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ABSTRACT. In this paper we study the game p—Laplacian on a tree, that is,

u@) =5 { max v+ min w425 ),
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here z is a vertex of the tree and S(z) is the set of successors of x. We show,
among other properties of the solutions, a characterization of the subsets of
the tree that enjoy the unique continuation property, that is, subsets U such
that u |y= 0 implies u = 0.

1. INTRODUCTION

Our main goal in this paper is to analyze for which sets the unique continuation
property is valid for the nonlinear equation known as the game p—Laplacian on a
tree. This nonlinear equation reads as follows

o B
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Here z is a vertex of the m-branches directed tree T,, and S(z) is the set of
successors of that vertex (see Section 2 for details).

Equation (1.1) arises naturally when one considers Tug-of-War games. In fact,
let us describe the game that gives rise to (1.1). This is a zero sum game with two
players in which the earnings of one of them are the losses of the other. Starting
with a token at a vertex xg € T,,, the players flip a biased coin with probabilities
a and B, o+ § = 1. If the result is a head (probability ), they toss a fair coin to
decide who move the token. If the outcome of the second toss is heads, then Player I
moves the token to any x1 € S(x¢), while in case of tails, Player IT moves the token
to any x1 € S(xg). In the other case, that is, if they get tails in the first coin toss
(probability ), the game state moves according to the uniform probability density
to a random vertex x1 € S(zp). They continue playing and given a continuous
function F : [0,1] — R, the final payoff is given by limy_, oo u(xg) = F(w). This
game has a value u that verifies a Dynamic Programming Principle formula, that
for this game is given by (1.1). This can be intuitively explained as follows: the
expected value of the game is the sum among all possibilities of the expected value
in the successors. Note that Player I tries to maximize the expected value while
Player II tries to minimize it. Hence, there is /2 probability of each player to win
(and hence «/2 probability to move to the vertex where the maximum is located
and «/2 to the minimum) and S probability of the random choice of the next
point. Formula (1.1) encodes all these possibilities. See Section 3 for more details
concerning the game.
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Also equation (1.1) can be viewed as a combination (with coefficients o and )
of the discrete infinity Laplacian, studied in [22], that is given by

1

3 {yren‘gé) u(y) + in U(y)} —u(x)

and the discrete Laplacian that in this case is given by

= ) —ul)

yeS(z)

The study of the unique continuation property for solutions of differential equali-
ties and inequalities of second order elliptic operators with smooth and non-smooth
real coeflicients has a large history and is essentially complete. Let us state a clas-
sical strong unique continuation result for the divergence-form linear equation

div(A(z)Du) + (b(z), Du) + c(x)u = 0.

Classical unique continuation property. Let Q@ C RN be a connected domain.
Under adequate assumptions on the coefficients A, b and ¢, if u is a weak solution
that vanishes in an open subset of 2, then v =0 in Q.

A general version of this statement is proved by Hormander [8] using Carleman
estimates. See also [4] that contains a proof of the result via monotonicity formu-
las. This result was recently generalized to fully nonlinear equations (under some
assumptions on regularity of the equation) in [1]. For more details and references
concerning unique continuation we refer the reader to [7, 9, 12, 13, 20, 23].

Concerning unique continuation for quasilinear problems like the p—Laplacian,
div(|Vu[P72Vu) = 0, in [16], the author proves the strong unique continuation
property in the plane for all 1 < p < 400, see also [3]. In the higher dimensions, as
far as we know, the problem remains open for p # 2. Recently, in [5] , the authors
deal with this problem by studying a certain generalization of Almgren’s frequency
function for the p—Laplacian. Using this approach the authors have obtained some
partial results. See also the reference [6].

In the case of connected finite graph this problem can be stated as follows: Let
E be a connected finite graph. We assign to every edge of E length one and we
define d(z,y) = infy, |z ~ y|, where  ~ y is the path connecting vertex z to
the vertex y and |z ~ y| is the number of edges in this path. Assume that u is a
solution to (1.1) on E (these functions are also called p—harmonious functions, see
[22]) and that u = 0 on Bgr(z) where Br(z) is the ball of radius R > 0 centered at
a node x of E contained within this graph. Does it imply that «w = 0 on E? The
answer to this problem is negative, see examples in Section 3.6 of [22]. Also, in [22],
the author proves the existence and uniqueness and a comparison principle for the
Dirichlet problem for (1.1) in the case of a connected finite graph and in the case
where the graph is Ts.

1.1. Main results. Our results can be summarized as follows: first, for a general
m-branches directed tree, we prove existence, uniqueness and a comparison principle
for the Dirichlet problem for (1.1). In addition we present an approximation scheme
that can be used to approximate numerically the solution when the boundary data
is a Lipschitz function. Next, we prove our main result, that is a characterization
of the sets U C T,, for which the unique continuation property holds. As we
have mentioned, this means that any bounded solution to (1.1) that vanishes on U
vanishes everywhere in T,,.

Organization of the paper. In Section 2 we collect some preliminary facts
concerning trees and solutions to (1.1); in Section 3 we describe with some details
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the associated Tug-of-War game and use it to prove existence and uniqueness for
the Dirichlet problem and a comparison principle for solutions to (1.1); in Section 4
we present a numerical scheme that approximates solutions to (1.1) and, finally,
in Section 5 we prove our main result characterizing the sets for which unique
continuation hold.

2. PRELIMINARIES

2.1. Directed Tree. Let m € Nso. In this work we consider a directed tree
T,, with regular m—branching, that is, T,, consists of the empty set () and all
finite sequences (a1, as, ...,ax) with k € N, whose coordinates a; are chosen from
{0,1,...,m — 1}. The elements in T,, are called vertices. Each vertex x has m
successors, obtained by adding another coordinate. As we mentioned in the in-
troduction, we will denote by S(z) the set of successors of the vertex x. A vertex
x € T, is called a n—level vertex (n € N) if x = (a1, as2,...,a,). The set of all
n—level vertices is denoted by T7,.

Ezample 2.1. Let k € N>3. The 1/s—Cantor set, that we denote by C1/,, is the set of
all z € [0, 1] that have a base r expansion without the digit 1, that is = > a;x™7
with a; € {0,1,...,s — 1} with a; # 1. Thus Cy, is obtained from [0,1] by
removing the second k—th part of the line segment [0, 1], and then removing the
second interval of length 1/x from the remaining intervals, and so on. This set can
be thought of as a directed tree with regular m—branching with m = x — 1.

For example, if x = 3, we identify [0, 1] with @, the sequence ((, 0) with the first
interval right [0,1/3], the sequence ((,1) with the central interval [1/3,2/3] (that is
removed), the sequence ((,2) with the left interval [2/3,1], the sequence (,0,0)
with the interval [0, /9] and so on.

AN AN AN AN AN AN
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A branch of T,, is an infinite sequence of vertices, each followed by its immediate
successor. The collection of all branches forms the boundary 9T,, of T,,.

We now define a metric on T,,, U dT,,. The distance between two sequences (fi-

nite or infinite) 7 = (a1,...,ax,...) and 7 = (a},...,a,...) is m~ K+ when
K is the first index k such that ar # a); but when 7 = (a1,...,ax) and
7' = (a1,...,aK,a% ,...), the distance is m~%. Hausdorff measure and Haus-

dorff dimension are defined using this metric. We can observe that T,, and OT,,
have diameter one and dT,, has Hausdorff dimension one. Now, we observe that
the mapping 1 : 9T,,, — [0, 1] defined as

+oo a
— Sk
h(m) = Z mk
k=1
is surjective, where 7 = (aq,...,ax,...) € 0Ty, and ai € {0,1,...,m — 1} for all
k € N. Whenever z = (a1, as,...,a) is a vertex, we set

(x) = (a,ag,...,a5,0,...,0,...).
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We can also associate to a vertex © = (a1, as,...,ax) an interval I, of length #
as follows

I = (), () + -

Observe that for all x € T,,,, I,NAT,, is the subset of OT,,, consisting of all branches
that start at x.

2.2. p—harmonious functions. Inspired in [22] and [19] we give the definition of
the p—harmonious function that we will consider throughout this paper.

Definition 2.2. Let «, 8 > 0 such that a+ 5 = 1. A function u : T,,, — R is called
p—subharmonious if

o s

u(x) < —< max u(y)+ min u + — U Vo € T,y,,

(@)= 5 { max a4 min )+ 2P w) vee,
yeS(x)

and p—superharmonious if the opposite inequality holds for all z € T,,. We say

that u is p—harmonious if u is both p—subharmonious and p—superharmonious.

Remark 2.3. If u is a p—harmonious function on T,,, then ut = max{u,0} and
u~ = max{—u, 0} are p—subharmonious functions on T,,

Next, we collect some properties of p—harmonious functions.

Lemma 2.4. Ifu is a p—subharmonious function bounded above on T,, and there
exists © € Ty, such that u(z) = maxyer,, u(y) then u(y) = u(x) for any y € Ty,
such that I, C I,.

Proof. Throughout this proof let M = u(zx) = maxyer,, u(y). We first observe that
it is sufficient to show that u(y) = M for all y € S(z). Since u is p—subharmonious
on T,,, we have that

M=) < 2 {yglgé)w ) min )+ 3 )
yeS(z)
< (a )M+ (a + 6) min u(y).
—\2 2 m ) yeS(x)
Then 8 8
a a .
Gem)v=(3m) 00
Therefore u(y) = u(x) for all y € S(z). O

In the same manner, we can prove the following lemma

Lemma 2.5. Ifu is a p—superharmonious function bounded below on T, and there
exists ¢ € Ty, such that uw(x) = minger,, u(y), then u(y) = u(z) for any y € Tp,
such that I, C I,.

Now we show that p—harmonious functions are well behaved with respect to
uniform convergence.

Lemma 2.6. The uniform limit of a sequence of p—harmonious functions is a
p—harmonious function.

Proof. Let {uy, }nen be a sequence of p—harmonious functions which converges uni-
formly to u. We will show that u is a p—harmonious function. Given € > 0, there
exists ng = ng(e) such that if n > ny,

(2.2) lu(z) —up(z)| <e VaxeT,
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Then, for all z € T,, and n > ng we have that
un(y) —e <u(y) <un(y) +e Yy € S(z).
Thus, for all x € T,, and n > ny,

up(z) — e = a{ max un(y)+ min un(y)}—ki Z un(y) —e

2 |yeS(x) yeS(x)

IN

(;{ max u(y) + min u(y)} +g Z u(y)

yeS(z) yeS(z)

o . B
e L
<3 {yren‘g();)un(yﬁryg(r;)un(y)} + > un(y) ¢

= up(z) + €.
Taking limit as n — 400, we get that

a B
—e< = i = < Ve € Tp.
u(@) —e <5 {yrg&g) u(y) + in, u(y)} + > u(y) <u(x)+e Vo

Then, since € is arbitrary, we have that

&Y : s
ue) =3 {yrél&i)“(y) * yé“sl%b“(y)} T 2 uy) VeeTn,
yeS(z)
that is, u is a p—harmonious function. O
The Fatou set F(u) of a function w is the set of the branches 7 = (z1,...,zk,...)
on which

k
exists and is finite, and BV (u) is the set of the branches 7 = (z1,...,2g,...) on
which u has finite variation

)
lim u(z)

Z [u(zrr1) — ulzy)l-
k=1

Clearly BV (u) C F(u).
Now we use the results of [10] to show that the infimum of Hausdorff dimension
of BV (u) and F(u) are equal over all bounded p—harmonious functions on T,.

Theorem 2.7. Let H™ be the set of bounded p—harmonious functions on T,,.
Then

ma+2(m—1)8 ma+28

log (TT +(m = 1)y )

logm

)

(2.3) IqI{lgl dim F(u) = I}}%ﬂn dim BV (u) =
where
_ ma+2(m—1)p
~ (m—1)(ma +2p)
and dim denotes the usual Hausdorff dimension.

Proof. By Theorem A in [10] we have that

min dim F(u) = min dim BV (u) = M,
H H logm

where

f(m) = min Ze itz eR™s. t.Q(max xj—l-lglgnmifj)"‘mz:lxj_o
=

- 1<j<m
j=1
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We obseve that the minimum f(m) is attained at

2(m—1 2
mlz_am+ (m )ﬁlogf}/) l‘]:wlog’}/’ 2§]§m7
2m 2m
with value
_ ma+2(m-1)8 ma+23
Y 2m J'_ (m — 1)*}/ 2m
which completes the proof. O

Remark 2.8. In [11], for the classical discretization of the p—Laplacian on trees,

Y lu@) = uy)P (@) —uly)) =0,

yES(x)
the authors prove that

lim mindim F(u) = lim mindim BV (u) =1
m——+oo H™ m—+oo H™

for all p > 1. In our case, we can observe that, when o« = 0, we have that v =1
and therefore

min dim F(u) = mindim BV (u) = 1
H‘NL H’"L

for all m € N>5. On the other hand, when a # 0, if we rewrite (2.3) as

B
log [ (=m)(e+3) 1 2
v [, °g<<a+2wﬁ> RSN G
2 2m log(m) log(m)

and take limit as m — 400, we obtain that

NIy

lim mindimF(v) = lim mindim BV (u) = - +

m—+oo H™ m——+oo H™ - 5
3. THE DIRICHLET PROBLEM AND A TUG-OF-WAR GAME

First, let us introduce what we understand by the Dirichlet problem for
p—harmonious functions.
Dirichlet Problem (DP). Given «, 8 > 0 such that o + 8 = 1 and a continuous
function F : [0,1] — R, find a p—harmonious function u such that

lim w(zy) = F(r) Vo= (x1,22,...,Tk,...) € OTp,.
k—+o00

We say that v is a supersolution of (DP) if v is p—superharmonious and

lim v(xg) > F(r) Vr=(x1,22,...,Zk,...) € OT,.

k— oo
We say that v is a subsolution of (DP) if v is p—subharmonious and
lim v(zg) < F(w) Vm=(z1,22,...,%p,...) € OTp,.

k—+oo

First, we want to show that the (DP) has a unique solution. To this end we
use the Tug-of-War game introduced in [21], see also [19]. Now we describe the
game and refer to [14] for more details and references. It is a two player zero sum
game. Starting with a token at a vertex xzg € T,,, the players flip a biased coin
with probabilities « of getting a head and S of a tail, « + 5 = 1. If they get a head
(probability «), they toss a second coin (a fair coin this time with probabilities
1/2 and 1/2) to decide who move the token. If the outcome of the second toss
is heads, then Player I moves the token to any x1 € S(zp). In the case of tails,
Player II gets to move the token to any x1 € S(xp). In the other case, that is, if
they get tails in the first coin toss (probability 3), the game state moves according
to the uniform probability density to a random vertex x; € S(zp). They continue
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playing the game forever, generating an infinite sequence © = (zg, Z1,...,Tk,...)
where z, € S(xp_1) for any k € N, therefore 7 € 9T,,,. Then Player I receive from
Player II the amount F'(7), where F' is a continuous function from [0, 1] to R. This
is the reason why we will refer to F' as the final payoff function. Now we define
the expected payoff for an individual game. First, a strategy Sy for Player I is a
collection of measurable mappings S; = {5 }f} ren such that the next game position
is given by
S (g, @1,y xp) = Tpy1 € S(Th)

if Player I wins the toss given a partial history (zg,z1,...,zx). Similarly, Player
IT plays according to a strategy Sy;. We can observe that the next game position
Zr+1 € S(xg), given a partial history (xg,...,xx), is distributed according to the
probability

p
—#(ANS

L ans(a)),
where A is a subset of T, and #(A N S(xy)) denotes the cardinal of the set A N
S(xy). Strategies St and Sy together with an initial state zy determine a unique
probability measure Pg’ ¢ in [0,1]. For the precise definition of Pg) 5 =~ we refer

to [18]. We define the expected payoff of an individual game as

«Q «Q
4s;,511 (zO’ sy Tk A) = 565?@0,11,...@;9)(A)+§5Sfl(ro,z1,...,mk)(A)+

1
B s, (F) = [ F0)PEs, (00),
We also define the value of the game for Player I as

ur(ro) = sup I B, [F]
I

and the value of the game for Player II as
ugr(zo) = ISI}f SEIP E?},sn [F].

The value uy(z0) and urs(xg) are in a sense the best expected outcomes each player
can almost guarantee when the game starts at xg. For more details on values of
games, we refer to [15, 22].

The following theorem states that the game has a value, i.e. u; = uys, and this
value is a solution of (DP). For a detailed proof of the existence of a value see [14]
and, by an argument completely similar to the proof of Theorem 3.4 in [18], we
have that the game value is a solution of (DP).

Theorem 3.1. Let F : [0,1] — R be a continuous function. Then the game with
payoff function F' has a value u. Furthermore, u is a solution of (DP) with boundary
data F'.

To see the form of game values u (solutions to (DP)) let us mention that in [22],
an explicit formulae for IP’?} s,, is given when F' is monotone, and therefore we have
an explicit formulae for . In the next section, we will show how to approximate u
in the general case.

From now on, we assume that F : [0,1] — R is a continuous function. Next we
show a comparison principle.

Theorem 3.2. Let G : [0,1] — R be a continuous function and v be a bounded
supersolution of (DP) with boundary data G such that G > F in [0, 1], then

v(x) > u(z)

for any x € T,,, where u is the value of game with final payoff function F.
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Proof. First, we show that by choosing a strategy according to the minimal values
of v, Player II can make the process a supermartingale. More precisely, Player 1
follows any strategy and Player II follows the following strategy, that we will call
S9, s at x,_1 € T,, he chooses to step to a vertex that minimizes v, i.e. a vertex
xg € S(xgk—1) such that

Y )

We start from a vertex xg. Using that v is a supersolution of (D P) and the estimated
the strategy of Player I by the supremum, we have that

ES o [v(Xk)lzo, ..., 2p—1]

SI’S?I

<5{ i o+ W)+ L )

— min v max v — v

— 2 (yeS(mr-1) Y yeS(Tr-1) Y m Y
yeS(rr—1)

Sv(xk_l).

Thus Mj, = v(Xy) is a supermartingale. From this fact, using Theorem 4.2.2 in
[14], the Optional Stopping Theorem, and that G > F in [0, 1], we get the desired
result. O

Moreover, we have an analogous result for bounded subsolutions of (DP).

Theorem 3.3. Let G : [0,1] — R be a bounded function and v be a bounded
subsolution of (DP) with boundary data G such that G < F in [0, 1], then

v(z) < u(x)

for any x € T,,, where u is the value of the game with final payoff function F.
Proof. The proof is similar to the previous one. O

Then, we arrive to the main result of this section.

Theorem 3.4. There exists a unique bounded solution of (D P) with given boundary
data F. Moreover, it coincides with the value of the game.

Proof. Theorem 3.1 gives that the value of the game is a solution of (DP). This
proves existence. Theorems 3.2 and 3.3 imply uniqueness. (|

The above theorem, together with Theorems 3.2 and 3.3, give the Comparison
Principle for solutions of (DP).

Theorem 3.5 (Comparison Principle). Let F,G : [0,1] — R be bounded functions.
If v is a bounded supersolution (subsolution) of (DP) with boundary data G, u is
the solution of (DP) with boundary data F and F < G (F > G) in [0,1], we have
that u < v (u>v) in Tp,.

4. A NUMERICAL APPROXIMATION

In this section we give a numerical approximation for the solutions of (DP) when
the boundary datum F' is a continuous function.

Let F be a real-valued function on [0,1] and n € N, we define F), : [0,1] — R as

m"—1
Fﬂ(t) = Z F(tnj)X(tnj7t77,(j+1))(t)
§=0
where t,; = j/m™ for all j € {0,...,m"}. Note that this function is piecewise

constant.
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Our next goal is to construct a solution w, of (DP) with boundary data F,.
We first observe that, for all j € {0,...,m™ — 1} there exists z,,; € T}, such that

I, = (tnjstugi+1)). Then, for all k € {1,...,n}, we take {z(n_k)j};”:';"'—l c T,

such that
S@(n-1)j) = {Tn-rr)r: 1+ (G —Dm <7< jm} Vje{o,...,m"* -1}
Let u,, : T,, — R such that
un(y) = F(tn;) Yy € Ty, such that I, C I, for some j € {1,...,m" — 1},
and for any k € {1,...,n}
o : B
W) =5 { g u) s min el Y

(Z(n—k)j) YES(T(n—t)j
(n—k)j (n—k)j yES(w(n_k)j)

for all j € {0,...,m"~¥ —1}. Tt is easy to check that u,, is a solution of (DP) with
boundary data F),. Moreover, if F' is bounded then {u, }nen is uniformly bounded
onT,,.

Remark 4.1. Let F be a continuous function on [0,1]. Then, given ¢ > 0 there
exists 0 = d(¢) > 0 such that
e, 20Flle

F@) - Fp)] < 5+ 22|z —y

for all z,y € [0,1].
We are now ready to state the main result of this section.

Theorem 4.2. Let F : [0,1] — R be a continuous function. Then the sequence
{un}nen converges uniformly to the solution u of (DP) with boundary data F.
Moreover, if F' is a Lipschitz function we have a bound for the error, it holds that

un(e) — u(e)| < -

for all x € T,,, where L is the Lipschitz constant of F.

Proof. We present two proofs of this result. The first proof only uses game theory
to show uniqueness and can be viewed as an alternative way to prove existence of
a solution.

This first proof we will be divided into 4 steps.

Step 1. Since F is a continuous function on [0, 1], by Remark 4.1, given ¢ > 0
there exists 0 = §(¢) > 0 such that

[F(z) = F(y)l < 5+

e Al
-2 )

for all x,y € [0, 1]. Therefore

e, 2Pl
Fo(z) - F < -
Fule) = F) < 5 + 25

Then {F), }en converges uniformly to F.

Ve,y € T,, VneN.

Step 2. We will prove that {u, }nen is an uniformly Cauchy sequence.

Let h,k,n € Nand x € Th. If n < k < h, there exist i € {0,...,m" — 1}
and j € {0,...,m* — 1} such that u,(z) = F(t,;) and ug(z) = F(tx;). Moreover
I, C I, C I,,. Then, given ¢ > 0, using Remark 4.1, we have that

L 2Pl

(@) = we@)] < |F(tn) = Fltig)| < 5+ 2

Vo € Th,.
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Thus, there exists ng such that if n > ng,
(4.4) lun(z) —up(z)| <e VoeTh.
For all z € TE~1 by (4.4), we have that
ur(y) —e <un(y) <ur(y) +¢ Vy € S(a).
Then
up(z) — e < up(z) <up(z) e VoeTH
ie.,
[un (z) — up(z)] <e Vae TE-L
In the same manner, in k — 1—steps, we can see that
lun(z) —up(x)| <e Vo eT,.
Therefore {u, }nen is an uniformly Cauchy sequence.

Step 3. Now, we will show that

u(z) = ngr-lr-loo un(x) Vo €Ty,

is the solution of (DP) with boundary data F.

By step 2, {un}nen converges uniformly to u. Therefore, by Lemma 2.6, u is a
p—harmonious function. Then we only need to show that

lim w(zy) = F(r) VYm=(x1,22,...,Tk,...) € ITp,.
k——+oco

Let € > 0 and 7 = (z1,22,...,%k,...) € OT,,. Since {uy, }nen converges uniformly
to u, there exists ng = no(e) such that

€ .
(4.5 jung) ()| < 5 V€N,
for any n > mg. On the other hand, we can observe that there exists n; = nq(e)
such that
(4.6) |Fn(m) — F(m)| < % Vn > ng.
Finally, taking n > max{ng,n1}, since u, is the solution of (DP) with boundary
data F,, there exists jo = jo(n,m, ) such that
€
3
Then, if we take j > jo, by (4.5), (4.7) and (4.6) we have that
u(a;) = F(m)| < fu(z;) —un (@) +[un(2;) = Fu(m) |+ Fn(m) = F(m)| <& Vj = jo.

Therefore,

(4.7) fun(e;) = Fu(m)| < S Vi > jo.

lim wu(xg) = F(r) Vo= (x1,22,...,%,...) € OT,,.
k—+o00

Step 4. We observe that if F' is a Lipschitz function, in the same manner as in
step 2, we obtain that, if k,n € N,

[tn () — ug(x)| < % Vr € T,,.
Therefore,
[tun () —u(x)] < % Vo € Ty,
where L is the Lipschitz constant of F. This completes the first proof.

Now we proceed with the second proof of this result. This proof is shorter but
we use here the existence and comparison results proved in the previous section
using game theory.
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We first observe that, since F is a continuous function on [0, 1], using Remark 4.1,
we have that given € > 0 there exists § = §(¢) > 0 such that

e 2||F|eo
F) -~ F) < 5+ 2y

for all z,y € [0,1]. Then, using that F,, is a continuous function on I, . for all

Tn,j

j€{0,...,m"™—1}, (4.1) and Theorem 3.5, we have that for any n € N

Un(x) — e < u(z) <up(z) +¢

for all 2 € T, such that I, C I,, ; for some j € {0,...,m" — 1}, where u is the
solution of (DP) with boundary data F. By the above inequality and using that
uy, and u are p—harmonious functions, we have that

un(x) —e <u(x) <up(x)+e VYereT,, Vnel.

Therefore the sequence {u, }nen converges uniformly to w. O

Ezample 4.3. Case p =o00. Let m =3, a =1, § =0 and F : [0,1] — R given by
F(t) = t. In [22], the author proves that the solution of (DP) with boundary data
Fis
u(z) = / tdC®(t) Vo € Ts,
I

where C® is the Cantor measure on the interval I, with C*(I,) = 1.
We first observe that u(x) is the middle point of I, for all z € T3. Now, we make
a comparison between the real solution u and our approximate solution u,,.

1 : ; T : : ;
09F
081
07t
061
05F
04r N\ N v T T T T T
031
02+

01t ‘2==========

0 .
0 2 4 6 8 10 12 14 16

n = 14, number of branches = 20,  u, — u,,.

Ezample 4.4. Case p =2. Let m =3, «a =0, 8 =1 and F : [0,1] — R given by
F(t) = (t — 1/2)2. In this case, the solution u of (DP) is

()—i/ Y veer
'U/.CC—‘II| . B xr 3,

where |I,| is the measure of I,,.

In the next figure, taking only the branch 7 such that m; = 2, we make a
comparison between the real solution u and our approximate solution u,,.
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0,25 T T T T T T T
02
0151
0,1F ‘. _________
=t

n = 14, number of branches = 20, ® u, — u,,.

5. UNIQUE CONTINUATION PROPERTY

In this section we prove our main result, that is a characterization for the subsets
of T,, that have the unique continuation property.

Definition 5.1. We say that a subset U of T,, satisfies the unique continuation
property (UCP) if for any bounded p—harmonious function u such that u = 0 in
U, we have that u=01in T,,.

Let us first prove that the density of the set ¢(U) in [0, 1] is a necessary condition
for UCP.

Theorem 5.2. IfU C T, satisfies UCP then ¥(U) is dense in [0, 1].

Proof. We will show that if ¢(U) is not dense in [0,1], then there exists a
p—harmonious function u such that u # 0 in T,, and u = 0 in U.

Since ¥(U) is not dense in [0, 1] there exist 7 > 0 and r € [0, 1] such that

(5.8) (r—mr+71)NPU) = 0.
Then there exist k& € N and © = (a1,...,ax) € T,, such that /m* < 7 and
I, C (r — 7,7+ 7). Therefore, using (5.8) and the fact that I, is the subset of 9T,,
consisting of all branches that start at x, we have that (z,by,...,bs) ¢ U for all
s € N. Now, we construct u as follows

1 Vy € Ty, such that I, C I, ),

u(y) = —1 Vy € Ty, such that I, C I, ,,_1),
0 otherwise.

It is clear that u is a bounded p—harmonious function such that v = 0 in U and
u # 0. This finishes the proof. O

Proposition 5.3. Let U be a subset of T,,,. If U satisfies the following property

(PA) There exists n € N such that for all x € Ty, there exist | € {1,...,n} and
at least one branch starting at x such that its [—th node belongs to U,
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then U satisfies UCP.

Remark 5.4. Let U be a subset of T,,. It is easy to see that if U satisfies PA, then
»(U) is dense in [0, 1].

Proof of Proposition 5.3. Let u be a bounded p—harmonious function such that
u=01in U. Set M = sup{u(z): z € T;,} and § = (¢/2 4 B/m). Given € > 0 there
exists zg € Ty, such that u(xzg) > M —e. Thus, since u is a p—harmonious function,
we have that

N B
M —e<u(zxg) = — max u + min wu +— u
< u(wo) = § {yes(m) (v) + min (y)} m yEZS(%) (v)

a m-—1 a f
< (247 8 M+ (24 2) mi .
<(5+700) w4 (540) im0

€
M—-—-< min u <u
5 <, duin (y) < u(y)

Then

for all y € S(x).

On the other hand, since U satisfies PA, there exist [ € {1,...,n} and
(xo,a1,...,a;) € U where a € {0,...,m — 1} for all 1 < k < [. Then, using
that 1 = (29, a1) € S(xp) and the above inequality, we get

M — % < u(zq).

Similarly, we have
M~ < <u(z) Vkef{2,...0)

ok —
where z = (zp_1,ax), 2 < k < [. Then, using that z; = (x;_1,a;) =
(zo,a1,...,a;) € U, we have that

M6 <e.

Let us now suppose that M > 0. Using that | < n, 0 < § < 1 and the above
inequality, we have that
M <e Ve>0,

then M = 0. Thus we have that M < 0.

In the same manner we can show that N = inf{u(z): = € T,,} > 0. Therefore,
M = N = 0, which proves the theorem. O

Definition 5.5. Let U be a subset of T,, such that T? \ U # 0 for all n € N. We
define the sequence {p(U)}ren C N as follows:

p1(U): =min{n e N: Jz € T NU},

and for all £ € N>o,
pe(U): =min{n € N: Iy € T2\ U and z € T NU s t. I, € I,},
where

k—1

M1 (U) =Y p;(U).

j=1

In addition, for all £ € N>, we define the sets
An(U): = {yeT%*l(U)\U: I,NIL, =0Vjc {1,...,k—1}}.

We will write simply pg, nx—1 and A when no confusion arises.
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We can now formulate our main result.

Theorem 5.6. Let U be a subset of T, such that (U) is dense in [0,1], T2 \U # 0
for alln € N and U satisfies the following properties

(P1) There exists a unique 1 € UNTAL.
(P2) Forallk € N>o and for ally € Ay_1 there exists a unique x € T4 7
such that I, C I,,.

Then U satisfies UCP if only if

i 0 = +00
k=1

where § =1—0, 0 = ¢ 4 m=13

-2 m

Proof. We will proceed in two steps.
Step 1. First we will prove that if U satisfies UCP, then

o0
Z 0P* = 400.
k=1
Arguing by contradiction, we suppose that Y ;- | 67 < +oo. By (P1), there exists
a unique z1 = (a1, ...,a,,) € U such that 7; = (a1,...,a;) ¢ U forany 1 <i < p;.
We now construct a p—harmonious function u such that v = 0 in U as follows:
u((b) =1,
u(a1) =mi; = min u
(a1) = mn nin (y)
u(by,...,b;) = My = max u(y) if by Zar V1 <j <py,
yeS(D)
and for any 2 <1 < p;
u(T1;) = my; = ye%l(lgi) u(y)
u(Ti(i—1),biy ..., b5) = My =  max  wu(y)ifb; #a; Vi<j<pr.
yES(T1(i-1))

Since x1 € U and we need that v = 0 in U, we define

wulx1)=0=m = min u .
( 1) 1,p1 VES(T1(pg 1)) (y)

We also take u(y) = 0 for all y € Ty, such that I, C I,,. Thus, in order for u to

be a p—harmonious function, we need to take M;q,..., M, and myq,..., M1 5 —1
such that
a B
1= §(M11 +ma1) + - ((m —1)My1 4+ m11),

e
2
Then, we can observe that

B .
mi; = o (Migiy1) +migyr)) + o ((m = 1) Mygiy1) +miggr)) V1<i<pr.

a
1= 5(M11 +m) + % ((m —1)My1 +m1)

(5.9) = (g + mﬂ:15> My + (g + fi) miy
= 0Miq + (1 — 9)m11

and in the same manner, we can show that

(510) mi; = 6M1(i+1) + (1 — G)ml(Hl) V1 < 1< pP1-
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Now, using that m;,, =0, we have that

Mi(p:—1)
Mlpl = T.
My, My, mi1
Mis Mo mi2 P
’r.nl(/?l*l)

"Lupgl 1 "Lupgl D o _

If we take
Mi(p;—1) .

(511) Mli:Mlpl :T:Mh VlS’LSpl,

by (5.10), we obtain
my; = Myp,—1) + (L= O)migpy V1 <i<py.
Using the above equality, we have
M1(py—2) = Mi(p—1) T (1 - e)ml(Plfl) =(2- e)f'ﬂ'ﬂbl(mfl)7

and, for any 2 < j < p; — 1,

j—3
(5.12) M (py—j) = (Z(l —F+(1-6)y"%(2— 9)) M (py—1)-

k=0
Thus, by (5.9) and (5.12), we have that
1

Mi(pr—1) = p1—3

S -0F+1-0)"2-0)

k=0
In addition, since M; = “2=1, we obtain
1
M, = 3 .
0 (Z (1-0)F+1—-0)22- e)>
k=0

Then, taking 6 =1 — 0, we get

p1—3 p1—1
9(2(1-9)@(1-9)#1%2-9)) =(1-06) ) F=1-0"
k=0

k=0

Therefore,
1

T 1—6m

M,
On the other hand,
Ay = {yj};":pll*1 and u(y;) = M1 Vje{l,...,m" '}
Furthermore, by (P2), for all j € {1,...,m”* — 1} there exists a unique

J (0. T J p1+ps
J:Q—(yj,ap1+1,...,apl+p2) e TPrr2nNy

15



16 L. M. DEL PEZZO, C. A. MOSQUERA AND J. D. ROSSI

with 74, = (yj,af;1+17...,ail+i) ¢ U for any i € {1,...,p2}.
Let j € {1,...,m** —1}. We define u as follows

T N I
U2 Bpun) =11 yergl(gﬂu(y)

WY1, 0py 415+ bpy 1) = Moy = g}g&;x)u(y) if by, 41 # ail_‘_l Vie{l,...p2},
yeS(y;

and for any 2 < i < po,

u(r3;) =mgi = min  u(y),
yeS(Tg(i—l))
U(Tg(iil), boitin--ybpitj) = Moy = max  u(y) if by, 41 # ail_H- Vie{i,...,p2}.

YyES(T2(i-1))
Since 23 € U and we need that u = 0 in U, we define

u(x%) =0=mg,, = min u(y).
yES(T;(0271))

We also take u(y) = 0 for all y € Ty, such that I, C L
Arguing as before, taking

My; = My, :%:M% V1<i<po,
we get
M,y
M2(ps—1) =573 ’
Z (1= 6 +(1-0)=22—0)
k=0
0
an

M, 1
L—0r2  (1—6P1)(1—dr2)

My =

By induction in k, we construct u so that u is p—harmonious in T,, such that
vu=0inU, v #0in T,, and
k

1
i=1

Since
o0
Z 6PF < +o0,
k=1

we have that

e 6Pk o §PE ©° 1
i=1 k=1 k=1
Thus,
|
[[1 T om < +o00.

Therefore u is a bounded p—harmonious function such that © =0 in U and u # 0
in T,,. This is a contradiction.
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Step 2. We assume that

oo

Zd”" = 400

i=1
and we will prove that U satisfies the UCP.

Suppose that there exists a p—harmonious function v # 0 such that v =0 in U.
We will prove that v is unbounded. Multiplying v by a suitable constant, we can
assume that v(()) = 1. Let u be defined as in the above step. First, we need to show
that
(5.13) My, <max{v(y): y € TF*} Vk € N.

To this end, we observe that

O, + (1= O)muy = u(8) =1 =v(0) < 8 max v(y) + (1 6) min v(y),

then
M; < max v(y) or my; < min v(y).

yeS() yes(0)
If My < m‘?()é)v(y) then M; < max{v(y):y € T, with k € {1,...,p1}}, and
ye

therefore M7 < max{v(y): y € TA!}.
Now we consider the case M7 > max v(y) and mq; < min v(y).

yeS(0) yeS(®)
By (P1), there exists a unique x1 = (a1,...,a,,) € U such that 7; =
(a1y...,a;) ¢ U for any 1 < i < p;. Then, since my; < n}s%)v(y) < v(ay), we
ye
have that
OM; 4+ (1 —0)mizs =mq1 <v(yr) <6 max v(y)+ (1 —0) min v(y),
y€S(ar) y€S(a1)
and then
M; < max v or mis < min v(y).
1S oS ia) (y) 12 S yeS () (y)
Again, if My < néz?x)v(y)7 then we have that M; < max{v(y): y € T/ }. If
yesd(ar
mig < rgl(n )v(y) < v(712), then we can prove as before that
yesdS(ar

M; < max wv(y) or mi3< min v(y).

yeS(T12) yES(T12)
In the same manner, using p; — 1 steps, we show that

My <max{v(y):y € Thr} or my,—1y < min  v(y).
YES(T1(p—2))

If my,—y < min  v(y) <v(1(-1)), then

yES(Tl(p72))
OM; =mip, <v(T1(p—1)) =0 max v(y)+(1—-46 min  v(y).
1 =mip, < 0(Ti(p-1)) jeshax (y) +( )yes(mp_”) (v)
Since x1 = (Ty(p—1),0p,) € U and v = 0 in U, min  v(y) <0 and then
yes('rl(pfl))
M; < max  v(y).
P YES(T1(p-1)) (y)

Therefore
M, <max{v(y): y € T/},
Then, by induction on k, using (P2), we have that (5.13) holds.

Since
o0
> = oo,
j=1
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we have that

E
1
lim M, = 1l — = .
Jim M= I T35 = +ee
Therefore, by (5.13), v is an unbounded. The proof is complete. O

5.1.

Examples. Below we give some examples of sets verifying (or not) the UCP.

Ezxample 5.7. Let U be given by

v=JT2.
keN

Then it is clear that U has the UCP.

Example 5.8. Let m = 3 and U be given by

U={zeTs: z=(a1,a2,...,a,), a; #1, V1 <i<n}.

It is easy to see that ¢(U) is a Cantor set and therefore U does not have the UCP.

Ezxample 5.9. Let U be given by

U={zeT,: xz=(a,as,...,a,), a, =0}.

Then, since U satisfies (PA) with n = 1, U has the UCP.
Ezample 5.10. Let Uy := {(0)}, p1 :=1

U2 n

n+1
= {w € TH2r T2 g = (y,ay, ..., agnt1): y € TE2 =1\ Uy, 1}, poy, i= 27T

Uspy1:={z € ’]T“mQ"H: x=(y,0): y € Th?» \ Uy, } and pay41 :=1

for all n € N, where p, 1= 2?21 p; for all n € N.

Then U =

nen Un is dense and satisfies (P1) and (P2). Since Z;OT pj = 00,

by Theorem 5.6, U satisfies the UCP.
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