNQ)  for all A < 5 —n/p, if sp > n.

Remark 2.13. Let © C R™ a bounded domain with Lipschitz boundary. By the
above theorem, we have that the embedding of W*P(Q) into LP(2) is compact for
every s € (0,1) and for every p € (1,4+00).

The next results are proven in [8, Corollaries 2 and 7].

Theorem 2.14. Let Q be a smooth bounded domain in R™, and p € (1,400).
Assume u € LP(Q), then

Slir{{ K- 5)|u|€vs,p(g) = ‘U|€V1,p(g)
with

/ |VulPdz, if ue WHP(Q),
—l—%o if u g WhHP(Q).
Here IKC depends only the p and n.

|u‘€v1,p(g) =
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Remark 2.15. Let Q be a smooth bounded domain in R™, p € (1,400) and ¢ €
C§°(9). Then

|¢|Ws p(Q < |¢|Wsp Rn |¢|Wsp Q) + 2/ / |$ _ ‘n—&—sp
<o C ||¢||LP(Q)
wer@) F sp dist(K, 0P’

where K is the support of ¢ and C' depends only of n. Then by Theorem 2.14 we
have

Sl_igl_ K(1 - 5)‘¢|€Vs,p(Rn) = ‘¢|€V1m(g)
Theorem 2.16. Let Q2 be a smooth bounded domain in R™, p € (1,4+00) and
€ W=P(Q). Assume that
(1= 8)|us|lwsr() < C.

Then, there exists u € W1P(Q) and a subsequence {us, }ren such that

us, = u  strongly in LP ()

us, — u  weakly in W'SP(Q)
for all e > 0.

Remark 2.17. Let 0 < s < ¢’ <1, and 1 < p < oo. From the proof of the Lemma 2
and Corollary 7 in [8], it follows that

28) (1= ullynqy <P~ 8)lully. gy < 20720~ ull, 0

for all u € W*"?(Q). See also [8, Remark 6].
Observe also that for any u € W1P(Q), passing to the limit in (2.8) as s’ — 1
and using Theorem 2.14, we get

1
(1- 5)|u|€vs,p(9) < E|u‘€vl,p(g)a
that is
K(1— 5)|u|€vs,p(9) < |U|€V1,p(9)-

Remark 2.18. Let sg € (0, min{"/p, s}), by Theorem 2.10 and Remark 2.17, there
exists a constant C' = C(n, p) such that

80(1 — 50) P (1—s0) 80(1 )
« [ S A < 50 pi
LPo(®") = 7 (n — sop)P~—1 |U|W'*U"’(R") <2 (n — sop)P~t

for all u € W*P(R™).

Jul -

Our last result gives a characterization of W,?(Q). For the proof we refer the
reader to [24, Corollary 1.4.4.5].

Theorem 2.19. Let Q C R™ be bounded open set with Lipschitz boundary, s € (0, 1]
and p € (1,400). If s # % then

WP (Q) = WP(Q),
Furthermore, when 0 < s < /p we have

WP(Q) = WP(Q).
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Remark 2.20. W*P(Q) is a Banach space for the norm induced by W*?(R"). More-
over, if & C R™ is a bounded open set with Lipschitz boundary, s € (0,1] and
p € (1,400), then C§°(f2) is dense in W5P(Q2) and W5P(Q2) C WP (). See [24,
Theorem 1.4.2.2 and Corollary 1.4.4.10].

For s € (0,1) and p € (1,00), we define the space W57 (Q) (W’S’p/(Q)) as the
dual space of Wy*(Q) (W*5P(2)) where 1/p' + 1/p = 1.

2.2. Leray-Schauder degree. For the definition and some properties of Leray-
Schauder degree, for instance, see [12, 35].

The proof of the next Leray-Schauder degree property is given in [15, Lemma
2.4].

Lemma 2.21. Let X,Y be Banach spaces with respective norms || - ||x and || - ||y .
Assume that Y C X and that the inclusion i: Y — X is continuous. Let Qx, Qy
be bounded open sets in X and 'Y, respectively, both containing 0, let T: X — 'Y be
a completely continuous operator such that

x—Tz#0 VreX\{0}.

Then
degy(I —i0T,Qx,0) =degy (I — T o4,Qy,0).
3. THE DIRICHLET PROBLEM

Let © be a smooth bounded domain in R”, and p € (1,+00). We consider the
operator

—-A ifs=1
(3.9) Lopu = plo e
’ (=A)ju, f0<s<1,

where A, is the p—Laplace operator, that is
Apu = div(|Vu[P~2Vu),

and (—A); is the fractional p—Laplace operator, that is

(3.10) (—A)Su = 2K(1— 5)P.V. / [u) — “|<i/>|:|2$(:) —u) 4

n

with K is the constant of Theorem 2.14.
For further details on the fractional p—Laplace operator, we refer to [22, 29] and
references therein.

It is well known that the Dirichlet problem

{—Apu =h in Q,

3.11
( ) u =0 on 01,

has a unique weak solution for each h € W~1P(Q), i.e. there exists an uniqe
u € Wy (Q) such that

/Q V()P V() Vo(a) da = (hé) Y € C5(),

where (-,-) denotes the duality pairing between W,* () and W~12'(£2).



GLOBAL BIFURCATION FOR FRACTIONAL p-LAPLACIAN 9

We also recall that the weak solution is the critical point of the functional J; , :
Wy (Q) — R given by

1
J1p(v) = ;Mp hyv).

wiro) T
See, for instance, [40] and references therein.
Now, we study the Dirichlet problem for fractional p—Laplace equation.

Let s € (0,1), p € (1,400) and h € W' (). We say that u € WS (Q) is a
weak solution of the Dirichlet problem

frapeon o
if
K(l - S)Hs,p(ua ¢) = <h7 ¢> qu) S 080(9)3
where
(3.13)  Hyp(u,¢) = / ) / ) hu(z) - “E{W;ﬁ(j) — D) (4(2) — () dyda,

and (-,-) denotes the duality pairing between WgP(2) and W52 ().

It is clear that, the weak solutions are critical points of the functional Js,, :
WeP(Q) — R given by

1
Js,p(v) = EIC(l - 5)|U|€Vs,p(]1@n) - <h7U>~

Now, it is easy to see that J,, is bounded below, coercive, strictly convex and
sequentially weakly lower semi continuous. Then it has a unique critical point which
is a global minimum. Therefore the Dirichlet problem (3.12) has a unique weak
solution.

Thus, given s € (0,1] and h € W‘S’p/(Q), the Dirichlet problem

u=0 in R™\ Q,
has a unique weak solution us , 5 € Wb (©). Moreover, the operator

Rep: WP (Q) = W*P(Q)
h — Us. p,hs

is continuous. By the Rellich-Kondrachov theorem (case s = 1) and Theorem 2.12
(case s € (0,1)), the restriction of R, to L7 () with ¢ € (1,p}) is a completely
continuous operator, that is for every weakly convergent sequence {hj}ren from
LY (), the sequence {R.,(hi)}ren is norm-convergent in We2(Q).

Our next result show that the operator R ;, is continuous with respect to s and
h.
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Lemma 3.1. Let so € (0,1), p € (1,+00) and 1 < q < p} . Then the operator
R,: [s0,1] x L7 (Q) — LY(Q)
(s,h) = Rsp(h),
is completely continuous.

Proof. We start by proving that R, is compact.

Let {(sk, hi) ren be a bounded sequence in [sg, 1] x L7 (€2). We want to prove
that uy = R,(sk, hk) has a strongly convergent subsequence in L7(€).

For all k € N, uy, satisfies

‘uk|€[/'5k’P(Rn) :/Qhk(m)uk(x) dx.

Then, by Holder inequality and using ¢ < pj , we have
(3.15) kG ern@ny < Nkl Lo @llunllLa@) < Cllukllyzorq)
where C' is a constant independent of k. Thus, by Lemma 2.3, Lemma 2.5 and
(3.15), we get
lukllwsor@) < C

for some constant C independent of k. Hence {uy}ren has a strongly convergent
subsequence in L?(€2) due to {uy }ren is bounded in W*P(Q) and 1 < ¢ < pj, .

Finally, we show that R, is continuous.

Let (sg,hr) — (s,h) in [so,1] x LY (Q) as k — 400, ux = Ry(sk, hi) k € N,
and u = R,(s,h). We want to show that u; — w strongly in L(2). In fact, we
only need to show that u is the only accumulation point of {uy}ren due to R, is
compact.

Let {u;};en be a subsequence of {uy}ren converging to v in L7(£2). We have to
prove that v = u. It is enough to prove that

1 1 ~
(3.16)  —[ol%, — / v(z)h(z)de < —|wff , — / w(z)h(z)de Yw e WP(Q)

p Q p Q
where

lwl? = [0y (0) if s =1,
5,p Kl - 5)|w‘€V&P(R") if s € (0,1),
and v is the continuation of v by zero outside €.
On the other hand, we know that

1 1 —~
(3.17) Ll - / wy(@)h(z) do < TP — / w(z)h(z)dz Y € W5(Q).
P > Q p Q
Now we need consider the following two cases.

Case s # 1. Since u; — v strongly in L9(f2), we have that u; — v a.e. in R™.
Then, using that h; — h strongly in L7 () and by Fatou’s lemma, we have

1
P /Q v(@)h(z) dz < lim inf ~fu; 3, , = /Q uj(x)h;(w) de

Thus, for any ¢ € C§°(€2), by (3.18), (3.17) and dominate convergence theorem, we
get

1
3.18 “|@
(3.18) 5|

1~p—vxacx1p— z)h(x) dx
Yiiz, — [ v@n)de < 2ok, - [ s .
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Therefore, v € WS7P(Q) and by density, (3.16) holds.

Case s = 1. Let ¢ € C3°(€2). By (3.17) and Remark 2.15, we have

hmsupp|u]\g],p /Qv(x)h( )dxfhmsupphm%p /Quj(:z:)hj(x)dx

Jj—4oo _]—>+OO

< ];|¢|ﬁ’,p - /Q o(a)h(z) dx

’

due to u; — v strongly in L9(2) and h; — h strongly in L9 (). Then

1
(3.19) lim sup — |uj|sj’p < —loll, —/ dx—i—/ v(x
j—=+4oo P p Q Q

Therefore

‘uJ|577P <C

for some constant C' independent of j.
Thus, by Theorem 2.16, there exist w € Wol’p(Q) and a subsequence of {u;};en,
still denoted by {u;};en, such that

uj — w strongly in LP(2)
uj —w weakly in W'™=P(Q)

for all & > 0. Then v = w, and v € W} "*(1).
On the other hand, given € > 0, there exists jo € N such that 1 —¢ < s; for all
j > jo due to s; — 1. Then, by Remark 2.17

(320) K€|uj|€‘/l—s‘p(g) S QEPK(l — Sj)|Uj p

ey < 2Plusl2, Vi > o,

Thus, using u; — v weakly in W!~=7(Q) and by (3.20) and (3.19),
el . 1
2P Kelolfy 1y < limint s, < Sl [ pl@h(@)dot [ o@h(o)do.
Now, by Theorem 2.14, letting ¢ — 07 we get
ol < S1el, = [ @) o+ [ v@ha) da.
Thus, since @ is arbitrary, we have that
1 1 o
el — [ o@h()de < ek, - [ ph@)de Vo€ G (@)
b Q p Q
Hence, by density, (3.16) holds. This completes the proof. O

Remark 3.2. Let p € (1,+00). Then the operator

R,: (0,1] x L () — LP(Q)
(s,h) = Rap(h),

is completely continuous.
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4. THE EIGENVALUE PROBLEM WITH WEIGHT

In this section we show some results concerning the the following eigenvalue
problems

= p—2 .
(4.21) Lap(w) = A(@)ul”™*u in ©,
u=0 in R\ Q.

Here Q is a bounded domain in R™ with smooth boundary, s € (0,1], p € (1, +c0)
and he A= {f e L>*Q): {zx€Q: f(x) >0} >0}.

4.1. The case s = 1, the first p—eigenvalue. Let Q C R" be a bounded domain
with Lipschitz boundary, p € (1,+00) and h € A.
The first eigenvalue A1(1,p, k) can be characterized as

A1(1,p, h) = inf {|u€v1,p(m: ue WyP(Q), /Q h(z)u(z)|P dov = 1} ,

and it is simple and isolated, see [3]. For simplicity, we omit mention of h when
h =1, and thus we write A;(1,p) in place of A\;(1,p,1).

42. Case s € (0,1), the first fractional p—eigenvalue. Let Q@ C R™ be a
bounded domain with Lipschitz boundary, s € (0,1), p € (1,400) and h € A. In
this section, we analyse the (non-linear non-local) eigenvalue problem

{(—A);u = Mh(z)[ulP~2u, in Q,

4.22
(4.22) u=0, in R™\ .

A function u € W#P(9Q) is a weak solution of (4.22) if it satisfies

K1 = s)Hsp(u, ) = /\/Qh(x)IU(x)lp*QU(xW(x) dx, V¢ € C5o(Q).

We say that A € R is a fractional p—eigenvalue provided there exists a non-
trivial weak solution u € W*P(Q) of (4.22). The function u is a corresponding
eigenfunction.

The first fractional p-eigenvalue is

(4.23) Mi(s,p,h):=K(1—3s) inf{|u|€vswp(w): u € Ws’p(ﬂ),/ h(x)|u(z)Pde = 1}.
Q
As before, in the case h = 1, for simplicity, we write A1(s,p) in place of A1(s,p,1).

First we want to mention that {u € W*P(Q): Jo (@) |u(x) P de = 1} # 0 due to
{z € Q: h(z) > 0}| > 0. Therefore A\ (s,p, h) is well defined and is non-negative.

We also know that Ai(s,p) > 0 and there exists a non-negaive function u €
WyP(§2) such that
e u>0in, and u=01in R™\
e v is a minimizer of (4.23) with h = 1;
e u is a weak solution of (4.22) with A = A1(s,p) and h = 1, that is u is an
eigenfunction of (3.9) with eigenvalue A1 (s, p).
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Moreover A (s, p) is simple, and if sp > n then A (s, p) is isolated. See [29, Theorem
5, Theorem 14 and Theorem 19], [9, Theorems Al] and [22, Theorem 4.2].

The rest of this section is devoted to generalize these results for the first eigen-
value of (4.22).

Theorem 4.1. Let 2 C R™ be a bounded domain with Lipschitz boundﬂy, s €

(0,1), p € (1,400), and h € A There exists a non-negative function u € W9P(Q),
such that
o u#0 in )
e u is a minimizer of (4.23);
e u is a weak solution of (4.22) with A = A\i(s,p, h), that is u is an eigen-
function of (3.9) with eigenvalue \1(s,p,h).

Proof. Let {u;};en be a minimizing sequence, that is u; € W“’(Q)7
[ bl @) de =1 and timfus s = As.p.h)
Q J—+oo
Then {u;};en is bounded in W””(Q). Therefore, there exits a subsequence, still

denoted by {u;};en, and u € W*2() such that

u; — u weakly in WS”’(Q),
uj; — u strongly in LP(2).

Thus
/ h(z)u(z)dx =1
Q
and
By < 0Dl ) = A1)
Then |ul% = A(s,p, h), that is u is a minimizer of (4.23). It is easy to see

Wep (Q
that |u| is als(o)a minimizer of (4.23), this shows that there exists a non-negative
minimizer of (4.23).
Finally, by the Lagrange multiplier rule (see [31, Theorem 2.2.10]) there exists
a,b € R such that a + b # 0, and

alk(1 = 8)Hs p(u,v) + b/Q h(z)u(z)|P2u(z)v(z) de =0 Yo € WHP(1).

If a = 0, then b # 0 and taking v = u, we get [, h(z)|u(x)[? dz = 0 a contradiction
because [, h(z)|u(z)[P dr = 1. Hence a # 0, and without any loss of generality, we
can assume that a = 1. Then

K(1—s)Hsp(u,v) + b/ h(z)|u(z) P~ 2u(z)v(z)de =0 Yo € Ws’p(ﬂ).
Q
Again, taking v = u and using that
(1= )Mo p(10,0) = KL= )ullyr gy = M (5.5, 1)
and
/ h(z)|u(x)|P de =1,
Q
we have b = —\1(s,p, h). a
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Our next aim is to show that a non-negative eigenfunction associated to A1 (s, p, h)
is in really positive. For this we will need a strong minimum principle.

We star by a definitions. Let p € (1,+00), s € (0,1), h € L>=(f2), and X € R.
We say that u € W*P(Q) is a weak super-solution of (4.22) if
KL= Hay(.0) 2 2 [ Bl ule)o(e) de
Q

for all ¢ € C§°(Q),¢ > 0.

Following the proof of the DKP logarithmic lemma (see [17, Lemma 1.3]) we
have the following result.

Lemma 4.2. Let Q be a bounded domain, s € (0,1),p € (1,400), h € A, A >0
and u be a weak super-solution of (4.22) such that w > 0 in Br(xg) CC Q. Then

for any B, = B,.(w0) C Brp(z0) and 0 < <0
u(x) + 0 _ 1—
(B iy o |
/B,./B,. u(y) +96) ||z —y|mtsp Re\B,,. Y — Tol
+ ARl L1 (B,

where v~ = max{—u,0} and C depends only on n, s, and p.

P dady u=(y)Pt

Proceeding as in the proof of Theorem A.1 in [9] using Lemma 4.2 in place of
DKP logarithmic lemma, we get the following strong minimum principle.

Theorem 4.3. Let Q be a bounded domain, s € (0,1),p € (1,+00), h € A, A > 0,
and u be a weak super-solution of (4.22) such that u >0 in Q. If u # 0 in Q then
u >0 ae. in .

Corollary 4.4. Let Q C R™ be a bounded domain with Lipschitz boundary. Let
s€(0,1), p e (1,400), h € A, and u € Wi (Q) be a non-negative eigenfunction
corresponding to A1(s,p,h). Then v > 0 almost everywhere in ).

The proof of the result given below follows from a careful reading of [22, proof
of Theorem 3.2].

Theorem 4.5. Let Q be a bounded domain with Lipschitz, s € (0,1),p € (1, 400),
he A, XA>0, and u € Wi (Q) be a weak solution to (4.22). Then u € L (R™).

Now, we prove that Ai(s,p, h) is also simple when h # 1. For this we need the
following lemma. For the proof see Lemma 6.2 in [2].

Lemma 4.6. Let p € (1,400). For v >0 and u > 0, we have
L(u,v) >0 n R"™ x R"

where

L(u,v)(x,y) = luly) —u(@)|? ~[v(y) ~ v(@)P2(0(y) () ( uwl Wﬁi) :

vyt u(z)
The equality holds if and only if u = kv a.e. for some constant k.

Theorem 4.7. Let Q C R™ be a bounded domain with Lipschitz boundary, s €
(0,1), p € (1,4+00), h € A, and u be a positive eigenfunction corresponding to
A1(s,p, h). If X > 0 is such that there exists a non-negative eigenfunction v of (3.9)
with eigenvalue X, then A = A\1(s,p, h) and there exists k € R such that v = ku a.e.
in Q. Therefore the first eigenvalue A1 (s,p,h) is simple.
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Proof. Since A1(s,p,h) is the first eigenvalue we have that Ai(s,p,h) < \. Let
1

m € Nand v,, =v+ —.
m

P
We begin by proving that w,, = % € W=P(Q). It is immediate that w,, =0
Um
in R"\ Q and w,, € LP(Q), due to u € L>®(R), see Theorem 4.5.
On the other hand
u()? —u(z)” | u(@) (v (2)P~! = v (2)P71)
U (y)P U (Y)P~ 10 ()P
[0 ()P~ = v ()P
U (Y)P~ o ()P
<mP~p(u(y)P ™t + u(@)P ) |uly) — u(@)]
[V (Y)P 2 + v (2)P 2|
’Um(y)pflvm(iﬂ)pfl |U7R(y) ’Um(x)|
<2l qymP  pluly) — u(z)|
1 1
+ [Jull? -1 ( + ) v(y) —v(z
ol oy = 1) (5 + 7 ) o) = 0o
<C(m,p, [[ull e (o)) (July) — u(@)| + |v(y) — v(z)])
for all (z,y) € R™ x R™. Hence w,, € WS’P(Q) for all m € N due to u,v € /I/Ivfsvp(Q).

Then, by Lemma 4.6 and since u,v € W (2) are two positive eigenfunctions
of problem (3.9) with eigenvalue )\1(3 p,h) and A respectively, we have

(u, vn)(z,y)
0</n/n |:v— ‘n%p — 2 BT dady
|pdd
/n/n |I_y|n+5p Y

/n/n lv(y 7v|x _py|2r$+£g)v(x)) < u(y)): - v:((;f): 1) drdy

)
)P das — )
IC( {)\1 s,p, h / h(z dx )\/ h(z (x)P*1 dz o .
By the Fatou’s lemma and the dominated convergence theorem

/n/n |x_ |n+sp d dy=0

due to Ai(s,p,h) < A. Then L(u,v)(z,y) = 0 a.e. Hence, by Lemma 4.6, u = kv
for some constant k > 0. O

|wm (y) — wm(2)| =

< u(y)? — ul@)?| + ul g

+ [ ull e @) (p = 1)

By Corollary 4.4 and Theorem 4.7, we have that A (s, p, h) is simple.

Theorem 4.8. Let Q C R™ be a bounded domain with Lipschitz boundary, s €
(0,1), p € (1,+00), and h € A. Then Ai(s,p) is simple.

Now, we get a lower bound for the measure of the nodal sets

Lemma 4.9. Let @ C R™ be a bounded domain with Lipschitz boundary. Let
€ (0,1), p € (1,+00,), so € (0,min{"/p,s}), and h € A. If u € W*P(Q) is an
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eigenfunctions of (3.9) with eigenvalue A > A(s,p, h), then there exists a constant
C (independent of A\ and u) such that

I

0
Kin—sopl™  \B5T _ o0
02(1_30)p80/\||h”Loo(Q) o

Here QF = {z € Q: u(x) > 0}, @~ = {z € Q: u(zr) < 0}, and C is a constant
depending both on n and p.

Proof. Let ut(z) = max{0,u(z)}. By Theorem 4.7, u changes sign then u™ # 0.
In addition, u*™ € W?(Q) and
[t (@) —ut ()7 < ul@) — uy) "7 (ul@) - uly)) (u® (2) - u*(y))
for all (z,y) € R™ x R™. Therefore,
A
+p < M, NN h + P
ey < P < s [ H@l" @) da

/\||h||L°°(Q)
< 7= Y p .
S K —s) /Q+ |u™ (x)|Pdx

On the other hand, by Remark 2.18, there exists a constant C' = C(n,p) such
that

(4.24)

1—3s)

_ S
ull e, < Cati=sop_S0l e

(TL — Sop)p71 Ws.p(R™)
Then, by (4.24) and Holder’s inequality, we get
AllRl| Lo T
o, < (o(1—s0)p 50 @ 1+ P +| 7
||U HLT‘SO(Rn) — C2 K(n_sop)p_l ||7_L ||LP§O(Q)|Q | o .

Hence

[

S0
K(H—Sop)p_l Pio =P < |Q+‘
C2(1=50)pso || 2| oo (02) - .

In order to prove the second inequality, it will suffice to proceed as above, using
the function v~ (2) = max{0, —u(z)} instead of u*. O

Finally, we show that the first eigenvalue is isolated.

Theorem 4.10. Let Q2 C R™ be a bounded domain with Lipschitz boundary, s €
(0,1), p € (1,40), and h € A. Then the first eigenvalue is isolated.

Proof. By the definition of A (s, p, h) we have that A\ (s, p, h) is left—isolated.

To prove that A1 (s, p, h) is right—isolated, we argue by contradiction. We assume
that there exists a a sequence of eigenvalues { A }ren such that A\, > A1 (s, p, h) and
A\« A1(s,p,h) as k — +oo. Let uy be an eigenfunction associated to Ag, we can
assume that

/ (@) (2)|P d = 1.
Q
Then {ug }ren is bounded in Wee (©) and therefore we can extract a subsequence
(that we still denoted by {u }ren) such that
urp —u  weakly in AW/S”’(Q),
ug — u  strongly in LP(9).
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Then
[ r@luta)p iz =1
Q
and
K= 9)lulfyep@n) < K1 = 8)liminf fuglfy., )

= lim )\k/h )| ug (z)|P dz

k—4o00

— M (s,p.h) /Q h(@)|u()P dz

Hence, u is an eigenvalue of (3.9) with eigenvalue A1 (s, p, h). By Corollary 4.4, we
can assume that u > 0.

On the other hand, by the Egorov’s theorem, for any € > 0 there exists a subset
Ac of © such that |A.| < ¢ and up — u > 0 uniformly in Q\ A.. This contradicts
the fact that, by Lemma 4.9,

( K(n — sop)P~!
02(1—80)1780)% ||h||L°°(Q)

where sg € (0, min{s,7/p}). This proves the theorem. O

Py

)p*o_p < Hz € Q: ug(z) <0}

4.3. Global properties. In the rest of this section, for simplicity, we will take
h=1.

Lemma 4.11. Let Q@ C R" be a bounded domain with Lipschitz boundary and
€ (1,400). The first eigenvalue function A1(-,p): (0,1] — R is continuous.

Proof. Let {s;}jen be a sequence in (0, 1] convergent to s € (0,1]. We will show
that

(4.25) lm Aqi(sj,p) = M(s,p).

j—+oo

We need to consider two cases: s € (0,1) and s = 1.

Case s € (0,1). Let ¢ € C§°(£2). Then

le(@) el ,
n Jre |x—y|"+5ﬂ’ Y
[ et@p i

for all j € N. Therefore, by dominated convergence theorem,

le(@) — ey)?
dxd
// e dedy
limsup A (s;,p) < K(1 .
j—r+oo /|<p )|P dx

As ¢ is arbitrary

Ai(sj,p) < K(1—sy)

limsup A1 (s;,p) < Ai(s,p)

Jj—+oo

due to (4.23).
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Thus, to prove (4.25), we need to show that

liminf A\ (s;,p) > Ai(s,p).
J—+oo

Let {si}ren be a subsequence of {s;},cn such that

(4.26) lim  A(sg,p) = liminf Ay (s;,p).
Jj—+oo

k—+o0

Let uy be an eigenfunction of (3.9) with eigenvalue A;(sg,p) such that
|uk|WSk*p(R") =1.

Then, for any k € N we have that u; € Wsk’p(Q), up #0in Q, up = 0in R™ \ Q,
and

(4.27) AL(sks P)uklfp ) = K(1 = si)[uklworr @) = K(1 = sk).

On the other hand, given € > 0 there exists kg € N such that s — e < s for all
k > ko and, by Lemma 2.3, we have

1 1
(4.28)  |ug|ws-co@mn) < \Uk|€VSk,p(Rn) +C(n,p) ((S_E>p - sw) HukHiP(Q)'

for all k > ko. Thus, by Lemma 2.5, (4.28) and using that |ug|wsx.r@n) = 1, we

have that {ug}r>k, is bounded in WS’”’(Q). Then there exists u € WP (Q)
such that, for a subsequence that still call {ug }r>k,,

(4.20) up —u  weakly in WS*E”’(R”),
up — u  strongly in LP(Q).

By (4.27), (4.26) and (4.29),

ljlgl_‘}glof /\1(5j7p)||u||1£p(g) =K(1-s).

Thus u # 0 in Q.
On the other hand, by (4.29), (4.28) and (4.27), we get

KL= s)luliys ey < Hminf (1= si)lurlyyo e )

k— 400

< lim inf {K:(l — Sk)‘ukwvsk,p(ﬂ)

+C(n, p)K(1 — i) <(3_18)p - 8;1;0) ||Uk||ip(9)}

= lklglilg {M(Skvpﬂuk“zp(n)

+C(n,p)K(1 — s3,) ( L 1) ”ukHII:p(Q)}

(s—¢)p  skp
= ljlinﬁ&f )\1(8;'7]9)”11”2@(9)

] e e L
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As e > 0 is arbitrary, by Fatou Lemma, we have

]C(l - S)|u‘€Vs,p(Rn) S ’C(l - 5) h;g(l)gf ‘umys—s,z?(]}{n)
(4.30) L P
< diminf A (s, p)l|ullZo o)-
Finally, by (4.23) and (4.30), we get

|u|p s n
A(s,p) < K(1 - S)WP(Rw < liminf A (s, p).
Lp(Q) J=too

Case s = 1. Let ¢ € C§°(2). Then, for any j € N

‘P
/n/n \m— |n+sp dxdy
/Isz7 )P dx

Thus, by Remark 2.15 and the above inequality, we get

e as
lim inf A1 (s, p)

Jrkoo / (@) de

limsup A (s5,p) < Ai(1,p).

j—+oo

)\1(3j7p) < IC(

As ¢ is arbitrary

As in the previous case, to prove (4.25), we need to show that

liminf A\ (s;,p) > Ai(s, p).
Jj—+oo

Let {si}ren be a subsequence of {s;},en such that

(4.31) pm Alsk,p) = liminf Ay (s;, p).

Let ug be an eigenfunction of (3.9) with eigenvalue \;(sg,p) such that
K1 = si)lug|weir@n) = 1.

Then, for any &k € N we have that uy € Wsk’p(fl), ug #0in Q, up =0 in R™\ Q,
and

(432) Al(sk,p)HukHiP(Q) = ’C(l — sk)|uk|Wsk,p(Rn) =1.

On the other hand, by Theorem 2.16, we can extract a subsequence (that we
still denote by {ux}ren) such that

(4.33) up —u  weakly in W'™5P(Q),
(4.34) up — u  strongly in LP(Q),

for all € > 0, to some u € Wy (€). Thus, by (4.31), (4.32) and (4.33), we have

ljlgﬁg )\1(5j7p) ||U||Z£p(g) =1
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/|Vu|pda;
= lim inf A ( s],p/\Vu )|P dz.

/ e

On the other hand, given € > 0 there exists kg such that 1—e < s for all k£ > k.
Then, by Remark 2.17 and (4.32), we get

Then

(4.35)

Kelug|wr-<r) < 2FK(1 = sp)|uglwer ey <2 Vk > ko.

Thus, by (4.33),
(4.36) Kelulwi—<r(q) < lklgl_’l_g Kelug|wi-er) < 2.

As ¢ > 0 is arbitrary, by (4.36) and Theorem 2.14, we have that
(4.37) /Q [Vu(@)f = Tim Kelulws-so) < 1.

Finally, by (4.35) and (4.35), we get

A(Lp) < lim inf A (s, p).

This completes the proof. (I

For the proof of the following lemma we borrow ideas from [15, Lemma 2.3].

Lemma 4.12. For every interval [a,b] C (0,1] there is a § > 0 such that for all
s € [a,b] there is not eigenvalue of (4.21) in (A1(s,p), M (s,p) + 0].

Proof. Suppose the lemma were false. Then we could find sequences {si}ren in
(0,1], { M }ren in Ry and {ug }ren in W5P(Q) \ {0} such that

lim s =s€(0,1], Mg > Ai(sk,p) VkeN, lim Ay — Ai(sg,p) =0,
k— o0 k— o0

and for all k € N [Juy| zro) = 1 and

(438) Uk = Rsk,p()\k\uk|p_2uk).
By Lemma 4.11,
(4.39) lim A = Ai(s,p)
k—o0

On the other hand {|ug[P~2uy }rey is bounded in LP'(Q) due to lukllLr @) =1
for all k& € N. Then, by Lemma 3.1, there exist u € LP(2) and a subsequence of
{ug }ren, still denoted {uy }ren, such that ug — u in LP(2) as k — +oco. Thus

(4.40) lug P2y, — [u[P~2u  strongly in LP'(€).
Then, passing to the limit in (4.38), using (4.39), (4.40) and Lemma 3.1, we get
u =R p(Ai (s, p)|ul’~*u).

Therefore u is an eigenfunction associated to Ai(s,p). Then, by Corollary 4.4 and
Theorem 4.7, we may assume without loss of generality, that u > 0.
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On the other hand, given sy € (0, min{s,n/p}) there exists kg € N such that
sk > s for all k > kg due s — s as k — +oo. Thus, by Lemma 4.9, we get

*
Ps

_ p—1 ng
(S Y57 <o ety <o) vz

02(1_50)p80>\k

Then, since ur — u in LP(2), u must change its sign in €, contrary to the fact that
u > 0. (I

5. BIFURCATION

Let @ C R™ be a bounded domain with Lipschitz boundary, s € (0, 1], and
p € (1,400). In this section we consider the following non-linear problem:

(5.41)

Lsp(u) = MulP~2u + f(x,u,\) in £,
u=0 in R™\ .

where f: Q x R x R — R is a function such that

(1) f satisfies a Carathéodory condition in the first two variables;

(2) f(z,t,\) = o(|t|P~!) near ¢ = 0, uniformly a.e. with respect to x and
uniformly with respect to A on bonded sets;

(3) There exists ¢ € (1,p%) such that

f (.8, M)

=0
[t|—>+oo  [E|27L

uniformly a.e. with respect to x and uniformly with respect to A on bonded
sets.

A pair (A, u) € R x W‘W(Q) is a weak solution of (5.41) if

9un(.8) = [ (@) 2u()o(e) + f(,10, ) 0(a) do

Q
for all ¢ € C§°(2). Where

K(1—8)Hsp(u, @), if0<s<1,
Dsp(1t,9) = / |Vu(2)|P2Vu(z)p(x)de  if s = 1.
Q

Remark 5.1. The pair (A, u) is weak solution of (5.41) iff (u, \) satisfies
u =R p(NulP~2u+ F(u,\))
where F'(-, \) is the Nemitsky operator associated with f.

We say that (A,0) € R x Ws’p(Q) is a bifurcation point of (5.41) if in any
neighbourhood of (A, 0) in R x W*P() there exists a nontrivial solution of (5.41).

The proof of the following result is analogous to that of Proposition 2.1 in [15]

Lemma 5.2. Let  C R™ be a bounded domain with Lipschitz boundary, s € (0, 1],
and p € (1,+400). If (A, 0) is a bifurcation point of (5.41) then X is an eigenvalue
of (4.21).
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Let, s € (0,1), and p € (1,400). For A < A1(s,p) or A1(s,p) < A < Aa(s,p) the
function v = 0 is the unique solution of
u= Rsyp(/\\u|p72u),
where
A2(s,p) == inf {\ > A(s,p): A is an eigenvalue of (4.21)}.
Then for A < A(s,p) or A\1(s,p) < A < A\a(s,p) we define the completely contin-

uous operator ’7?]) : W&P(Q) — WP(Q)
Tp(w) = Rop(Mul”"?u).
Thus
degWS’P(Q) (I - 72\177 B(Oa ’I"), O)
is well defined for any A < A (s,p) or A1(s,p) < A < Ao(s,p) and r > 0.

Theorem 5.3. Let t € (0,1], p € (1,400), and r > 0. then

L if A < \i(t,p),

deg, I—T2,B(0,r),0) =
el = Tipy BO,7),0) {1, if Ai(t.p) < A < ha(t,p).

This result is a generalization of Proposition 2.2 in [15], where the authors show
that

1
-1

3 lf)‘< A1(17p)a

5.42)  degyriwon (I — TP (u), B(0,7),0) =
( ) egWO (Q)( 7—1517(”) ( r> ) { ) lf Al(lvp) < A < )\2(1ap)

Proof. We begin by the case A\ (t,p) < A < A1(¢,p). By Lemmas 4.11 and 4.12,
there exists a continuous function p: (0,1] — R such that

A1(s,p) < p(s) < Auls,p) Vs € (0,1],
and p(t) = A. Then it is sufficient to prove that the function d: (0,1] — R
d(s) = deggp. o (I = TEy, B(0,7),0)

S,p
is constant due to d(1) = —1
Let s € (0,1].W e define the operator Ps: LP(2) — W*P(Q) as

Ps(u) = Rs,p(p(s)‘ulp_2u)
Then P, is completely continuous and
7'9;)]()5) =Pso1
where 7: Ws’p(ﬂ) — LP(2) is the usual inclusion. Thus, by Lemma 2.21, we get
(5.43) d(s) = degpp)(I —i0Ps,0,0) Vs e (0,1]

where O is any open bounded set in L”(2) such that 0 € O.
On the other hand, since p is continuous and by Lemma 4.11, we get that the
homotopy
(0,1] x LP(Q2) — LP(QQ)
(s,u) = Ry p(p(s)[ulP~?u) = (i o Ps)(u)
is completely continuous. Then d(s) is constant in (0, 1] due to the invariance of
the Leray-Schauder degree under compact homotopy and (5.43).
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Finally, we consider the case A < A\1(¢,p). Given a € [0,1], the degree
deng(Q) (I - Rt7p<a)‘\llp<'))7 B(07 7”), O)

is well defined. Here W,(u) = |u[P~?u. Then, from the invariance of the degree
under homotopies, we get

degwtwp(ﬂ)(f — Rsp(tAT,(+)), B(0,7),0) = degw,”p(ﬂ)(f, B(0,7),0) =1
for all a € [0, 1]. O

Finally, proceeding as in the proof of Theorem 1.1 in [15], we can prove Theorem
1.1.

6. EXISTENCE OF CONSTANT-SIGN SOLUTION

Let Q@ C R™ be a bounded domain with Lipschitz boundary, s € (0,1), p €
(1,400), and g: R — R be a continuous function such that ¢g(0) = 0. In this
section, we will apply Theorem 1.1 to show that the following non-linear non-local
problem

(=Ap)u=g(u) inQ,
(6.44) {u =0 in R™\ Q.

has a non-trivial weak solution. Observe that u = 0 is a solution of (6.44).

We will keep the following assumptions about g, throughout this section:

Al. |sg|158)23 is bounded;

_g(s) . 9(s)
2 3y 0 <0 <

Note that, if g satisfies A1 and A2 then
g(s) = Als["%s + f(s),

where f(s) = o(|s|P~!) near s = 0. Then, our problem is related to the next
bifurcation problem
(6.45) (=) u = NuPu+ f()  in

u=0 in R™\ Q.

By Theorem 1.1 there exists a connected component € of the set of non-trivial
solution of (6.45) in R x WP (Q2) whose closure contains (\(s,p),0) and it is
either unbounded or contains a pair (A, 0) for some A, eigenvalue of (4.21) with
A > /\1(s,p).

Lemma 6.1. Let Q C R™ be a bounded domain with Lipschitz boundary, s € (0,1),
and p € (1,400). Then € is unbounded and

¢ c A ={(\(s,p),0)}U(Rx 2),

where P == {v € W*P(Q): v has constant-sign in 2}
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Proof. We split the proof in 3 steps.

Step 1. There exist a neighbourhood U of (Ai(s,p),0) in R x W”’(Q) such that
¢€NUN\{(M(s,p),0)} CRx 2.

Let us assume by contradiction the existence of a sequence {(Ag,ug)}tren of
non-trivial solution of (6.45) such that uj changes sign in Q for all £ € N and
(Mg, ug) = (A1(s,p),0) in R x W“"J’(Q) as k — +oo.

For any k € N, since hy = Mg + F(r)/|uy|P~2u; is uniformly bounded in Q and
ug changes sign in Q, by Corollary 4.4 we have that 1 is an eigenvalue (4.22) with
h = hy, and 1 > A{(s,p, hx). Thus, by Lemma 4.9 and using that hy is uniformly
bounded in €2, there exist a constant C' independent of k such that

(6.46) {z € Q: ug(z) >0} > C and [{x € Q: up(x) <0} >C VEkeN.

On the other hand, taking o = uk/nuknm,p(m, it follows that the sequence
{tx }ren 18 bounded in WP () then, via a subsequence if necessary, we have that
there exists u € W*P(Q) such that

a — u weakly in W“’(Q),
U — w strongly in LP(2),

Uy — u a.e. in €

By (6.46),
(6.47) u # 0 and u changes sign .
Moreover
~ )P ; _ | () — () |”
K(l S)|U|Ws,p(Rn) S kETOOIC(]. S)/n Wd dy
= kginoo A hi(z) |tk |? dz

= M(5,p) / ful?dz,
Q

due to hy is uniformly bounded in Q, hg(z) — Ai(s,p) ae. in Q and 4 — u
strongly in LP(€2). Then

)P
/n/n |x— |n+ép ————=dady
/|u|pdx

Thus, by definition of A;(s,p), we have that u is an eigenfunction associated to
A1(s,p). Therefore, by Corollary 4.4, |u| > 0, that is u has constant sign, this yield
a contradiction with (6.47). Hence the claim follows.

Step 2. € C .

Again we proceed by contradiction. Suppose that there exist (g, ug) € € such
that can be approximated by elements of € from inside and from without J#. By
step 1, (Ao, uo) # (A1 (s,p),0).

Case ug = 0. Thus A9 # Ai(s,p). Proceeding in a similar manner as in the
previous step, we can see that Ao is an eigenvalue of (4.22) with h = 1 different to
A1(s,p) and arrive to a contradiction.

S )\1(57]))-
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Case up # 0. We know that there exist {(Ag,ux)}reny C € N such that
Mk, ur) = (Ao, up) in R x W#P(Q). Therefore ug is either non-negative or non-
positive and ug is a weak solution of

f (Uo)

_ -2 .
(—A)yu= ()\o + |u0|PQu0) [ulP™*u  in Q,
u=0 in R™\ Q.
Without loss of generality, we can assume that ug > 0 a.e. in Q. Since Ay +
J(0)/|ug|P~2u, is bounded, by Theorem 4.3, we have that uy > 0 a.e. in Q. Thus
(Mo, up) € A. Argument in similar manner that in step 1, we can show that (Mg, uo)

can not be approximated by elements of € from without /7, contradicting the fact
that (Ao, ug) can be approximated by elements of € from without 7.

Step 3. € is unbounded.
Since ¢ C J, € does not contain a pair (A,0) for some A, eigenvalue of (4.21)
with A > A1(s,p). Then by Theorem 1.1, ¢ is unbounded. O

Our next aim is to show that ¢ N ([A, +00) X W‘”’(Q)) is bounded. For this,

we will need the following result. The proof is identical to the proof of [15, Lemma
3.2].

Lemma 6.2. There exists a positive constant C' such that if (\,u) € € then A < €.
Then for showing that € N ([A, +00) X W“’(Q)) is bounded, it is enough to
prove the result given below.

Lemma 6.3. There exists a positive constant M such that for any (A\,u) € € N
([A, C] x W”’(Q)) we have that ||ull57..y < M. Here C' is the constant of Lemma
6.2.

(@)

Proof. Suppose by contradiction that there exists a sequence {(Ag,u)}ren of el-
ements of € N ([A, C] x Ws’p(Q)) such that Ay — A\p and HukHWs,p(Q)

k — 4o00. Without loss of generality we can assume that ug > 0 for all k¥ € N.
Taking g = “k/|luklls,p o, and by = f)/jug|P~2u,, for any k € N we have that

— +00 as

N A Ip—2 A U A~ p—2
U = R&p ()\k|uk|p 2uk + Z(ik)h”ﬁlp 2uk> .

On the other hand, {f(ux)/|uy|?~2us }ren is uniformly bounded due to g satisfies
A1, then there exists h € L>=(§) such that

f(ur)

LA AN 1 q
=T h weakly in LI(Q}) Vg > 1.

Since R, to L7 () with ¢ € (1,p}) is a completely continuous operator, we
have that there exists ug € W*P(Q) such that up — ug strongly in W*?(Q)) and
g = R p (Mo|uol?>uo + hlug[Pup)
that is ug is a weak solution of
(=A)u= (Ao + h(x)) |ufP?u  inQ,
u=20 in R™\ Q.
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Observe that ug # 0 and u > 0 due to ||{Lk.||v75,p(m =land dx >0in Q. The p =1
is the first eigenvalue of

(6.48) (=2)5u = p (o + h(x)) [ul”™*uin O,

u=0 in R™\ Q.
and ug is an eigenfunction associated to 1. Then, by Corollary 4.4, we have that
ug > 0 in .

Claim. h > X — )\ a.e. in Q where \;(s,p) < A < liminf g(s )2
|s|~>+oo| |p S

Suppose the contrary, that is the set A = {x € Q: h(x) < X — A} has positive
measure. Since 4 — ug > 0 a.e. in €2, by the Egorov’s theorem, there exists a set
U C Q such that |Q\ U] < |A] and up — +oo uniformly in U. Then there exists
ko € N such that f(ur)/juy|P=2u, > X — A for all k > ko because

A1 ( )<)\< lim inf & = X+ liminf f(S)

|s|—+oo |$[P25 |s|—+oo |$[P2s

and therefore h(z) > X — A a.e. in U. Thus A C Q\ U, then |A| < |Q\ U| < |4],
which is a contradiction. Hence, the claim follows.

Since h(x) > A—Xdae inQ Ag—A>0and A > \(s,p), we get Ao + h(x) >
Ao+ A=A> (s, p).
On the other hand, since p is the first eigenvalue of 6.48, we have that

I

/ (Mo + (@) $(@) P dx
Q

1< K(1—s) Yo € C°(Q).

Then for any ¢ € C§°(2)

(o + X~ Dl o) < [ o B@) o) do < K(1 = )10l ey
due to our claim. Then
M+A=A<Ni(s,p) <Ao+A-A

getting a contradiction. Thus the lemma is true.

Finally we establish the main result of this section.

Theorem 6.4. Let g: Q — R continuous such that g(0) = 0 and g satisfies Al
and A2. Then there exists a non-trivial weak solution w of (6.44) such that u has
constant-sign in §2.

Proof. By Lemma 6.2 and Lemma 6.3, € N ([Aa +00) X Ws’p(Q)) is bounded. On

other hand, by Lemma 6.1, % is unbounded. Then there exists (A, u) € ¥, due
to € is connected. By A2 A < Ai(s,p) and Lemma 6.1, u has constant-sign in Q.
Therefore u is a non-trivial weak solution of (6.44). O
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