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1
.

Thephilosophy of non com. algebraic geometry (after Drin -feld, Kontrevich . . . )

Question : What is a noncommutative scheme ?

Answer1 (Grothendieck
,
Gabriel

,
Manin

, .
. . ) : It is an abelian category , namely

the abelian category of
"

quasicoherent sheaves
"

on a hypothetical
"

non com . space
"

.

Each com
.
scheme ✗

, yields the noncom. scheme Qcohlx)
.

Observation : The essential homological invariants of✗resp. Qcohx only depend on its derived category
DQWHX

,
which is no longer abelian but still triangulated.

Answer2 (Drinfeld, Kontsevich, . . .) : A noncom.

scheme is a triangulated category,

namely the
"

derived category
"

of the cat. ofquasicoherent sheaves on some

hypotheticalnoncom. space .
Each com

.

scheme ✗yields the noncom.

scheme DQcohX
.
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Observation : There are serious technicalproblems with triangulated categories.

Most importantly, if Jis triangulated and Ia small category, then Fun II. J)

is no longer triangulated ingeneral ! (already for I: 1-→2) .

Solution : Replace triangulated categories with dg f-differentialgraded) categories , which are

considered up
to derived Morita equivalence : A Morita functor F:A→ B is

a dg functor yielding an equivalence DB
"
• DA

.

Two dg categories are

derived Morita equivalent if they are linked by a zigzag of Morita functors.

Non com. algebraic geometry = study of (small) dg categories up to derived

Morita equivalence and of their invariants, e.g. K-theory, Hochschild

(a) homology, cyclic homology, - -
-
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Pictures of the type of categories we will consider :

cluster category Chester cat
.

of type F-6 of type Ars .

1
.
Hochschild homology

k a field, A a k- algebra (associative, with 1, noncom .

)
,
ModA = {all right A- modules} ,

DA=DMODA = unbounded derived category : objects are complexes . -

→MP→MP"→
. - .



Ae =A☒AT so that Ae- module = A- bimodal
, e.g. AAA

= identity bimodal
5

to

Hochschild homology of A = HH
*
(A) = Tor#LA,A) = homology of the Hochschild complex

HHIA) : A < A☒A - A☒A☒A←
- . -

← A☒P"←
. . .

ab-ba a \ a ☒b

Rhs: 1) We see : HH. /A) = ALIA, A] . derived cat. of the cat. of b- vectorspaces+
2) HHNIAI and HH/A)c- Dk are functional in A.

3) The definitions extend from K- algebras A to small b- Categoria A , e.g .

the Hochschild complex becomes

ao¥gA(Ao , Ao )← It AIA, , A.) ☒AlAo , Act←# Atta
,
Aol☒AIA, , Az )☒ AIAo.AT← - - . )

Ao, A, C-A Ao
,
A
, , Az

a.b- boa < la ☒ b

# ya
,

finger.proj. A-modules]
Ao# Ai AoI Az

4) Can show : HHIA)→ HtllprojA) .
Thisyield, Morita invariance of

HH
.

in Dk
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5) The definitions further extend to small differentialgraded f- dg ) k- categories A

e.g.
A = CbaglprojA) = dg category ofbounded complexes overproja with

morphism complexes : HommaIF, Oil
= If:P

-

- Oi A-tin
.homog. of degree n}, ne -21 ,

dcf) = dp - of - th
"

fo da . .

Then we have H°CbglprojA) = JlblprojA) and

HH(A1 -> Htllproial Is, - HH(CbaglprojAll in Dk .
Thisyields derived Morita invariance of HH:

⇒ DA
-

o DB →

Rickard '8g
-7 CbdglprojA) zigzagof CbdglprojB) ⇒ HH(A)= HHCB)

triangle equiv.
quasi-equiv.

A dog category :

CA= 1dg rightA-modules} - 1dg functors M: AT • eegk } , DA = @A)[Qii'].



7

Thm (localization
,
K 1998) : Let 0 →A → B - E - o

be an exact sequence of dg categories, i.e. the sequence of derived cat.

O - DA - DB - DE -o

is exact. Then we have a canonical triangle in @k

HHlot → HH/B) - HH(E) - IHHIAI
.

←
suspension = [I]

✓
path algebra

LetA = Kk/I
,
Q finite quiver, I

4- KQ admissible (i.e . (Q, )
"
c- I C- (Q

,
F
,
Q
,
=3arrows})

← Honk 1? , K)

Thm (Vanden Bergh
'

151 : HHIA!)
-

• ①HHIA)
, y dg algebra

where A! = Koszuldual of A = RHOma /R,R)

R=A/rada= ②So
,
D=Homa 1?,k7 .

IC- Qo
- vertices of ②



✓
"

Beilinsonquiver for P2
" 8

Example : A given by Q : 2=÷→→3,I : commutativity : xixj -xjx;=0→z→ - Xz-7

←E-
⇒ A! given by Q* : 1 E- 2<-5. -3

← 52 - ← Ez-

1%1 = 1
,
I
#
: anticommutativity : E-Ej + EjEi = 0, Fi,j, D= 0 .

→ HH/A) = k3 = DHHIA!)
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2. HH* of derived and singularity categories

let A =KQII admissible quotient , modA = {k-fin. dem. right A-module,} .
✗blprojA)
%

ÑA = bounded derived category ofmodA , perA =perfect derivedcategory = thick/A) C- DBA.

sg (A)
= singularity category = DblmodA)/

per
IA) (BuchWeitz 1986, Orlov2003) .

µ
K 1999

,
Drinfeld 2004

Fact (based on dg quotients) : We have a canonical exact sequence of Ig categories

0 →pug
A ° DEGA - sgdga • 0

" icemen.ebdglprojA)

By the localization theorem , we obtain a triangle in Dk



HH/pug A)
→ HH/DGA) → HH/sgdg A)

→IHttlperdga)
10

% 4
HHIA) I HH(A)

Think : We have HHCÑIGAI = DHHIA) .
RHomn.IR, ?)

sketch ofproof: Recall: R=A/rada, A
!
= Rthoma /R,R) . We have DblmodA)

-

opera
!
.

⇒ HHlÑgA) - -HH/praga :) -for. HHIA
!) Fans DHHIAI . ✓

Abbreviate f-- sgdgttl.

Fhm2 : HH/f) is canonically isomorphic (in@k) to the double Hochschild complex ofA :

degree 0

1*1 . . . .

- A☒A- A -

-
,

DA - DIA☒A) →
. . -

,

-
Hochschild cplex

[
trace dualof Hochsch. cplex

where ⇐ (a))(b) = tr /tag, : A→A) , ✗
a

__ leftmelt. , gz = rightneck.
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Cor, ; Htnlf) = HHN
- ,
IA) = DHH

,-n
(f) for na 2

HH
,-
(f) = her (HH

.
(A)
t

• DHHOIAI ) = DHHO (f)

Rh : The than generalizes to suitable proper dg algebras A.

4.tt/sp1icatron:HH*of-dg Leavittpath algebras

Q a finite quiver , e.g.
Po?

A = associated radical square 0 algebra - Kk/(kQÑ , e.g. KEE]/LEZ).

Q* = oppositequiver with arrows ✗
*
:j-i of degree 1 for each a :i→j of Q, e.g.

Fix i c-Qo . Consider the arrows is : i→ flat's)
,
les En

, , starting in i.

tPut Pi = e;hot c-proj@
*). target
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* 12

let qcii :p,
→

"tension = "]

✗¥ j=, tea;) ,
Pi = eikQ*

, e.g. P,
É IP

, for &: !

ni

Note : If i is a sink of Q* (i.e. -71 outgoing arrows atc) , then ④IPjis - 0.
j=i

Let ni

gliÉ [pi, , .
-

, pit;] : ⑦ -2Pj, → Pi be a formal inverse of pci) .
S = 1

Ly = Leavittpath algebra of Q = hot{coeff. pig. ofall ycii
'

,
ie Qo ) .

Endow La with thegrading inherited from Q* and with d-0, e.g. La
= KIN

,
É]

.

Thm (Smith
'

12
,
Chen-Yang

'15) : We have
peg La

→

sgg A , ec.la
↳ Si

.

Cor
.
: HH* (ly ) is computedby the double Hochschild complex of A :

. . .

→ A☒ A - A→ DA- DA☒ DA →
. . .

.

deg 0
Inparticular, we have dim Http /Lal = - , tp .
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Rk : A different description of HH* (La) is due to Ara
- Cortinas (Proc. AMS 2015).

Beyond radical square zero

Qa finite quiver , I1-KQ admissible , A = KQII, R -- ITbe, - C-A, J= rada so A = Rtf.
← tensor algebra

A. = CTRL)/tf☒2) = radical square 0 alg . assoc. with A

Rk : So Ao - R④J = A as R- bimoduks but xy=O in Ao , V-x.geJ.

Idea (Chen - Wang) : Ao -0 A
deformation

⇒ g.gladmy Sg (A)deformation

4 4 ?

perHad
o_0 sglla )deformation ?

Lao o_0 La ?
deformation ?
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←
dA☐=0

☒
0

Thm (Chen - Wang
'

21) : Lao admits a can. differential da s. th. for La := (Lao , da)

say!gAl
<
"

perdgla '

Cor
.
: The Hochschild homology of La is computed by the double Hochschild complex ofA.


