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E-theory as bivariant K-theory

E-theory consists of groups E(A, B) for all C*-algebras A, B with the
following properties:
e E(C,B) = Ko(B) = K(B) is the K-theory of B.
e E(A,C) = K°(A) is the K-homology of A.
@ sx-homomorphisms ¢: A — B give rise to classes [¢] € E(A, B).
@ There are composition products E(A, B) ® E(B, C) — E(A, C)
extending the composition of *-homomorphisms.
@ Many more properties.

Tool for computing K-theory
E.g. composition product K(B) ® E(B, C) — K(C) extends functoriality.

v

Caveat

Almost all definitions of bivariant K-theory require separability of the
C*-algebras either to construct the composition products or to retrieve
long exact sequences.

v
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Asymptotic morphisms

Definition (Guentner-Higson—Trout 2000)
Asymptotic algebra of C*-algebra B:

_ Gs([1,00); B)
UB = Co([1,00); B)

An asymptotic morphism from A to B is a x-homomorphism ¢: A — 2AB.

@ is represented by bounded continuous family of maps
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E-theory classes of Dirac operators

Example

Let S — M be a Dirac bundle over a compact manifold and D the
associated Dirac operator. Then

o(f®g)=f(t71D)g
defines an asymptotic morphism
Co(R) ® C(M) — A(K(L*(M, S)))

is an asymptotic morphism.

It gives rise to a class [D] € E(C(M),C) = Ko(M) such that
K°(M) ® Ko(M) = E(C,C(M)) ® E(C(M),C) — E(C,C) 2 Z
maps [V] ® [D] to the index of the twisted operator Dy, .

Christopher Wulff (Universidad de Gotinga) Generalized asymptotic algebras GeNoCAS, 18/4/2023 4/16



Functoriality

Definition (Guentner—Higson—Trout 2000)
Asymptotic algebra of C*-algebra B:

_ Cb([1,00); B)

AB = Co([1,00); B)

An asymptotic morphism from A to B is a x-homomorphism ¢: A — 2AB.

Funtoriality of K-theory under asymptotic morphisms

If P € A" is a projection, then ¢;(P) is close to a projection for t large.
More formally:

K(A) £5 K(2B) < K(Cp([1, 00); B)) 22211, K(B)
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Category?

Definition (Guentner—Higson—Trout 2000)
Asymptotic algebra of C*-algebra B:

_ C((1,0); B)
AB = Co([1, 00); B)

An asymptotic morphism from A to B is a x-homomorphism ¢: A — 2AB.

Question

Can we make a category out of asymptotic morphisms?

We can compose p: A — 2B and ¢y: B —2AC to A 2oaB 2% 9C .
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Asymptotic homotopies
Definition (Guentner-Higson—Trout 2000)

Two *-homomorphisms
w0, p1: A—>A"B=2A...AB
are called n-homotopic if there is a *-homomorphism
o: A— 2A"(C([0,1]; B))

whose compositions with 2" (ev;) is ¢; for i = 0,1,
eve: C([0,1]; B) — B evaluation at t.

Example: 0-homotopic = homotopic
Fact: n-homotopy is an equivalence relation.

Definition (Guentner-Higson—Trout 2000)

[A, B]n = {*-homomorphisms A — "B} /n-homotopy J
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The asymptotic category

There are canonical maps [A, B], — [A, B]n+1 induced by
x-homomorphisms A"B — A™1B. Define

[A, B] = [A, Bl = lim [A, B],.

The composition products

[A, Blm % [B, Cln = [A; Clmtn s (L[], [¥]) = [A7(¥) 0 ¢]
pass to the direct limits.

Proposition (Guentner—Higson—Trout 2000)

The sets [A, B] are the morphism sets of a category.
If A is separable, then [A, B]1 — [A, B] is a bijection.

Definition (Guentner—Higson—Trout 2000)
E(A, B) = [Co(0,1) ® A® &, Co(0,1) ® B® K]
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Long exact sequences
For separable C*-algebras A, D and | C A ideal:

- S E(D, A/l © Co(0,1)) 2% E(D, 1) = E(D, A) — E(D, A/l)
E(A/I, D) = E(A, D) — E(I, D) <% B(A/I ® Co(0,1), D) —

Choose quasicentral approximate unit {u,}pen, i.e.
evVneN:u,el,0<u, <1
e Vjel: limysooun=j
e Vac A: limpoo[up,al =0
Extend it to a continuous map u: [1,00) — /.
Then there is an asymptotic morphism

§5: A/l ® Co(0,1) — Al
[a] © f — [t > af (u;)]

which defines an element [¢§] € E(A/l ® Cy(0,1), /).
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What about non-separable C*-algebras?
For A, | non-separable, there are in general only approximate units
{Um}mem index over a directed set m.

Extending it affine linearily to u: |[A™| — [, we obtain a *-homomorphism
Co(IA"]; 1)

Co(|A™]; 1)

[a] ® f — [t — af (ur)].

§: A/l ® Co(0,1) = 8™ =

What is Co(|A™|; 1)?
Let m>m = {x € m|x > m}. Then

Co(JA™[; 1) = {f € Cp(JA™[; 1) | Ve > 0Im € m: |[f||amom|[| < £}

Idea

To obtain an element [0] € E(A/I ® Co(0,1),/), we need a definition of
E-theory based on the simpltotic algebras ©™B instead of the asymptotic
algebras " B.
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The simpltotic morphism sets
Definition

[A, B]w = {*-homomorphisms A — &™ B} /m-homotopy

Example
For m = N:={1,2,...} consider the following two maps:

v [1,00) = |AYN], n+te— (1—t)[n]+tln+1 forneN,te]0,1]

7 |AY = [1,00), Y Aalnl > Aa-n

neN neN

They induce bijections

*

[A, B]s == [A, Bl

T*
by composition with the ¥-homomorphisms AB —= &"B .
L*
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The simpltotic morphism sets

If «: m — nis a cofinal map, then |a|: |A™| — |A"| induces natural
*-homomorphisms a*: G"B — G™B whose m-homotopy class does not
depend on the choice of a.

Lemma
If a cofinal map m — n exists, then there is a canonical map

[A, B]la — [A, B]m -

Definition

[[Aa B]]G = I|_>m [[A7 B]]m

The direct limit exists, because [A, B]g = [A, B]m for m large enough.

Proposition
If A is separable: [A, B]s = [A, Bla J
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Composition in the simpltotic category

Proposition

@ There are composition maps

[[A7 B]]m X [[87 C]]n — [[A7 C]]mﬁm
(Lol [¥1) = [l o [l =[O 0 6™(¢) 0 ]

where mfn :=m x nA" and ©: |A™"| — |A™| x |A" is a certain
continuous map inducing a natural transformation G™G"B — G™" B,

@ These compositions pass to the direct limit, turning the latter into
the morphism sets of a category.

@ There are cannonical maps [A, B]st — [A, B]s which constitute a
functor from the asymptotic to the simpltotic category.
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E-theory for non-separable C*-algebras

Definition (W. '22)

E(A, B) := lim [Co(0,1) ® A, Co(0,1) ® B ® &(H)]s
H

This model has all products, long exact sequences, etc.

Question
Does this model satisfy the universal characterization of E-theory?

Question

Are there interesting approximation procedures over directed sets which
could yield canonical elements in the new model of E-theory?
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Elements in E-theory

Recall asymptotic morphism associated to Dirac operator over compact
manifold:

Example

Co(R) ® C(M) — A(R(LA(M,S))), f@gr [t f(t7ID)g] J

@ If dim(M) = oo, we should rescale D with different factors in different
directions.
Example: For M infinite dimensional Euclidean space, a construction
of Higson—Kasparov—Trout ('98) yields a canonical simpltotic
morphism with m := {finite dimensional subspaces of M}.

@ If M is a complete Riemannian manifold, then we have
Co(R) ® Cp(M; R) — S™(C*(M)), f®g— [A— f(D)g]

where m := {\: M — [1,00) smooth} and D* is the Dirac operator
after conformally changing the metric by A2 (cf. W. '18).
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iMuchas gracias por su atencién!
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