Final Exam — Math 4430 — Fall 2010

Solutions

Problem | Max. points | Points
1 40
2 40
3 20
4 20
5 20
6 20
7 40
Total 200




2

1. Find the general solutions of the differential equations

a)

b)

y = ysint.
Answer: y = Ce o8t
d
tY L (t+ 1)y = 3%, t > 0.
dt
Answer: y=tlet+ C’%

2. Consider the differential equation

a)

y'+y +y2-y)=0.
(15 pt) Write down a first order system equivalent to this equa-
tion.
SOLUTION:
Set yy =x. Theny’" =2 and 2’ + 2z +y (2 —y) =0.
Hence the system is

¥ =—x—2y+y>

y =z
¥ =—x—2y+y>?
Answer: vl
y ==
Find the equilibrium solutions of the system you found in the

previous part.
SOLUTION:
We need to solve the system

—r—2y+y*=0

z=0
We obtain: x = 0, y* = 2y, hence y = 0 or y = 2
Answer: (0,0) and (0,2)




c¢) For each of the equilibrium solutions determine if it is stable.

SOLUTION:
The matrix of partial derivatives:
-1 —242y
1 0

At (0,0) we have the matrix 0 ] with the eigenvalues

Ao Lo VT
272

Since the real part of both eigenvalues is negative, this is an
(asymptotically) stable equilibrium.

-1 2
At (0,1) we have the matrix Lo with the eigenvalues 1 and

—2. Since 1 > 0 this equilibrium is unstable.

Answer: (0,0) is a stable equilibrium and (0, 2) is unstable

3. Solve the following initial value problem:
Yy =t +ty+y°, t>0, y(1) = 1.

SoLUTION: 2y =2 +ty + 42 vy = 1+ y/t + (y/t)?, the equation
is homogeneous. y = tv, v(1) =1, ¢y = tv' + v.

t'+ov=1+v+0* v(l)=1

tv' =1+ 0v?
dv _dt
14+ ¢

tan ' (v) = In(t) + C
From the initial condition C' = n/4. Hence v = tan(In(¢) + 7 /4),
y = ttan(In(¢) + m/4). Answer: y = ttan(In(t) + 7/4)




4. Solve the following initial value problem by USING LAPLACE
TRANSFORM:

. -3 2 |1 0
= 0) = .
b [_2 5 x+e ol x (0) [O]
SOLUTION:
~3 2 1 [1]
X = X
° [— 2 * s—110
s+3 =2 X — 1
2 s-=2 s—110
B 1 s—2 2 (1 1 s —2
(s+3)(s—2)+4| =2 s+3|s—1[0] (s—12%(s+2)| —2
1 s=2l _ 1 |- 1 (49, 1 |-4/9
G-1P6+2) | 2| (17 [-23] G-1 |2/9] +2) [-2/9
Therefore
-1/3 4/9 o | —4/9
t) =t t t 2t
x (1) = te [—2/3] APV —2/9]
Answer: te! —1/3 + €' 49 +e —4/9
—-2/3 2/9 —2/9
5. Find the solution of the initial value problem
1 -1 1 1
x=|1 1 -1|x,x(0)= |2
0 -1 2 2
The eigenvalues of the matrix are A = 1 of multiplicity 2 and A = 2.
1 1 1 1
Answer: x(t)=e" |1| —e' | |=1| +t|1]| | +e* |0
1 0 1 1




6. Find et4 for

A:

— O O
o O O
o O =

(et+et)/2 0 (ef—e)/2
Answer: et = 0 1 0
(et—e™)/2 0 (ef+e7)/2

7. a) Given that y = e is a solution of the differential equation

ty' —Bt+ 1)y +@2t+1)y=0,t>0

find the general solution of this equation.

SOLUTION:
y (t) =€
Rewrite:
1 2t +1
/(3 g) =

p(t)——(3+%>
/p(t)dtz—/<3+%) dt = =3t —Int

effp(t)dt tedt ot
—_— = — = (e
yi e

¥ _ /tetdt = te! — ¢!
U1

Answer: The general solution is|y = Cief + Cy(te* —

e2t)|.

b) Find the general solution of the equation
ty" — (3t+ 1)y + (2t + 1)y = t?¢".

SOLUTION:

Rewrite:
1 2t + 1
y”—<3+¥)y’+—: y = te




g (t) =tet. yy = €t, yo = te* — e*. Also

el te2t _ o2

3t
=te
et 2t€2t o €2t

Wlyr, yo] =

(te2t—e2t)tet

=—(t—1). uy = -2+t

[——
Ul—

tedt - _5
t t .
uhy = etet:f; = e !, uy = —et. Therefore we have a particular
solution ),
_ lve .
U1Y1 -+ U2Y2 = ——2 +e

Answer: The general solution is |y = —tzTet + e + Cret + Cy(te? — e*) |




