CARDIFF
UNIVERSITY
PRIFYSGOL
i i AERDY,
Topological Invariants

for G-kernels and Group Actions

Ulrich Pennig’
6th June 2024

Seminario de Geometria No Conmutativa del Atlantico Sur (GeNoCAS)

TCardiff University
PennigU@cardiff.ac.uk



Let G be a countable discrete group and let A be a unital C*-algebra.
An action of G on A is a homomorphism

G — Aut(A) .

Consider the following related notion:

Definition
A G-kernel (or anomalous action) is a group homomorphism

a: G— Out(A),

where Out(A) = Aut(A)/Inn(A) is the group of outer
automorphisms.



Cocycle actions

Definition
A cocycle action («, u) of G on A consists of two maps

a:G—=Aut(A) , u:GxG— UA),
such that forall g,h,k € G

ag o ap = Ad(Ug ) o agh

ag(Un k)Ug hk = Ug nUgh k -

m Second equation can be derived from associativity, compare

(agoap)oar and ago(apoay).



The lifting obstruction

Let &: G — Out(A) be a G-kernel. Try lifting to a cocycle action ...

m Lift @ to a map a: G — Aut(A).

m Since @ is a group homomorphism, for each pair g, h € G we
have unitaries ug , € U(A) such that

ag o ap = Ad(Ug,n) © agnh -

m The associativity constraint for ug p, is in general not satisfied.
m However, for every g, h,k € G we have wg  r € Z(U(A)) such that

atg(Un,k)Ug,hk = Wgh,k UgnUgh,f -



The lifting obstruction (continued)

B The mapw: G x G x G— Z(U(A)) is a cocycle representing an
element
ob(@) = [w] € H}(G,Z(U(A))) .

Lemma
The class ob(a) does not depend on the choice of unitaries.
It vanishes if and only if & lifts to a cocycle action («, u).



G-kernels on the hyperfinite //;-factor

Theorem (Connes, Jones, Ocneanu)

Let A = R be the hyperfinite Il,-factor and let G be a discrete
amenable group.

The obstruction
ob(a) € H*(G,T)
Is a complete invariant for injective G-Rernels up to conjugacy.

For every class [w] € H*(G, T) there is an injective G-kernel
a: G — Out(R) such that ob(@) = [w].



G-kernels on strongly self-absorbing C*-algebras

Theorem (Evington,Giron Pacheco)

Suppose there exists a G-kernel a@: G — Out(Z) on the Jiang-Su
algebra Z. Then
ob(@) =0 € H*(G,T) .

Theorem (Evington,Giron Pacheco)
Let G be a finite group. Let

D = ()M, (C).
ReN

Let r be the order of ob(&) € H*(G, T). If &: G — Out(D) is a
G-kernel, then r> divides the supernatural number [T, cy Ne.



lzumi’s invariant

Let A be a unital C*-algebra such that

m U(A) is path-connected and Z(U(A)) =T,
m m(U(A)) — Ko(A) is an isomorphism.

Examples: Z, O, (including O), UHF-algebras, UHF ®0,

Define
K¥(A) = {7: [0,1] = U(A) : £(0) =4, f(1) € T} /U(SA)o .

This group fits into the short exact sequence

1T —— Ko(A) — KF(A) =5 T — 1.



lzumi’s invariant (continued)

Define
KF(A) = {v:[0,1] = U(A) : f(0) =1a, f(1) € T} /U(SA)o -
Let &: G — Out(A) be a G-kernel.

B leta: G— Aut(A) and u: G x G — U(A) be as before.
m For each pair g,h € G pick a path tg: [0,1] — U(A) with

ag’h(O) = 1A and Eg7h(1) = ug,h .
m The paths (obtained by point-wise multiplication)
ag(ah,fe)ag,hkagh,kag,h

define a cocycle representing an element 65(64) € H(G, I<f(A)).



Topological crossed modules

Definition
A (topological) crossed module G = (o, Ty, ) is a morphism
0: I'1 — ro

of topological groups, and a continuous left action of [y on T4
(denoted by a(u) for a € [y and u € 1), which satisfy

A(a(u)) =ad(u)aforallaelyandu ey,
o(u)(v)=uvu"forallu,ver;.
First examples

Mo = {1}, Iy abelian,

Iy a normal subgroup of I'y.



Cohomology with coefficients in G

Definition
A 1-cocycle on G with values in G consists of a pair («, u), where
a: G—Tyand u: G x G — I satisfying the following conditions

Qg Qp = 8(ugyh) Qgh
ag(Un,k) Ug,nk = Ug,n Ugh ke -
Two cocycles (a(®, u®) and (o, u™M) are cohomologous if 3y € Iy
and w: G — Iy with:

a(gw) = Owg 7y aéo) o

! 0) (.~ )y, —
ué)h = vng(aé )y 1(Wh))ué7f)7)wgh1

1

Define H'(G,G) = Z'(G, G)/~. In general this is not a group!
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Crossed modules associated to C*-algebras

Let A be a unital C*-algebra.

Examples

Ga = (Aut(A), U(A), Ad) with Ad(u)(a) = uau* and the canonical
action of Aut(A) on U(A).

HY(G,Gx) 1 {cocycle actions on A}/ ~c
PGa = (Aut(A), PU(A), Ad) with PU(A) = U(A)/Z(U(A)).
HY(G, PGs) 15 {G-kernels on A}/ ~

If U(A) is connected, then G, = (Aut(A), LRAJ),AH) where UA(AT) is
the universal cover of U(A).



Revisiting the lifting obstructions

Let A be a unital C*-algebra and let Z4 = ({1}, Z(U(A)), triv).

The short exact sequence of crossed modules

Z(U(A) ——

%

gives rise to a long(-ish) exact sequence of pointed sets

) —— PU(A)

U(A
lAd lAd
t(

— Aut(A) ——= Aut(A)

. — H'(G, Za) — H'(G,Ga) — H'(G,PGa) =25 H2(G, Z4)
Note that H?(G, 2,) only exists, because Z(U(A)) is abelian. In fact,

H?(G, 2Z4) = H3(G, Z(U(A))) .



Revisiting the lifting obstructions (continued)

Let A be a unital C*-algebra such that

m U(A) is connected and Z(U(A)) =T,
m m(U(A)) — Ko(A) is an isomorphism.

It turns out that the group K#(A) fits into an exact sequence of
crossed modules of the form

K#(A) — U(A) —=— PU(A)
l Ad lAd
1T — Aut(A) —— Aut(A)

which gives rise to an exact sequence of pointed sets

.= H(G,K*(A)) — H'(G,G) — H'(G,PGs) =3 H3(G,K¥(A))
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The special unitary group SU,(A)

Definition
Let 7: A — C be a tracial state on the unital C*-algebra A. Define

SU-(A) = {u=¢eM...eM . for some n € N, h; € A% N ker(7)}
Theorem (Girdn Pacheco, Izumi, P.)
Suppose that m(U(A)) — Ko(A) is surjective, then
SU, (A) = ker(A,) N U(A)o

where A, : U(A)o — R/7.(Ko(A)) Is the de la Harpe-Skandalis
determinant.



The special unitary group SU.(A) (continued)

Let A be a unital C*-algebra with tracial state 7 such that

m U(A) is connected and Z(U(A)) =T,
m m(U(A)) — Ko(A) is an isomorphism,
B 7.: Ko(A) = Ris injective.

Theorem (Girdn Pacheco, Izumi, P.)
Let A be as above. Then

SU,(A) is simply-connected,

U(A) = SU,(A) x R,

we have a short exact sequence

1 — e2mim(K() _, SU(A) —— PU(A) —— 1



The tracial lifting obstruction

Let SGa = (Aut(A), SU,(A), Ad). The extension of crossed modules

e?mm-(k(A) 5 Sy (A) —— PU(A)

| | J

gives rise to the tracial lifting obstruction
H1(G,SgA) — [-/1(6’ PgA) &) H3(G, eZﬂfT*(KO(A)))

Let SgG = (Aut(A), SU,(A)xR, Ad). The following diagram commutes

H'(G, SkGa) ——— H'(G,PGa) 2% 13(G, e2mim (Ko(4) x R)

¥ \ I

H(G,Ga) ——— H'(G,PGx) ——— H3(G, k¥ (A))




Crossed modules and 2-categories

(top.) crossed module G = ([y,I,8) ~  (top.) 2-category

m a single object (denoted %),
m 1-morphisms given by Iy,
m 2-morphisms given by 'y x Iy,
where (a,u) € To x 7 gives a 2—morphism a = 0(U)o.

K/\/

a(v)B O(ua(v))) ap



Classifying space of G

Let G = (I, M, 0) be a crossed module. The spaces
Np(G) = Funsy([n], G) -

given by strictly unital pseudofunctors [n] — G form a simplicial
space called the Duskin nerve of G. We have

NJ(G) =+ and NY(G)=T,.

The space N2(G) consists of triangles of the form

@02
* *
ﬂumz
[eT}] [e3 V]
*

(in particular: d(uon) oz = gt @)
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Classifying space of G (continued)

Definition
The classifying space BPG is the geometric realisation of N2(G), i.e.

B°G = [N2(9)! -
Each 1-cocycle (o, u) € Z'(G,G) induces a pseudofunctor G — G.
Applying the Duskin nerve and geometric realisation gives a map

BG — BPG .

Lemma
This provides a well-defined natural transformation of pointed sets

H'(G,G) — [BG, BG]

20



Classifying space of G (continued)

This allows us to study the lifting obstructions by mapping them to
homotopy sets. For example,

H(G,Gs) — H'(G,PGy) — H3(G, K¥(A))

| | |

[BG, B°Ga] —— [BG, BPPGa] —— [BG, B°(K¥(A) — {1})]

Caveats:

m The upper sequence is an exact sequence of pointed sets. There
is no reason why this should be true for the lower sequence.

m For integer coefficients H'(G, Z) = H'(BG, Z) = [BG, BZ]. This is
no longer true for our crossed module coefficients.
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Principal bundles and stabilisation

Let D be a strongly self-absorbing C*-algebra with K;(D) = 0 and let
(v, u) be a cocycle action of G on D.

For an appropriate choice of V, € U(¢?(G)) (depending on ug and ag)
g &g = Ad(Vy) o (0 ® id)
is an action of Gon D ® K = D ® K(¢2(G)). Let
Pa = EG x5 Auty(D ® K) — BG

Theorem (Izumi, Meyer, Gabe-Szabo)

Let D be a strongly self-absorbing Kirchberg algebra, let G be
countable discrete amenable, such that BG has a finite CW-complex
model. Then

{outer cocycle actions of G on D}/ ~¢ < [BG, BAUty(D ® K)]

22



Classification via cohomology theories

Let D be a strongly self-absorbing C*-algebra as above.
Theorem (Dadarlat-P.)

We have that [X, BAuty(D ® K)] is a group with respect to ®x. If
D # C, then

[X, BAuto (D ® K)] = [X, BSL+(KUP)] .

Conjecture
There is a weak homotopy equivalence
B°Gp ~ BAuty(D ® K)
and H'(G, Gp) — [BG, B’Gp] = [BG, BAuty(D ® K)] is the map

[(c; u)] = [Pa] -

Moreover, B°Gp, BPPGp and BPGp are infinite loop spaces.
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Group actions and equivariant bundles

Let G be a finite group and let H be a countable group. An action
0: G x H— Aut(D ® K)
gives rise to an equivariant principal bundle
E(G x H) x g, Aut(D ® K) — BgH

where BgH = E(G x H)/H is the equivariant classifying space of H.
These are classified by

[BgH, BAut(D ® K)]°
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Group actions and equivariant bundles (continued)

Let G = Z/pZ for a prime p. Let V be a finite-dimensional unitary
G-representation and

D = End(V)®>
Let K be the compact operators on a full G-universe.
Theorem (Bianchi,P.)

The group Aut(D ® K) is a G-equivariant infinite loop space. The
associated G-equivariant cohomology theory E}(X) satisfies

E5(X) = gh(KU”)1(X)

and Ej, 5(X) = [X, BAut(D ® K)]°.
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The End

Thank you!
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