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ABSTRACT. In this paper we study the problem of minimizing the Sobolev

trace Rayleigh quotient ”u”%ﬂm(g)/”uniqwﬂ) among functions that vanish

in a set contained on the boundary 92 of given boundary measure.

We prove existence of extremals for this problem, and analyze some partic-
ular cases where information about the location of the optimal boundary set
can be given. Moreover, we further study the shape derivative of the Sobolev
trace constant under regular perturbations of the boundary set.

1. INTRODUCTION

Sobolev inequalities have proved to be a fundamental tool in order to study
differential equations. Among Sobolev inequalities, one that have capture a great
deal of attention in recent years is the Sobolev trace inequality that states

p/q
S( / |u|Qd%N1) < [ 19up +lulaa.
o0 Q

for every u € W1P(Q) for some constant S > 0, 1 < ¢ < p,, where p, is the critical
exponent in the Sobolev trace immersion, i.e. p, =p(N —1)/(N—p)ifl<p< N
and p, = oo if p > N (the equality ¢ = p. does not hold in the limit case p = N).
Here J* denotes, as usual, the s—dimensional Hausdorff measure,  C RY is a
smooth bounded domain (Lipschitz will be enough for most of our arguments).

In these inequalities, a fundamental role are played by the optimal constants and
their associated extremals. That is, respectively, the largest possible constant S in
the above inequality defined as

, Jo IVul? + |ulP dz
inf
S (foq lule dg{N*l)p/q
and extremals, which are functions w € X where the above infimum is attained.
Here X is the space of admissible functions, X := WP (Q) \ W, (Q).

It is a well known fact that if 1 < p < N and 1 < ¢ < p, or p > N and
1 < ¢ < oo then the constant S is positive. For the existence of extremals, the

only case which is nontrivial is the critical one, 1 < p < N and g = p, where the
immersion WP (Q) C LP+(0) is no longer compact. (see, for instance [10, 11]).

S = Sp,q(Q> =

The critical case (i.e. 1 < p < N and ¢ = p,) was analyzed in [12] and [16]. In
those papers the authors show that, under very mild assumptions on the domain
Q (e.g. the existence of a boundary point of positive mean curvature) there exist
extremals for S.

Motivated by some problems in shape optimization for stored energies under
prescribed loadings, in [15] the authors study a variant of the trace inequality (see
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[15] for further discussion on the problem): Given a set A C 2, minimize the
Rayleigh quotient over the class of functions that vanishes on A, i.e.

Vul|P rd
S(A) = g AoV H I =
u€X o (fasz |u|q dg.CNfl)p q

where

Xa:={ueX:u=0ae on A}.
In the above mentioned paper [15], existence of extremals for S(A) is proved in the
subcritical case ¢ < p. (see [16] for the critical case) and moreover the following
shape optimization problem is studied: Minimize S(A) among measurable sets
A C Q such that HV(A) = aHN(Q) for some fixed 0 < o < 1. A set A* that
minimizes S(A) is called an optimal set.

In [15] the existence of optimal sets is established and some geometric properties
of optimal sets are analyzed. Moreover, in the case p = 2 the interior regularity of
optimal sets is studied in [14]. See [13], where some asymptotic behavior of optimal
sets are studied (see also, Section 4). Further, in [8] and in [4] the so-called shape
derivative for S(A) is computed with respect to regular deformations on the set A.

One observes that, in all the above mentioned works, the sets where the test
functions are forced to vanish are interior sets, i.e. A C € of positive Lebesgue
measure. However, the important case of boundary sets, i.e. I' C 02 was not
treated previously. Hence, the main objective of this work is to fill this gap.

So, in this paper we study the best Sobolev trace constant from WP(Q) into
L1(09) for functions that vanish on a subset I" of 99, i.e.

VulP + |ulPd
(1.1) S(T) := inf Jo [Vul” + Ju =
u€Xp (faQ |ula df].fN—l)P q

where
Xr:={ueX: u=0H """ ae. r'}.

Here, we consider exponents 1 < ¢ < ps, so that the immersion WP(Q)) C
L1(09) turns out to be compact. Therefore, the existence of extremals for S(T")
follows by direct minimization.

The critical case, could be treated by the same method employed in [16]. How-
ever, we will not do it in this article.

Next, we study the following optimization problem: Given 0 < a < 1, we look
for the value

(1.2) 8(ar) :=1inf {S(T): I C 9Q,HVN () = aH""1(09)} .

A set I'* C 09 is called an optimal boundary hole, when it realizes the above
infimum, i.e. S(I'*) = §(a) and HN~HT*) = aHN~1(9Q).

One of the main issues of this paper is to show the existence and geometric
properties of optimal boundary holes.

Organization of the paper. The rest of the paper is organized as follows. After
a short section 2 were we collect some preliminary remarks, in section 3 we establish
the existence of optimal boundary holes. In section 4, we analyze the simpler case
where the domain {2 is a euclidean ball given a complete characterization of optimal
boundary holes for this simpler geometry. In order to have a better understanding
of more complex geometries, in section 5 we use a dimension reduction technique
to deal with domains that are stretched in some directions. Finally, in section 6, we
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compute the so—called shape derivative of S(T") for regular deformations of a fixed
boundary hole T'.

2. PRELIMINARY REMARKS

In this very short section, we give some preliminary observations that will be
helpful in the remaining of the paper.

First, observe that if « is an extremal for S(I') then u turns out to be a week
solution to the following Euler—-Lagrange equation

—Apu+ |ufP72u=0 in g,
(2.1) |Vu|p72% =MNul?"2u on 0Q\T,
u=0 on T,
where Apu = div(|Vu[P~2 Vu) is the usual p—Laplacian, % is the outer unit normal

derivative and A is a positive constant that depends on the normalization of u. This
is u € Xr and

/ [VulP"2VuVe + [ulP*up dz = )\/ u|?2up dHN 1,
Q re)
for every ¢ € Xr. Observe that, if ||ul| a9y = 1, then A = S(I').

As a consequence of (2.1), we have the following remarks.

Remark 2.1. By the regularity results of [21], an extremal u of S(T'), verify that
u € C’l’é(Q) for some 0 < 0 < 1.

loc

Moreover, by [20], if 9Q \ T € C'", then the regularity up to the boundary is
uwe CHT(Q\T) for some 0 < v < 1.

loc

Remark 2.2. If w is an extremal of S(I"), then we have that |u| is also an extremal
of S(T"). Thus, using that |u| is a week solution of (2.1) and the maximum principle
(see [24]), we have that u has constant sign. Therefore, we can always assume that

uw>01in ©Q and v > 0 on 0.

Moreover, by Hopf’s Lemma (see [24]) and the boundary regularity we obtain that
nonnegative solutions u to (2.1) verify

u >0 inﬁ\f.

Finally, we need the following lemma on pointwise convergence for Sobolev func-
tions. We believe that this result is well-known but we were unable to find it in the
literature.

Lemma 2.3. Let {f,}nen C WHP(Q) with 1 < p < N be such that f, — 0 as
n — oo in WHP(Q). Then, there exists a subsequence { fn;}jen C {fn}nen and a
set B C Q such that cap,(B) =0 and

fn, () =0, asj— o0 forz € Q\ B.
Proof. The lemma is a consequence of Lemma 1 and Theorem 1 in Section 4.8 of [6].

In fact, by Lemma 1 in Section 4.8 of [6], we have, for o > 0, the Tchebyshev—type
inequality

C
cappy(Mf > a) < J”f“gvl,p(g)v



4 L. DEL PEZZO AND J. FERNANDEZ BONDER AND W. NEVES

where C' is a positive constant that depends only on N, p and M f is the Hardy-
Littlewood maximal function. So, if f,, — 0 in W1P(Q), there exists a subsequence,
{fn; }jen such that

. _C
capy(M fn, > 1/7) < >

Let us define A; := {Mf,, > 1/j} and let B,, := U2, A;. Therefore,

j=m
o0 o0 1
capp(Bm) < Z capp(4;) < C Z 5
j=m j=m

Now, if z € Q\ By, M fy;(x) < 1/j and by Theorem 1, section 4.8 of [6], it
follows that |fy;(z)| < 1/j, s0 fn, = 0as j — ocoin Q\ B, for all m € N.
Since capyp(By,) — 0 as m — oo the result follows. O

3. THE EXISTENCE AN OPTIMAL BOUNDARY HOLE

In this section, following ideas from [15], we first prove that S(T") is lower semi-
continuous with respect to the hole (Theorem 3.1). Then, we prove the existence
of an optimal boundary hole.

Theorem 3.1. Let {I'.}.~o be a family of positive H™ ~*—measurable subsets of
0Q and Ty C 09 be a positive HN 1 — measurable set, such that

Xr. — X1, * —weakly in L>(08),
where x 4 is the characteristic function of the set A. Then,
S(T) < liminf S(T,).
e—0t

Proof. Let {T';,}nen be a subsequence of {T'¢}.~¢ such that
L= 11£[;1(1)1f S(T.) = nh_{rolo S(Ty).

For each n € N, we consider u,, € Xr, to be an extremal of S(T',), such that
up >0 and  |Jupl|Laan) = 1.

Therefore, the sequence {u, nen is bounded in WP (Q) and hence there exists a
function u € WHP(Q), such that, for a subsequence still denoted by {uy, }nen,

(3.1) U, — u, weakly in WhP(Q),
(3.2) u, — wu, strongly in LP(§2),
(3.3) u, — u, strongly in L(0Q).

In particular, we have that u > 0, ||u z«a0) = 1 and
[ullwr) < hggiogf l[unllwe @)
Moreover, for each n € N, u,, = 0 HVN"1—a.e. on I',,. Thus, as
Xr, — Xr, * —weakly in L°°(99)
and by (3.3), we have

n—oo

0= lim undiHN_lz/ wdHN
Fn FO

Therefore, since u > 0, we have that v = 0 HN¥N~1—a.e. on I'y. Thus u is an
admissible function in the characterization of S(T'g) and

S(To) < Hu”%/l,p(g) < hnlr_1>£f Hunngvl,p(g) =XL.

This finishes the proof. U
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Remark 3.2. There isn’t any monotonicity assumption on the family {T'c}eso.

The continuity of S(I') with respect to the topology of Theorem 3.1 does not
hold, as is shown in the following example.

Ezxample 3.3. We take 1 < p < N. The case for p > N is easier by the compact
embedding of W1?(Q) into continuous functions.

Let 2 be a bounded domain in R™ that satisfies the interior ball condition for
all z € 90. Let 29 € 99 and let E C 99 be set of zero N ! —measure such that
cap,(E) > 0 and there exists » > 0 such that B(zg,7) N E = (. Then, we take
I'=B: (x9) N9 and T',, = T'U E,, where E,, = U,crB(z, %) N oS} for all n € N.
Observe that

xr, —xr *—weakly in L*(9Q).

Let u,, be a positive normalized extremal for S(I',,). If we assume that S(I',,) —
S(T) as n — +00, we have that there exist u € WP(Q) such that, for a subsequence
still denote {uy, }nen, un — u strongly in WHP(Q) and wu,, — u strongly in L(99).
Therefore u is a positive normalized extremal for S(I"). Moreover, by the Hopf’s
Lemma, u, >0 on 9Q\T,, and v > 0 on 92\ T.

On the other hand, by Lemma 2.3, there exists a subsequence {uy,} en of
{tn}nen and a set B C Q such that capy(B) = 0 and up,(z) — u as j — oo
for z € Q\ B. Then, as up,(x) = 0 for all 2 € F and j € N, and cap,(E) > 0, we
have that u(x) = 0 for all x € E, contrary to u > 0 on 9Q \ T

Next we prove the existence of an optimal boundary hole. For this, we first need
to show the following lemma.

Lemma 3.4. For each o € (0,1), 8(a) has also the following characterization:

[ic] e
S(a) = inf {U”VPV“’) veX, KN 1 {v=0}) > aHV10Q) ;.
La(0%)

Proof. Let « € (0,1) and

P

- v||? 1,p
S(a) = inf Iolr X, HY (v = 0}) > aHN10Q) b .
HU”Lq(aQ)

We want to prove that 8(a) = 8(a). For this, we proceed in two steps.

Step 1. First, we show that 8(c) < 8().

Let T' be a subset of 9§ such that HV~1(T) = a HNV~1(99Q). Let u € Xr be a
nonnegative extremal for S(T).

Observe that, u is an admissible function in the characterization of 8(a) and

~ Hu”%/l,p(g)

S(a) < =S).

||“||111q(9)
Consequently, we have that S(a) < 8(a).

Step 2. Now, we show that 8(a) < §(av).

Let {vy, }nen be a minimizing sequence of g(a), ie. v, € X,

~ ||Un||p P
$(a) = lim - W@

and HY " ({v, =0}) > aHV"1(OQ) Vn €N,
n=oe ||| Laaq)
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Thus, for each n > 1, we take

r, c {v, =0}
such that T, is HV =1 —measurable and HV~1(T,,) = a HN¥~1(9Q). Thus, we have
||vn||€v1,p(g)
S(a) < STy) < ————~ VneN
lonll7
Un”Lq(Q)

then, passing to the limit in the above inequality when n — oo, we have

||UTLH€VLIJ(Q) ~
S(a) < lim S(Ty,) = lim ————= = 8(«).
n— 00 n n—oo ||Un||Z[),q(Q)
The proof is complete. O

Now, we establish the main results of this section.

Theorem 3.5. Let 0 < a < 1. Then, there exist:
(a) A set Ty C 09, such that HN~1(Tg) = a HN1(0Q) and (o) = S(Tp);
(b) A function u € X with H¥N"*({u = 0}) > a HKN=1(0Q), such that
(a) = ||U||€Vl,p(gz)
||U||Z£q(ag) .
Proof. We divide the proof into two steps.
Step 1. First, we prove (b).

Let {v,}nen be a nonnegative normalized minimizing sequence for 8(a), i.e. for
eachn > 1,

0<v, €X, |vnlpaaay =1, HY"'({v, =0}) > aHV1(0Q),
and
s p _
Jim (ol ) = 8(a).

Thus the sequence {v,}nen is bounded in WHP(Q) and, therefore there exists a
function u € WP(Q) and a subsequence still denote {v;, }nen such that

(3.4) v, — wu weakly in W'P(Q),
(3.5) v, — wu strongly in LP(Q),

(3.6) v, — wu strongly in LI(0Q),
(3.7) v, — u H¥lae in (99).

From (3.6) and (3.7), we have that [ul[za(s0) = 1 and
HY 7 {u = 0}) > limsup HY ' ({v, = 0}) > a HVN "1 (090).

n—oo

Thus, w is an admissible function in the definition of 8(«/), and therefore
8(a) < ||U||€v1,p(g)~
The reverse inequality is clear, since from (3.4)
By gy T ([0l = (00
Step 2. We show that (b) implies (a).
By (b), there exists u € X such that HV =1 ({u = 0}) > a HV~1(9Q) and

ul|%,
s - o

||u||111q(39) .
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Thus, there exists a set [y C {z € 9Q: u(x) = 0} HV~!—mesurable such that
HN1(Ty) = aHN1(09).
Then we have that

H“”gvl,p(g)
S(Lo) < F—— = 8(a),
H“”Lq(ag)
and HN=1(Ty) = aHN=1(9Q). Therefore
S8(a) = S(T).
This finishes the proof. O

In the next Theorem we make a refinement of Theorem 3.5 and prove, under
further regularity assumptions on 0f2, that for any extremal u € X, it holds that
HN " {u = 0}) = aHN71(0Q) (i.e. Ty = {u = 0} with the notation of the above
proof).

Theorem 3.6. Let u € X be an extremal of 8(). Then, if Q satisfies the interior
ball condition, we have that

HY 1 {u = 0}) = aHVN 1 (0Q).
Proof. Let u € X be an extremal of §(a), i.e. HY"1({u = 0}) > a HN~1(0Q) and

S(a) = ||u||€vl,p(9).
||U||I£q(a§z)
By contradiction, suppose the thesis were false, then
HN 1 {u = 0}) > aHV1(0Q).

Since H* is a Borel regular measure (0 < s < 00), see [6], there exists a closed set
Iy C {x € 092: u(z) = 0} such that
HY " {u = 0}) > HY YD) > aHY 1 (09).
Consequently, it follows that
S(a) < S(Ty).
On the other hand, the function u is admissible in the characterization of S(T'y),

hence .
ul|Por,
S(Ty) < — D — §(q).
Hu”Lq(aQ)
Therefore, 8(a) = S(T'g) and so u is also an extremal of S(I'g). Thus u is a week
solution of the following problem

—Apu+|uP2u=0  inQ,
(3.8) [Vul|P~22% = X |u[?%u  on 9Q\ T\,
u=20 on FOv

where A\ depends on the normalization of u. Moreover, by Remark 2.1, u € Cllo’;’(QU
(02\ Ty)) for some 0 < v < 1 and we can assume that v > 0 in Q.

Now, by our assumption on 2 we can apply Hopf’s Lemma (cf. Remark 2.2), to

get

%>0 on {z € 0Q: u(x) =0} \ T.

That is a contradiction. O

Corollary 3.7. The set function 8 is strictly increasing with respect to «.



8 L. DEL PEZZO AND J. FERNANDEZ BONDER AND W. NEVES

Proof. Tt is clear that 8(«) is nondecreasing. Now, if we suppose that there exists
0 < a < B < 1, such that 8(a)) = 8(83), then an extremal for 8§(3) is also an extremal
for 8(«). But, if u is an extremal for 8(/3), then

HY 1 ({u = 0}) = BHN1(00Q) > a HVN 1 (09Q),

which is a contradiction to Theorem 3.6. Thus, § is strictly increasing. O

4. EXAMPLE: THE UNIT BALL

Now, we study symmetry properties of optimal holes in the special case where
2 is the unit ball, Q@ = B(0,1). First, we recall some of the definitions and results
concerning spherical caps. We address the reader to [19, 23].

Spherical Symmetrization. Given a measurable set A C RY, the spherical sym-
metrization A* of A is constructed as follows: for each positive r, take ANIB(0,r)
and replace it by the spherical cap of the same HY ' —measure and center rey.
This can be done for almost all r. The union of these caps is A*. Now, the spherical
symmetrization u* of a given measurable function v > 0 defined on £ is constructed
by symmetrizing the super-level sets so that, for all ¢, {u* > t} = {u > t}*. See
[19, 23].
The following theorem is proved in [19] (see also [23]).

Theorem 4.1 ([19]). Let u € WHP(B(0,1)) and let u* be its spherical symmetriza-
tion. Then u* € W1P(B(0,1)) and

/ [Vu*|P dz < / |Vul? de,

B(0,1) B(0,1)

(4.1) / P dar = / luf? de,
B(0,1) B(0,1)

/ Ju* |7 dHN L = / u|? AN L
dB(0,1) 0B(0,1)

In this case we can prove the following.

Theorem 4.2. Let Q@ = B(0,1) and let 0 < a < 1. Then, there exists an optimal
boundary hole which is a spherical cap. Moreover, when p = 2, I' is an optimal
boundary hole if, and only if T is a spherical cap (up to sets of zero HN ~1—measure).

Proof. Fix a € (0,1), by the Theorem 3.5, there exists a function u € X such that
HN1({u = 0}) = aHN=1(0B(0,1)) and
8(a) = 1lwir o)
HUHZI;/I({)B(OJ))
Let u* be the spherical symmetrization of u. Then u* is an admissible function in
the definition of §(«) and, by Theorem 4.1,

||U*||€v11p(3(0,1)) ”“HII'ZVLP(B(OJ)) S
(@) < e =l =S
La(8B(0,1)) UliLa(aB(0,1))
Therefore
* || P
w2 s(a) = [ Iwrmom

B [ HIEG(@B(OJ)) '
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Moreover, I' := {x € B(0,1): u*(z) = 0} is a spherical cap and, since K ! ({u =
0}) = aHN~1(0B(0,1)), we have that HY~1(T) = aHN~1(0B(0,1)). Then, using
(4.2), we get that

8(a) = S(I).

Now consider p = 2. Let I' be an optimal boundary hole and let u be an extremal
of S(T"). In this case, it is proved in [5] that if equality holds in (4.1) then for each
0 < r <1 there exists a rotation R, such that

(4.3) uloBo,ry= (u" o R;) |ap(o,r -

We can assume that the axis of symmetry ey was taken so that Ry = I'd. Therefore
uwand u* coincide on 9B(0, 1). Then the set {z € 9B(0,1): u(z) = 0} is an spherical
cap and, by Theorem 3.6, HY "1 ({u = 0}) = aHN~1(0B(0, 1)). O

5. DIMENSION REDUCTION

In this section, we are interested in the characterization of optimal boundary
holes, when we shrink some of the dimensions of the set 2. This procedure of
dimension reduction is interesting for such domains €2, where one of the directions
is smaller than other ones. We begin with a fundamental case when the set (2 is
given by a cartesian product, then we extend our results for more general domains.

The ideas in this section follow closely the ones in [9] where the behavior of the
best Sobolev trace constant for shrinking domains was analyzed and [13] where the
interior set problem was studied.

5.1. The product case. Let 27 and €23 be bounded domains respectively in R™
and R¥, which are connected and have smooth boundaries. Set Q = Q7 x Q5 and
for some 0 < p < 1, define

(5.1) Q=M x pQ = {(z,y): (z,y) € Q}.
It is easy to see that 99, = Oy x pdQ U O x pufly and
(5.2) HN=H00,) = pF 1 (Qy) FEH0Q,) + I (0Q)) FHE(Q),

where we recall that NV = n + k. Moreover we see that, formally, ()1 represents the
boundary of €, in the limiting process. This fact will be made clear a posteriori.

Now let u, be a function defined in ©,,. We define, for each (z,y) € Q,

vu(,y) = uu(z, py).

Then, v, is defined in © and enjoys the same regularity than wu,. More precisely,
we have the following

Lemma 5.1. Ifu, € WhP(Q,), then v, € WYP(Q). Moreover,
HN! ({uy = 0} N0Q,) =pF 1 HV ({v, = 0} 0 (1 x 092))
+ uF HNTE (v, = 0} N (09 x Q).

Proof. The regularity of v, is clear. On the other hand, since xp = x4 ©7},, where

A= {(.T,C) € QN; UM(‘T7C) = 0}’ B= {(m,y) € Q; 'Uu(xvy) = O}a
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and T,: Q = Q, T, (z,y) = (z, py). We have that,

j_cNfl(A) _ / XA dj{N*l
o,

= // xa dHF 1 + // xa dH"rdy
Q1 X o O X o

S // x5 dHF e + g // x5 dH" dy
Ql ><8§22 OQI ><(22

= W (B O (1 % 09)) + pF N TH(B N (9 X Q).

The proof is now complete. O

In the remainder of this section, we consider subcritical exponents 1 < ¢ < p*,
where p* is the critical exponent for the Sobolev embedding WP (Qy) < LI(Q1),
given by

pt = pn ifl<p<norp*=occifp>n.
n—p

Given «, s € (0,1), we define
8u(@) :=1inf {S(I): T C 9Q,, H" () > aHN"1(00,)}

and

o]l

S(«) := inf M: v e WHP(Q), H" ({x € Q1: v(x) =0}) > aH" () ¢ .
R

Observe that S(a) is the best Sobolev constant of the embedding W1P(Q;) C

L1(94) for functions that vanish on a subset of Q; of a given positive measure

greater than or equal to o™ ().

Remark 5.2. Arguing as in section 2 (cf. with [15] where the interior set case is
studied), we can prove that for every 0 < a < 1 there exists v, € WP(Qy) such
that

lvalliy.m
H'{x € Q1: vo(z) =0}) = aH"(Q1) and S(a) = w
HUaHLq(Ql)

Moreover, S(«) is strictly increasing as a function of a.

Next, we give a characterization of the asymptotic, as 4 — 07, behavior of 8, ().
In fact, we see that, properly rescaled, the limit behavior is given by S(a).

In order to do this, we need a couple of lemmas. The first one is easy and was
proved in [8].

Lemma 5.3 ([8], Lemma 3.1). Let Q1 C R"™ be a domain and let f;, f: Q1 — R
be nonnegative measurable functions (j = 1,2,...) such that f; — f a.e. in Q.
Set Aj = {z € Q: fij(z) =0} and A = {& € Q: f(z) = 0} and suppose that
H™(A;) = H"(A) as j — +oo. Then

lim HN1(A4;A4) =0.

Jj—4o00
The second lemma gives the right continuity of S(«) with respect to a.

Lemma 5.4. Let 1 <p<n, 1 <qg<p* and 0 < ag < 1. Then,
lim S(a) = S(aw)-

a%ao
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Moreover, if we denote by v, a nonnegative extremal for S(a) normalized such that
llvallLaa,) =1, then there exists a sequence {c;}jen, oy > 0 for every j € N, such
that o; — aar as j — +oo and

(5.3) lim v,;, =v strongly in WhP(Q,),

j—r+oo
where v is a nonnegative extremal for S(ayg).
Lastly, if Aj = {x € Q1: vy, (x) =0} and A = {x € Qy: v(z) = 0}, we have that
(5.4) lim H"(A;AA)=0.

j—+oo

Proof. For this, we proceed in three steps.
Step 1. First, we prove that S(a) — S(ap) as a \y ap.
We begin by observing that, since S(+) is increasing by Remark 5.2, there exists

(5.5) L= hm+ S(a) and L > S(ayp).

a—ag

On the other hand, by Remark 5.2, there exists v,, € WP (1) an extremal of
S(a) such that [[va, |l peo,) =1 and

H"(Aag) = aoH™ (1),
where A,, = {z € Q1: vy, (z) = 0}.
Now we choose a smooth function 7 satisfying
n=01in B(0,1),
n=1in R™\ B(0,2),

Take g € Q1 \ Ay, a point of density one (see definition in Chapter 1.7 of [6])
and for each & > 0, set 7. (z) = n(£=22) and w. = 7.v4, € WHP(Q). Observe that
(5.6) H™ ({x € Q1: we(x) =0}) > apH" (),
for € sufficiently small and
(5.7 im0y = eallzogon) Va € [12°]

Moreover
IVwellLo(oy) < [VNevag + 0 Voagl e an)
< NVnvap llze(en) + I VVaq |l Lr (o)

< g”vao||LP(B(x0,2s)\B(xo,s)) + (Vv ll e e
and, by Holder’s inequality, we get that
(5.8) [Vwe |l Lr 1) < Cllvagll Lo (B(wo,20)\ B(zo,e)) T I VVaollLr(02,)5
where C is a constant independent of €. Then, by (5.6), there exist ¢ > 0 such that
H" {z € Q1 we(x) =0}) > aH"() YO<a—ap<d.

Therefore, w. is an admissible function in the definition of S(«) and, using (5.8),
we have that

S(a) < Ieelli o o)

||w5||IL),1I(Ql)

- (Cllva Lo (B0 .26\ Blzoe)) T I Va0l Lr (1)) " + lwell7o )

‘U’e”iq(gl)
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for all a > ag. Then, by (5.5),

P
- (Cllvaoll Lo (B(o.2e)\B(zo.e)) T VVao lr(01))” + lwellf )y Ve =0

||ws|‘iq(91)

Lastly, taking limit as ¢ — 07 and using (5.7) and (5.5), we get that

||U0¢0H€V1‘IJ(91)
@ollLa(Q1)
Then, we have that

(5.9) lim_§(a) = S(ao),

as we wanted to show.

Step 2. Now, we prove that (5.3) holds.

Let v, be a nonnegative extremal for S(ar) normalized such that [|va || fao,) = 1.
Thus, by (5.9), we have that

(5.10) S(ao) = lim S(a) = lm_|[lvalfym0,):

OL*)QO OL*)QO

and therefore {v,} is bounded in W?(Q;). Then, there exists a sequence {o;}
such that a; — af as j — +oc and

(5.11) Vo, — v weakly in WhP(),
(5.12) Vo, — v strongly in LP(€),
(5.13) Vo, — v strongly in LY(Qy),
(5.14) Vo, — v H"-ae. in (),

where v € WHP(Qy). Since ||, ||La(,) = 1 for all j € N, using (5.13), we have that
lvllLe(o,) = 1 and by (5.14) v is nonnegative. By (5.10), (5.11) and (5.12), we get
that

(5.15) S(ao) = jlig_noo Hvangvl,p(Ql) 2 ||UH€VLP(91)’

and using (5.14), we have that
(5.16) apH"™ () < ljmlnf H"(A;) < limsup H"(4;) < H"(A),
j—4oo

Jj—+o0
where A; = {2 € Q1: vy, (7) = 0} and A = {x € Q;: v(x) = 0}. Then, v is an
admissible function in the definition of S(ay), and using (5.15), we get that
S(a0) < 1ol < S(ao).
Therefore v is an extremal for S(ag) and, by (5.10), we have

(5.17) jEToo Ve, lwre ) = lvllwie@,)-

Moreover, using (5.11) and (5.17), we can conclude that
lim v, =v strongly in W"P(Qy).
Jj—+oo

Step 3. Lastly, we prove that (5.4) holds.

First, we prove that H"(4) = apH"(21). On the contrary, suppose that
H™(A) > apH" (1), then there exists jo such that H"(A) > a;H" () for all
7 > jo and therefore

S(ao) = [[0ly10(0yy > S(a;) > S(ao)
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and we obtain a contradiction. Thus H"(A) = apH"(2) and by (5.16)
lim H"(A;)=H"(A).
jAim F(4;) (4)
Then, by (5.14) and Lemma 5.3, we have that
lim H"(A;AA)=0.

j—+oo

This finishes the proof. O

We arrive now at the main result of this section.

Theorem 5.5. Let 0 < a,up < 1,1 <p<n, and 1 < q < p*, then
. Su(a) j{k(Qz)
11Igl+ k(a—p)+p = k—1 P S(a)
H— l’L q g_{: (892)‘1

Proof. We begin by proving

) S, (a HF(Q
thllp k(lt:Ep))JrP < k—l( 2)
p=0t FE—1(0Q)

%S(a).

Let

_ FH(991) T ()
e (1 ' “ﬂf"mlmk—wa@g)) |
and take v € W1P(Q;) such that
H" (A) = ap, H" (),

where
A={zreQ:v(zx)=0}.

Then, if we take u(z,y) = v(z) for all (z,y) € Q,, we have that
HV! (fw = 03N 99,) > HV! ({w =0} N (D x 109))
> HNL (A x pofs)
— T (A)HE (90,)
> e, () HTH(09)
= aHN71(09,).

Therefore, v is an admissible function in the characterization of 8, («a) (see Lemma
3.4), then

VwlP 4 |w|P dzdy
5 ) < L 170 + ol dod
(fasz# |wl dj{N*l) ’
HRIE(Q,) [y, [VolP + ol da

g

(ﬂk—lﬂ{k—l(aﬂz) Jo, [o]ada + pE3 () [, |v|qdf}{”—1)
k(q—qp)+p j{k(Qg) le |vv|p + |U|p dz
FR=1(9) 5 P
( 2) <f91 |'U|ng;)

Thus, taking infimum over all v € W1P(£;) such that
H" {z € Q1:v(x) =0}) > o, H" (),

<u

we get that
Sula) _ 9H(@)

:(g—p)+p — _ P
Nk% :H:k 1(892)‘1

S(ey)-
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Therefore, using Lemma 5.4,

S, HF(Q
(5.18) lim sup k(q(g)ﬂ < (§2) =S(a).
o0t gy F-1(00)
On the other hand, for each y there exist there exists an extremal u,, € W'?(£,,)
of 8, (a) such that

(5.19) // v, |9ded It + M// v, |9dH My = 1,
Q1 X909 O XN
where v, (z,y) = u,(z, py).
Then,
[, Vuu|P + [u, P dedy
Su(a) = -
N1 \P/?
(Ve ke 36V =1)
fo (|(vwvﬂa /J/_lvyvu)lp + |’Uu|p) Mk dl‘dy
P
I R I
k(a—p)+p 1 » »
=H B 0 |(VIUH,M vyvu)‘ + |UM| dzdy | .
Thus,
Sl
(5.20) ﬁ // (Vo 1V 0,) [P + o [P daedy Vi € (0,1).
e
Let {415} en be a sequence such that u; — 0% as j — oo and
8,u(a) . S, ()
lim inf W =l

J
To simplify the notation, we write v; instead of v, for all j € N.

Then, by (5.18), we have that {v;};en is bounded in WP (Q). Therefore, there
exists a function v € WHP(Q) and a subsequence of {v;};en (still denoted by
{v;};en) such that

(5.21) v; — v weakly in W"P(Q),
(5.22) v; — v strongly in LP(Q),
(5.23) v; — v strongly in L9(09).
Observe that, by (5.23), we have that

(5.24) v; — v strongly in LY(0€ x ),
(5.25) v; — v strongly in LY(Qy x 0Qs),

and, using (5.19), (5.24) and (5.25), we get

// [v|? dzdH P~ =
Ql XC’)Qz

from where we conclude that v # 0.

Now, using again (5.18) and (5.20), we have that there exists a constant C such
that

/ |,uj_1Vyvj\p dedy < C Vj €N,
Q
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1 . .
then {x; Vyv;}jen is bounded in LP(2) and

// Vyv;P dedy < Cpll — 0 as j — oo.
Q

Therefore v does not depend on y, i.e. v =wv(z) and
(5.26) - / / (0|7 deddtE—1 = 3651 (902) / lv7da.
Ql ><8§22 Q1

On the other hand, using that {pj_lvyvj }jen is bounded in LP(€2), there exist
w € LP(Q) such that

uj_lvyvj —w weakly in LP(2).
Then
8,.(a)

liminf —A~—~2— =
k(a—p)+
M_>0+ M q qp P

8, (cv)
k(a—p)+p
q

lim

J—+oo
J

= lim //Q |(Vzvj,u;1Vyvj)|p + |v; [P dady

j—+oo

. // |(Vev, w) [P + |vfP dzdy
Q
> HE Q) [0l (g,
and, by (5.26), we get
S g{k QO |’U p »
(5.27) lim inf k“fa) > (€2) _ [0l @)
B

P
|U||zq(91)

Lastly, by (5.2), Lemma 5.1 and since u,,; is an extremal for 8, (a) for all j € N,
we have that

aF{" () HE1(9Q0) <HN 71 ({v; = 0} N (2 x 992))
+ TN ({v; = 0} N (0 x Q2))
for all j € N. Then, using (5.25), we get that
Q™ (Q1)HF1(992) < limsup HY 1 ({v; = 0} N (Q1 x 9Q2))

j—+oo
<HYN Y {o =0} N (Q x 90s))
=HY (v =0} NQy) x 9Ny)
= H"(({v =0} N Q) H1(09,).
Thus,
aH™(Q1) < H"({v =0} NQy),

and v is an admissible function in the characterization of S(«). Then, using (5.18)
and (5.27), we have that

k k
_IC(E) (€22) =S(a) < liminf 75(‘55(:)1;, < lim sup i‘;ffﬂp < I () 5
ﬂ{k—l(802)3 p—0t I q pn—0t o q ﬂ{k—l(ﬁQQ)E

S(a).

The proof is now complete. O
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5.2. The case n = 1. When the limit problem is one-dimensional we can give a
more precise description of the situation. So in this subsection we consider the case
Oy = (a,b) C R, an interval.

In [13] the following Theorem regarding the limit problem for n = 1 is proved

Theorem 5.6 ([13], Theorem 1.2). The optimal limit constant S(«) is attained
only for a hole A* = (a,a+a(b—a)) or A* = (b—a(b—a),b), that is the best hole
is an interval concentrated on one side of the interval (a,b). Moreover, the optimal
limit constant is given by

@2m)r(p—1)

S1) = Ga— apsin (@) T

As a consequence of this Theorem, we have the following Corollary on the ap-
proximate shape and location of optimal boundary holes

Corollary 5.7. For u small enough the best boundary hole T',, for the domain
Q, = (a,b) x pQs with measure HYN 1T ) = aHN=1(09Q,,) looks like T, ~ (a,a +
alb—a)) x 0uQdy or like I'y, ~ (b — a(b —a),b) x Oufls.

5.3. General geometries. We finish this section by observing that, once the prod-
uct case is studied, the extension of our results to more general domains  in R
than a product is done by a standard procedure. Cf. with [9, 13].

So, in this case we let Q, = {(z, ny): (z,y) € Q}.
We have the following

Theorem 5.8. Let Q be a bounded and Lipschitz domain in RYN. Let Q, be the
x—section of Q and P(Q) be the projection of Q onto de x variable, i.e.

Q= {y eR”: (z,9) € Q} and  P(Q):={x eR": Q, #0}.
Then, if we call p(z) = H*(Q,) and B(z) = H*~1(9Q,) we have that
Su(a)

lim ———— =
i, gl =S(0.0.6),
where
VolP + |v|P) p(z)dx
Sap. gy — i 4 S (TP H P oyt
(Voo lele()dz) "
with

Ala) = {v e WP (P(Q),p): H*({x € P(): v(xz) =0}) > aﬂ{"(P(Q)}.

Here WYP(P(Q), p) is the weighted Sobolev space,

WhP(P(Q), p) = {v: P(Q) — R: /P (IVol? + [v[P)p(z) dz < +oo} )

(2

Proof. Once the product case is studied, the extension to general geometries is
analog to Theorem 1.1 in [9]. See also Theorem 1.3 in [13]. We omit the details. O
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6. SHAPE DERIVATIVE

In this section, we are interested in the computation of the derivative of the set
function S(-) with respect to regular deformations of the set. The formula obtained
in this way could the be used in the (numerical) computation of optimal boundary
holes. This approach have been used with relevant success in similar problems. See
[3, 8, 17, 22] and references therein.

Since the domain of S(-) are sets contained at the boundary 0 which is a
manifold of codimension one, we must take deformations of sets, which stays in 9.

We begin describing the kind of variations we are going to consider. Let
V:RY — RY be a Lipschitz field such that, V - v = 0 on 99, where v is the
outer unit normal vector to 0f), and

spt(V) € Q5 := {x € RV : dist(z,09Q) < 6}

for some ¢ > 0 small, where spt(V) is the support of V.

Now, we consider the flow associated to the field V. Let ®: [0,00) x RY — RV,
satisfying

d
%q)t(ac) =V (®(x), Po(z)=uz,
where ®,(-) = D(¢, ).

It is not difficult to see that, for each t fixed, ®; is a diffeomorphism. Indeed,
by construction of the flow, @, is invertible with inverse given by ®_,. In [17], the

following asymptotic formulas were proved
Oi(z) =x+tV(x)+ oft),

D®(z) = Id+ t DV (z) + o(t),

D®y(z)™' = Id — t DV (x) + o(t),

JO(z) =1+ ¢ divV (x) + o(t),
Jr®(z) =1+ ¢ div,V(x) + o(t),

for all z € RY, where J®, is the Jacobian of the flow and div, denotes the tangential
component of the divergence operator.

So, given I" C 0f), we are allowed to define

(61) Ft = @t(F) - 897
and
(6.2) s(t) == S(Ty).

Observe that s(0) = S(I).

Remark 6.1. By construction, the flow preserves the topology of the initial domain.
Therefore, if I" is a connected set, then I'; will be also connected. In fact, this is one
of the characteristic of the shape derivative, opposite, for instance, to the topological
derivative, see [1, 2, 7, 18], etc.

Our first result of this section shows that, s(t) is continuous with respect to ¢ at
t=0.
Theorem 6.2. With the previous notation,

t£%1+ s(t) = S(I).
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Proof. Let u € Xr and we consider v = w0 ®; ' € Xr,. By the change of variables

formula, we have
/ [v|P da = / |u|? dz + t/ |u|P dz + o(t),
Q Q Q
and

/\W|de:/ |Vu|pdx+t/ (IVul? divV — p|Vul[P~(Vu, DVT V")) dz+o(t).
Tglzlen7 " "

/|VU\P+|v|pdx=/ Vul? + |ufP dz + LR(u) + ot),
where ’ !

R(u) :/ (Jul? + |Vul?) didex—p/ |Vu|P~2(Vu, DVTVuT)dz.
Q Q

On the other hand, by the change of variables formula on manifolds, see [17], we
obtain

/ |U|Qd:}cN—1=/ |u|"deN_1—|—t/ luf? div,V dFN 1 4 off).
o0 o0 o0

Then,
P P
S(t) S fQ |VU‘ + |’U| di
(fag |v|? dj'(N_l) !
Jo IVul? + |ul? dz + tR(u) + o(t)

(foq [ul@ dHN=1 4 ¢ [o, [ul? div, V AHN =1 + o(t))

(6.3)

)

Qs

and therefore
- Jo IVulP + |ul? dz

limsup s(t) < = VYue Xr.
=07 (Joq ule dFHN=1)
Then
(6.4) lim sup s(t) < S(T).
t—0t

Now, let {t, }nen such that ¢, — 01 as n — oo and

. liminfs(t) = lim s(t,).
(6.5) iminf 5(t) = lim s(tn)

For each n € N, let v, be an positive normalized extremal of s(t,), i.e. v, € Xr, ,
vp > 0 in ||’Un||Lq(aQ) =1 and

(6.6) s(ty) = / Von|? + [vn]? da.
Q

Using (6.4) and (6.5), we have that {v,}nen is bounded in W1P() and therefore
there exists u € W1HP(Q) and some subsequence of {v,, }nen (still denote {vy, }nen)
such that

(6.7) vp — u, weakly in WP(Q),
(6.8) v, — wu, strongly in LP(Q),
(6.9) v, — wu, strongly in L1(0Q).

Then, u > 0 and [[u[|La(s0) = 1 and

lim inf s(¢) > / Vul? + [uf? dz.
Q

t—0+
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On the other hand, since ®_; — Id in the C'* topology when ¢t — 0 and using (6.9),

we have
/ uxp dHN "1 =0
o

and therefore v € Xp. Then, using (6.4)

ST < / |Vul|P + Ju|P dz < liminf s(t) < limsup s(t) < S(T).
Q t—0+t t—0+
Thus,
lim s(t) = S(T).

t—0+
The proof is now completed. O

Remark 6.3. Observe that, in the above prove, we really have that v,, — w strongly
in WH?(Q) when n — co because [|vy |lw1.r) = |[ullw1r@) when n — co and by
(6.7).

Now we arrive at the main result of this section.

Theorem 6.4. IfT' C 9Q is a positive HN ~! —measurable subset, we have that s(t)
is differentiable at t = 0 and

ds (0) = _BS(F)/ lu|? div, V dHN ! 4+ R(u),
o0

1 —
(6.10) = ;

where
R(u) = / (lu? + |Vul|?) divVde —p/ |Vu|P~2(Vu, DVTVuT)dx
Q Q
and u is an extremal of S(T).

Proof. Let u be a positive normalized extremal of S(T"). Then, using (6.3), we have

that
S(T) + tR(u) + o(t)

s(t) <
(141 [o lul2 div,V dHN =1 + o(t))

Qs

Thus, for all ¢ > 0

s(t) = S(T) _Sm)1- (L4t [y [ul?div.V dHN =1 + o(t))
b Tt (Lt [ [ufe diveV dHN T 4 o(1)) 7
R(u)+o(1)
(14t [y [u]e div, V dFHN-1 4 o(t)) T
Therefore
—5(T
(6.11) tim sup 2= —ES(F)/ luf? div,V dFY 1 4+ R(u).
=0+ t q 9]

On other hand, let {t,}nen be a positive sequence such that ¢, — 0t when

n — oo, and

lim inf > — 5[ = lim M

t—0+ t n—00 [7%
Observe that, by Lemma 6.2, we have that s(¢,) — S(I'). We can now proceed
analogously to the proof of Lemma 6.2, and we find a subsequence of {t, }nen (still
denote {t, }nen) such that

vp — u  strongly in WP(Q),

where v, is an positive normalized extremal of s(¢,,) for all n € N and u is an
positive normalized extremal of S(T'), see also Remark 6.3.
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Thus, taking u, = v, o ®;, € WAP(Q), we get
$(tn) — th R(vy) + o(ty)

S < .
(L —tn [y lvn]?div,V AHN =1 4+ o(t,)) @
Then
(tn) = ST _ 5(tn) (L=t fog ealdiv, V7 dHY 1 4 o(t,)) " — 1
tn Tt (1=t [y [oa]9 div,V AHNT 4 o(t)) 0
R(vy,) + o(1)
(1= tn [y [Un]? div,V AHN =1 + o(t,)) @
Therefore
- —S(r
lim inf s(t) = S . SO _ iy 7S(t”)t S
(6.12) =0 e n
> —BS(F)/ luf? div, V A3V 4+ R(u).
q o0
Thus, by (6.11) and (6.12), we have that s(¢) is differentiable at ¢ = 0 and (6.10)
holds. O

Remark 6.5. One observes that, we do not need in our approach the derivative of
the eigenfunctions.

Remark 6.6. It would be desirable to obtain a simplification of Formula (6.10). In
many problems (cf. [8, 17, 22], etc) this can be done by using, in an appropriate
way, the equation satisfied by u. In our case, the obstruction we have encountered
in order to do that, is the lack of regularity of u at the boundary. A similar problem
was found in [3] where the authors attempt to overcome this difficulty by working
on a subset Qs C Q and then passing to the limit (however, the results are not
completely satisfactory). In our case, since we cannot control the normal derivative
of u in s, this approach does not seems to be feasible.
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