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Estimaciones de dimensiéon para conjuntos de tipo Furstenberg y
Teoremas de Restriccion para medidas de Hausdorff

En esta tesis se estudian dos problemas del Anélisis Armodnico cldsico desde
el punto de vista de las medidas de Hausdorff. El primero es el problema
de Furstenberg, que en su versién clédsica se refiere a la determinacién de la
dimensién de Hausdorff (dimg) de los conjuntos de la clase F,: dado a €
(0,1], un conjunto E C R? est4 en la clase F, si para cada e € S existe un
segmento unitario ¢, en la direccién de e tal que dimy (¢ N E) > a. En el caso
« = 1, este problema resulta equivalente al problema de Kakeya. Si notamos
v(a) = inf {dimy (E) : E € F,}, entonces vale que

max{1/2 + a;2a} < y(a) < (1 + 3a)/2. (1)

En este trabajo se estudia este problema desde una perspectiva mas gen-
eral, en términos de las medidas de Hausdorff h-dimensionales H" asociadas
a funciones de dimension. Definimos los conjuntos de la clase de Furstenberg
Fj, asociados a una funcién h. La hipotesis natural para cada direccion es
que H"(¢. N E) > 0. Generalizamos los resultados conocidos en términos de
“saltos logaritmicos” y obtenemos resultados analogos a las cotas clasicas que
permiten, ademds, extender la desigualdad (1) al caso extremo o = 0. Pre-
cisamente, se prueba que la funcién de dimension apropiada para los conjuntos
de la clase F}, no puede ser mucho maés chica que h? o que y/-h. Para las cotas
superiores exhibimos explicitamente conjuntos en la clase Fj, suficientemente
chicos. Usamos para eso algunos resultados sobre Aproximacién Diofantica,
acerca de la dimensién de conjuntos de niimeros “bien aproximables”.

Obtenemos resultados acerca de la dimensién de conjuntos en la clase F,g,
definida como F,, pero sélo para un conjunto L C S tal que dimy(L) > 5.
Probamos una versién de (1) que refleja la interaccién entre los pardmetros «
y 8. Este problema fue estudiado también en el conexto general.

En segundo lugar se estudié con el mismo enfoque el problema de la Res-
triccion de la Trasformada de Fourier, que se refiere a la posibilidad de darle
sentido a la restriccién de f a un subconjunto £ de R™. La respuesta depende
de la existencia de una medida p en E con ciertas propiedades de dimensiona-
lidad y de decaimiento para su transformada ji. En este contexto se reformuld
el teorema de restriccién de Stein-Tomas en términos de medidas de Hausdorff.

Palabras clave: Conjuntos de Furstenberg, medidas de Hausdorff, fun-
ciones de dimensién, dimension de Hausdorff, aproximacion diofantica, re-
striccién de la transformada de Fourier.






Dimension estimates for Furstenberg type sets and Restriction
Theorems for Hausdorff measures

In this thesis we study two problems in classical Harmonic Analysis. The
first is the Furstenberg problem, which in its classical form concerns the de-
termination of the Hausdorff dimension (dimg) of the sets in the F,-class: for
a given a € (0,1], a set E C R? is in the F,-class if for each e € S there exists
a unit line segment /. in the direction of e such that dimg(¢ N E) > «. For
«a = 1, this problem is essentially equivalent to the “Kakeya needle problem”.
If we define y(a) = inf {dimpy(F) : E € F,}, then

max {1/2 4+ a;2a} < v(a) < (14 3a)/2. (1)

In this work we approach this problem from a more general point of view,
in terms of h-dimensional Hausdorff measures H" associated to dimension
functions. We define the class F} of Furstenberg sets associated to a given
dimension function h. The natural requirement for a set E to belong to F},
is that H"(¢. N E) > 0 for each direction. We generalize the known results
in terms of ‘logarithmic gaps” and obtain analogues to the estimates given in
(1). Moreover, these analogues allow us to extend our results to the endpoint
a = 0. Precisely, we prove that the correct dimension function for the class
F}, can not be much smaller than h? or y/-h. For the upper bounds we exhibit
an explicit construction of Fj-sets which are small enough. To that end we
prove some results from Diophantine Approximation about the the dimension
of the set of “well approximable numbers”.

We obtain results about the dimension of Furstenberg sets in the class F,g,
defined analogously to the class F, but only for a fractal set L C S such that
dimg (L) > B. We prove an inequality like (1) which reflects the interplay
between « and 5. This problem is also studied in the general scenario of
Hausdorff measures.

The second problem studied in this work, in the same general scenario as
before, is the Restriction Problem for the Fourier transform. Here the problem
is to give a meaningful sense to the restriction of ]/”\to a subset E of R". The
answer depends on the existence of a measure p supported on E with precise
conditions on the dimensionality of u and decay properties of 1. In this context
we reformulate the Stein-Tomas restriction theorem for Hausdorff measures.

Keywords: Furstenberg sets, Hausdorff measures, dimension functions,
Hausdorff dimension, diophantine approximation, Fourier restriction.
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Introduction

In many situations in geometric measure theory, one wants to determine the
size of a given set or a given class of sets identified by some geometric prop-
erties. Throughout this thesis, size will mean Hausdorff dimension, denoted
by dimg. The main purpose of the present work is the study of dimension
estimates for Furstenberg sets. For a given « in [0, 1], a bounded subset E of
R? is called Furstenberg set of type a or an Fj-set if for each direction e in
the unit circle there is a line segment ¢, in the direction of e such that the
Hausdorff dimension of the set £ N £, is equal or greater than «. Since the
defining property of these sets is stated in terms of containing sufficient linear
subsets, the relevant question is about the minimal possible size for a generic
member of the class. The schematic representations to keep in mind are the
ones in Figure 1 and Figure 2.

Figure 1: A Furstenberg set with over- Figure 2: A “thick” Furstenberg set.

lap, that allows the set to be small. The lack of overlapping makes the set
bigger. This example is essentially the
unit ball.

For a € [0,1] we call y(«) = inf{dimy(FE) : E is an F,-set}, then the
Furstenberg problem is to determine (a). The best known bounds on ()
so far are pictured in Figure 3, which shows that for o € (0, 1], any Fy-set E
must have Hausdorff dimension not smaller than maX{Qa,% + a} and there
exists at least one F,-set F' of Hausdorff dimension less or equal than % + %a.
Our purpose in this work is to approach this problem in the wider scenario of
general Hausdorff measures (see below) to sharpen these known bounds and,
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2 INTRODUCTION

in addition, to be able to include the case o = 0.

The Furstenberg problem appears for the first time in the work of Harry
Furstenberg in [Fur70], regarding the problem of estimating the size of the
intersection of fractal sets. Unavoidable references on this matter are [Wol99b],
[Wol99a], [Wol02], [Wol03], [KT02]. See also [Tao01] for related topics and
[KT01] for a discretized version of this problem. In this last article, the authors
study some connections between the Furstenberg problem and two other very
well known and unsolved problems: the Falconer distance problem and the
Erdés ring problem (we will come back to these problems later, in Chapter 3).

2
50 .
N, I N, X
/ﬂ) /q/
&
0 o 1

Figure 3: Possible values of v(«).

For the particular case of @« = 1, when we require the set to contain a
whole line segment in each direction, we actually are in the presence of the
much more famous Kakeya problem. A Kakeya set (or Besicovitch set) is
a compact set £ C R™ that contains a unit line segment in every possible
direction. The question here is about the minimal size for the class of Kakeya
sets. Besicovitch [Bes19] proved that there exist Besicovitch sets of Lebesgue
measure Zzero.

Originally, Kakeya [FK17] asks which is the possible minimal area that
permits to continuously turn around a unit line segment in the plane and
in [Bes28] Besicovitch actually shows that the continuous movement can be
achieved using an arbitrary small area by the method known as shifting tri-
angles or Perron’s trees.

The next question, which is relevant for this thesis, is the unsolved “Kakeya
conjecture” which asserts that these sets, although they can be small with
respect to the Lebesgue measure, must have full Hausdorff dimension. This
last problem is only solved in R?: all Kakeya sets in R? have dimension 2. In

2



Introduction 3

higher dimensions the Kakeya problem is still open, and one of the best known
bounds for R? appears in [Wol99b] and states that any Kakeya set E C R?
must satisfy the bound dimpy (E) > 2.

Figure 4: Schematic iterative procedure to construct a Kakeya set with zero
area by shifting triangles. The key is to locate the shifted triangles to achieve
an extreme overlapping.

These kind of geometric-combinatorial problems have deep implications
in many different areas of general mathematics. Some of the connections to
other subjects include Bochner-Riesz multipliers, restrictions estimates for the
Fourier transform and also partial differential equations. For example, it has
been shown that a positive answer to the Restriction Conjecture for the sphere
S"~! would imply that any Kakeya set in R” must have full dimension, and
therefore solve the Kakeya conjecture.

Our approach in this work, is to attack the Furstenberg problem using
generalized Hausdorff measures. This approach is motivated by the well known
fact that knowing the value of the dimension of a given set is not telling us yet
anything about the corresponding measure at this critical dimension. In fact,
if #* is the Hausdorff s measure of an s-dimensional set E, H*(E) can be 0,
oo or finite. The case of a set F with 0 < H*(E) < 400 is of special interest.
We refer to it as an s-set, considering it as truly s-dimensional. For, if a set
E with dimy(F) = s has non o-finite H®-measure, it is still too big to be
correctly measured by H®. Analogously, the case of null measure reflects that
the set is too thin to be measured by H*®. To solve (partially) this problem,
the appropriate tools are the “generalized Hausdorff Measures” introduced
by Felix Hausdorff in his seminal paper [Haul8] in 1918. For any dimension
function, i.e. a function belonging to the set

H := {h :[0,00) — [0 : 00), non-decreasing, continuous, h(0) = 0}.

he defines
HI(E) = inf {Z h(diam(E;)) : E C | B, diam(FE;) < 5}

3



4 INTRODUCTION

and
H(E) = sup HI (E).
>0
Note that if ho(z) := 2% we actually recover the previous measure since

Hhe = H®. We now have a finer criteria to classify sets by a notion of size.
Precisely, consistently with the natural order of power functions, we introduce
a notion of partial order in H. We will say that g is dimensionally smaller
than h and write g < h if and only if

xli,%l+ m =0. (1)

This partial order allows us to distinguish between sets with the same Haus-
dorff dimension. For example:

1 1
% < % log™" <—> < z°? log”? <—> <z, B,7y>0, a; <as.
T T

Given a set ' of Hausdorff dimension s that is not an s-set, one could try to
find an adequate dimension function h having the property 0 < H"(E) < ooc.
In that case we will say that F is an h-set, which reflects that the proper
notion of size may live outside the class of power laws. However, it can be
proved that there are sets that are not h-sets for any h € H. One example
of such a set is the set of Liouville numbers L presented later. On the other
side, in [CMMS04] the authors consider Cantor type subsets of the real line
defined in terms of a monotonic non-increasing positive sequence {a,} such
that > a, = 1 and provide an explicit construction of dimension functions A,
that make those sets hq-sets, i.e., 0 < H"(C,) < +oo0.

The contribution of this thesis is to provide sharp bounds on the size of
generalized Furstenberg sets. A set E belongs to the Furstenberg-type class
Fy associated to a given h € H if HY(¢. N E) > 0 for each e € S. Note that this
definition is (as discussed before) somehow stronger that requesting it only to
be a-dimensional, for the case that h(z) = z®.

Let us remark here that there is one profound conceptual obstacle in the
general setting. Whereas, to detect the Hausdorff dimension of a set F, it is
enough to find a number s such that H"(E) > 0 for all » < s and such that
HY(E) = 0 for all t > s, in the general setting, if a given set E has null H"-
measure for some h € H, then there is another dimension function g, g < h,
such that F has also null H9-measure (Rogers [Rog70] Theorem 42). Hence
there is an unavoidable need to study a notion of “gap” between dimension
functions.

We show that if E is a set in the class Fy, and h(z) is a dimension function
that is much smaller than b2(z) or \/z h(x), then H"(E) = oo (Theorem 3.4.1
and Theorem 3.5.4 respectively). We further exhibit a very small Furstenberg
set F' in Iy, for some particular choices of h and show that for this set, if
Vz §3/%(x) is much smaller than h, then H"(F) = 0 (Theorem 6.2.2). This

4



Introduction 5

generalizes the result of the classical setting, which says that the best known
bounds on 7(a) are

+ —a, a € (0,1]. (2)

DN | —
N

1
max{20; 5 +a} < 7(a) <

To make the notion of much smaller precise, we use the notion of distance
induced by the partial order in H (1). With this definition, the speed of
convergence to zero of the quotient A(h, g)(x) = % can be seen as a distance
between the dimension functions.

The h(z) — h%(z) bound strongly depends on the known estimates for the
Kakeya maximal operator: for an integrable function f on R", the Kakeya

maximal operator at scale J applied to f, Ks(f) : S" ! — R, is

1 .
Ks(f)(e) = f;lﬂgl @) - |f(x)| dz  eeS™, (3)

where T2 (z) is a 1 x d-tube (by this we mean a tube of length 1 and cross
section of radius &) centered at z in the direction of e € S*! C R™. It
is well known that in R? the Kakeya maximal function satisfies the bound
s ()15 S tog (311113 (see [Wologb)).

Our proof relies on an optimal use of this estimates for the Kakeya max-
imal function, exploiting the logarithmic factor in the above bound, which is
necessary (see [Kei99]), because of the existence of Kakeya sets of zero mea-
sure.

The other lower bound, which is the relevant bound near the zero dimen-
sional case, depends on some combinatorial arguments that we extended to
this general setting. In addition, our techniques allow us to extend the bounds
in (2) to “zero dimensional” classes. To manage these zero dimensional situ-
ations, we introduce the subclass Hy of H of all “zero dimensional dimension
functions”, i.e.,

Hy :={h € H: h < h,, for any a > 0},

and replace the standard dyadic pigeonhole principle with an adapted hyper-
dyadic sequence of scales.

For the upper bounds the aim is to explicitly exhibit constructions of rea-
sonably small Furstenberg sets. To achieve these optimal constructions, we
needed the most general version of Jarnik’s sets By defined for an appropriate
g e H:

By = {:U €[0,1]\Q: |lzq|]| < % for infinitely many ¢ € Z} . (4)
q

Using dimension estimates for the set By and appropriate related sets, we
exhibit an Fy-set whose dimension function can not be much larger (in terms
of logarithmic gaps) than \/z h*/?(x) for the classical case of h(z) = 2.

5



6 INTRODUCTION

We remark that with our results we are able to conclude that the value
% is sharp for the Hausdorff dimension of a family of Furstenberg sets. Note
that for any a € (0,1], there is a zone of uncertainty between the known
lower and upper bounds. At the endpoint @ = 0 however, we can show that
actually there is a family of Furstenberg sets associated to a zero dimensional
dimension function b such that if h € H is defined by h(x) = logi S (note that
h € Hp), then any Fy-set E must satisfy dimg(F) > % On the other hand,
in Chapter 6, we exhibit a particular set E2 € Fy for the same b satisfying
dimpy (E) < 1.

We also consider another related problem, both in the classical and gen-
eralized setting. We analyze the role of the dimension of the set of directions
in the Furstenberg problem. We consider the class of F,3 sets, defined in the
same way as the F, class but with the directions taken in a subset L of the
unit circle such that dimy (L) > B. We are able to prove that if F is any
F,p-set, then

dimy (F) Zmax{Qa—l—ﬁ—l;g—l—a}, a, >0, (5)

which are again the same kind of inequalities than (2). For the proof of one of
the lower bounds we needed the estimates for the Kakeya maximal function but
for more general measures. The other lower bound uses the §-entropy of the
set L of directions, which is the maximal possible cardinality of a J-separated
subset. Our results are proved in the context of the general Hausdorff measures
and we obtain (5) as a corollary.

The only previously known bounds in this setting where for the particular
case of &« = 1, 5 € (0,1] (see [Mit02]). The author there obtains that if E is an
A-Kakeya set (that is, a planar set with a unit line segment in any direction
e € Aforaset ACS), the dimy(F) > 1+ dimpy(A) (this is only one of the
lower bounds).

Finally, our approach allows to sharpen the classic bounds in terms of
“logarithmic gaps”. Precisely, to estimate the Hausdorff dimension of a set
in the class F,, we prove that there is no need to take a “power like” step
down from % + « or 2a. In fact, if for example h is any dimension function
satisfying the relation h(z) > Cx**log'™(1) for 6 > 2 then H"(E) > 0 for
any E € F,. Analogous results are obtained for the other lower bound and
also for the upper bounds.

In addition, we study the problem of estimating the Hausdorff dimension
of “finite” Furstenberg sets. We look at the F'%-sets, which are those sets
with at least K points lined up in the direction of e for each direction e € S.
The intuition here is that those sets should be really small in the sense of
Hausdorff dimension. We have found a non trivial configuration that yields
a F2-set of zero Hausdorff dimension, but it seems that there is no possible
extension to K > 3. Clearly, from our results on the upper bounds we can
deduce the existence of F'¥-sets of Hausdorff dimension less or equal than %

6



Introduction 7

It is remarkable that if we measure the size with the Packing dimension, then
any F¥-set must have Packing dimension at least % for any K > 2.

Finally, in this thesis we also look at generalized Hausdorff measures ap-
plied to the Restriction Problem for the Fourier Transform. We reformulate
the theorem of Stein-Tomas in terms of dimension functions, i.e., for a surface
S which supports a measure p satisfying

w(B(z,r)) S h(r) (6)

for any ball B(z,r) for some h € H with an extra regularity condition and

[ < 9D

for some bounded, positive function g such that g(|{|) — 0 at infinity. The
exponents of the underlying LP, L9 spaces will depend on the decay ratio for
g at infinity and the dimensionality of the function h (for a precise statement
of the results we refer the reader to Chapter 7).

Our result generalizes the one obtained by Mockenhaupt [Moc00] and, as
the original version, can be applied to subsets of R" that are not necessarily
“smooth”.

The thesis is organized as follows. In Chapter 1 we include the measure
theoretical background that we believe is needed. Perhaps it is not sufficient
to make it self contained, but we kept the reference to the literature at the
minimum possible. We present the definitions and properties of the most
common notions of dimension, namely the Hausdorff, Minkowski, Packing
and Fourier dimensions. In Chapter 2 we present the precise definitions and
properties about dimension functions and the associated Hausdorff measures.
We also present and study the Dimension Partition (see [CHM10]) of a given
set, which is a way to classify the dimension functions by means of a zero-
one-infinity law. We also included some classical constructions of Cantor type
sets and technical lemmas rephrased in the language of dimension functions
to be used in the sequel. Chapter 3 contains the results about the lower
bounds announced here for the generalized Furstenberg sets Fy. In Chapter
4 we study the same bounds but in the case of the Furstenberg problem for a
fractal set of directions. Chapter 5 and Chapter 6 are devoted to the upper
bounds. First we introduce in Chapter 5 the needed results on diophantine
approximation. The aim of this chapter is to collect the results about the
Hausdorff measures estimates for generalized Jarnik’s sets. This will be the
significant ingredient in the proofs of the upper bounds in Chapter 6, where we
present explicit constructions of small generalized Furstenberg sets and obtain
sharp estimates on the Hausdorff dimension of these classes in the spirit of
Chapter 3. The key ingredient in the constructions is a variant of the Jarnik’s
sets adapted to our needs. We also present here some constructions regarding
the problem of finite Furstenberg sets. Finally, in Chapter 7, we focus on
the Stein-Tomas restriction theorem and its subsequent generalization due to
Mockenhaupt. We show here that if a measure p has a Fourier transform

7



8 INTRODUCTION

with some decay and satisfies condition (6) for a dimension function h with
some extra regularity properties, we can obtain a restriction theorem for the
support of p.

Most of the results presented here have been included in research articles.
The estimates of Chapter 3 have been published in [MR10]. The results in
Chapter 6 have been presented in [MRa] and the results of Chapter 4 are
contained in [MRDb].



Chapter 1

Preliminaries

1.1 Measure Theoretical Background

We include in this section, for completeness, all the basic notions on mea-
sure theory that we will require on the sequel. References on this matter
are [Mat95], [Rog98], [Fal86, Fal97, Fal03]. We start with the usual notion
of measure on a set 2. Although we will restrict ourselves to work on the
euclidean space R"™, we choose to introduce this preliminaries definitions and
propositions in the abstract setting, since we believe that it highlights the
most relevant notions.

Definition 1.1.1. A real valued set function p defined on the subsets of a set
2 is called a measure if

1. 0 < p(A) < +oo for all A C Q.
2. u(@) =o.
3. u(A) < u(B) whenever A C B (monotonicity).

4. (Subadditivity) For any countable sequence of sets { A, }nen,

p <U Az') <> u(Ay). (1.1)
i=1

i=1

It is important to remark that a set function with the above properties is
often referred to as an outer measure. We adopt a different terminology since
it will more appropriate in our setting. In the sequel, we will omit the term
“outer” and simply refer to any function defined as in Definition 1.1.1 as a
measure. There is a class of subsets of {2 which are special to a given measure
in terms of being well behaved under disjoint unions. More specifically, we
have the following definition.
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Definition 1.1.2. Let u be a measure on 2. We will say that a set £ C Q is
u-measurable if for every set A C

n(A) = p(ANE) + p(A\ E),

or, equivalently
u(AU B) = u(A) + u(B)

forall AC Fand BC Q\ E.

We introduce the following definition to study the structure of the family
of measurable sets.

Definition 1.1.3. Let A be a class of subsets of a set ). We will say that A
is a o-algebra if it is closed under countable union and complementation, i.e.,

1. e A
2. If A€ A, then A¢ € A.
3. If Ay, Ay, ... arein A, then |, 4; € A.

It is fairly easy to see that the family M, of u-measurable sets is a o-
algebra, and also that M, contains all the sets of p-measure zero. Moreover,
the most relevant property is that p is countably additive on M,. Given
Ay, Ao, ... disjoint members of M, then

I <U Ai) = u(Ai).
i=1 i=1

Obviously, if the underlying space is endowed with some structure, the no-
tion of o-algebra of measurable sets can be related to it. For example, if the
measure is defined on a topological space, what can be said about the measur-
ability of a set and its topological properties? Is every open set measurable?
Can a given set be approximated in measure in some sense by set of a given
topological structure (as Gy or F, sets)? Wan can be said if, in addition, the
topology arises from a metric in a metric space (X,d)? We want to briefly
discuss these questions and introduce some notions to be used throughout the
thesis.

Definition 1.1.4. Let (X, 7) be a topological space. The Borel o-algebra
B = B(X) is the minimal o-algebra containing the open sets. The elements of
the o-algebra are called Borel sets. A Borel measure p on X is a measure on
X where all the Borel sets are measurable (B(X) C M,,).

One important notion to study about a measure is the regularity respect
to a given family of sets.
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Definition 1.1.5. Given a measure y on €2, and C a class of subsets of {2, we
will say that p is C-regular if for every set A C Q, there exists D € C, such that
A C D and u(A) = u(D). When the class C is the o-algebra of p-measurable
sets, we will simply say that u is regular. The term Borel regular will be used
when C is the Borel o-algebra.

We now present two general methods to construct a measure on a set €2,
the latter in the presence of a metric defined on the underlying space.

1.1.1 Construction of a Measure

The intuition tells that in order to define a proper notion of size of an object,
the reasonable procedure would be to compare it to a prefixed family of ele-
mentary known objects. Then, by doing this several times, one can have an
idea of how many of elementary objects are needed. This is the intuition that
leads to the methods presented in this section to construct a measure on a set
2. We will follow the presentation made in [Rog98].

Definition 1.1.6. Let C be a collection of subsets of €2, and 7 a set function
defined on C such that

L. gec.
2. 0<7(A) < +oo for all AeC.
3. 7(0) = 0.

Then 7 is called a pre-measure with domain C.

Method 1

The following method to construct a measure from a pre-measure is known as

Method I.

Definition 1.1.7. Let C be a collection of subsets of 2. A covering of a set
A from C is a countable family {A;} of elements of C such that A C J, 4.

Given a premeasure 7, we define a set function y on each set E C €2 by
p(E) =inf Y 7(4), (1.2)
i

where the infimum is taken over all the coverings of E by elements of C. We
refer to the quantity (1.2) as the size of the covering. We immediately have
the following proposition.

Proposition 1.1.8. Fvery set function p defined on € using Method I is a
measure.
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The most immediate example of such a measure is the Lebesgue measure
on R™. Here an elementary block would be a “coordinate parallelepiped”. The
pre-measure is defined by the usual notion of volume. Given a parallelepiped
A={(x1,...,2y) € R" 1 a; < x; < b;}, his volume is

n

vol(A) = [J (b — a).

i=1

Therefore, Method I applied to the family of parallelepipeds and taking the
volume as the pre-measure gives the usual Lebesgue measure £” on R™:

L"(E)inf {Z vol(A;): EC A,} .

It is important to remark that to apply this method there is almost no
structure required. Therefore it can be performed in the abstract setting, only
requiring a set €2, a class C and a pre-measure 7.

Now, in a metric space (such as R™), the notion of diameter of a set allows
us to control the scale at which one is covering a given set. That is, it is
possible to distinguish a covering made by large sets from a covering made
by small sets. Precisely, let (X, d) be a metric space. Given a bounded set
A C X, let us denote the diameter of A with

diam(A) = sup{|z —y| : z,y € A}.
We set diam(A) = 400 when A is unbounded and diam((})) = 0.

Definition 1.1.9. Given a class C of sets, we will say that a countable family
{4;} is a d-covering of a set F C X from the class C if

1. A; €C for all i € N.
€N

3. diam(A4;) < d for all i € N.

Method II

Now we can introduce Method II to construct a measure (in a metric space).
This method is also known as “Carathéodory construction”. If 7 is a pre-
measure on X defined on a class C, we define, as before, the size of the J-
covering {A;} with respect to 7 to be ), 7(4;). If 7(A;) = +oo for some
1 € N or if the series is not convergent, we say that the size is +00. So,

0< ZT(AZ‘) < 400.

1€EN
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Now for § > 0, let us consider

ws(E) = inf {Z T(A;) : A; is a d-covering of E from C}
€N

(we adopt again the convention that inf{()} = 4+00), and

1(E) = sup ps(E). (1.3)
6>0
Note that 0 < ps(E) < +oo and if 62 < 61 then ps (F) < psy(E). Then
expression (1.3) is equivalent to
E) =1l B).

p(E) = lim p5(E)
We have the following proposition. For the proof, we refer to the bibliography
(see, for example, [Rog98]).

Proposition 1.1.10. Given § > 0, ps is a measure on X. In addition, u is
also a measure on X.

An important property for a measure on a metric space should be that
it behaves properly on separated sets. We make this more precise. Two sets
A, B in a metric space (X, d) are said to be separated if inf{d(x,y) : x € A;y €
B} > 0.

Definition 1.1.11. A measure p is called a metric measure if, for any pair of
separated sets A, B, we have

u(AU B) = pu(A) + u(B).

The next lemma is about an important property of metric measures, which
implies that Borel sets are measurable.

Lemma 1.1.12. Let pu be a measure constructed by Method II. Then u is a
metric measure, i.e. is additive on separated sets. If E and F' are sets with

0<n:=inf{lz —y|:z € E;y € F},

then
p(EUF) = p(E) + p(F).

Note on proof. The lemma follows from the fact that if £ and F are as
in the hypothesis, then for any 0 < é < 7, none of the sets of a d-covering of
E U F can intersect both £ and F' at the same time.

From Lemma 1.1.12 we conclude that the o-algebra of py-measurable sets
contains the Borel o-algebra.

The following theorem has as a corollary the fact that every Borel set is
p-measurable for any measure p constructed with the Method II. For the proof
see, for example, [Rog98].
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Theorem 1.1.13. Let (X,d) be a metric space. Then every metric measure
W is a Borel measure.

Corollary 1.1.14. Let (X,d) be a metric space. Then every measure pi con-
structed using Method II is a Borel measure.

Restriction of a Measure

In the previous sections, we introduced the notion of a measure p on the whole
space X or, in the metric case, (X, d). But it is often necessary to restrict the
attention to a particular subset A C X. Specifically, what we want is to only
measure the portion of a generic set F that is contained in A. We define the
restriction of u to A as

Hla(E) == (AN E).

It is clear that, with this definition, u|4 is a measure. Moreover, every pu
measurable set is also p|4 measurable and if p is Borel regular and A is p
measurable with u(A) < oo, then u|a is Borel regular. It is also absolutely
trivial to note that pu|4(X \ A) = 0. We will say in this case that the measure
|4 is supported on A.

We introduce the precise notion of support of a measure.

Support of a Measure

Definition 1.1.15. If i is a Borel measure on a separable metric space X,
the support of u, supp(p), is the smallest closed set F' such that pu(X \ F) = 0.
i.e.,

supp(p) := X'\ U{V : V oopen , u(V) = 0}.

An easy example: for a non-negative continuous function f, define the
measure jif by

ns) = [ g acr.

In this case the support of p coincides with the support of f, defined in the
usual way:

supp(f) := {z € X : f(z) # 0}.

In the next section we will focus on the particular case of Hausdorff mea-
sures, which are constructed by Method II and defined on the euclidean space
R™.

1.2 Hausdorff Measures and Hausdorff dimension

We begin with the notion of Hausdorff measures. For a deep and comprehen-
sive treatment of the subject, the reader is referred to [Rog98]. Let s > 0 be
fixed. The s-dimensional Hausdorff measure at scale 6 > 0 for a set £ C R"”

is defined by
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MH3(E) = inf » _ (diam(T;))” (1.4)
i=1

where the infimum is taken over all the J-coverings of F. It should be noted

that, since any set is contained in a conver set of the same diameter, the
covering in (1.4) can be taken by convex sets. Clearly Hj is increasing with 4,
so it makes sense to consider

W (B) = lim HO3(E) = sup H*5(F) (1.5)

to obtain the s-dimensional Hausdorff measure of F. The Hausdorff mea-

sure H?® is the corresponding measure obtained by Method II applied to the
premeasure 7y defined by 75(U) = diam(U)*, and therefore it is a Borel mea-
sure. It seems natural to compare Hausdorff measures with integer exponents
against the corresponding Lebesgue measure. Clearly, on R the measure H'
coincides with the usual Lebesgue measure. For n > 1 the relation between
them is given by the formula

IB| = e, H'(B), (L6)

where ¢,, denotes the volume of the unit ball R™. The proof of this inequality is
nontrivial, and the proof requires the so called isodiametric inequality, which
says that the set of maximal volume of a given diameter is the sphere. Proofs
can be found in [EG92] or [Fed69].

We state without proof (see, for example, [Rog98], [Fal86]) the following
lemma about the regularity of Hausdorff measures with respect to the following
classes of sets.

Definition 1.2.1.

1. A set A will be called a Gg-set if it is a countable intersection of open
sets.

2. A set A will be called an Fy-set if it is a countable union of closed sets.

Lemma 1.2.2.

1. Given a set E C R", there exists a G§ set G such that E C G and
HE(E) = H(G).

2. Any H?®-measurable sets of finite H®-measure contains an F, set of equal
measure, and so contains a closed set differing from it by arbitrary small
measure.
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1.2.1 Hausdorff dimension

We begin this section by illustrating the role of the parameter s in the definition
of H?® with the following properties.

Lemma 1.2.3. Let E CR"™ be an arbitrary set. If 0 < s < t, then
1. HL(E) < 6 H3(E).
2. IfHI(E) > 0 then H*(E) = oo.
3. I H(E) < oo then H'(E) = 0.
4. Let C =1[0,1]" be the unit cube in R™. Then 0 < H"(C) < 4o0.

Proof. Item 1. follows immediately from the definitions of H§ and H}, since

= infz (diam(U;))" = mfz diam(U;))* (diam(U;))"~*

< 6 8%5( ).
Since this is true for all J, item 2 follows. Item 3 is immediate from 2. For 4,
take § > 0 and divide the unit cube into k™ cubes of side length % Therefore
each one of them has diameter %\/ﬁ Consider k such that § > %\/ﬁ Then

, k k
i=1

W) <Y (3va) = (vi) = vir <=

and this bound is independent on §. Hence we obtain that H"(C') < co. Now,
let {U;}ien be a d-covering of C. Since diam(U;) < § we can find, for each U,
a cube @; such that U; C Q; and with a side length equal to the diameter of
U;. Then C C | J;2, Qi and

Z (diam(U, Z (vol(Q;)) > vol (U Qi ) > vol(C) = 1.
i=1 i=1
Thus, H3(C) > 1 for all § > 0 and therefore H"(C) > 0. O

Plotting, for a fixed E C R"™, the graph of H*(E) against s we obtain the
following schematic representation:
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H(E)
o0 *
’
i |
d n

Figure 1.1: Hausdorff dimension

The properties stated above are essential to the definition of the notion of
Hausdorff dimension, which can be understood in the following way. Consid-
ering the one parameter family of measures H*® with s € R+, one could fix a
set £ C R™ and look at the graph of H*(F) against s. It could be at most
one critical value of s, say s = sg, where the measure of E drops from 400 to
0. Therefore, we are locating the cut point which separates the measures for
which the set E'is “too big” (on the left side of s¢), all of them taking the value
+00, from those measures for which the set F is “too small” (on the right side
of sp), where all the measures take the value zero. This suggests that, if there
is any candidate to measure properly the size of the set F, it should be H?®0.
Hence, the notion of Hausdorff dimension is absolutely natural:

Definition 1.2.4. Let £ C R™. The Hausdorff dimension of E, noted as
dimg (E) is defined by

dimpy (E) = sup{s € Ry : H*(F) = 400} = inf{s € Ry : H*(E) = 0},
taking the supremum of the empty set to be 0. It is worth to note that we
will see that for any set E C R", we always have that H*(E) = 0 for all s > n.

About the value of H*0(E) for a set E with dimpy(F) = sp, nothing can
be asserted in general. There are examples with zero, finite positive or infinite
measure. Those sets E with 0 < H*(E) < oo are called s-sets, and can be
considered as truly s-dimensional. We will return to this in a much more
general setting on Chapter 2.

Some properties of dimy (E) are discussed in the next proposition.

Proposition 1.2.5. For dimy(E) we have the following properties.
1. dimg(F) < dimy(F) whenever E C F.
2. Let {E;}2, be a countable family with dimpy(E;) = d; for all i € N.
Then

dim g (U E,) =d=sup{d;} (countable stability)

i=1
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3. If ECR" then dimy(E) < n.
4. dimg(R™) = n.

5. Given a set E C R™ with dimy(F) = s, there exists a Gs set G with
E C G and dimy(G) = s.

Proof. Ttem 1 follows from the validity of the same inequality for measures
H*. For item 2, we calculate H*(E) with E = [J;2, E; in separate cases:

o if s > d then H*(E;) = 0 for all ¢+ and then
W) < 3 H(E) = 0.
i=1

and therefore dimy (E) < s for all s > d, which implies dimy(E) < d.

o if 5 < d then there exists i9p € N with d;, > s. For that ig we have that
H*(E;,) = oo and, since E; C F,

oo = H*(E;) < H(E).
It follows that dimpy(E) > s for all s < d, which implies dimpy (E) > d.

For item 3, it suffices to show that dimy(R™) < n. Using 2 we can do this
by showing that dimg(C) < n for C = [0,1]", but we already know this from
item 4 of Lemma 1.2.3. Item 4 also follows from item 4 of Lemma 1.2.3 and
for item 5 we use Lemma 1.2.2. O

An elementary tool in the problem of estimating dimensions is the following
lemma about Lipschitz functions.

Lemma 1.2.6. Let E be H®-measurable subsets of R™ and let ¢ : E — ¢(E)
a Lipschitz map with constant C' > 0, i.e.

(@) =Yyl < Cle—y| forall z,y € E. (1.7)

Then
H(Y(E)) < CH(E). (1.8)

This inequality is also known as a scaling property for the Hausdorff mea-
sures.

Corollary 1.2.7. Let v : E — (FE) be a Lipschitz map with constant C > 0.
Then

Since orthogonal projections are Lipschitz transformations with constant
1, we have the following corollary.
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Corollary 1.2.8. Let E C R" and S be a subspace. If llg : R™ — S is the
orthogonal projection onto S, then dimy(Ilg(E)) < dimpy(E).

Another useful corollary is about similar sets. We say that A and B are
similar sets if there exists an invertible affine map G between them. Note that
any affine map results bi-Lipschitz.

Corollary 1.2.9. Let A and B be two similar subsets of R™. Then their
Hausdorff dimensions coincides dimpg(A) = dimy(B).

As an immediate consequence of the preceding propositions, we can derive
some other features of the Hausdorff dimension.

Open sets. 1t is clear that any open subset of R™ has full dimension, since
it contains a cube of positive volume. This reflects the intuition that a “fat”
set must behave dimensionally like the whole space. In fact, we can go further,
since (1.6) implies the same for any set with positive Lebesgue measure.

Countable sets. If E is countable, then dimpy(E) = 0. The counting
measure H° assigns mass 1 to every singleton, and therefore it has dimension
zero. Then item 2 from Proposition 1.2.5 implies that the countable union
also has dimension zero.

Smooth sets. Smooth curves have dimension 1 and smooth surfaces have di-
mension 2. More in general, if F is a continuously differentiable m-dimensional
manifold, then dimg(F) = m.

Bi-Lipschitz stability. If ¢ : E — F is a bijective bi-Lipschitz map, then

Some non-trivial examples

Let us present here some examples which, although commonly included in
the literature, are always appropriate to illustrate the nature of the objects
with which we are dealing. We will present more examples and more general
constructions in the sequel.

Cantor ternary set. Consider the following family of subsets of [0, 1]:

Fy = [0,1]
Ao ol
SN

Given a set I}, we construct Fj; by removing from each interval of F} their
central middle third. Therefore each set F; will be a union of 2/ intervals of
length 377. The Cantor ternary set is defined as

c=F. (1.9)

s

0

J
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This is a perfect and totally disconnected set. It can be proved that the
Hausdorff dimension of C' is dimpy (C) = iggg = logs 2. This follows essentially
because C' satisfies the self similarity equation

1 1 2
C_§CU<§C+§>

Therefore, assuming for a moment that 0 < H%(C) < oo with some d, we can
conclude that

HI(C) = S HI(O)

log(2)
log(3)
trivial part would be to prove the positivity of the H? measure of C (the
finiteness is much more easier, since the k-th step of the construction gives
a natural and optimal covering). There is a natural generalization of the
preceding construction. Consider a parameter 0 < A < 1 which will indicate
the ratio of the length of an interval of one step and the length of its parent

interval. Then, if E is a the middle-\ Cantor set, then dimpy (E) = %.
1-X

The following example is a particular case of the class of Cantor sets, which
can be defined as the family of all the perfect, totally disconnected subsets of
R. Clearly, those sets are identified by their complement, which is a disjoint
countable union of open intervals. Hence, a Cantor set is determined by the
choice of this open intervals.

. The non-

by the scaling property (1.8). Therefore d must be equal to

Cut out sets. Consider a positive, non-increasing and positive sequence
a = {ap}. Let I, be a closed interval of length Y 77, ax. The class C, will be
the family of all closed sets E contained in I, that are of the form

E =1\ J U

k>1

where {Uy} is a disjoint family of open intervals contained in I, such that
|Ug| = ay, for all k. With this definition, each Cantor set in C, has Lebesgue
measure zero. The objective will be, roughly speaking, to determine the di-
mension of a Cantor set in terms of the defining sequence. But this does not
make any sense unless we give a precise construction algorithm for a given
sequence. We proceed as follows. Given the sequence {ay}, remove from I, an
open interval I° of length a;. This creates two closed subintervals I and I} to
the left and the right of I° respectively. Then we remove from the left interval
an open interval of length as and from the right interval we remove an interval
of length ag. Iterating this procedure, we obtain the perfect set C' € C,. Note
that there is no ambiguity on the location of the intervals. To locate the first
interval, for example, we could look at the subsequence corresponding to all
the intervals to the left of /5. The sum of this subsequence is then the position
of the left endpoint of I°. To study the Hausdorff measure and dimension of
these sets, Besicovitch and Taylor in [BT54] study the decay of the sequence
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b, = 1p/n, where r, = .o a;. They introduced the number

jzn

a(a) = lim a,,
n—0o0

where nb™ =1 for all n € N. With this notation, the result in [BT54] is that
dimpy (E) < a(a) for all E in C,. It also can be proved that dimy(Cy) = a(a)
(see [CMMS04] and [GMS07]).

1.3 Mass distribution and Frostman Lemma

Now we state two results that can be considered to be reciprocals in some sense,
which characterize the Hausdorff dimension in terms of probability measures
with some controlled local behavior. The first is a very elemental but useful
criterion to estimate dimensions.

Lemma 1.3.1. Mass Distribution Principle. Let E C R"™ be a set and
let v be a probability measure on E. Let s, ¢ and C be positive constants such
that for any U C R™ with diam(U) < e, u satisfies the inequality

w(U) < Cdiam(U)*.
Then H*(E) > 0.

The next lemma is called Frostman’s Lemma and can be understood as a
converse of Lemma 1.3.1

Lemma 1.3.2. Frostman’s lemma Let E be a Borel subset of R™ with 0 <
H3(E) < co. Then there is a compact set F C E such that 0 < H*(F) < oo
and a constant b > 0 such that

H(FNB(x,r)) <br® forall xze€R"™ and r > 0. (1.10)

1.4 Energies

In this section we introduce a powerful tool to study dimension properties of
sets. It is closely related to the preceding Frostman’s Lemma. The purpose is
to relate the local behavior of a measure y , i.e. an inequality like

w(B(xz,r)) < Cr®, for some suitable C' and all z € R",s >0 (1.11)

with the finiteness of two quantities defined by integrals. For a measure p and
t > 0, the t-Energy I;(u) will be defined as

1
1) = [ [ o= dut@auty). (1.12)

If we define the t-Potential Vj as

Vi) = [ ordute) = (e 17 ) )
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we can express the energy as

1) = [ Vi) duty).

Now we have the following characterization of measures in terms of energies

(see [Wol03]).
Lemma 1.4.1. Consider a probability measure p with compact support.
1. If p satisfies (1.11) for some s > 0, then I;(n) < oo for all t < s.

2. Conversely, if u is a probability measure with compact support finite
Is() for s > 0, then there is another probability measure v such that
v(X) <2u(X) for all sets X and such that v satisfies (1.11) for s.

From Lemma 1.4.1 and Lemma 1.3.2 can be deduced the following char-
acterization of Hausdorff dimension.

Proposition 1.4.2. If E is compact then

dimpg (E) = sup{t: 3p € P(E) with I;(1r) < oo} .

1.5 Box Counting, Packing and Fourier dimensions

We will discuss in this section the definition and some of the most relevant
properties of two notions of dimension. The Box Counting dimension (also
referred to as the Minkowski dimension) and the Packing dimension. For a
comprehensive and extended development on this matter we refer the reader
to [Fal86, Fal97, Fal03].

1.5.1 Box Counting Dimension

For a given set £ C R", denote with Ms(E) the smallest number of sets of
diameter at most § which can cover E. The lower and upper box dimensions
of F respectively are defined as

1 E _
lim e MAR) M (E) and dimp(E) = lim
so0 —logd =0 —logd

— 1 E
dimp(E) = lim log M5(E)
If these quantities are equal, we refer to the common value as the box
dimension of E

dimp(E) = lim M.

1.1
60 —logd ( 3)

The intuition here is that, for s = dimp(F), the number of balls of diameter
0 needed to cover E is of the order of §~°. More precisely, (1.13) says that

Ms(E)6® — oo if s < dimp(FE)
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and

Ms(E)o® — 0 if s > dimp(E).

It is very helpful to use some alternative definitions of the box dimension,
which all follow simply by comparison.

Proposition 1.5.1. The same notion of dimension is achieved if the quantity
M above is taken to be any of the following:

(i) the smallest number of sets of diameter § that cover E,

(ii) the smallest number of closed balls of radius ¢ that can cover E,
(iii) the smallest number of cubes of side § that cover E,
(iv) the largest number of disjoint balls of radius § with centers in E,

(v) the number of 5-mesh cubes that intersect E, hence the name “box count-

ing”.
(An 6-mesh cube is a cube of the form [],[m;0; (m; + 1)) where mq,...,my
are integers)

It is worth noting that, if J; is any sequence converging to zero, then
trivially

! E 1 E
dimp(E) < lim log Mg, () and lim log My, (E)

< dimp(E).
o —logdg k=0 —logdr imp(E)

If, in addition, the sequence d; satisfies dx11 > cdy for some 0 < ¢ < 1, then
we obtain the reverse inequalities

— 1 FE
dimp(F) > lim end [ 28 MalE)

> dimp(E).
T T log oy i A2

Therefore, for the upper bounds, we can choose appropriate coverings with
no restrictions. For the lower bounds, we can choose particular coverings
(suited to the set we are analyzing) but with the restriction above.

At this point it is very natural to ask which is the relation between the Box
dimension and the Hausdorff dimension. For that, suppose that dimg(E) = d
and note that if a set E' can be covered by M;(E) sets of diameter §, then for
s < d,

1 < H{(E) < Ms(E)S®

Therefore, 0 < log Ms(E) + slog(d) and from there, for small 9,

Since s < d is arbitrary, this implies that

dimy (E) < dimp(E) < dimp(E). (1.14)
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We actually can obtain strict inequality here, as we shall see in forthcoming
examples, but we want to remark that in any case, this inequality is a useful
tool to obtain upper bounds on the Hausdorff dimension of a set by finding
clever coverings of it.

The Box dimension shares some nice properties with the Hausdorff dimen-
sion, i.e.:
Monotonicity: If E C F, dimg(F) < dimg(F) and dimp(E) < dimpg(F).
Smooth sets: If M is a smooth m-dimensional manifold, then dimg(M) = m.
Bi-Lipschitz invariance: 1If ¢ : E — F is bi-Lipschitz, then dimp(E) =
dimp(F) (upper and lower).

We now discuss a remarkable difference between Box and Hausdorff di-
mensions. Consider a set E and its closure E. Then

dimp(F) = di_mB(E)

and
Timp(E) = dimp(F).

To see why, take a finite collection By, ..., By of closed balls of radii §. If the
closed set Ule B; contains E then also contains £. Thus the smallest number
of closed balls of radius § that covers E coincides with the smallest number
required to cover the larger set E. Since this quantity is the only input with
information of the set in the formula of the box dimension, the claim follows.

An immediate consequence of this is that a countable set E can have
positive box dimension. For example, if it is dense on an open subset of R",
then dimp(F) = n. In particular, the set of rational numbers in an interval [
has box dimension 1. Moreover, since the box dimension of a single point is
clearly zero, we conclude that, in general,

dimp <U E,) # sup {dimp(E;)} .

Example 1.5.2. Let E := {%}nGN- Then dimg E = %

We omit the calculation, since it can be found in [Fal97], or easily per-
formed. We just comment that the result follows from the following fact. For
any fixed n € N, the distance between % and its two neighbors is of order
#. Hence, for § ~ #, it will be clear that n < Ms(E) < 2n. In the same

1
a+1-°

also illustrate that the first inequality in (1.14) can be strict.

As a final remark, we note that the Box Dimension, in opposite to Haus-
dorff dimension, is not defined in terms of a measure. The notion of Packing
dimension defined in the next section is closely related to the Box dimension,
and solves in some way the difficulties arising by the lack of an underlying
measure in the definition of the latter.

spirit, it can also be proved that dimp <{n%}n eN) = These examples
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1.5.2 Packing Dimension

Recall that Hausdorff dimension may be defined using economical coverings
by small balls, whilst dimp may be defined using economical coverings by
small balls of equal radius. The equivalent formulation (iv) in Proposition
1.5.1 suggest that it could be natural to look for a dimension that is defined
in terms of dense packings of disjoint balls of different small radii. We follow
the pattern of definition of Hausdorff measure and dimension. For § > 0 and
a set £ C R", a §-packing of E is a collection of disjoint balls or radius at
most 0 with centers in E. For s > 0 and § > 0, let

Ps(E) = sup {Z diam(U;)* : {U;} is a d-packing of E}

Since P (FE) decreases with § — 0, the limit P§(E) = lims_,o P3 (E) exists.
Here we meet the same problems of the box dimension. By considering dense
subsets, it is easy to see that P§ is not a measure, since it fails to be countable
subadditive. But P does satisfy the properties of a premeasure, and therefore
by a standard argument we can define the measure P? of the set F as

P (E 1nf{z730 ECUE}

which is a Borel measure on R” called the s-dimensional packing measure of F.
Clearly, for smooth sets, P!, P2, yields (essentially) length, area, analogously
than H', H?, etc. But for non integer exponents, H® and P* can be very
different measures.

As for the Hausdorff dimension, for any £ C R", there is a number
dimp(E) called the packing dimension of E, such that P*(F) = oo for s <
dimp(E) and P*(E) =0 for s > dimp(FE). Thus

dimp(F) = inf{s : P*(E) = 0} = sup{s : P = o0}.

It is sometimes convenient to express packing dimension in terms of upper
box dimension. For ¥ C R"™ it is the case that

dimp(FE) = inf {SupdlmB EC UE }
7
(the infimum is taken over all countable coverings {E;} of F). The underlying
measure structure implies monotonicity. Moreover, dimp is also bi-Lipschitz
invariant, is zero for any singleton and any open set has full dimension. Fur-
ther, it coincides with the topological dimension on smooths manifolds, is
countably stable (the dimension of a countable union is the supremum of the
dimensions) and if f : E — f(FE) is Lipschitz, then dimp(f(F)) < dimp(E).
There are some basic inequalities between all the notions of dimensions
that we have presented. They can be found in [Fal97, Fal03]. For any bounded
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non-empty set £ C R",
dimpy (E) < dimp(E) < dimp(E)

and L
dimpy (F) < dimg(F) < dimp(FE),

and suitable examples shows that these inequalities may be strict.

1.5.3 Fourier Dimension

In many problems of harmonic analysis, an important ingredient is the rate of
decay of the Fourier Transform jz of a measure p supported on a set £ C R™.
In this section we want to relate this decay to a new notion of dimension
for a subset of R™ and compare it to the Hausdorff dimension. This will
be a consequence of the characterization of Hausdorff dimension in terms of
energies presented in Section 1.4. We will introduce some elemental definitions
in order to make a precise statement of the problem. For the proofs of the
results on this section, we refer to [SW71], [Rud73], [Ste93], [Duo01], [Wol03]
and [Gra04].

The Fourier Transform

Let S(R™) denote the Schwartz class on R™. Roughly speaking, a function
f is Schwartz if it is smooth and all of its derivatives decay faster than the
reciprocal of any polynomial at infinity. More precisely, we have the following
definition.

Definition 1.5.3. A C*°(R") complex valued function f on R" is called a
Schwartz function if for all multiindices « and S there exists positive constants
Cq g such that

Pap(f) = sup |2%0° f(2)| = Ca,p < 00,
TER™

The class of smooth functions with compact support C§°(R"™), is clearly
contained in S(R™). Let LP(R™) denote the Lebesgue space of measurable
p-integrable functions defined on R™ endowed with the norm

1= ([ 17 dxf

for1 <p<ooand | f|leo =inf{B>0:[{x:|f(x)| > B} =0} (the essential
supremum of f). It is also clear that the inclusion S(R™) C LP(R™) holds. The
following alternative characterization of Schwartz functions will be very useful.
A C* function f is in S(R") if and only if for all positive integers N and all
multiindices « there exists a positive constant C,, v such that

Ca,N

(0% f)(2)] < W
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If f € S(R™), then its Fourier Transform is f: R™ — C defined by

for = [ e e (1.15)

It is clear that (1.15) makes sense for any f in L'(R"), and, more generally,
for finite measures. Let M(R™) be the space of finite complex-valued measures
on R"™ with the norm

el = T (R™),

where || is the total variation. Then L!(R™) is contained in M(R") via the
identification f — u, where the measure p is defined on a set A by the formula

M(A):/Af dp

We can generalize the definition of Fourier transform via

i) = [ e Pmeduta),
A trivial bound on the size of the Fourier transform is the following:

17tllso < [l pll1-

With respect to the smoothness of [i, it is easy to see that p € M(R"™) implies
the uniform continuity of . Indeed, there is a close relation between local-
ization and smoothness properties of u and jz, but at this point, we want to
define the Fourier dimension of a set in R™, so we will postpone some other
important properties and remarks on this subject to Chapter 7. We focus our
attention on the decay properties at infinity for the Fourier transform. The
first step toward this objective is the well known Riemann-Lebesgue lemma.

Proposition 1.5.4. For a measure i with an L*(R™) density f, we have that
(€)= 0 as  [§] = oo.

Outline of proof. This easily follows from the explicit computation of the
Fourier transform of the characteristic of an interval. Then a typical L'-
approximation argument by step functions concludes the proof.

Is is clear that this result cannot hold for a general measure p since it
can be, for example, a probability supported on a null set. In this case, the
problem of finding a measure with some prescribed decay is extremely difficult
and depends, partially, on dimension properties of the support. Precisely, for
a null set £ C R", the Hausdorff dimension of E can be determined by looking
the behavior of the Fourier transform of measures supported by E. We will
need the following lemma (see [Wol03],[Mat95]) that relates the t-energy of a
measure p defined in (1.12) to its L2-size.
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Lemma 1.5.5. Let p be a positive measure with compact support in R™ and
0<t<mn. Then

= # T =c -~ 2| ¢1t—n
1) = [[ o= dutedinto) = ORI de. (110)

rghr'=3
L(3)
Now the connection between the decay of i1 and the Hausdorff dimension
becomes evident. More precisely, we have the following corollary.

where ¢; =

. Here T is the gamma function: T'(s) = [;° Tsezl dr.

Corollary 1.5.6. Suppose p is a compactly supported probability measure on
R™ with

A < CleI™ for some 0< 5 < 3.

Then dimg (supp(p)) > 205.

Therefore, for a measure p € P(R™), there is a maximum possible decay
for its Fourier transform related to the size of its support, which leads to the
following definition.

Definition 1.5.7. Let £ C R” be a Borel set. The Fourier dimension of E,
dimp(F), is defined as

dimp(E) = sup {s :3p e P(E) with [7(6)] < \518/2} .

We have for any Borel set £ C R"”,
dimp(F) < dimg(FE), (1.17)

and the inequality is often strict. Indeed, it is not easy to construct a set
FE for which the equality holds. The question about the reverse inequality is
equivalent to ask whether a compact set E with dimg(E) = a must support
a measure p with

B(E)] < C-(1+[g])~5 e (1.18)

for all € > 0. It is absolutely trivial to note that the answer to this question is
no. The easiest way to see this is to consider the set £ = [0,1] x {0} C R%. F
has dimension 1, but if p is a measure supported on E then i depends on &;
only, so it cannot go to zero at infinity, hence 0 = dimp(E) < dimpy(E) = 1.
Another less trivial example is given by the Cantor ternary set C. It is well
known that C' does not support any non-zero measure whose Fourier transform
would tend to zero at infinity (see [[KS63)).

Those sets E for which dimp(F) = dimgy(FE) are called Salem sets.. Some
non-trivial examples were constructed by Kahane [Kah70] and also by Kauf-
man [Kau81]. On the other hand, Kahane [Kah85] has shown that, in some
probabilistic sense, many significant random sets are Salem sets. We introduce
here a classic example due to Kaufman [Kau81].
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Theorem 1.5.8. For a fized B > 2, define the following set:

P 1}
r—=|<—¢.
q‘ q°

Then dimp(Bg) = dimy(Bg) = % More precisely, for any € > 0, there is a
constant C, and a positive measure supported on a subset of Bg such that

Bg = {m € 10,1] \ Q : 3 infinite many P Such that
q

()] < C.le] e

The value for the Hausdorff dimension is known since the work of Jarnik
[Jar31], and is a classical theorem on Diophantine Approximation. There is a
further improvement on Theorem 1.5.8 due to Bluhm [Blu98], which provides
a deterministic construction of a Salem set E with dimy(F) = « for a pre-
scribed « € (0, 1) supporting a measure p,, whose Fourier transform obeys the
following assymptotics

a(€)] S (1+[€]) 2= log(e + [¢]) log log(e + [£]).

We will return to this subject in Chapter 5.

1.6 Projections, Products and Intersections

There is a natural interest on the study of how the dimension properties of
sets change with some elemental operations, such as projections, products and
intersections. In this section we include only a few of results on this subject.
We will focus our interest mainly on the properties of the Hausdorff dimension,
including only some examples regarding Box, Packing and Fourier dimension.

1.6.1 Projections

The first result is a classical result of Marstrand on orthogonal projections of
s-sets in R2. For a given 6 € [0,7), we will denote with Ly the line in R?
through the origin that makes an angle of § with the x axis, and proj, will
denote the orthogonal projection onto that line. In the forthcoming theorem,
“for almost all #” refers to the arclegnth measure on the unit circle. The proofs
can be found in [Fal86] or [Marb4a, Mar54b].

Theorem 1.6.1. Let E be a Borel set in R? such that dimg (E) = s.
1. If s <1 then dimg(projy(E)) = s for almost all 6 € [0, 7).
2. If s > 1 then |projy(E)| > 0 for almost all § € [0, ).

There is an easy consequence of this result that we include for future
reference.
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Corollary 1.6.2. Given two subsets E and F' of R and A € R, consider the
set
E+ A N ={z+Xy:x € E,yecF}.

Then, for almost all A € R, dimpy(E + A\F') = min{l, dimy(E x F)}.

Outline of proof. Define II, as the orthogonal projection onto the line
l(x) = Az. It is easy to define a bi-Lipschitz transformation between E + AF
and II\(E x F): take

p:II\(EXF) — E+ \F
(a, Aa) = oa+A-da= (A +1)a

Then, for all A € R, dimy(II\(E x F)) = dimy(E + AF') and the corollary
follows from Theorem 1.6.1 (but only for a.e. \).

1.6.2 Products

The aim of this section is to collect some of the known results about a problem,
which is absolutely easy to state but by no means easy to completely solve.
Given two sets (they can be taken to be compact to keep it simple) E and F,
for which we know their dimension, what can we say about the dimension of
the set G = F x F?

The first attempt to an answer is to consider the most trivial example of
two line segments. Therefore the product is a square and it in that case it is
clear that

dim(E x F) = dim(FE) + dim(F)

for Hausdorff, Box or Packing dimensions. It is also known that for smooth
manifolds £ and F' the same formula is still valid. However, this is not the
general rule, and the best that can be achieved, for Hausdorff dimension, is

It is worthwhile to note that even for sets of non integer dimensions, in some
cases the equality does hold, and we will include some examples of that fact.
The first easy but nontrivial example is the product C' x C' where C is the
Cantor ternary set. In this case, it can be proved that dimpy(F x F) =
2dimp (F) = 2;2%3.

Now we list several “product formulas” involving Hausdorff, Box and Pack-
ing dimensions (see [Fal03], [BP96], [Tri82]).

Hausdorff Dimension. For Borel sets E, F' C R",

Hausdorff and Box Dimensions. For any sets E, F C R",

dimy (E x F) < dimg(E) + dimpg(F). (1.20)
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Bozx Dimension. For any sets E, FF C R",

dimp(E x F) < dimp(E) + dimpg(F). (1.21)

Packing and Hausdorff dimensions. For any sets E, ' C R",
dimpg(E x F) < dimy(E) + dimp(F) < dimp(E x F). (1.22)
If we reformulate the left hand side of (1.22) as
dimpg(E X F) —dimy(F) < dimp(F),

one can prove some approximation property for the Packing Dimension in the
following sense [BP96]: For any analytic set A in R,

s%p {dimy (A x B) — dimp(B)} = dimp(A)

where the supremum is over all compact sets B C R".

There are plenty of suitable examples that can be found in the literature
to illustrate that all of the above inequalities can be strict. We only include
the following example, since it will be crucial for some construction in Chapter
6. The complete details are in [Fal03], Example 7.8 (p. 104).

Example 1.6.3. There exists sets E, F' C R with dimy(E) = dimg(F) =0
and dimg (F x F) = 1.

We only comment on the proof. The basic idea is to consider two very
small sets E, F' with the property [0,1] C E+ F. To achieve this, consider the
real numbers in the unit interval [0, 1] represented in their binary expansion
T = Zj ’I“j2_j; r; = 0,1. Let {my;mo = 0};, be an increasing sequence tending
to +00. Consider the following subsets of [0, 1]:

E:={xe[0,1]:r;=0if mp +1<j <mpy1;k even}

F={xel0,1]:r;=0if mp +1 < j <mypy1;k odd }

Easy computations show that, if the sequence my is chosen to increase suffi-
ciently fast, then dimy(F) = dimy(F) < dimg(E) = dimpg(F) = 0 (we refer
to Chapter 6 for a detailed construction). Now, to show why dimpy(Ex F) = 1,
note that we can define the map f: Ex F — R, f(x,y) = z+y and, since it is
clearly Lipschitz and the image of f contains the unit interval, it follows from
Corollary 1.2.7 that 1 = dimy ([0, 1]) < dimg(f(E x F)) < dimpg(E x F).
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1.6.3 Intersections

The study of intersection properties of fractals can be stated as follows. Con-
sider a group G or transformations on R", such as congruences, similarities
or translations. This group can be endowed with a measure, the Lebesgue
measure on the space of the parameters that describe the group. The question
is then what can be said, in general, of the dimension of the set ENo(F) for
o € G in terms of the dimensions of ¥ and F'. Here the expression “in general”
will be used when an intersection formula holds “for almost all ¢ € G”. It
also will be used the term “often” when the formula holds for a set of posi-
tive measure of motions. Of course the underlying measure will always be the
Lebesgue measure on G.

We include the following proposition about upper bounds for the particular
case of translations. It is clear that the same result holds for larger groups of
congruences and similarities.

Proposition 1.6.4. If E and F are Borel subsets of R™ then
dimpg(EN(F 4+ ) < max{0,dimy(E x F) —n}
for almost all z € R™.

There are general results for several particular choices of groups that can be
found in [Fal03] (Theorem 8.2 and the discussion on the proof). We include the
following theorem regarding the problem of finding lower bounds for ENo(F).

Theorem 1.6.5. Let E and F' Borel subsets of R"™ and let G be a group of
transformations on R™. Then

dimg(ENo(F)) > dimg(E) + dimg(E) —n
for a set of motions o € G of positive measure in the following cases:

1. G is the group of similarities and E and F are arbitrary sets.

2. G is the group of rigid motions, E is arbitrary an F is a rectifiable curve,
surface or manifold.

3. G is the group of rigid motions and EE and F are arbitrary, with either
dimy(E) > 1(n+1) or dimp(F) > 3(n+1).



Chapter 2

Dimension Functions

In this section we present a very well known construction of measures following
Method II (Proposition 1.1.10) using as function on the diameters general
dimension functions (see [Haul8]). We summarize some important definitions
and results on dimension functions. We also illustrate with classical examples
and introduce the necessary lemmas to be used in the following chapters.

2.1 The POSet of dimension functions

The family of dimension functions will be endowed with a notion of partial
order, yielding a Partially Ordered Set (POSet) of functions. Let us begin
with the basic definitions.

Definition 2.1.1. The following class of functions will be called dimension
functions.

H := {h :[0,00) — [0 : 00), non-decreasing, right continuous, h(0) = 0}.

The important subclass of those h € H that satisfy a doubling condition
will be denoted by Hy:

Hy :={h € H: h(2z) < Ch(zx) for some C' > 0} .

Remark 2.1.2. Clearly, if h € Hy, the same inequality will hold (with some
other constant) if 2 is replaced by any other A > 1. We also remark that any
concave function trivially belongs to Hy. Also note that the monotonicity of
h implies that C > 1.

If one only looks at the power functions, there is a natural total order given
by the exponents. In H we also have a natural notion of order, but we can
only obtain a partial order.

33
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Definition 2.1.3. Let g, h be two dimension functions. We will say that g is
dimensionally smaller than A and write g < h if and only if

lim h_:v) =0.
z—071 g(w)

2.1.1 Some examples

This partial order is compatible with the total order among the power laws,
i.e.,

2 <M = o < a9,

but allows us to refine that family:
a « — 1 « B 1 «
2 <z logT 7 | = | <ax®log” [ — ) < 2*%, B,y >0, a1 <as.
x x

Another example: if hog(z) = 2 logfﬁ(%), then the order between them
is given by the lexicographical order on the parameters:

halﬁl = haQﬁz <~ (0417/81) <y (042752)

4 !

B2 o has,
§ |

b °jha151
A |
arap

Figure 2.1: Lexicographical order in H

To measure the “distance” between to dimension functions, we introduce
the following notion:

Definition 2.1.4. Let g,h € H with g < h. Define the “gap” between g and
h as A(g, h) defined by

Alg, ) () = —2.
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From this definition and the definition of partial order introduced above,
we always have that lim,_,o A(g, h)(z) = 0, and therefore the speed of conver-
gence to zero can be seen as a notion of distance between ¢ and h.

We will be interested in the special subclass of dimension functions that
allow us to classify zero dimensional sets.

Definition 2.1.5. A function h € H will be called “zero dimensional dimen-
sion function” if h < z® for any a > 0. We denote by Hj the subclass of those
functions. As a model to keep in mind, consider the family hg(z) = @.

A classical non trivial example of a zero dimensional set is the set of Liou-
ville numbers. It is closely related to the set of S-approximable numbers Bg.
For B > 2, define Bg as

1
Bg = {x €[0,1]\Q: |lzq|| < e for infinitely many ¢ € Z} .

The set of Liouville numbers L can be defined as

]L:ﬂBn

neN

and it is clearly smaller than any of the above sets. A classical result is that

dimpy (Bg) = % (we will come back to this subject in Chapter 5). In particular,
this implies that dimg (L) = 0, since the monotony of the Hausdorff dimension
yields dimg (L) < % for all g > 2.

2.2 Hausdorff measures

In this section we introduce the general Hausdorff measures. These measures
are all constructed following Method II presented in Subsection 1.1.1. For a
given h € H, the h-dimensional (outer) Hausdorff measure H" will be defined
as follows. For a set £ C R? and § > 0, write

HIE) = inf {Zh(diam(Ei)) :EC GEi,diam(Ei) < 5} )

Then the h-dimensional Hausdorff measure " of E is defined by

HME) = sup HE(E).
6>0

This notion generalizes the classical a-Hausdorff measure to functions A that
are different to . It is well known that a set of Hausdorff dimension « can
have zero, positive or infinite a-dimensional measure. The desirable situation,
in general, is to work with a set which is truly a-dimensional, that is, it has
positive and finite a-dimensional measure. In this case we refer to this set as
an a-set.
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Now, given an a-dimensional set E without this last property, one could
expect to find in the class H an appropriate function h to detect the precise
“size” of it. By that we mean that 0 < H"(E) < oo, and in this case F is
referred to as an h-set.

In order to illustrate the focus of this chapter, we start with a simple
observation. The Hausdorff dimension of a set £ C R” is the unique real
number s characterized by the following properties:

o H'(E)=+o0 forall r <s.
o HY(E) =0 for all s <t.

Therefore, to prove that some set has dimension s, it suffices to prove the
preceding two properties, and this is independent of the possibles values of
H*(E). It is always true, no matter if H*(E) is zero, finite and positive, or
infinite.

The above observation could lead to the conjecture that in the wider sce-
nario of dimension functions the same kind of reasoning can be made. In fact,
Eggleston claims in [Egg52] that for any A C R”™, one of the following three
possibilities holds.

1. for all h € H, H'(A) = 0.

2. there is a function hy € H, such that if h = ho then H"(A) = 0, whilst
if h < hg, then H"(A) = +oo.

3. for all h € H, H"(A) = +oo.

Note that the most interesting situation is the one on item 2., since it is saying
that the correct notion of size for the set A is represented by the function hg.
Clearly, this is the case when we are dealing with an h-set. However, this claim
is false, in the sense that there are situations where none of the above three
cases is met, and that is the reason why in the general setting the problem
of determining an appropriate notion of size for a set is highly non trivial.
Therefore the situation in the general setting does not behaves in the same
way as in the classical setting.

In this wider scenario, we must overcome some difficulties that arise from
two results due to C.A. Rogers. The first says that if a set E has null #"-
measure for some h € H, then there exists a function g < h such that H9(E) =
0 (see [Rog98]). Symmetrically, the second says that if a compact set E has
non-o-finite H" measure, then there exists a function g = h such that F
has also non-o-finite HY measure (see [Rog62]). These results imply that if a
compact set E satisfies that there exists a function hg such that H"(E) > 0
for any h < ho and H"(E) = 0 for any h = hg, then it must be the case that
0 < HM(E) < 4o0.

Consider now the set IL of Liouville numbers. It is known that this set is
dimensionless (see [EK06]), which means that it is not an h-set for any h € H.
In addition, it is shown in [OR06] that there are two proper nonempty subsets
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Lo, Lo € H of dimension functions such that H"(IL) = 0 for all h € Lg and
HM(L) = oo for all h € Ly. From the results in [OR06] it follows that the
Liouville numbers IL. must satisfy condition 2. in the classification of Eggleston.
But suppose that hg is the claimed dimension function in that case. The
discussion in the above paragraph implies that the set L is an hg-set, which
is a contradiction. Note that the results of Rogers appear ten years later that
the paper by Eggleston.

Since there are many sets E that are not h-sets for any h € H we need to
look at a different approach for finding appropriate dimension functions for
an arbitrary compact set E. Since in the present thesis we are interested in
estimates for the size of general Furstenberg sets, we have to consider dimen-
sion functions that are a true step down or step up from the critical one. In
the next section we introduce some notation and terminology that allows us
to work in this general scenario.

2.3 Dimension Partition

For a given set F C R", we introduce the notion of dimension partition (see
[CHM10)).

Definition 2.3.1. By the Dimension Partition of a set E we mean a partition
of H into (three) sets: P(E) = Ey U Ey U Eo, with

e By ={hecH:H"E)=0}.
e By ={heH:0<HNE) < 0}
e B o={hcH:H"E)= o0}

It is very well known that Fq could be empty, reflecting the dimensionless
nature of . A classical example of this phenomenon is the set I of Liouville
numbers. On the other hand, F; is never empty for an h-set, but it is not
easy to determine this partition in the general case. We also remark that it is
possible to find non-comparable dimension functions g, h and a set E with the
property of being a g-set and an h-set simultaneously. Consider the following
example:

Example 2.3.2. There exists a set F and two dimension functions g, h € H
which are not comparable and such that F is a g-set and also an h-set.

Proof. We will use the results of [CMMS04]. The set E will be the Cantor
set C, associated to a nonnegative decreasing sequence a = {a;} such that
> a; = 1. If we define b, = % > i>n @i, then the main result of the cited work
is that

lim nh(bn) ~ /Hh(ca) (2'1)

n—oo
for all h € H. Therefore, if h = h, is the dimension function that makes C,
an h-set, we have that

0 < lim nh(b,) < co.

n—oo
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Now we want to define g. Consider the sequence x,, = b,1 and take g satisfying
the following properties:

1. g(x) > h(x) for all z > 0.
2. g(xn) = h(zy) for all n € N,

3. g is a polygonal spline (same as h), but it is constant in each interval
[br1—1,b(n—1y] and drops abruptly on [bpy, by—1] (We are building up g
from the right approaching the origin). More precisely, for each n € N,

o) = ﬁ if € [bu_1,bm-1)]
% if x = by

and it is linear on [byy, by1—1].

h(x)

Conditions 1 and 2 imply that lim, o @) = 1 < co. Note that we also have
that lim__,, % = 0, since

h(bp—1) _ (n—1)! N 1 o
g(bp—1) nl—1 n

It follows that h and g are not comparable. To see that C, is also a g-set, we
use again the characterization (2.1). Since

lim ng(b,) < lim nl!g(by) = lim n!h(by) < oo,

n—00 n—00 n—o0
we obtain that H9(C,) < oo. In addition, g(x) > h(x) for all x, hence g(b,) >
h(by,) for all n € N and it follows that

lim ng(b,) > lim nh(b,) > 0.

n—oo n—oo

and therefore H9(C,) > 0. O

We refer the reader to [GMS07] for a detailed study of the problem of
equivalence between dimension functions and Cantor sets associated to se-
quences. The authors also study the Packing measures and premeasures of
those sets. For the construction of h-sets associated to certain sequences see
the work of Cabrelli et al [CMMS04].

We refer to the work of Olsen and Renfro [ORO06], [Ols05], [Ols03] for
a detailed study of the exact Hausdorff dimension of the Liouville numbers
L, which is a known example of a zero dimensional set. Moreover, the au-
thors prove that it is also a dimensionless set, i.e. there is no h € H such
that 0 < H"(L) < oo (equivalently, for any dimension function h, one has
H"(LL) € {0,00}). In that direction, further improvements are due to Elekes
and Keleti [EK06]. There the authors prove much more than that there is no
exact Hausdorff-dimension function for the set I of Liouville numbers: they
prove that for any translation invariant Borel measure L is either of measure
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zero or has non-sigma-finite measure. So in particular they answer the more
interesting question that there is no exact Hausdorff-dimension function for
L even in the stronger sense when requiring only sigma-finiteness instead of
finiteness.

It follows from Example 2.3.2 that even for h-sets the dimension partition,
and in particular E7, is not completely determined. Note that the results of
Rogers cited above imply that, for compact sets, Fy and F can be thought
of as open components of the partition, and E; as the “border” of these open
components. An interesting problem is then to determine some criteria to
classify the functions in H into those classes (see Theorem 5.1.1 below for a
precise example).

To detect where this “border” is, we will introduce the notion of chains in
H. This notion allows to refine the notion of Hausdorff dimension by using an
ordered family of dimension functions. More precisely, we have the following
definition.

Definition 2.3.3. A family C C H of dimension functions will be called a
chain if it is of the form

C={heH:teR hs<h < s<t}
That is, a totally ordered one-parameter family of dimension functions.

Suppose that h € H belongs to some chain C and satisfies that, for any
geC, HI(E)>0if g < h and HI(E) =0if g = h. Then, even if h ¢ Ej, in
this chain, h does measure the size of E. It can be thought of as being “near the
frontier” of both Ey and E,. For example, if a set E has Hausdorff dimension
a but H*(E) = 0 or H*(E) = oo, take h(z) = 2® and Cg = {z' : t > 0}. In
this chain, = is the function that best measures the size of F.

Figure 2.2: Dimension Partition H = E,, U Fy U Ey

We look for finer estimates, considering chains of dimension functions that
yield “the same Hausdorff dimension”. Further, for zero dimensional sets,
this approach allows us to classify them by some notion of dimensionality.
In some particular cases, it is possible to have some intuition or evidence to
conjecture some explicit expression of an appropriate dimension function for
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a given set. We will refer to such a function as one of the Fxpected Dimension
Functions for a set E and will denote that class of them with £(E). The goal
will be to find very fine chains to give precise bounds on how far from the
expected dimension function the Hausdorff measure drops to zero or remains
positive. In this setting, the sharpness of the results are associated to the
“fineness” of the chains. In the above example, the chain Cy detects only the
Hausdorff dimension of a given set. Suppose that we know that a given set £
has Hausdorff dimension ag. If we use the chain Cjos = {20 log(2)7?, 3 € R}
we can sharpen the dimension estimate for this set in terms of logarithmic
gaps.

Let us note that we have not presented a precise definition of “fineness” of
a chain. Nevertheless, in most of the particular cases, we will use chains C that
actually enjoy a “group property”: given two members of the chain, h, < hg,
we have that hi(z) = hy_s(z). In that case, we can normalize the notion of
gap and associate the fineness of the chain to the speed of convergence to zero
of h1. For example, the size of the gaps in C above are “power like” and those
in Ciog are “log like”. It is clear that we can add more parameters and obtain
finer chains, for example we can fix a power ag, a logarithmic power Sy, and
consider the chain Cy = {x° logﬁo(%) loglog”(1)}. We refer to Example 5.1.4
for a precise example of this subject.

2.4 The exact dimension function for a class of sets

In the previous section we dealt with the problem of detecting an appropriate
dimension function for a given set or, more generally, the problem of deter-
mining the dimension partition of that set. Now we introduce another related
problem, which concerns the analogous problem but for a whole class of sets
defined, in general, by geometric properties. We mention one example: A
Kakeya set is a compact set containing a unit segment in every possible di-
rection. It is known that there are Kakeya sets of zero measure and it is
conjectured that they must have full Hausdorff dimension. The conjecture
was proven by Davies [Dav71] in R? and remains open for higher dimensions.
Since in the class of planar Kakeya sets there are several distinct types of two
dimensional sets (i.e. with positive or null Lebesgue measure), one would like
to associate a dimension function to the whole class. A dimension function
h € H will be called the exact Hausdorff dimension function of the class of
sets A if

e For every set E in the class A, H"(E) > 0.

e There are sets F € A with H"(F) < occ.

Analogously, h is the exact Minkowski dimension for the class A if
e For every set E in the class A, 9" (E) > 0.

e There are sets F € A with M"(E) < .
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where MM (E) := sups M (E) and

N
MA(E) = inf {Nh(r) B C U B(zi,r);r < 5} :

i=1

In the direction of finding the exact dimension of the class of Kakeya sets in
R2, Keich [Kei99] has proven that in the case of the Minkowski dimension the
exact dimension function is h(z) = 2%log(2). For the case of the Hausdorff
dimension, he provided some partial results. Specifically, he shows that in this
case the exact dimension function h must decrease to zero at the origin faster
than 2 log(%)log 10g(%)2+€ for any given € > 0, but slower than z2 log(%).
This notion of speed of convergence tells us precisely that h is between those
two dimension functions (see Definition 2.1.3). More precisely, the author ex-
plicitly construct a small Kakeya set, which is small enough to have finite g
measure for g(z) = 22 log(L). Therefore, for h to be an exact dimension func-
tion for the class of Kakeya sets, it cannot be dimensionally greater than g.
But this last condition is not sufficient to ensure that any Kakeya set has posi-
tive h-measure. The partial result from this work is that for any € > 0 and any
Kakeya set F, we have that H"<(E) > 0, where h. = z%log(1)loglog(L)2*=.

2.5 Some classical examples

There are some classical examples of constructions that we will need in the
general scenario of dimension functions. We include the elementary proofs
since we believe that they also contribute to the understanding of the subject
and the techniques involved.

In this section we introduce the construction of sets of Cantor type in the
spirit of [Fal03]. By studying two quantities, the number of children of a typical
interval and some separation property, we give a criterion to determine if the
constructed set has positive h dimensional mass for a test function h € H.

We will need a preliminary elemental lemma about concave functions. The
proof is straightforward.

Lemma 2.5.1. Let h € H be a concave dimension function. Then
a
h(a)

Proof. We consider two separate cases:

min{a, b} < h(b)  for any a,b € R4.

e If b > a then
a a

Wh(b) > mh(a) = a = min{a, b}.

e If a > b, then the concavity of h implies that

@ > @ — %h(b) > %h(b) = b= min{a, b}.
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O

The following lemma is a natural extension of the “Mass Distribution Prin-
ciple” to the dimension function setting.

Lemma 2.5.2 (h-dimensional mass distribution principle). Let E C R™ be a
set, h € H and p a probability measure on E. Let € > 0 and ¢ > 0 be positive
constants such that for any U C R™ with diam(U) < € we have

w(U) < ch(diam(U)).
Then H"(E) > 0.

Proof. For any d-covering we have

0<u(E)<p <Z ,u(U)) < th(diam(U)).

Then H2 > #E) and therefore HME) > 0. O

C

Now we present the construction of a Cantor type set (see of Example 4.6
in [Fal03]).

Lemma 2.5.3. Let {Ey} be a decreasing sequence of closed subsets of the unit
interval. Set Ey = [0,1] and suppose that the following conditions are satisfied:

1. Each E}, is a finite union of closed intervals IJ]-“.

2. Each level k — 1 interval contains at least my intervals of level k. We
will refer to this as the “children” of an interval.

3. The gaps between the intervals of level k are at least of size e, with
0< Ekt1 < Ek-

Let E =, E. Define, for a concave dimension function h € H, the quantity

DZ i=mq -mg - mg_1h(epmy).
If lim, D! > 0, then H"(E) > 0.

Proof. The idea is to use the version of the mass distribution principle from
Lemma 2.5.2. Clearly we can assume that the property (2) of Lemma 2.5.3
holds for exactly mj intervals. So we can define a mass distribution on E
assigning a mass of oy 1o each of the my - - - my intervals of level k.

Now, for any interval U with 0 < |U| < &1, take k such e, < |U| < €g—1.
We will estimate the number of intervals of level k that could have non-empty
intersection with U. For that, we note the following:

e U intersects at most one [ ffl, since |U| < eg—1. Therefore it could

intersect at most my children of I J].“_l.
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e Suppose now that U intersects L intervals of level k. Then it must con-

tain (L—1) gaps at least of size g;. Therefore, L—1 < L—i' Consequently

|U| intersects at most L—({J +1< QL—(Q intervals of level k.

From these two observations, we conclude that

1 21U 1
w(U) < ————— min {mk, | |} = min{egmyg, 2|U|}.
ml .. -mk ek ml .. -mkek

Now, by the concavity of h, we obtain

. EMy
21U} < ————h(2|U]).
mln{gkmka ’ ‘} = h(gkmk) ( ’ ‘)

In addition (also by concavity), h is doubling, so h(2|U|) < h(|U]) and then

exmih(|U]) hIU]) _ hul)

U) < — =
M( ) ~ mq--- mkskh(skmk) maq .- - mk_lh(ekmk) DZ

Finally, if lim, DZ > 0, there exists kg such ﬁ < C for k > ko and we can

k
use the mass distribution principle with C' and € = ¢y, . ]

Remark 2.5.4. In the particular case of h(x) = 2%, s € (0,1) we recover
the result of [Fal03], where the parameter s can be expressed in terms of the
sequences my and €. For the set constructed in Lemma 2.5.3, we have

log(mq -+~ mg_1)

dim(E) oz (mrer)

v

(2.2)

Suppose that the right hand side is positive, otherwise the inequality is
obvious, and call
DZ, =mq--- mk,l(ekmk)s.

If 0 < 5 < 2E) then, for all k,

log(D;) = log(myq - - myg_1) + slog(exmy) > 0.
From there we conclude that lim;, D; > 1. This implies that H*(E) > 0 for

all 0 < s < % and therefore we obtain (2.2).






Chapter 3

Lower bounds for Furstenberg
sets

3.1 Introduction

In this chapter we deal with the problem of finding sharp lower bounds for the
generalized dimension of Furstenberg type sets. Let us begin with the basic
definitions and some remarks about this problem.

Definition 3.1.1. For « in (0,1], a subset E of R? is called Furstenberg set
or F,-set if for each direction e in the unit circle there is a line segment /. in
the direction of e such that the Hausdorff dimension of the set £ N ¥, is equal
or greater than .

We will also say that such set F belongs to the class F,. It is known
([Wol99b], see also [Wol99a], [Wol02], [Wol03], [KT02], [Tao01] for related
topics and [KTO01] for a discretized version of this problem) that for any F-
set £ C R? the Hausdorff dimension must satisfy the inequality dimg(FE) >
max{2a, a + %} On the other hand, there are examples of F,-sets E with
dimgy (E) < % + %a.

If we denote by

v(a) = inf{dimy (F) : E € F,},

then

1 1 3
max{2q; 3 +a} <vy(a) < 3 + 2% a € (0,1]. (3.1)

Originally, in [Fur70] Furstenberg dealt with the problem of transversality
of sets. Briefly, two closed subsets A, B C R are called transverse if

dimy (AN B) < max{dimy A + dimy B — 1,0}.

In addition, they will be called strongly transverse if every translate A + ¢
of A is transverse to B. More generally, the problem of the transversality
between the dilations uA of A and B was considered. In this case the relevant

45
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quantity is dimpg(uA + t N B). This is where the connection pops in, since
the dimension of this intersection can be seen as the dimension of the set
(A x B) N £y, where the line £,; in R? is defined by the equation y = ux + t.
In addition, Furstenberg proves, with some invariance hypothesis on A and
B, the following: if the product A x B intersect one (and it suffices with only
one) line in some direction on a set of dimension at least «, then for almost
all directions the set A x B intersects a line in that direction also in a set of
dimension at least . Therefore, in that case the product is an F,-set. Hence,
any non trivial lower bound on the class F, implies a lower bound for the
dimension of the product A x B in this particular case.

We mentioned earlier in the introduction that there is a connection between
the Furstenberg problem and the Falconer and Erdos problems. We now make
this more precise.

We begin with the formulation of the Falconer distance problem. For a
compact set K C R?, define the distance set dist(K) by

dist(K) :={|z —y| : x,y € K}.

The conjecture here is that dimpy(dist(K)) = 1 whenever dimy(K) > 1. In
the direction of proving this conjecture, it was shown by Bourgain in [Bou94]
that the conclusion holds for any K of dimy(K) > %3, improved later by Wolff
in [Wol99a] to dimpy(K) > %. On the other hand, Mattila shows in [Mat87]
that if we assume that dimpg(K) > 1, then dimpy(dist(K)) > 4. One may
ask if there is an absolute constant ¢ > 0 such that dimy(dist(K)) > % + ¢
whenever K is compact and satisfies dimg (K) > 1.

The Erdés ring problem, roughly speaking, asks about the existence of a
Borel subring R of R such that 0 < dimp(R) < 1.

The connection has been established only for some discretized version of the
above three problems (see [KT01]). Consider the special case of Furstenberg

sets belonging to the F1 class. Note that for this family the two lower bounds
2

for the Hausdorff dimension of Furstenberg sets coincide to become ’y(%) > %

(see Figure 3 in the introduction). Essentially, the existence of the constant

cp in the Falconer distance problem mentioned above is equivalent to the

existence of another constant ¢; such that any F'i-set E must have dimg (F) >
2

% + ¢1. In addition, any of this two conditions would imply the non existence
of a Borel subring of R of Hausdorff dimension exactly %

3.2 Furstenberg type sets - Statement of results

The natural generalization of the class of Furstenberg sets to the wider scenario
of dimension functions is the following.

Definition 3.2.1. Let h be a dimension function. A set £ C R? is a Fursten-
berg set of type b, or an Fy-set, if for each direction e € S there is a line
segment £, in the direction of e such that H"(¢, N E) > 0.
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Note that this hypothesis is stronger than the one used to define the original
Furstenberg F,-sets. However, the hypothesis dimy(E N{.) > « is equivalent
to H(E Nt.) > 0 for any B smaller than . If we use the wider class of
dimension functions introduced above, the natural way to define Fy-sets would
be to replace the parameters § < « with two dimension functions satisfying
the relation h < h. But requiring E N ¢, to have positive H" measure for any
h < b implies that it has also positive #" measure (Theorem 42, [Rog70]).

Due to the existence of F,-sets with H*(E N {.) = 0 for each e, it will be
useful to introduce the following subclass of Fi:

Definition 3.2.2. A set E C R? is an FJ-set if for each e € S there is a line
segment £, such that H*(¢. N E) > 0.

By analogy to the classical estimate (3.1), we first note that if b is a general
dimension function (not z%), o + % translates to \/*h and 2a to h2. Hence,
when aiming to obtain an estimate of the Hausdorff measure of our set F, the
naive approach would be to prove that if a dimension function h satisfies

h < b? or h < /b, (3.2)

then H"(E) > 0. However, there is no hope to obtain such a general result,
since for the special case of the identity function h(x) = x, this requirement
would contradict (again by Theorem 42, [Rog70]) the existence of zero measure
planar Kakeya sets. Therefore, it is clear that one needs to take a step down
from the conjectured dimension function. The results of this chapter allow
to generalize the inequalities (3.1) to the previous analogues in the dimension
functions setting. Moreover, we show that if F is a set in the class Fy, and h(x)
is a dimension function that is sufficiently smaller than h?(z), then H"(E) > 0
(Theorem 3.4.1). The same conclusion holds when & is sufficiently smaller
than v/ h(x) (Theorem 3.5.4). The precise meaning of sufficiency used in
this paragraph will be stated in terms of dimensional gaps between dimension
functions. Our results show that this step does not need to be as big as a
power. It can be, for example, just the power of a log. Precisely, we find
conditions on the step that guarantee lower bounds on the dimension of Fj-
sets. The size of these gaps are associated to the techniques involved and are
sharp in the sense that those techniques cannot give further improvements.

Our results, applied to the classical setting, improve the bounds (3.1) for
the F classes sharpening the logarithmic gaps. In the language of chains pre-
sented in Chapter 2, we find “log like” chains to detect the precise dimension
of the class of Furstenberg sets.

Further, our techniques allow us to analyze Furstenberg-type sets of Haus-
dorff dimension zero. This can be done considering dimension functions h that
are smaller than z¢ for any a > 0.

3.3 Techniques

In this section we introduce some reductions of the problem and classical
techniques. The following remark can be understood as a uniformization of
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the hypothesis on the fibers.

Remark 3.3.1. Given an Fy-set E for some h € H, it is always possible to
find two constants mpg,dg > 0 and a set Qg C S of positive o-measure such
that

HIlNE)>mp>0 Yo<dp , YeecQp.

For each e € S, there is a positive constant m, such that 7—[(’(66 NE) > me.
Now consider the following pigeonholing argument. Let A,, = {e € S: n+r1 <
Me < %} At least one of the sets must have positive measure, since S = U, A,,.
Let A,, be such set and take 0 < 2mpg < #. Hence HY((. N E) > 2mg >0
for all e € A,,. Finally, again by pigeonholing, we can find Qr C A, of

positive measure and dg > 0 such that
HIleNE)>mp>0 VYeeQp Y6<dg. (3.3)

To simplify notation throughout the remainder of the chapter, since in-
equality (3.3) holds for any Furstenberg set and we will only use the fact that
mpg, 0 and o(2g) are positive, it will be enough to consider the following
definition of Fjy-sets:

Definition 3.3.2. Let h be a dimension function. A set E C R? is Furstenberg
set of type b, or an Fy-set, if for each e € S there is a line segment /. in the
direction of e such that Hg(fa NE) > 1 for all § < dp for some ég > 0.

The following technique is a standard procedure in this area. The lower
bounds for the Hausdorff dimension of a given set E, both in the classical and
general setting, are achieved by bounding uniformly from below the size of the
coverings of E. More precisely, the h-size of a covering B = {B;} is >, h(r;).
Our aim will be then to prove essentially that Zj h(r;) Z 1, provided that h
is a small enough dimension function.

We introduce the following notation:

Definition 3.3.3. Let b = {by }ren be a decreasing sequence with lim by, = 0.
For any family of balls B = {B;} with B; = B(xj;7;), r; < 1, and for any set
E, we define

Jo={jeN:b<r; <bi}, (3.4)

and
E,:=EnN U B;.
jeJt

In the particular case of the dyadic scale b = {27}, we will omit the super-
script and denote

Jei={jeN:27F < p; <27FFY (3.5)
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The idea will be to use the dyadic partition of the covering to obtain that

> h(r;) Z h(27F)# .
J

The lower bounds we need will be obtained if we can prove lower bounds on
the quantity Ji in terms of the function A but independent of the covering.

The next lemma introduces a technique we borrow from [Wol99b] to de-
compose the set of all directions.

Lemma 3.3.4. Let E be an Fy-set for some h € H and a = {ay}ren € (* a
non-negative sequence. Let B = {B;} be a §-covering of E with § < 0g and
let By and Ji be as above. Define

Qp = {6 €S: 7‘[6(6 ﬂEk) = 2‘?:”1}

Then S = Uiy

Proof. Clearly Qi C S. To see why S = U{, assume that there is a direction
e € S that is not in any of the ;. Then for that direction we would have that

la 1

b k

1<HI(t.NE) <§ HI(L.NEN | ) By) E al, 3
j€Jk k

which is a contradiction. O

3.3.1 Kakeya estimates

In this section we summarize some of the results needed regarding the Kakeya
maximal function, which will be the main tool for the proof of Theorem 3.4.1.
We also include a version of the Kakeya maximal inequality with respect to
general measures on the circle that we will use in Chapter 4, Theorem 4.2.1.

For an integrable function f on R™, the Kakeya maximal function at scale
§ will be Ks(f) : S" 1 — R,

Ks(f)(e) = sup f@) de  eeS™L,

vern | T2(2)] Jrs ()

where T?(x) is a 1 x é-tube (by this we mean a tube of length 1 and cross
section of radius &) centered at x in the direction e € S*~! c R™. It is
well known that in R? the Kakeya maximal function satisfies the bound (see
[Wol99b])

[Ks(f Hz<10g( ) £115- (3.6)

It is also known that the log growth is necessary (see [Kei99]), because of
the existence of Kakeya sets of zero measure in R%2. We will also need in the
next chapter the main result of [Mit02], which is the following proposition.
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Proposition 3.3.5. Let p be a Borel probability measure on S such that
w(B(z,r)) < @(r) for some non-negative function ¢ for all r < 1. Define
the Kakeya maximal operator K5 as usual:

1

— - n—1
K5(f)(e) - :;[REL ’Tg(%’)‘ 5 (2) |f($)| dm, e€S .

Then we have the estimate

1
»wl\u
151722y r2(s, ) S C(0) :/5 ig)du' (3.7)

Remark 3.3.6. It should be noted that if we choose p(z) = z°, then we
obtain as a corollary that

s 1722y ras ) S 8 (3.8)

In the special case of s = 1, the bound has the known logarithmic growth:

1
H’C5H%2(R2)—>L2(S,du) ~ 10g(5)-

3.4 The h — h? bound

In this section we generalize the first inequality of (3.1), that is, dimy (E) > 2«
for any F,-set. For this, given a dimension function h < h?2, we impose some

sufficient growth conditions on the gap A(h,h?)(z) = h;((;c)) to ensure that

H"(E) > 0. We have the following theorem:

Theorem 3.4.1. Let h € Hy be a dimension function and let E' be an Fy-set.

Let h € H such that h < b%. If Y _\/A(h,§2)(2 %)k < oo, then H"(E) > 0.
k

Proof. By Definition 3.3.2, since E/ € Fj, we have Hg(fa NE)>1foralleeS
and for any § < 0g.

Let {Bj};jen be a covering of E by balls with B; = B(z;;r;). We need to
bound }_; h(2r;) from below. Since h is non-decreasing, it suffices to obtain
the bound

Y hr) 21 (3.9)
J

for any h € H satisfying the hypothesis of the theorem. Clearly we can restrict
ourselves to d-coverings with § < %E

Define a = {a;} with ax = \/A(h,h2)(2-%)k. By hypothesis, a € ¢*. Also
define, as in the previous section, for each k € N, J, = {j € N:27% < rj <
27k+11 and E, = EN Ujes, Bj. Since a € ¢, we can apply Lemma 3.3.4 to
obtain the decomposition S = |J,, {2 associated to this choice of a.
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We will apply the maximal function inequality to a weighted union of
indicator functions. For each k, let F}, = U Bj and define the function
J€Jk

f= f)(27k)2kxpk.

We will use the L? norm estimates for the maximal function. The L? norm
of f can be easily estimated as follows:

2 p2(9—kyo2k d
i = et [

< 02 7
JE€Jk
S BA2M#,

since 7; < 27+L for j € J;. Hence,

I1£13 < #2b*(275). (3.10)

Now fix k and consider the Kakeya maximal function KCs(f) of level § = 27++1
associated to the function f defined for this value of k.

In Q we have the following pointwise lower estimate for the maximal
function. Let /. be the line segment such that ’Hg(fe NE) > 1, and let T, be
the rectangle of width 2752 around this segment. Define, for each e € €y,

Jk(e) = {jEJkigeﬂEﬂBj#@}.

With the aid of the Vitali covering lemma, we can select a subset of disjoint
balls Ji(e) C Jx(e) such that

U B; C U B(xj;51)).
j€Jk(e) jeTi(e)

Note that every ball Bj, j € Ji(e), intersects . and therefore at least half
of Bj is contained in the rectangle T¢, yielding |T, N B;| > 2777" Hence, by

definition of the maximal function, using that r; > 2~ k‘H for j € Ji(e),

Kot > g [ 70 uﬁ e N U0 B
> p2k)2* Tr(e) Bj‘
> p(2k)a2k Z sz
Jj€Jx(e)
> b2 ) #k(e)
Z > b(ry).

T(e)
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Now, since

l.NE, C U B; C U B(x;;5r;)
Jj€Jk(e) jedule)

and for e € 0, we have Hg(ﬁe N Ey) 2 ag, we obtain
|Ko—r+1(f)(e)] 2 Z h(r;) Z h(5r;) 2 a.
Jr(e) JeJk( )

Therefore we have the estimate

Ko v (DBZ [ Vs @) do 2 a o(0%) = o(QukARH)E ),
k
(3.11)
Combining (3.10), (3.11) and using the maximal inequality (3.6), we obtain

(kAR ) (275) S 1 f5-mn 3 S log@O)IFIF < k#Tuh?(275),

and therefore
o ()
h(27k) ~

Now we are able to estimate the sum in (3.9). Let h be a dimension
function satisfying the hypothesis of Theorem 3.4.1. We have

> hlrj) > Zh QeI
J
> ZO‘(Qk) >o(S) > 0.

k

S #Jge

O

Applying this theorem to the class F, we obtain a sharper lower bound
on the generalized Hausdorff dimension:

Corollary 3.4.2. Let E an Ff-set. If h is any dimension function satisfying
the relation h(x) > Cz** logHe( ) for 6 > 2 then H"(E) > 0.

Remark 3.4.3. At the endpoint o = 1, this estimate is worse than the one
due to Keich. He obtained, using strongly the full dimension of a ball in R?,
that if F is an F1+ -set and h is a dimension function satisfying the bound

h(z) > Cz*log(L) (10g10g(%))9 for 6 > 2, then H"(E) > 0.

Remark 3.4.4. Note that the proof above relies essentially on the L' and
L? size of the ball in R2, not on the dimension function §. Moreover, we only
use the “gap” between h and h? (measured by the function A(h,h?)). This
last observation leads to conjecture that this proof can not be used to prove
that an Fy-set has positive h? measure, since in the case of h(z) = x, as we
remarked in the introduction, this would contradict the existence of Kakeya
sets of zero measure in R2.
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Also note that the absence of conditions on the function h allows us to
consider the “zero dimensional” Furstenberg problem. However, this bound
does not provide any substantial improvement, since the zero dimensionality
property of the function b is shared by the function h?. This is because the
proof above, in the case of the F,-sets, gives the worse bound (dimy (E) > 2a)
when the parameter « is in (0, 3).

3.5 The h — hy/- bound, positive dimension

In this section we will turn our attention to those functions h that satisfy the
bound h(x) < z® for a < % For these functions we are able to improve on the
previously obtained bounds. We need to impose some growth conditions on the
dimension function . This conditions can be thought of as imposing a lower
bound on the dimensionality of § to keep it away from the zero dimensional
case.

Remark 3.5.1. Throughout this section, the expected dimension function
should be about h+/-. We therefore need a step down from this function. For
this, we will look at the gap A(h,h)(z) = % for a test function h < h. The
reason for us to only consider h and h for the definition of the gap is because
we are interested in very small gaps, of logarithmic order or even smaller, and

therefore the relevant information is contained in the dimensionality of b.

The next lemma says that we can split the h-dimensional mass of a set
contained in an interval I into two sets that are positively separated.

Lemma 3.5.2. Leth € H, § > 0, I an interval and E C I. Letn > 0 be such
that = (%) < 6 and ’Hg(E) >n > 0. Then there exist two subintervals I,
It that are b= (E)-separated and with Hg([i NE)Zn.

Proof. Let t = h~1(3) and subdivide I in N (N > 3) consecutive (by that we
mean that they intersect only at endpoints and leave no gaps between them)
subintervals I; such that |I;| =t for 1 < j < N—1and |[In| < t. Since |I;| <6
and h(|I;]) < ¢, we have

HUENI) < () <

|3

(3.12)
and

n<HYE)=H) [ JENL | <Y HIENT).
J J
Now we can group the subintervals in the following way. Let n be the first
index for which we have >°%_, ’Hg(E ni;) > 7.
Since Z?;ll ’HE(E N1;) < 7, and by (3.12) the mass of each interval is not
too large, we have the bound

n - hEﬁI»<l V=2
4<;Ha( NS(rgn=F
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Take [~ = I;U---UI,, skip the interval I,,,1, and consider I to be the union
of the remaining intervals. It is easy to see that

and therefore

So, we obtain ’Hg(]jE NE) > 7 and the intervals I~ and I are |I;|-separated.
But |I;] = h1(%), so the lemma is proved. O

The next lemma will provide estimates for the number of lines with certain
separation property that intersect two balls of a given size.

Lemma 3.5.3. Let b = {by}ren be a decreasing sequence with limb, = 0.
Given a family of balls B = {B(zj;7;)}, we define J{ as in (3.4) and let
{ei}ij\i’cl be a by-separated set of directions. Assume that for each i there are
two line segments Iet and I; lying on a line in the direction e; that are sg-

separated for some given sy Define Iy = J{ x JP x {1,.., My} and L by

,CZ = {(jJr,j,,Z') el : Ie: NBj;_ # () I;ZﬂBj+ #* @} .
If %sk > byp_1 for all k, then

ey <UL ()
b sk
Proof. Consider a fixed pair j_,j; and its associated B;_ and B, We will
use as distance between two balls the distance between the centers, and for
simplicity we denote d(j_,j+) = d(B;_, Bj,). If d(j_,j}) < s, then there is
no i such that (j_,jt,) belongs to LY.

Now, for d(j_,j+) > %sk, we will look at the special configuration given
by Figure 3.1 when we have r;_ = r;, = by_1 and the balls are tangent to
the ends of I~ and I™. This will give a bound for any possible configuration,
since in any other situation the cone of allowable directions is narrower.

Figure 3.1: Cone of allowable directions I
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Let us focus on one half of the cone (Figure 3.2). Let 6 be the width of
the cone. In this case, we have to look at % directions that are bp-separated.

Further, we note that 8 = %, where 0, is the bold arc at distance s /2 from
the center of the cone.

Figure 3.2: Cone of allowable directions 11

Let us see that 0, ~ bi_1. If we use the notation of Figure 3.3, we have
to prove that 0y < bx—; for a € (0,+00). We have 6 = 0(a + 2by—1). Also
0 < tan_l(bﬁT’l), SO

b—
0. < tanfl(%)(a + 2bk71) ~ br_1.

Figure 3.3: The arc 0}, is comparable to by_1

We conclude that 6 ~ byp_1, and therefore the number D of lines in bg-
separated directions with non-empty intersection with B;_ and Bj;, has to

. 0 _ 20p . bk—1 1
satisfy D < b = i T

The lemma follows by summing on all pairs (j_, j). O

Now we can prove the main result of this section. We have the following
theorem:

Theorem 3.5.4. Let h € Hy be a dimension function such that h(x) < x for
some 0 < a < 1 and E be an Fy-set. Let h € H with h < b and recall that

A(h,b) = 2. If STA(R 1) (2745 < oo, then HIV(E) > 0.
k
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Proof. We begin in the same way as in the previous section. Again by Def-
inition 3.3.2, since £ € Fj, we have Hg(ﬁe NE) > 1 for all e € S for any
6 < Ig.

Consider the sequence a = {A(h, h)#il(Z*k)}k. Let ko be such that

-1 ag
) f k> ko. 1
) (16“‘3‘“1) <0p or any k > ko (3.13)

Now take any d-covering B = {B;} of E by balls with § < min{dg,27*}.
Using Lemma 3.3.4 we obtain S = |, ), with

Q= {e e: ’Hé(f NEg) > il } (3.14)
2||allx

Again we have E, = ENJ e, Bj, but by our choice of §, the sets Ej are

empty for k < kg. Therefore the same holds trivially for €3, and we have that
S = Ukzko Qp,

The following argument is Remark 1.5 in [V\’olQQb] Since for each e €

we have (3.13), we can apply Lemma 3.5.2 with = 2”a” to £, NE}. Therefore

we obtain two intervals I and I, contained in £, with

HIUIENEy) 2 a
that are h~!(ray)-separated for r = —16||1a||1’
Let {e?}?i’“l be a 2 F-separated subset of Q. Therefore M, > 2Fa ().
Define Iy, := Ji, x Jg x {1,.., My} and

={(j_,jp. 1) €y : I, NExNB;_ #0 I NE,NB;, #0}. (3.15)

We will count the elements of 7 in two different ways.

First, fix j— and j; and count for how many values of i the triplet (j_, j, )
belongs to 7.

For this, we will apply Lemma 3.5.3 for the choice b = {27%}. The es-
timate we obtain is the number of 2~ -separated directions e;, that intersect
simultaneously the balls B;_ and B;_ _, given that these balls are separated.
We obtain

#Tk S = C/ (3.16)

( k)

Second, fix ¢. In this case, we have by hypothesis that ’Hg([;t N Ey) > ay, so
>, b(rj.) 2 ax. Therefore,

a S Y blrg,) < Kp(27H),

(G—2d+,0)ETk

where K is the number of elements of the sum. Therefore K > The

~ h(2 ’“)
same holds for j_, so

a 2
#Ti 2 M <h(27kk)> : (3.17)
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Combining the two bounds,

#Ie = FTO)V20 7 (ray)'?
> ;/Qh(;‘ﬁk)h*(mk)l/z
2 250(913)1/27[](;2)bfl(mk)l/?

Consider now a dimension function A < § as in the hypothesis of the theorem.
Then again

;hm)r}-” > ;wz—’“)ﬁﬁjﬁk) (3.18)
arh~ (rag)'/?
© 2w

k>ko

To bound this last expression, we use first that there exists o € (0,1) with
h(z) < 2% and therefore h=1(z) > za. We then recall the definition of the
2a
sequence a, ar, = A(h,h)(27%)T+2a to obtain

142«
a 2a
Zh(rj)r;ﬂ z > U(Qk)lﬂiA(h kﬁ)@_k) (3.19)
J k>ko ’
= > o' 21
k>ko

O

The next corollary follows from Theorem 3.5.4 in the same way as Corollary
3.4.2 follows from Theorem 3.4.1.

Corollary 3.5.5. Let E be an Ff-set. If h is a dimension function satisfying
the relation h(zx) > Cmaﬁlogo(%) for 6 > 22 then H"(E) > 0.

Remark 3.5.6. Note that at the critical value a = %, we can compare Corol-
lary 3.4.2 and Corollary 3.5.5. The first says that in order to obtain H"(E) > 0

for an F f—set FE it is sufficient to require that the dimension function h satisfies

2
the bound h(z) > Cxz loga(%) for # > 3. On the other hand, the latter says
that it is sufficient that h satisfies the bound h(x) > xloge(%) for 6 > 2. In
both cases we prove that an F f—set must have Hausdorff dimension at least

2
1, but Corollary 3.5.5 gives a better estimate on the logarithmic gap.
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3.6 The h — bhy/- bound, dimension zero

In this section we look at a class of very small Furstenberg sets. We will study,
roughly speaking, the extremal case of Fy-sets and ask ourselves if inequality
(3.1) can be extended to this class. According to the definition of F,-sets,
this class should be the one formed by sets having a zero dimensional linear
set in every direction. Recall that we refer to a dimension function § as “zero
dimensional” if h < 2* for all a > 0.

Our approach to the problem, using dimension functions, allows us to
tackle the problem about the dimensionality of these sets in some cases. We
study the case of Fj-sets associated to one particular choice of h. We will look

at the function h(z) = @ as a model of “zero dimensional” dimension
function. Our next theorem will show that in this case inequality (3.1) can
indeed be extended. The trick here will be to replace the dyadic scale on the
radii in J with a faster decreasing sequence b = {by }ken.

The main difference will be in the estimate of the quantity of lines in bg-
separated directions that intersect two balls of level J, with a fixed distance
s between them. This estimate is given by Lemma 3.5.3.

In this case we will choose a particular sequence ay. It will be sufficient to
take ag = k_12 so if we take a sequence a = {ay}ren going to zero slowly than
k—12, then apk? > 1 for almost all k and then, for any h € H,

1

W () = h (gark?) > W ().

L2
Note that the problem in the above bound is the rapid decay of h=!, which
is solved by the positivity assumption. In this case, since we are dealing with
a zero dimensional function B, the inverse involved decays dramatically to
zero. Therefore the strategy cannot be the same as before, where we choose
optimally the sequence a. In this case, we will obtain a result by choosing an
appropriate sequence of scales. It follows then that it will be enough if we can
prove the theorem with a = {k—lg}
We can prove the next theorem, which provide a class of examples of zero
dimensional Fy-sets.

Theorem 3.6.1. Let h(x) = logl(l) and let E be an Fy-set. Then dimpg (F) >
1

5

Proof. Take a non-negative sequence b which will be determined later. We will
apply the splitting Lemma 3.5.2 as in the previous section. For this, take kg
as in (3.13) associated to the sequence a = {k~2},ecn. Now, for a given generic
S-covering of E with § < min{dz,27%}, we use Lemma 3.3.4 to obtain a

decomposition S = (J;>p, 4 with

O = {e €S: H(L. N Ey) > clﬂ},
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where Ep, = EN UJg B;, J,S is the partition of the radii associated to b and
¢ > 0 is a suitable constant.

We apply the splitting Lemma 3.5.2 to £, N Ej, to obtain two h~!(ck™?)-
separated intervals I and I} with %g([ei NEy) > k2.

Now, let {e?}j]‘/ikl be a bi-separated subset of Q. Therefore My = Qy /by.

We also define, as in Theorem 3.5.4, Tl := J,S X J,S x {1,.., My} and

7;:‘ = {(j_,j+,i)€Hk:Ie_iﬂEkﬂBj7 #@I;tﬂEkﬂBjJr%@}.

By Lemma 3.5.3, we obtain

br_ 1
#TE < %W(#JIS)Q, (3.20)

and the same calculations as in Theorem 3.5.4 (inequality (3.17)) yield

a(Qk)>1/2 bt (k)2 <U(Qk)>1/2 k2
b1 k2h(be—1)  — \ bk—1 k2 -

#IL 2 (
Now we estimate a sum like (3.18). For g < % we have

> rf > > bo 4.,
j k

1/2 bg e~
> g Q —
k-1
b1
> E Op)————. 3.21
~ p U( k)bk;—l eck2k4 ( )

In the last inequality we use that the terms are all non-negative. The goal now
26
is to take some rapidly decreasing sequence such that the factor bikfl beats
the factor k—4e—¢+",
Let us take 0 < € < 1556 and consider the hyperdyadic scale by, = 2~(1+¢)
With this choice, we have

k

biﬁ (14e)k—1—(14¢)k28 (14e)k (3= —28)
b— = 2 = 2 14e .
k—1

Replacing this in inequality (3.21) we obtain

2

—ck?
B (1+e)k(3z-28) €
; r; > ; o(Q)2 T+ =
2(1+€)k(1i5*25)
= Z U(Qk) eck2 4 :

k
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Finally, since by the positivity of 1%'_8 — 23 the double exponential in the
numerator grows much faster than the denominator, we obtain

o(1+e)k (—-28)
eCk2 ]’C4 z 17

2
and therefore (Z » 7“@> 2 e0(Q) 21

i'i) ~

U
Corollary 3.6.2. Let § > 0. If E is an Fy-set with h(z) = @ then
dimp (E) > 3.

Proof. This follows immediately, since in this case the only change will be

h=1(ck™2) = 12 +, so the double exponential still grows faster and therefore
e(Ck )0

S (L —26)
— 21
e(ck?)0 .4

O

This shows that there is a whole class of Fy-sets that must be at least
%—dimensional.

3.7 Examples & Further remarks

We include in this sections some examples and remarks concerning the discus-
sion made in the previous section about the change of scale from a dyadic to
an hyperdyadic regime.

3.7.1 The dyadic scale does not work for dimension zero.

Suppose that the dimension function § is not dominated by any power. We

often will take h(z) = bgl(_ as a test with this kind of growth condition. In

L
i

. . . _1 .
this case, the inverse is h~'(x) = e~ = and satisfies

lim h_l(:n)

z—0 xt

=0

for all t > 0. This means that h goes very slowly to zero and therefore h=!
does it very fast. In this setting, we cannot bound the factor h~1(Cay) in
(3.19) by a power of ag.

What we want is to find a gap A(h,h) = % that satisfies

ay

ApEh? (©) O
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for some summable sequence aj. For our choice for the test function b, we

_c =
obtain We %~ C, 50 h(27F) ~ %

Now we note that if h is any dimension function, the sequence h(27F)
should go to zero with k. But this would imply that

C C

€%k ek el C
1>hR2 )~ > a < k >
Zh@ )~ o 2 T et Sh e ez s

and therefore a ¢ ¢'. That means that any gap A(h,h) will be useless.
As an alternative, we could try to prove that the Hausdorff dimension of
FE should be at least % If we take 8 < % and try to estimate

B
DTy
J
essentially we obtain
Z U(Qk)b_l(Cak)Qk(%_ﬁ).

k

We would want the sequence ay to satisfy
b~ (Car)2"? ~ ¢,

but again in the case of the test function this implies that a is not summable.

3.7.2 No more than a hyperdyadic scale

How fast could we take the scale by? The intuition says that we need a scale
as fast as we can get. In this section we show that we cannot take a scale
faster than the hyperdyadic. What we do is to choose, for each 0 <n < 1, a
scale by N\, 0 with

Moreover, we want to compare this ratio with h=1(k~2). Suppose (a weaker
1yk

assumption on by) that for all k& we have bz > bi_1. Then b > b((ﬁ with
0<by<1and % > 1 and therefore the sequence by must go to zero not faster
than a double exponential.

3.7.3 An example about very small Furstenberg sets and Pack-
ing dimension

The conclusion of Theorem 3.6.1 shows that even with a zero dimensional
amount of mass in each fiber, any Furstenberg set must have dimension not
smaller that % It seems that there is a condition of minimal size on the fibers
to obtain such a lower bound.
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This observation leads to conjecture that if we consider sets with only a
fixed finite number of point in each direction (this is an extreme zero dimen-
sional situation), we should be able to obtain smaller lower bounds. Take,
for example, a set £ C R? with at least k points lined up in the direction of
e for any e € S. We will refer to these sets as F¥-sets. The intuition here
says that any such set must be really small, and perhaps it should be zero
dimensional. In fact we present in Chapter 6, for the case K = 2, such a zero
dimensional Furstenberg set. But the presented configuration of points seems
not be extendable to K > 3.

We refer to Chapter 6, Remark 6.2.6 for a discussion on the problem of
locating the minimum amount of mass on each fiber to obtain that lower
bound.

We want to remark here that if we measure the size of the Furstenberg
sets with the packing dimension, the situation is absolutely different. More
precisely, for any K > 2, any FX-set E C R? must have dimp(FE) > % For, if
E is an F? set, then the application ¢ defined by

a—>b
b)) = —

is Lipschitz when restricted to Ge := Ex E\{(z,y) € EXE : ||(z,y)—(a,a)| <
g;a € E}. Roughly, we are considering the application that recovers the set
of directions but restricted “off the diagonal”. It is clear that we can assume
without loss of generality that all the pairs are the endpoints of unit line
segments. Therefore, since F is an FX-set, p(G.) = S if ¢ is small enough.
We obtain the inequality

The key point is the product formulas for Hausdorff and Packing dimensions
described in (1.22). We obtain that

1 < dimy (E x E) < dimp (E) + dimp(E) < 2dimp(E) (3.22)

and then dimp(E) > 3. It also follows that if we achieve small Hausdorff
dimension then the Packing dimension is forced to increase. In particular, the
F?-set to be presented in Chapter 6 has Hausdorff dimension 0 and therefore

it has Packing dimension 1.



Chapter 4

Fractal sets of directions

4.1 Introduction and preliminaries

In this chapter we are interested in the study of dimension properties of
Furstenberg sets associated to fractal sets of directions. Let us introduce
the definition of our object of study.

Definition 4.1.1. For «, 3 in (0, 1], a subset E of R? will be called an F,s-set
if there is a subset L of the unit circle such that dimg (L) > 8 and, for each
direction e in L, there is a line segment /. in the direction of e such that the
Hausdorff dimension of the set £ N ¢, is equal or greater than a.

This generalizes the classical definition of Furstenberg sets, when the whole
circle is considered as set of directions. The purpose here is to study how the
parameter (3 affects the bounds above. From our results we will derive the
following proposition.

Proposition 4.1.2. For any set £ € F,g, we have that

dimg (F) 2max{20z—|—ﬁ—1;§—|—a}, a, 3> 0. (4.1)
It is not hard to prove Proposition 4.1.2 directly, but we will study this
problem in a wider scenario and derive it as a corollary. Moreover, by using
general Hausdorff measures, we will extend the inequalities (4.1) to the zero
dimensional case.
Let us note that the only known result in this direction, besides the results
for Fi-sets, are those due to Mitsis in [Mit02]. There the author proves a
sharp bound for the Kakeya maximal operator on R? but for general measures
on S instead of the arclength measure. As a consequence, Mitsis obtains an
estimate on the lower bounds for, essentially, Fig-sets. Precisely, using his
terminology, the result is as follows: For a given A C S, we will say that a
compact set £ C R? is an A-Kakeya set if for each direction e in A, there
is a line segment /. in the direction of e contained in E. Note that this
is a particular case of Fig-set. From the estimates on the Kakeya maximal

63
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operator it can be deduced that dimy(FE) > 1+ dimy(A) for any A-Kakeya
set. Note that this is another way to conclude that the Kakeya sets in R? must
have full dimension. It is interesting to note that we can compare the the three
lower bounds for this particular case of Kakeya sets. Let E be a Kakeya set
on R?. First, from the results on F,-sets, we conclude that dimg (E) = 2 since
any line segment ¢, has dimension 1 and then dimg(F) > 2ala—1 =21 = 2.
On the other hand, the results of Mitsis show that dimpy(E) > 1+dimg(S) =
1+ 1 = 2. Finally, our results provide a unified description of the interplay
between the Hausdorff dimension of the fibers and the set of directions. The
Kakeya sets have full dimension because, for any of them, we have the bound
dimpg(E) > 20+ —1lg=18=1 =2-1+1-1=2

As in the previous chapter, we will also need to distinguish the subclass of
F,p of those sets with positive mass both in the set of directions and in the
line segments ¢.. More precisely, we have the following definition.

Definition 4.1.3. For each pair «, 8 in (0, 1], a subset E of R? will be called
an Fjﬁ—set if there is a subset L of the unit circle such that H?(L) > 0 and,

for each direction e in L, there is a line segment ¢, in the direction of e such
that H*(¢. N E) > 0.

Now we present the problem. Let us begin with the definition of Fyg-sets.
Let h and g be two dimension functions. A set £ C R? is a Furstenberg
set of type bg, or an Fyg-set, if there is a subset L of the unit circle such
that H9(L) > 0 and, for each direction e in L, there is a line segment /. in
the direction of e such that H"(¢, N E) > 0. Note that this is the natural
generalization of the F ;ﬁ class.

Now, for the sake of clarity in the proof of our results, we will perform the
same reduction made in Chapter 3. A standard pigeonhole argument allows
us to work with the following definition.

Definition 4.1.4. Let h and g be two dimension functions. A set E C R?
is a Furstenberg set of type hg, or an Fyg-set, if there is a subset L of the
unit circle such that H®(L) > 0 and, for each direction e in L, there is a line
segment /. in the direction of e such that ’Hg(fa NE) > 1forall § < dp for
some dg > 0.

Following the intuition suggested by Proposition 4.1.2, one could conjec-
ture that if F belong to the class Fyy then an appropriate dimension function
for E should be dimensionally greater than % and h,/g. This will be the
case, indeed, and we will provide some estimates on the gap between those
conjectured dimension functions and a generic test function A € H to ensure
that H"(E) > 0, and also illustrate with some examples. We will consider
the two results separately. Namely, for a given pair of dimension functions
h,g € H, in Section 4.2 we obtain sufficient conditions on a test dimension
function h € H, h < hiidg to ensure that H"(E) > 0 for any set £ € Fy,. In
Section 4.3 we consider the analogous problem for h < b./g.
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In Section 4.2 the main tool will be an L? estimate for the Kakeya maximal
function for general measures (see Chapter 3, Section 3.3.1).

In Section 4.3 we perform a more combinatorial kind of proof. We intro-
duce the notion of J-entropy of a set E in the next definition:

Definition 4.1.5. Let £ C R™ and § € Ryg. The d-entropy of E is the
maximal possible cardinality of a §-separated subset of . We will denote this
quantity with NVs(E).

The main idea is to relate the d-entropy to some notion of size of the set.
Clearly, the entropy is essentially the Box dimension or the Packing dimension
of a set (see [Mat95] or [Fal03] for the definitions) since both concepts are
defined in terms of separated § balls with centers in the set. However, for our
proof we will need to relate the entropy of a set to some quantity that has the
property of being (in some sense) stable under countable unions. One choice is
therefore the notion of Hausdorff content, which enjoys the needed properties:
it is an outer measure, it is finite, and it reflects the entropy of a set in the
following manner. Recall that the g-dimensional Hausdorff content of a set £
is defined as

HI (F) = inf {Zg(diam(Ui) :EC UUZ} ) (4.2)

Note that the g-dimensional Hausdorff content H, is clearly not the same
than the Hausdorff measure H?. In fact, they are the measures obtained by
applying Method I and Method IT (see [Mat95]) respectively to the premeasure
that assigns to a set A the value g(diam(A)).

For future reference, we state the following estimate for the J-entropy of a
set with positive g-dimensional Hausdorff content as a lemma.

Lemma 4.1.6. Let g € H and let A be any set. Let N5(A) be the §-entropy

of A. Then Ns(A) > Hg"(’é;‘).

Proof. Let {xl}f\;l be a maximal d-separated subset. By maximality, we can
cover A with balls B(x;,d). Therefore, for the g-dimensional Hausdorff content
H2., we have the bound

N
HE(A) <Y HE(B(xi,6)) < N (6) (4.3)
and it follows that Ns(A) > N > ng’g). O

Of course, this result is meaningful when H3,(A) > 0. We will use it in the
case in which H%(A) > 0, which is equivalent to H5(A) > 0. For a detailed
study of the properties of H® and H see [Del02] and [Del03].

Note that the lemma above only requires the finiteness and the subaddi-
tivity of the Hausdorff content. The relevant feature that will be needed in
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our proof is the o-subadditivity, which is a property that the Box dimension
does not share.

We will use again the notation from Definition 3.3.3 and an analogue of
Lemma 3.3.4:

Definition 4.1.7. Let b = {by }ren be a decreasing sequence with lim by, = 0.
For any family of balls B = {B;} with B; = B(xj;7;), r; < 1, and for any set
FE, we define

Jp={jeN:b<r; <bi}, (4.4)
and
E.:=En | B (4.5)
jeJ;!

In the particular case of the dyadic scale b = {27}, we will omit the super-
script and denote

Jei={j e N:27F < p; <27FHIY (4.6)

Lemma 4.1.8. Let E be an Fyg-set for some b, g € H with the directions in
L CS and let a = {ax}ken € 1 be a non-negative sequence. Let B = {B;} be
a d-covering of E with § < dg and let By and Jy, be as above. Define

ay
Ly = {eGS:?—Lh 0. NEy) > —}
ol ) 2[|afly

Then L = UgLy.

4.2 The Kakeya type bound

In this section we will prove a generalized version of the announced bound
dimy (E) > 2o+  — 1 for E € F,g. We have the following theorem.

Theorem 4.2.1 (hg — hiQ—dg). Let g € H and b € Hy be two dimension func-
tions and let E be an Fyg-set. Let h € H such that h < hiQ—dg. For § > 0, let

C(9) be as in (3.7). Ifz % < oo, then HM(E) > 0.
k

Proof. Let E € Fyy and let {B;}jen be a covering of E by balls with B; =
B(zj;rj). We need to bound _; h(2r;) from below. Since h is non-decreasing,
it suffices to obtain the bound

> h(rj) 21 (4.7)
J

for any h € H satisfying the hypothesis of the theorem.

29—k —k+1
Define a = {ax} by a3 = %

Also define, as in the previous section, for each k € N, J, = {j € N: 27F <

. Therefore, by hypothesis a € ¢
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rj < 27k+11 and E, = EN Ujeg, Bj. Since a € ¢', we can apply Lemma 3.3.4
to obtain the decomposition of the set of directions as L = J, Ly associated
to this choice of a.
We will apply the maximal function inequality to a weighted union of
indicator functions. For each k, let F}, = U Bj and define the function
J€Jk

fi=502""2%yp,.

We will use the L2 norm estimates for the maximal function. We can
compute directly the L? norm of f:

2 2271? 22k d
1713 = v / L
< B RH Y 2

JE€Jk
S BT )#,
since 7; < 27k+1 for j € Ji.. Therefore

I1£113 < #Jh%(275). (4.8)

The same arguments used in the proof of Theorem 3.4.1 in Chapter 3 allows
us to obtain a lower bound for the maximal function. Essentially, the maximal
function is pointwise bounded from below by the average of f over the tube
centered on the line segment ¢, for any e € Li. Therefore, we have the
following bound for the (L?, ) norm. Here, y is a measure supported on L
that obeys the law u(B(z,r) < g(r) for any ball B(x,r) given by Frostman’s
lemma.

2(0—k —k
||zc2_,c+1<f>||%wzazmwz’“L’f)*’h(é,))C<2 ) @)

Combining (4.9) with the maximal inequality (3.7), we obtain

wLp)h*(27F)C27F)
h(27F)

We also have the bound (4.8), which implies that

Sy (NI S CEFHIFIE < I3

p(Ly)
(2 ) S #Jk-

Now we are able to estimate the sum in (4.7). Let h be a dimension
function satisfying the hypothesis of Theorem 4.2.1. We have

Sy > SR,
j k

2 S u(Ly) 2 plL) >0,
k
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Corollary 4.2.2. Let E an F(jﬁ—set. If h is any dimension function satisfying
1

h(z) > Cz? TP~ 1og?(=) (4.10)
T

for 6 > 2, then HM(E) > 0.

Proof. Tt follows directly, since in this case we have C'(6) < 6°~!, and therefore
the sum in Theorem 4.2.1 is

[]2(27k)c(27k) 27k2a27k([371)
W eh S 2\ e
92—k(2a+p-1)
p 2a+6 llog (2+)
1

- T3

kkg

IN

O

Remark 4.2.3. Note that the bound dim(E) > 2a+£—1 for E € F,z follows
directly from this last corollary.

4.3 The combinatorial bound

In this section we deal with the bound bg — b,/g, which is the significant
bound near the endpoint @ = f = 0 and generalizes the bound dimg(E) >
g + a for E € F,3. Note that the second bound in (4.1) is meaningless for
small values of o and 3. We will again consider separately the cases of h being
zero dimensional or positive dimensional. In the next theorem, the additional
condition on h reflects the positivity of the dimension function.

We will use again the two relevant lemmas from Chapter 3. Lemma 3.5.2 is
the “splitting lemma”, which says that a linear set with positive h-dimensional
mass can be splitted into two well separated linear subsets. Lemma 3.5.3 is
the combinatorial ingredient in the proof of both Theorem 4.3.1 and Theorem
4.3.4. This lemma provides an estimate on the number of lines with certain
separation that intersect two balls of a given size.

With these two lemmas we are now ready to prove the main result of this
section. We have the following theorem. Recall that hq(z) = 2.

Theorem 4.3.1 (hg — b./9, h > ha). Let g € H, b € Hy be two dimension

Junctions such that h(x) S @ for some 0 < a < 1 and let E be an Fyq-set.

_2a
Let h € H with h < b /3. Ifz (M b D)2 < oo, then HM(E) > 0.
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Proof. Let E € Fyy and let {B;} en be a covering of E by balls with B; =
B(xj;7;). Define A(h,b/g) = % and consider the sequence a defined as

A(h, h\/ﬁ)%@—k)}k Also define, as in the previous section, for each
keN, J,={jeN:27F < rj < 27k+11 and E, = EN Ujeg, Bj. Since by
hypothesis a € ¢!, we can apply Lemma 3.3.4 to obtain the decomposition of

the set of directions as L = (J, Ly associated to this choice of a, where Ly, is
defined as

a
Ly = {6 €S: /Hb(f ﬂEk) > 2H:H1}

We can apply Lemma 3.5.2 with n = 2||a|| to . N Ey. Therefore we obtain
two intervals IJ and I, contained in £, with

HIIF N Ey) 2 ax

that are h~!(ray)-separated for r = m.
Now, let {e? };Vz’“l be a 2 F-separated subset of L. Taking into account the

estimate for the entropy given in Lemma 4.1.6. We obtain then that

N > ’Hgo(ka).
a(27")
Define Iy, := Ji x Ji x {1,.., Ny} and

(4.11)

={(j=rjs,i) ey : I, NEyNB;_ #0 IF NE;NB;, #0}. (4.12)

The idea is again to count the elements of 7; in two ways.

First, if we fix a pair j_ and j; and count for how many values of i the
triplet (j_, j+,%) belongs to Tk, we obtain, by using Lemma 3.5.3 for the choice
b= {27}, that

#Te S 5 (#J1)? . (4.13)

1
—(rag)
Second, fix . In this case, we have by hypothesis that ’HE(LI N EL) 2 ag, so
ZH h(TH) ay. Therefore,

an S ) br) <KbER™),

(G- d+:9)ETk
where K is the number of elements of the sum. Therefore K 2> 5 ( w- The
same holds for j_, so
2
ag
# Tk Z Nk (—) : 4.14
2 ) 1

Combining the two bounds,

#Jp = (#T)Y?07 (rap)'?
2 N1/2 ag h71(70046)1/2.

" 27k
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Therefore, for any h € H as in the hypothesis of the theorem, we have the
estimate

ok
S 2 X st (4.15)

Ly o e VR DN
© 2T AR R

(4.16)

1
Recall now that from (4.11) we have /g(27F)N? > ’Hgo(Lk)% In addition,
h(x) < 2% which implies that h=1(z) > 2. Therefore we obtain the bound

2

| HE (L) 20y ™
2100 2 2 Ry e

= Y HL(Ly)'? 21
p

In the last inequality, we used the o-subadditivity of H3. O

Corollary 4.3.2. Let E be an F;B—set for a, 8 > 0. If h is a dimension
function satisfying h(x) > Crita loga(%) for 6 > 122 then HM(E) > 0.

20 7

Remark 4.3.3. Note that again the bound dim(F) > o + g for B € Fup
follows directly from this last corollary.

In the next theorem we consider the case of a family of very small Fursten-
berg sets. More precisely, we deal with a family that corresponds to the case
a =0, 8 € (0,1] in the classical setting.

Theorem 4.3.4 (hg — h\/_ bh zero dimensional, g positive). Let § > 0 and
define g(x) = 2°,p(x) = . If E is an Fyg-set, then dim(F) 2 g

Proof. Once again, we follow the same arguments of Chapter 3. Let E € Fy,
and let {Bj}jen be a covering of E by balls with B; = B(z;;7j). Now we
consider a scaling sequence b to be determined later and, by using Lemma
3.3.4, we obtain a decomposition L = UkaO L, with

L = {e €L:H(lNEy) > czﬂ} ,
where E, = EN UJ}; Bj, J? is the partition of the radii as in (3.4) associated
to b and ¢ > 0 is a suitable constant. We apply Lemma 3.5.2 and also define,

as in Theorem 4.3.1, II; := J,S X JIS x {1,.., Ny} and

TR ={(j-,j4.9) €Mp: I_ NEyNB;_ #0 I NEyNB;, #0},
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where {69? é\f:’“l is a by-separated subset of L. By Lemma 3.5.3, we obtain
T < B ) (417)
~ bk bT1(ck—?)

For the lower bound on #72’, we have the extra information about the entropy
of L, i.e., N = ’Hgo(Lk)/bf We therefore obtain the analogous of (3.17):

%&(L@( k2 >2
>
2 by )

The last two inequalities together imply that
1-8 1/2 —ck?
1 (0 e
#IP 2 HL(Li)? (’“—) =

br—1

It follows then that, for s < g,

Yors = Y b
j k

1b 1
= Y HAL) E—

RV
x
g
=
z
Eal
=
N
[}
%

Consider the hyperdyadic scale by = 2-(149)" with some ¢ > 0 to be deter-
mined. With this choice, we have

b1+257ﬁ
k — 9(+e)F—(14e) (1425—B) _ o(1+e)* (132 —(1+25—0))
br—1
Since 1+ 2s — 8 < 1, we can choose € > 0 such that 1_-1% —(1+2s—p)>0.
More precisely, take € such that 0 < e < 1-@752—86
Therefore,
2
; bi+2375 1
S
D S i
J k
5 2(L+dk(T$EA(1+2sfﬁx
- ZHOO(Lk) ke pck?
k
Z Y HL(Ly) 2 1.
k
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We have the following immediate corollary.

Corollary 4.3.5. Let § > 0. If E is an Fyg-set with h(x) = and

g(x) = 2%, then dim(E) > g

1
log? (1)

The next question would be: Which should it be the expected dimension

function for an Fyg-set if h(x) = g(z) = @? The preceding results lead us
to the following conjecture: :

Conjecture 4.3.6. Let h(x) = g(z) = logil)
1 7 0 should be an appropriate dimension function for E, in the sense that
0g2 >

a logarithmic gap can be estimated.

and let E be an Fyg-set. Then

We do not know, however, how to prove this.

4.4 A remark on the notion of size for the set of
directions

In Section 4.1 we have emphasized that the relevant ingredient for the combi-
natorial proof in Section 4.3 is the notion of §-entropy of a set. In addition, we
have discussed the possibility of consider the Box dimension as an adequate
notion of size to detect this quantity. In this section we present an example
that shows that in fact the notion of Packing measure is also inappropriate.
We want to remark here that none of them will give any further (useful) in-
formation to this problem and therefore there is no chance to obtain similar
results in terms of those notions of dimensions. To make it clear, consider
the classical problem of proving the bound dim(FE) > o + g for any F € F,p
where 3 is the Box or Packing dimension of the set L of directions.

We illustrate this remark with the extreme case of 5 = 1. It is absolutely
trivial that nothing meaningful can be said if we only know that the Box
dimension of L is 1, since any countable dense subset L of S satisfies dimp (L) =
1 but in that case, since L is countable, we can only obtain that dim(F) > «.

For the Packing dimension, it is also easy to see that if we only know that
dimp(L) = 1 we do not have any further information about the Hausdorff
dimension of the set E. To see why, consider the following example. Let C,
be a regular Cantor set such that dim(C,) = dimp(Cy) = a. Let L be a set
of directions with dimy (L) = 0 and dimp(L) = 1.

Now, we build the Furstenberg set E in polar coordinates as

E:={(r0):reC,,0€L}. (4.18)

This can be seen as a “Cantor target”, but with a fractal set of directions
instead of the whole circle. By the Hausdorff dimension estimates, we know
that dim(E) > . We show that in this case we also have that dim(F) < a,
which implies that in the general case this is the best that one could expect,
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even with the additional information about the Packing dimension of L. For
the upper bound, consider the function f : R? — R2? defined by f(x,y) =
(xcosy,xsiny). Clearly E = f(C, x L), and therefore

dim(F) = dim(f(Cy x L)) < dim(Cy, x L) = dimp(Cy) + dim(L) = «

by the known product formulae that can be found, for example, in [Fal03].






Chapter 5

Diophantine approximation

In this chapter we describe some aspects of the problem of diophantine ap-
proximation, which will be the relevant ingredient in the constructions to be
presented in Chapter 6.

5.1 Jarnik’s Theorem

The central problem in the theory of diophantine approximation is, at its sim-
plest level, to approximate irrational numbers by rationals. More specifically,
the study is based on a quantitative analysis of the property that rational
numbers are dense in the real line. A celebrated theorem of Dirichlet, which
can be understood as the starting point of this theory, states that for every
real number x, there are infinitely many rationals g such that

x——‘ < —. (5.1)

If we denote with ||z|| the distance from z to the nearest integer, i.e. ||z| :=
min{|z —m| : m € Z}, then Dirichlet’s theorem states that every real number
satisfies

1
gl < 7 (5.2)

for infinitely many integers ¢g. If we now consider a parameter 5 > 1, the
validity of the analogous inequality

1
[zq|| < prek (5.3)

imposes much more restrictive conditions on z and it is known that almost
no real number z satisfies the above inequality for infinitely many integers.
Moreover, if we allow 8 to grow and take arbitrary large values, the sets

1
Bg = {x €[0,1]\Q: |lzq|| < e for infinitely many ¢ € Z} ,

75
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are all of zero Lebesgue measure.

More generally, we could consider the set of those real numbers that are -
approximable: for any decreasing function ¢ > 0, a real number z is called -
approximable if there are infinitely many integers ¢ that satisfy the inequality

[zqll < ¥(q)- (5.4)

In [Khi24] Khintchine established a criterion for the “size” of the set of -
approximable numbers expressed in terms of the Lebesgue measure: if the
sum Zqi/)(q) diverges, then (5.1) is satisfied for infinite many integers for
almost all z, whilst the set of ¢ approximable number is of null Lebesgue
measure if ) 4 ¥(q) converges. We are interested in this latter case. In the
sequel, we refer to 1 as the approximation function.

In the case that > 1(q) converges, since the set has null Lebesgue measure,
it is very natural to ask about the dimension of the set

A() :=={z € [0,1] \ Q: [Jzq| < ¢(¢) for infinitely many ¢ € N}.  (5.5)

In [Jar31], Jarnik provides a nice and simple criteria for the size of A(¢)) in
terms of Hausdorff measures. We reproduce here the statement of the one
dimensional case, although the original result is valid in higher dimensions.

Theorem 5.1.1 (Jarnik). Let h € H such that @ — 00 asr — 0 and @
is decreasing. Then

0 if 2@(@) < o0

H' (A(p)) = = e
oo if Z qh <Tq> =00 and Y is monotonic.
q=1

Remark 5.1.2. Recall that h;(z) = z and note that the condition @ — 00
as r goes to zero is equivalent to h < hy, which reflects that h is a dimension
function of dimensionality at most 1. Since we will use this characterization,
we introduce the class of dimension functions which satisfy the hypothesis of
Theorem 5.1.1. Let

h
J:= {h eH:h=<hy; hir) is decreasing } . (5.6)
T

Let us note that from [Ols05] (p. 160) it follows that any function h < h;
which is concave in a neighborhood of the origin belongs to J.

We also remark that if we specialize on the power functions, we can recover
the classic theorem of Jarnik, i.e.:

Theorem 5.1.3. For 8 > 2, define the following set:
1 o
Bg = {:C €[0,1]\Q: |lzq|]| < pre for infinitely many q € Z} .

Then dim(Bg) = .
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It is important to remark that Jarnik’s theorem not only completely deter-
mines the dimension partition for the set, but also implies that, at the critical
dimension, the set has infinite measure, i.e., ’H%(Bﬁ) = oo. For related topics
and further reading, we refer to [BBDV09] (and references therein), [BD99],
[DKO04], [DDO01], [Kau81] and [Blu9s].

Now, for our purposes, we will introduce a generalization of the set Bpg
which is slightly different from .4(¢) in Theorem 5.1.1.

Let g be any positive increasing function such that

o(z) 2 o” (5.7)

and z — is monotonic. Note that the requirement on g in (5.7) is the
analogous version of the condition 5 > 2 on Theorem 5 1.3. The monotonicity
is imposed since the approximation function will be ( 3 Define

_T_

By = {x €0,1]\ Q: |lzq| < % for infinitely many ¢q € N} . (5.8)

We will show that hg(x) = (1711))2 is, in some sense, an appropriate dimen-
9z

sion function for By. First note that

o o o
Y(q 1 1
Sats () = St () = 2 g =
g=1 q q=1 alq q=1 q
which implies that H"s(B,) = co. Nevertheless, the last sum is not far from
being convergent. For, let A be another dimension function such that h >
hg and such that h satisfies the hypothesis of Theorem 5.1.1. Recall that

A(hg, h)(z) = h<g“>) then

Z (%) - ZM“‘(())

and therefore the divergence or convergence of this sum will depend on the
size of the gap A(hg, h) between hy and h.
We illustrate this on the classical case with the following example.

Example 5.1.4. For a given 8 > 2 consider g(z) = 2° and define the chain
2 g1
C = {hg(x) =6 log (;) NS ]R} . (5.9)

Clearly H"¢(Bg) = oo for all < 1 and H"¢(B,) = 0 for all § > 1. Thus, using
2

the terminology of the previous section, the function ﬁg belongs to

_ _aB

"~ log()
£(By), which means that hg is an expected dimension function for By. Note
that, in the chain C, we were able to find an appropriate correction factor to

locate the precise dimension function.
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We actually can go further, improving the precision on the logarithmic gap
up to any arbitrary order. Let us define, for any N € N, the function Ly and
the chain Cy as

1
Ly(z) =logologo---olog <;> (N times),

and

©h
Cn = {he(x) = () Hé\;l Lj(x)’e € R} .

An easy induction argument implies that H"(B;) = oo for all § < 1 and
H"(B,) = 0 for all § > 1.

5.2 A Jarnik-type theorem

In this section we present a proof of a dimension estimate for the set of well
approximable numbers. We remark here that the proofs of the following propo-
sitions are rather elementary and do not require any assumption on the di-
mension function i (cf. Theorem 5.1.1). In addition, we will need in Chapter
6 a construction from the proofs below.

For some particular choice of g, we will show that L__ belongs to

(671(1))
£(Bgy) and provide sharp estimates on the dimensional gaps. We present the
lower bounds an the upper bounds separately.

5.2.1 Upper bounds for the Hausdorff dimension of B,

For this part of the proof we do not need to impose any conditions on the
function g.

Proposition 5.2.1. Let g be any positive increasing function and let h =
L . Ifhc€Hy, h>=b and A(h,h)(z) = hle) h(z) (g;*l(%))2 satisfies

@y 2
> lA(f) h) <i> < o0 (5.10)
—a " \al) ’
then H"(By) = 0.
Proof. Define
Gy i={z€0,1]\Q: ||lzq| < —L-}. (5.11)

9(q)

For each ¢ € N, G is the union of ¢ — 1 intervals of length 2g(¢)~! and two
more intervals of length g(q)~! at the endpoints of [0, 1]:

o= (i) (i), G )
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In addition, for all £ € N, we have

By c @,

q>k

Therefore, for 6 > 0, if % 0,

<> (¢+1)h(29(q <Zq+1 -1
q>k

since h is doubling. Therefore,

Bo) 5 2 a8, 1) ( 1(1)) (g7! Z A0H) <9(1Q)>

q>k

Finally, the convergence of (5.10) implies ’Hh(Bg) =0. O

Note that this is exactly the same condition for the upper bound in Theo-
rem 5.1.1. We illustrate with the following zero dimensional set of extremely
well approximable numbers.

Example 5.2.2. Define g(z) = e** and consider the set Byg. The expected
dimension function h of Proposition 5.2.1is h(z) = - o ( 7 Con81der the family

ho(x) = @ (0 > 1). We have that hy > b and condition (5.10) becomes

1 1 1
; gﬁ(h,he) (@) - Z log” (g(q) ~ Z 1+2(9 H <

q log 9(q))

which implies that H"¢(B,) = 0 for all § > 1.

5.2.2 Lower bounds for B

For the lower bound, we will consider a defining function g which satisfies (5.7)
and also
g Hab) S g7 a) + gL (b) for all a,b > 1. (5.12)

Take for example g(z) = ¢ for p > 0. Then g~'(z) = log%(az), which satisfies
(5.12).

We define the set By and consider again h(z) = W In this section
[
we find conditions on A(h,h) = % with h < b to ensure that H"(B,) > 0. We
have the following proposition:

Proposition 5.2.3. Let g be a positive, increasing function satisfying (5.12).
Let h € Hy such that h < h(x) = W Consider a sequence {ny} that
9z

satisfies:

(A) np > 3g(2ng_1).
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(B) log(ny) < g(nr—1)-
(z

17 A(h,B) (@) = 55 = gty Satisfies

1
lim >0, (5.13)

Tk 6Fg2(ng—2)A(h,b) <4log nk);(nk,l))

then H"(By) > 0.
Observe that (A) and (B) imply a certain control on the growth of the
sequence {ny}.

Proof. Consider the same sets G, as in Proposition 5.2.1 and define

Gy ::qu<$,1—ﬁ>.

Now, for each n € N consider two prime numbers pi,ps such that n <
p1 < p2 < 2n. We will prove that G}, and G}, are disjoint and well separated.
Note that 1f and are centers of two of the intervals belonging to G and

!
G,,, we have

T T9 1 1
— — = | = ——|rip2 — rop1| > —3
p1 D2 D1P2 an

since r1pa — rop1 # 0. Therefore, taking into account this separation between
the centers and the length of the intervals, we conclude that for x € G;,l and
G/

p2?

1 2 1 .
’1'— ‘Z@_WZW (Slnceg(n)>>n2).

Let P}, be the set of all the prime numbers between m and n and define

Then H, is the union of intervals of length at least ﬁ that are separated

by a distance of at least g >
Now we observe the follovvlng If I is an interval with || > 2 then at least

% of the intervals of G; are completely contained on I. To Verlfy this last

statement, cut I into three consecutive and congruent subintervals. Then,

in the middle interval there are at least % points of the form %. All the

intervals of G; centered at these points are completely contained in I, since
the length of each interval of G, is ﬁ < ‘—Q
In addition, by the Prime Number Theorem, we know that #(PJ') ~ —L—

log(n)’
so we can find ng such that

#(P2r) >

" forn>n
2log(n) =0
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Hence, if [ is an interval with |I| > 2, then there are at least

plfl 2]
3 2log(n) = 6log(n)

intervals of H,, contained on I. Now we will construct a Cantor type subset
E of By and apply Lemma 2.5.3.

Consider the sequence {ny} of the hypothesis of the proposition and let
Ey = [0,1]. Define Ej, as the union of all the intervals of H,, contained in

Ej_1. Then Ej is built up of intervals of length at least 9(2—17%) and separated
by at least g, = ﬁ. Moreover, since @) > n—?’k, each interval of Fj_q

contains at least

2
g

- 6log(ng)g(2nk—_1)

mpg :

intervals of Ej.
Now we can apply Lemma 2.5.3. Consider h < §. Then

DZ = my-mg---mi_1h(epmy)
6~ 2n3...n?_, h,< 6 >
log(nz) - - - log(nk—1)g(n1) - -~ g(nr—2)  \log(nk)g(ni—1)

Now we note that ny > log(ny) and, by hypothesis (A4), we also have that
nk > g(2nk_1) > g(nk_1). In addition, h is doubling, therefore it follows that
we can bound the first factor to obtain that

Dl 6~ nf_y 1
tog(ne-1)8(k—2) A(h, b) (irgpybisy ) (@ (oglne)a(n 1))
6~ nf_y 1

0°(%-2) A(h,H) (g ) (67 Gos(me) + nir)?

since, by hypothesis (B), ny, satisfies log(ng—1) < g(nx—2) and g satisfies (5.12).
Now, again by hypothesis (B),

1 1
D> —— .
6 g (’I’Lk;_Z) A(h; h) (log(nk)é(nk_ﬂ)
Thus, if
1 1

lim >0

—_ k 2 )

b 0het () A(h,b) <10g(nk)é(nk71))
then H"(E) > 0 and therefore H"(B,) > 0. O

We also have an example to illustrate this last result.
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2

Example 5.2.4. Define g,(z) = e*" for n > 0 and consider the set By, .

Then b, (z) = @ will be an expected dimension function for the set By, .
Consider the family hy(x) = @ (0 < 8 < ), which satisfy hy < b,. In
this context, A(hg, by)(z) = loge_”(%). Define the sequence ny, as follows:

2

bl
ny = et

Clearly the sequence is admissible, since
(A) ng > 3g(2nk_1), and
(B) log(nk) < g(ng—1).

Inequality (5.13) now becomes

2 P 21 0

loglog(ng) +n,' )7~ n, "
DZZ(g g( )gk_l) > k_12 .
6]962”:72 6k62n:72

Finally, for any € > 0 and M > 0, n; satisfies, for large k,

2 2
n _ n
ni—l eelmk_l e(ak M)n,]_;
2 = 2 = 6k Z 17
GheMmi—1  gkeMmi_y

so we conclude that lim, DZ > 0.

Remark 5.2.5. We will use this example in Chapter 6 to construct a set
E with positive h measure with h(xz) = @. For any n > 1, the above

construction provides a set E = E, such that H(E,) > 0.

5.3 An equivalent formulation of Jarnik’s Theorem

For our application to small Furstenberg sets in Chapter 6, we will need the
following equivalent form of the theorem of Jarnik.

Theorem 5.3.1. Let n = {n;}; be a increasing sequence with n;yq > n? for
all j € N. For 0 < a <1, if AY is defined as

n;

1
Ag:{xe [0,1]\Q:Vj I p,q ;qén?;!w—g\ < _2}’
then dim(A}) = a.

For the proofs of Theorem 5.3.1 and Theorem 5.1.3, we refer the reader to
[Jar31], [Bes34], [Eggb2], [Fal86], and [Fal03].



5.3. An equivalent formulation of Jarnik’s Theorem 83

We want to relate the sets A, and Bg. It is clear that for any a € (0, 1],
we have the inclusion A, C Bz. For a € (0,1], if z € A, then for each j € N

there exists a rational % with g; < nf such that
J

|z — %| < n;z,
J

Lo . _ 1-2
which is equivalent to |zg; —p;| < ajn; 2. Therefore |zq;—p;| < q; . Observe
that if there were only finite values of ¢ for a given x, then x has to be rational.
For if ¢; = g¢;, for all j > jo, then |z — (Z—?! — 0 and this implies that = € Q.
0
We conclude then that, for any = € Ag,

1
|lzq|| < T for infinite many ¢
qa
and therefore x € B2. However, since the dimension of A7, coincides with
the one of B2, one can expect that both sets have approximately comparable
sizes. :

We introduce the following definition, which is the extended version of the
definition of the set Af, in Theorem 5.3.1.

Definition 5.3.2. Let n = {n;}; be any increasing nonnegative sequence of
integers. Let § be a increasing function defined on R,. Define the set

n*

j= {we [071]\Q:VjHp,q;qéf(nj);!w—gl < ig}
J

The preceding observation about the inclusion A, C Bg can be extended
to this general setting. For a given g as in the definition of By, define I'y(x) =
g 1 (22). Then the same calculations show that Ap, C Bg.

We will need a converse relation between those sets, since we want to prove
a lower bound for the sets Af“ from the estimates provided in Proposition 5.2.3.

Lemma 5.3.3. Let g and By be as in Proposition 5.2.5. Define I'y(x) =
g 1(2?). Then, if m = {my} is the sequence defining the set E in the proof

of Proposition 5.2.3, then the set E is contained in A}lg, where n = {ni} =
1

{a(mx)2}.
Proof. Recall that in the proof of Proposition 5.2.3 we define the sets G as

. . - (r__L1L.r, 1
a union of intervals of the form I = (q OIS g(q)>. The sets H,, was

defined as H,, := UpePg” G, where P2" is the set of primes between n and
2n. We can therefore write
O n
H, =17

Now, given a sequence m = {my}, for each k, the set Ej is defined as the
union of all the intervals of H,,, that belong to Ej_;, where Ey = [0,1]. If
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E = Eg, any x € F is in E}, and therefore in some of the I;n’“. It follows
that there exists integers r and ¢, ¢ < 2my, such that

1 -
<—< =, q<2'(n}).
ny

Therefore E C A‘Ilg. O

We remark that the above inclusion implies that any lower estimate on the
size of 2 would also be a lower estimate for A}, and in this sense it will be
used in the next chapter. More precisely, we will use the following example
which follows from the previous lemma and Example 5.2.4.

Example 5.3.4. Let h(z) = 1og1(l)' For n > 1, consider the function g,, the

sequence m = {my} and the set En as in Example 5.2.4. Define f = I'y, and

A= Af as in Lemma 5.3.3. It follows that §(z) = log(#2)? and

n*

io= {we [071]\Q:VjHp,q;qéf(nj);!w—gl < %}
J

From Lemma 5.3.3 and Example 5.2.4 we obtain that E, C AY, H"(E,) > 0

and therefore the set A? has positive H-measure.



Chapter 6

Upper bounds for
Furstenberg sets

In this section we will focus our attention on the right hand side of (3.1).
Precisely, recall that (3.1) states that

+ -a, a € (0,1]. (6.1)

DN | =
oW

1
max{20; 5 +a} < () <

where () is the infimum of all the possible values for the Hausdorff dimension
of F,-sets. First, we will provide an estimate on the upper bounds for the size
of the class Fy, in terms of logarithmic gaps. In second place, we will study the
extreme case of a = 0 and consider different classes of zero dimensional sets for
the fibers, including the finite class F'% (see below for the precise definitions).
Our main result in this chapter is to provide a construction of a Fy-set of
Hausdorff dimension not greater than  for the choice of h(z) = @. This
result is a complement of Theorem 3.6.1 in Chapter 3. In that theoxrem, we
prove that any set E € I for that b satisfies dimpy(E) > 3. With the
construction of the present chapter, it follows that % is the exact value for the
Hausdorff dimension of the class Fj.

We believe that for the reader it will be easier to follow the original con-
struction sketched in [Wol99b]. We will keep careful control of the involved
quantities, which will allow us to adapt the construction to obtain the desired

set developed in Section 6.2.
6.1 Upper Bounds for Classical Furstenberg Sets
Recall that we have defined the set Aj, as follows (Theorem 5.3.1). Let n =

{n;}; be a increasing sequence with n;4q > ng for all j € N. For 0 < a < 1,
A}, is defined as

‘ p 1
Ag:{xe[0,1]\Q:wHp,q;qén?;\w—g\<§}7
J

85
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And also recall that dimg(A}) = a. Moreover, HY(A}) = +o0.

We will show how to construct, for any a € (0,1), an F,-set E with
dimg (F) < % + %a. We begin with some preliminary lemmas. Our first
lemma is about a very well distributed (mod 1) sequence.

Lemma 6.1.1. For n € N and any real number x € [0,1], there is a pair
0<7,k<n—1 such that

x—(ﬁﬁ_i>‘gw.

n n?

This lemma is a consequence of Theorem 3.4 of [KN74], p125, regarding the
problem of estimating the discrepancy of the fractional part of the sequence
{na}nen where « is a irrational of a certain type.

Let us now introduce the notion of G-set, a common ingredient in the
construction of Kakeya and Furstenberg sets.

Definition 6.1.2. A G-set is a compact set £ C R? which is contained in the
strip {(z,y) € R? : 0 < x < 1} such that for any m € [0,1] there is a line
segment contained in E connecting x = 0 with x = 1 of slope m, i.e.

Vme[0,1]] 3beR:me+be E, Yzel0l]
We also will need some notation for a thickened line.

Definition 6.1.3. Given a line segment ¢(x) = maz + b, we define the d-tube
associated to ¢ as

S0 = {(x,y) eR?2:0< x < 1;|y — (mz +b)| <}
Now we are ready to prove the following proposition.

Proposition 6.1.4. For any o € (0,1], there exists a set E € F, with
dimy (E) < 1+ 3a.

Proof. Fix n € N. For 0 < j,k <n — 1, define the line segments

' k
Cig(z) == (1 — x)% + x\/ig for x € [0, 1],

and their d,,-tubes Sgﬁk with §,, = loi(gn) . From now on we will use the notation
J
S% instead of Sg? . Also define
J ik

Gn = (6.2)
ik

Note that, by Lemma 6.1.1, all the G, are G-sets. Let now n; be a sequence
as in Theorem 5.3.1, i.e., nj+1 > nj, and let

3] . po_ 1
T={w€ [Z’Z} S VJ Hp,q;qén?;\x—gkn—?}



6.1. Upper Bounds for Classical Furstenberg Sets 87

By Theorem 5.3.1, dimpy (T') = a. If p(t) = t\f
that ¢ : D — [+, 2] is bi-Lipschitz. Therefore the set

T’:{teRzlt—\;geT}:gp_l(T)

also has Hausdorff dimension .
The main idea is to construct a set for which we have, essentially, a copy of
T’ in each direction and simultaneously keep some optimal covering property.
Define, for each n € N,

P 13 o
Iy :=<¢= - = <
" {qe[‘l"J’q_n}

A

To count the elements of ', (and @), we take into account that

[n®
E

and

n®) 4+ 1) S [n®? < 0>

l\')IH

Therefore, #(Qp,

) n?®. For each t € Q,, define S(t) := k()7 =y
Clearly, #(S()) <

<
n?. But if we note that, if ¢t € Q,,, then

Grt) _1—tj k_pj k_pjitkq

2 t/2n n gqn  n ng

we can bound #(S(t)) by the number of non-negative rationals smaller than
2 of denominator gn. Since ¢ < n®, we have #(S(t)) < n'*®. Considering all

the elements of @Q),,, we obtain # (UteQn S(t)) < n!t3 Let us define

0<

< 2,

A, = {(m,y) €EGp:|lx—tl < % for sometEQn}.
n

Claim 6.1.5. For each n, take 6, = 105(2"). Then A,, can be covered by L,
balls of radio 8, with L, < n!t3e,

To see this, it suffices to set a parallelogram on each point of S(t) for each
t in Q,. The lengths of the sides of the parallelogram are of order n~2 and
l'ﬁ#, so their diameter is bounded by a constant times bi#, which proves
the claim.

We now begin with the recursive construction that leads to the desired set.

Let Fy be a G-set written as

FO_U gO’
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(the union of My §°-thickened line segments E? = mg + b? with appropriate
orientation). Each Fj to be constructed will be a G-set of the form

M;

5i ' , . ,

F} ::USZ{’ with ¢ =m! +b!.
=1

Having constructed F}, consider the M; affine mappings

A{:[0,1]><[—1,1]—>Sj; 1<i< M,

; 1 0 x 0
A7) = o ).
<y> <m§ 53><y>+<b£>
We choose nj41 large enough to satisfy

log(nj+1) > Mj (63)

defined by

and apply A7 to the sets G defined in (6.2) to obtain

nj+1

M;
Fj+1 = U Ag (an+1)'
=1

Since G, is a union of thickened line segments, we have that
Mjiq
5i+1
Fip = U Szj+l7
i=1

for an appropriate choice of M1, 041 and M, line segments E{Jrl. From the
definition of the mappings A} and since the set G is a G-set, we conclude

that Fj4q is also a G-set. Define

Tjt1

Ej:={(z,y) € Fj:xeT}.

To cover Ej, we note that if (z,y) € Ej, then z € T, and therefore there
exists a rational % € I'y; with

l—z p |z —r|

2 4 V2

Therefore (x,y) € Uij\i’fl A{ 71(An].), so we conclude that E; can be covered
)

by Mj,ln;"'?’a balls of diameter at most logn#. Since we chose n; such that
i

log(n;) > M;_1, we obtain that E; admits a covering by log(nj)n}Jr?’a balls of
the same diameter. Therefore, if we set ' =(); Fj and E:= {(z,y) € F 1z €
T’} we obtain that

1
3> ‘ = lp(z) —(r)| > for some 7 € Qp;.
j

log (log(n)ni+3* 1
dimp (E) < dimp(E) < lim (ot )nj) _ Lt
i log <n§ log_l(nj)) 2

)
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where dimz stands for the lower box dimension. In addition, F' is a G-set, so
it must contain a line segment in each direction m € [0,1]. If £ is such a line
segment, then

dimyg (N E) = dimg (T") > a.

The final set of the proposition is obtained by taking eight copies of E, rotated
to achieve all the directions in S. O

The next proposition provides an estimate on the size of these optimal
constructions of F,, sets in terms of Hausdorfl measures. Note that since the
the Hausdorff dimension of the set E constructed above is less or equal than
139 " this implies directly that H*(E) = 0 for any s > 132 But it is not
true that we also have that H"(E) = 0 for any h = x 5% again by the result
of Rogers. We can therefore estimate the size of the logarlthmlc gap that
guarantees that the measure drop to zero.

Proposition 6.1.6. For o € (0,1] and 6 > 0, define hy(z) = a2 logfe(%).
Then, for any 0 > 1+23°‘, there exists a set E € F,, with H"(E) = 0.

Proof. We follow the exact same construction of the preceding proposition and
note that we can choose the defining sequence n; such that loglog(n;+1) > M;

instead of (6.3)). For each n, take d,, = 10g(n) As before, the set A, can be

covered with L, balls of radio 6, with L, < n1+30‘ Once again, define F}, F,
143

E; and E as before. Now the sets F; can be covered by loglog(n;)n n; 2 balls

of diameter at most %. Then,
i

1 .
Wo(E) < n}+3aloglog<nj>he<og(2 )>
J

< 0 log(n;) log(n;) 3a1 -6 ”32
NI og log(n; " og log(nj)
< loglog(ny)log(n;) 2" % Slog 2" T (ny)

for x > K = K(e). Therefore, for any 6 > %, the last expression goes to
zZero.

In words, this corollary is sharpening the known bound y(«a) < % from
(6.1), since there is an estimate on the logarithmic gap.. O

6.2 Upper Bounds for Furstenberg-type Sets

In this section we will focus on the class F, at the endpoint o = 0. This class
consists of those sets which have a zero dimensional set in every direction. In
this total generality nothing new can be said, therefore we will consider some
particular subclasses of Fjy associated to specific choices of zero dimensional
dimension functions. Note that, roughly speaking, the inequalities in (3.1)
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would imply that v(0) = % We will show that the value % is indeed sharp
in some cases. We first consider the finite case, which can be understood
as an extreme zero dimensional case. Next we address the main purpose of
this section, which is to construct a small Furstenberg set of the class Fy for

h(z) = logl( Ty Recall that we proved in Chapter 3 that any set E' € Fy must
satisfy dim(E) > % We will provide a construction of an optimal set, in the
sense of having the smallest dimension possible. In other words, we will prove

that % is the exact dimension of the class Fj.

6.2.1 The case a =0, K points

For K € N, K > 2, a set will be a F¥-set or a Furstenberg set of type K if
for any direction e € S, there are at least K points contained in E lined up in
the direction of e. In this section we sketch how to easily adapt Proposition
6.1.4 to obtain a set £ € FX with dimpy(E) < 3 for any K € N.

Proposition 6.2.1. For any K € N, there exists a set E in the class X with
dimp (E) < 3.

Proof. Define the line segments £, and the sets G, in the same way as in
Proposition 6.1.4. Consider the set corresponding sets I' and Q:

K+ )
= —:1<3<K
{4}( =7 = }

t
={t:—— el = YD) ={t1,... . tx}.
o={t:=erf—o 10 = ()
Clearly, for any ¢t € Q, #(S(t)) < Kn and therefore

#( s ) <K
te@

Now, we define
A, =A{(z,y) € G, : x =1; for some t; € Q}.

As before, for each n, set d,, = bign). Then the set A,, admits a covering by

L, balls of radius d,, with L,, < n. We can repeat the recursive construction

and obtain the sets F}, which can be covered by log(n;)n; balls of diameter

log(n;)
2

J

at most . Define F' in the same way as before. The sets E; and E are

E; ={(z,y) € Fj :z € Q}, E:={(z,y) € F:xz € Q}.

It follows that dimgy(E) < % and for any slope m € [0, 1], we have a line
segment ¢ in that direction contained in F', so we have that

4N E) = #(Q) = K.
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6.2.2 The case a = 0, continuum many points

To go beyond the finite case, it will be necessary to put in each direction some
set with many points but with certain structure. This is the reason why we
need Jarnik’s theorem.

Theorem 6.2.2. Let h = logl(l)' There is a set E € Fyy such that dimpy(E) <
1 x

5.

Proof. The heart of the matter is essentially Proposition 6.1.4, but we must
replace the set T' by a generalized version of it. More precisely, consider the

set T'= A}‘ from Example 5.3.4:
. P 1
T={zc[0,1]\Q:VjIpq ;qéf(nj);!w—g\ < 5k
J

Here > 1, f(z) = log(z?)? and n = {n;} is defined by nj, = g(mk)% It
follows that nj, = 2", We will use essentially a copy of T in each direction
in the construction of the desired set to fulfill the conditions required to be an
Fy-set. For any 1 > 1, we have from Example 5.3.4 that H(T) > 0. Now, if
we define

1-¢
T/:{tGR:—ET}:Lpl(T),

V2

then T” has also positive H"-measure. Let us define the corresponding sets of
Proposition 6.1.4 for this generalized case.

D, {g c Eﬂ ,qéf(n)},

Qn:{ %_gern}_@ l(rn)
Now the estimate is #(Q,) < f2(n) = log(n?) ~ log(n), since

For each t € Qn, define S(t) := {€;(t)}} ;. If t € @y, following the previous
ideas, we obtain that

#(S(t)) < nlog(n),
and therefore

#| U S® | Snlogn)?.

teQn

Now we estimate the size of a covering of

A, = {(m,y) EGp:|lx—tl < % for sometEQn}.
n
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log(n)
n2

balls of radio d,, with L,, < nlog(n)%.
Once again, define F;, F, E; and E as before. Now the sets Fj; can
log(n;)
R
J
Now we can verify that, since each G,, consist of n? tubes, we have that

M; = Myn3- n? We can also verify that the sequence {n;} satisfies the

relation logn;1 > M; = Mon% e n?, and therefore we have the bound

For each n, take §,, = . As before, the set A,, can be covered with L,

be covered by less than M;_in; log(nj)% balls of diameter at most

3
log (10g(”7)”710g(“7)2) 1
dimpy (F) < dimp(F) < lim =,

j log (n? log ! (nj)> 2

Finally, for any m € [0, 1] we have a line segment ¢ with slope m contained
in F. Tt follows that H'(¢ N E) = HY'(T') > 0.
O

6.2.3 Very small Furstenberg sets

In this section we discuss some examples of very small Furstenberg sets. Pre-
cisely, we show three examples:

Example 6.2.3: There is a F?-set with zero Hausdorff dimension.
Example 6.2.4: For any h € H, there exists G in F? such that H"(G) = 0.

Example 6.2.5: There is an F? set E such that dimpy(E) = § = dimp(E).

The corollary here is that there exists really small F¥-sets for the case of
K = 2. It is clear that the set G in Example 6.2.4 will depend on the choice of
h. In the case of being h a zero dimensional function, this construction extends
the result in Example 6.2.3. The third example illustrates the relation between
Hausdorff and Packing dimension for Furstenberg sets. Recall that we prove
in Chapter 3, (3.22) that for any K > 2, any Furstenberg set E of the class
FE must satisfy

1< dlmH(E) + dimP(E) < Qdimp(E).

The present construction can be understood as optimal in the sense of obtain-
ing the smallest possible dimensions, both Hausdorff and Packing.

Example 6.2.3. This example of an F?-set G of dimension zero will be
constructed using the result from Example 1.6.3. In that example, we con-
structed two sets E, F C [0,1] with dimy(E) = dimg(F) = 0 and such that
0, 1] CE+F.

Consider now G = E x {1} U—F x {0}. This set G has clearly dimension
0, and contains two points in every direction § € [0; §]. For, if 6 € [0; T], let
¢ = tan(f), so ¢ € [0,1]. By the choice of E and F, we can find x € E and
y € F with ¢ = z+y. The points (—y,0) and (z, 1) belong to G and determine
a segment in the direction 6 (Figure 6.1).
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e Ex {1}

= {O}C ~

Figure 6.1: An F2-set of zero Hausdorff dimension

Example 6.2.4. For this second example, since the size of the set is the size
of the union of E and F' defined as in the previous example, the goal will be
to choose the defining sequence m = {my} in an appropriate way. Recall that
the sets F and F' was defined in Example 1.6.3 as

E:={xe€0,1] :r;=0if mp+1<j <myy1;k even}

Fi={ze[0,1]:r;=0if m+1<j<my;kodd }

where {my; mo = 0}, is an increasing sequence such that my — +o0o0. Now we
estimate the size of the set E. Given k € N, k even, define ¢;, = my — mp_1 +
-4+ mg —myq. It is clear that E can be covered by 2/ intervals of length
27"k+1 . Therefore, if the sequence my increases fast enough, then

dimpg(F) < dimg(F) < lim

Since the same argument shows that dimg(F) = 0, this estimate proves that
the set G in the previous example has Hausdorff dimension equal to zero. Now,
for the finer estimate on the H"-measure of the set, we must impose a more
restrictive condition on the sequence {my}.
Recall that the covering property implies that, for a given h € H, we have
that
HM(E) < 2 p(27mh+1),

Therefore we need to choose a sequence {m;}, depending on h, such that the
above quantity goes to zero with k. Since ¢, < my, we can define recursively
the sequence {my} to satisfy the relation

1
2mER(2T) =
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This last condition is equivalent to myy; = log (ﬁ) As an concrete
K2k
example, take h(z) = —L~. In this case we obtain that the sequence {my}

log(2)
can be defined as
Mmre+1 = K2k

Example 6.2.5. The construction is essentially the same, but we use two
different sets to obtain all directions. Let A be the set of all the numbers
whose expansion in base 4 uses only the digits 0 and 1. On the other hand,
let B the set of those numbers which only uses the digits 0 and 2. Both sets
have Packing and Hausdorff dimension equal to % and [0,1] € A+ B. The
construction follows the same pattern as in the previous examples.

Remark 6.2.6. We remark here that our construction of the F?-set seems
not be extendable to K > 3. However, [Shm], Tamds Keleti and Andrés
Mathé claim that they can construct, for any K € N, a zero dimensional
Furstenberg set in the class FX. Moreover, they are able to locate the exact
cut off function in the following sense: for any h € H that is dimensionally
smaller than h(z) = m, a zero dimensional Furstenberg set £ € Fj, can
be constructed. On the other hand, if h is dimensionally bigger than h, then
any Furstenberg set of the class Fj must have Hausdorff dimension at least
%. These results would completely solve the problem about the size of the

Furstenberg sets with zero dimensional fibers.



Chapter 7

The Restriction Problem

7.1 Introduction

In the present chapter we will focus our attention to the so called “Restriction
Problem” for the Fourier transform. This is indeed a whole family of related
problems concerning restriction properties of the Fourier transform to small
sets.

Given a compact hypersurface S C R™ endowed with a surface measure
o (the sphere S"~! C R™ with spherical measure is the typical example), the
question would be if, for a given f € LP(R™), there is a chance of having
a meaningful restriction of f to S. Here f is the Fourier Transform of f
(see Chapter 1 for precise definitions and properties). This formulation of
the restriction problem does not make any sense since it is known that the
Fourier transform maps LP to L¥" with p’ the dual exponent of p. The correct
formulation must be made therefore in terms of operator bounds. If we achieve
a bound like

£l zos).dpy < ClF oy, (7.1)

for all f € S(R™), then by standard density arguments ﬂ s can be defined.
In that case, we say that there is a restriction theorem for S, denoted by
Rs(p — q). It is easy to see, by testing the above inequality for appropriate
indicator functions, that there are no non-trivial restriction theorems for flat
surfaces. More precisely, if S is a hyperplane, the only restriction estimate
that can hold is the trivial Rg(1 — o00), since we always have

1o < I1f1l1- (7.2)

In that direction, if we consider a surface S C R™ such that it is locally
parameterized by a function ¢, ¢(0) = Vp(0) = 0 and satisfies a condition
like ¢(x) = O(|z|*), then there is a necessary condition for the exponents: If
there is a restriction theorem Rg(p — ¢) for S, then

ézL’HQ_l). (7.3)
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The geometric interpretation of k is about the order of contact with the tangent
space. For the sphere, we now that k = 2, and therefore one of the classic
necessary condition for a restriction theorem is that

32"+1<1—3>. (7.4)

The other necessary condition for the case of the sphere is obtained by look-
ing at the restriction problem in a dual formulation. The inequality (7.1) is
equivalent to the estimate

||gd0||Lp/(Rn) < CHQHLq’(Sn—l)a (7.5)
and in this form it is known as an “Extension Estimate”. Testing this inequal-
ity for g = 1, we need that

HdUHLP/(R") <C.

Now we use the key ingredient that reflects the curvature of the sphere. This
curvature implies an estimate on the decay at infinity for the Fourier transform
of w, which can be deduced from classical estimates for oscillatory integrals
(see [Ste93]). The known estimate is

. _n—1
[do(§)] = O([§]72), (7.6)
so we conclude that 1 +1
n
1—) o™ (7.7)

The famous unsolved Restriction Conjecture asserts that conditions (7.4) and
(7.7) are also sufficient.

1 _ ntl 1
: q (- 5)
q
1L
"] R(p,q) does not hold
: Conjectured
L -
2 i Stein-Tomas
g
|
1
L g 1 P
2 2(nt+1)

Figure 7.1: Known bounds for S*~!, pictured for n = 3.

A classical known result is the Stein-Tomas restriction theorem in [Tom75].
The theorem is that there is a restriction theorem Rgn—1(p — 2) for the sphere

for any p such that % > 2&—131) These conditions are pictured in Figure 7.1.
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7.1.1 Connection with Kakeya and PDE

The connection between Kakeya and Restriction can be made by looking for
norm estimates for a superposition of Knapp examples (indicator functions of
neighborhoods of spherical caps). This is because the Fourier transform of a
spherical cap around the point e is like a tube in the direction of e. Therefore,
if we can control the norm of a superposition of Knapp examples, we also
have some control about the size of a union of tubes of fixed eccentricity,
and this last quantity is clearly related to the Kakeya set conjecture. It has
also been shown that there is a partial converse to this implication. A positive
answer to the Kakeya set conjecture would imply an advance on the Restriction
Conjecture (see [Wol99b]).
For the relation with PDE, consider the Helmholtz equation:

Au + 47%u = 0.

Given a function g € LP(S"~!), we have that g/c—l; is a distributional solution of
the above equation. To see this, take a test function f € S(R™) and compute

(Agdo + 4n*gdo)(f) = gdo(Af)+ dn’gdo(f)

= gdo(Af +47°f)
= dn’gdo((1—[¢P)f) = 0.

The last equality follows from the fact that gdo is supported on the sphere.
Any estimate like (7.5) will provide information about the size of the solutions
of the Helmholtz equation.

The same kind of arguments allows to verify that g/(ﬂz, with dp the measure
of the paraboloid {(7, &) : 7 = 27|¢|?} is a solution of the Schrédinger equation:

i@tu = Axu

7.2 A restriction theorem for Hausdorff measures

The contribution of this chapter is to approach this problem in the dimension
functions setting. Our work was inspired by the work of Mockenhaupt in
[Moc00]. There the author notes that the curvature of the surface can be
substituted by an appropriate decay estimate on the Fourier transform of the
surface measure, such as

() S €77 (7.8)

Here the convention is to write the exponent as g since we want to keep the

consistency with the definition of Fourier dimension (see Chapter 1, Definition
1.5.7). The other key ingredient is the dimensionality of that measure, i.e., an
estimate like

w(B(z,r)) S, (7.9)
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for all balls B(z,r) centered on the surface and for all radii . In that case a
restriction theorem can be proved for the support of i when the exponent of
the underlying spaces will clearly depend on the parameters a and f.

The natural extension to the dimension functions setting would be to study
the existence of restriction theorems for a given set £ C R" supporting a
measure u such that

p(B(z,7)) < h(r),
for any ball B(x,r) for some h € H and

1] < g(I€]),

for some bounded positive function g such that g(§) — 0 when [£{| — oo.
Then, the theorem of Stein-Tomas will give sufficient conditions on the decay
of g and the growth of h to obtain a restriction theorem. In this direction,
it is interesting to study the possible constrains that control these orders.
In other words, we ask if there is an inequality analogous to dimp(E) <
dimg (E) (Corollary 1.5.6). Since this inequality follows from energy and
potential estimates, we study the h-Energy I(u) of a measure p defined, for
h € H, as

1
1) = || = dnte)dnto) (7.10)

We provide a characterization of the size condition (7.16) in terms of finiteness
of this energy for g < h.
7.2.1 Notation, lemmas, techniques and further remarks

We introduce some notation. For a measurable function f on R", x € R", and
a > o we define the translation, dilation, and reflection of f by

™()(z) = flz-y)
*(f)x) = flax) (7.11)
flz) = f(-=).

For future reference, we list some fundamental properties of the Fourier trans-
form. The proofs can be found, for example, in [Wol03], [Duo01] and [Gra04].

Proposition 7.2.1. Consider f,g € S(R™), y € R", b € R, a multiindex and
a > 0.

oo < 11l

~

~

2 Frg=F+a.00=bf, =5 F=1
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o~ —~

6. (9°f)(&) = ((=2mi)*f (1)) (£)-

7. € S(R™).
8. f xg=fq, where (f * g)(x) = [gn f( —y)dy.

9. For T an invertible matriz, f/o\T(§) = |det T f(T ).

10. | f@)g@) de= | fz)g(x) da
R” R

~

11. Define f¥(z) = f(~z) for f € S(R™). Then (f)¥ = f = fV.
12. | flo)h(z) de= | Fle)h(e) de.
R" R"
13. Plancherel’s identity: || f||2 = HJ/C\HQ
1 [ st do= [ T (e) de.
R" R"

15. Hausdorff-Young: (1 <p <2) ||f||p/ <\ fllp Vfe LP(R™).

16. Young: If%—l—%zl,feLp,gequrwith%: —|—%—1then.

1
p

1 gllr < [ fllpllgllg- (7.12)

Note that item 13 and the density of S(R") in L? allows us to define the
Fourier transform g for all ¢ € L?(R") making the Fourier operator g — g
an isometry. Also note that for L' N L? we have two definitions of Fourier
transform. We can check that they are consistent by splitting any f € L' N L?
into f = f1 + fo with f; € L.

7.2.2 Endpoint cases

As we said before, we always have Rg(1 — o0). In the opposite direction, there
is no restriction theorem of the form Rg(2 — p) for any ¢. To see this consider
a sequence of Schwartz functions { f,,} whose Fourier transforms are such that
ﬁ — x5, where xg is the indicator function of the surface S. Therefore, by
Plancherel,

[ fallze@®ny = [ fallL2@®ny = 0,

and it follows, since H};H ra(s) = 1, that there is no possible inequality of the
form

I£llzas) < Ifllz2eny  uniformly in f € L*(R").
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7.2.3 Compact surfaces

We note here that since we are looking at compact surfaces and, in general,
compact sets, any restriction theorem Rg(p — r) immediately implies a re-
striction theorem Rg(p — ¢q) for any ¢ < r. The reason is the inclusion
property for the Lebesgue spaces for compact sets:

L"(B)C LY(B) c L'(B), 1<gq<r,

reflected by the following norm inequalities:

| fllasy < CllfllLr By, for ¢ <,
since, by Holder,
. r—q
iy = [ 17170 < ([ 1sran)” ([ 175a0) ”
B B B
= Hqur(B)!B\T:q-

Therefore, if we have a restriction theorem Rg(p — r) with surface measure
o, then

T

~ r=q o~ —q
[fllLacsy < a(S) 7 | fllzrsy) < o(S) ™1 Cl fllLon)- (7.13)

7.2.4 Interpolation
We will use the next classic interpolation theorem.

Theorem 7.2.2 (M. Riesz-Thorin). Let pg, p1,qo,q1 such that

1 < Po,P1,90,q91 < (714)

and, for 0 < 0 <1, let us define p and q as
1 1-6 0 1 1-6 6
- = + — ; + —.
p Po b1 q qo0 q1
If T is a linear operator from LPO + LP' to L9 + L9 such that

1T fllag < Mol[fllp, ~ for f e L

ITfllgr < Mal[fllpy ~ for f e L?

then
1Tfllq < M(}ieMlerHp for feLP

This theorem says that if we can prove a pair of norm estimates with
exponents (po, qo), (p1,41), then we also have an estimate for any pair (p, ¢) in
the line segment that joins (X, 1) with (X, 1).

P9’ go P11

As a consequence of (7.13), 37.2) and this last theorem, we conclude that
any (r,s) restriction theorem directly implies the existence of restriction the-
orems for the shaded region in Figure 7.2.
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1
p

Figure 7.2: Riesz - Thorin interpolation

7.2.5 Rgs(p — 2) restriction theorems

We will study restriction theorems of the form Rg(p — 2). The advantage
arises form the use of the following lemma, whose proof is immediate.

Lemma 7.2.3 (T*T-method). Let T : LP — L? be a linear operator, let
T* : L? — L? be the adjoint. Then T is bounded if and only if T*T : LV — 54
1s bounded.

Let us see how this lemma reformulates the restriction problem. We
consider a surface S endowed with a measure . We have the operator

R:S(R™) — L?(S, ) that, applied to f, satisfies
REQ = [ e f@dr  ces
The adjoint R* is
R(0)@) = [ e (©dn(e) = gdta) R

since

R = o(R()
= [0 [ ermisa@) dodu(e
S n

= [ 1@ [ () due)da

- | f(@)gdp da,
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and therefore R*(g) = gdo.
We can compute R*R directly:

RR(@) = [ @S R©dn(©

= [ e (e aute
- /. ( /[ e%ﬂx—wm(@) J(w)dy

= (f+K)(z),

where K(z) = @(—x)
The above reformulation allows us to prove a restriction theorem as a
consequence of the following lemma. We need an (L ,Lp/) estimate for the

convolution operator f — f @

Theorem 7.2.4 (Hardy-Littlewood-Sobolev). Let 0 < a < n, 1 < p,q < o0
and

1 1 «
Shl=-f—.
q p n
Then )
— <C .
|7+ ], = st

We remark that this theorem can be understood as an endpoint Young
inequality, since 1/]#|® is almost in La .
We apply Theorem 7.2.4 to f % do. From (7.6) we know that

n—1

|do| = O(|z[~727).

If we define z% +1= % + -1 (which is the same as % = 32t1) we obtain

(7.15)

If % doll s < C|If]

4n
3n+1

4n
3n+1

It follows from Lemma 7.2.3 that a restriction theorem R( — 2) is valid

for the sphere S*1.

7.3 A restriction theorem for fractal measures

In this section we will prove a Stein-Tomas-like theorem in the general setting
announced in Section 7.1. We recall that we will work with measures u that
obey the following estimates:

p(B(z,r)) S h(r) (7.16)
for any ball B(x,r) for some h € H and
k(&) < 9(1€D) (7.17)
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for some bounded, positive function g such that g(|¢|) — 0 at infinity.

The conditions above are somehow reflecting the Fourier and Hausdorff
dimension of supp(u) (in the case of h and g being power functions, this is
indeed precise). The purpose of this approach is not only the extension to
more general conditions on the measures, but also to consider the problem of
finding restriction estimates for zero dimensional sets. In this zero dimensional
context, we have to consider decay rates for the Fourier transform that are
slower than any reciprocal of a power. For, if this is not the case, Corollary
1.5.6 would imply the positivity of the Hausdorff dimension of the support of
the measure. Those measures u whose Fourier transform vanishes at infinity
are called Rachman measures (see [Lyo95]) and an example of such a measure
supported on a zero dimensional set can be found in [Blu00]. There the author
proves that the Liouville set I carries a positive non-trivial Rachman measure.

Now we prove the main theorem of this chapter.

Theorem 7.3.1 (Rg(p — 2)). Let E be a subset of R™ supporting a measure
w satisfying (7.16) for h € Hy with doubling constant C}, < 2" and (7.17) for

a given g. Let T be the sequence defined as Ty = g(2F~ 1) (Q"kh( ))_

where p and p' are conjugate exponents. IfT" € ¢ for some p, then a restriction
theorem Rp(p — 2) holds.

Proof. We start by decomposing the operator f 3;\1 by introducing a dyadic
partition. Let ¢ € C§°(R™) be a radial function such that ¢(x) =1 for |z| < 1
and with support contained in a ball centered on the origin with radius 2.

Define
z T

Yi(x) = ¢(2—k) — (b(ﬁ)'
We have that

Yo(z) = oz) — o(22),

i) = 6(3) - ola),
Ua(@) = 6(3)—o(3):

and also the scaling property
x
Yi(@) = Yol5r)
The support of each vy, is contained in the annulus
Cr = {z e R": 2P 1 < |z| < 2FH1Y,

since

ol <2t < Bl 2y L 1 <) = 65— plgy) = 0
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and

|z Ed x x

Now, for any x € R™ we have the identity

> nla) = —é(x) + lim §(57) = 1 - 6(a).

k>0

Hence, we can decompose the operator as

(f*do)(x) = (f*(o+ > ww)do) (@) = (f * (¢do)) + > f * (¢ydo).

k>0 k>0

Therefore, the aim would be to bound two terms:
17wl < || = (@do)|| +]30 f + (do)]|

The first term can be bounded using, for example, Young’s inequality, since
¢do is a C'*° function of compact support, and therefore it is in any LP. We
apply Young (7.12) with

and conclude that

1f % (@)l < £ ol odolly

Now we focus on the second term. We will obtain a (p,p’) estimate by
interpolation between (1,00) and (2,2) bounds. The (1,00) bound is not
difficult, since

1f % ($rdo) oo < I llrdolloe < [ fllig(25) (7.18)

by the localization property for supp(1x) C Cx and the assumption (7.17).

For the (2,2) bound, we recall that for any convolution operator T : L? —
L?, Tf = f %« K the operator norm is the L> norm of the Fourier transform
of the kernel. This is a direct consequence of Holder and Plancherel. Then,
IT|| = ||K||lso. In this case the kernel is ¢kc/l,t\1, and a direct calculation shows
that we have to control

[k * dpl oo
We begin with a pointwise estimate for @:
Yi(€) = 2" (2%¢).
Now we use the fact that, since 1y is in the Schwartz class, the same holds for
1o, and therefore for any N € N there exists a constant Cy > 0 such that

1

T (ok
’7/}0(2 5)’ < CNw-
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It follows that {5 (&)] < W Let ¢ be fixed and define, for j > 0, the

balls B; := B(£,277F) centered on . Then we can decompose the convolution
integral as

(Gerd)(© < On2™ [ (142 — ) du(w)

IN

Oyt / (1+2¥¢ — wl) N dp(w) +
By

o3 [ (2=l V)

>0 Bi+1\B;

IN

On2" u(Bo) + Cn2™ > 279N u(Bj 11\ By)
720

— CN2nk h(27k:) + Z 2ijh(2j+17k)
Jj=0
Now, if we choose N = n and use the doubling condition for A, we obtain

(e * dp)(©)] < Cu2™ | h(27) + > 279mC] a2

=0

Cn2"h(27F) Y (%)J

j=0

N

If the doubling constant satisfies C}, < 2", then

1f % (Yrdo) 2 < 2°*h(27F)] £l (7.19)

Finally, with the two bounds from (7.19) and (7.18), we apply Riesz-Thorin
to obtain a (p,p’) estimate for 1 < p < 2. Let 6 € (0, 1) be defined by 0 = %—1.

Then
1-6

1 6 1-6 1

0
1 2 ’ P oo 2

and therefore

|+ @ida)| | < a@ 1 @m0 11

The obtained operator bounds for each scale 2% is precisely the sequence T’

of the hypothesis. Substituting 6 = 2 —1= 1% and 1 — 0 = 1%’ we obtain
that

1_
p

2
I’

Tp = (25 1) 7 (27Fh(2 ")) (7.20)

The summability of 'y allows us to bound

|| = o] - <11

k>0
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Since

N
frdo+Y f*(ndo) — fxdo
k=0

pointwise, from Fatou’s lemma it follows that

N
do|| < 1 do do)|| <
Il < g byl 3], <
for any p such that I € ¢!,

O

Remark 7.3.2. We remark that in the case of power functions, h,(z) = =2,
we recover the estimate of Mockenhaupt for the (2,2) bound: ||f (ka(j;)Hg <
2k(n=a) || f|l2. Also note that in those cases the doubling condition always
satisfies the required property. Any admissible power must be o < n, since
otherwise the dimension function would lead to the null measure. Therefore,
ha(2x) = 2%2% < 2"hy ().

For the special case of E being a Salem set (see the discussion after Defi-
nition 1.5.7) or more generally, for any set supporting a measure p satisfying

(7.8) and (7.9), the admissible values for p are those such that 1—1) > %.

In particular, for the sphere S*™!, o = 8 = n — 1, and therefore we obtain

that % > 23;;31) as announced in Section 7.1.

Remark 7.3.3. We also remark that the previous theorem allows us to con-
sider those cases in which the measure satisfies a growth condition that is
slightly weaker than a certain power. For example, suppose that we have a
set E supporting a measure p such that (7.8) holds for a given 8 > 0 but
we can only control the growth of p(B(z,7)) by an expression of the order of
r*log(2). Even in this case, when we clearly can not bound p(B(z,r)) by r?,
the theorem holds directly in the exact same way and in the same range of
exponents as it would be in the case of a measure u satisfying (7.8) and (7.9).

7.4 Further questions and work in progress

In this section we want to address the restriction problem in the zero dimen-
sional setting. More precisely, we ask if there is a meaningful version of a
restriction theorem for a zero dimensional set £ C R™. Clearly, this set E
must support a Rachman measure with an appropriate decay rate to allow the
sequence I' to be summable. More precisely, we post the following question:

Question 7.4.1. Is it possible to find a zero dimensional set £ C R™ endowed
with a measure p with properties (7.16) and (7.17) for which Rg(p — ¢) holds
for some (p,q)?
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It is natural to conjecture that there must be a limitation on the maximum
possible decay for iz depending on size properties of E. As we said in the
introduction of this chapter, in the classical setting we have that this restraint
is reflected by the inequality

dimp(F) < dimgy(E) for all E C R™. (7.21)
We therefore post another question:

Question 7.4.2. Suppose that a set E supports a measure p satisfying (7.16)
and (7.17). How are g and h related? Is there an analogue for the above
inequality? Is it true that g> < h must hold?

In the direction of solving the previous questions, one could try to general-
ize the energy and potential methods that characterize the Hausdorff dimen-
sion of a set and, consequently, allow to derive inequality (7.21). We include in
this section a more general version of Lemma 1.4.1. Recall that the h-Energy
of a measure was defined in (7.10)

// |$—y| du()dp(y)- (7.22)

Lemma 7.4.3. Consider a probability measure p with compact support, h €
Hy.

1. If p satzsﬁes p(B(z,r)) < Ch(r), then Ig(p) < oo for all g < h such
that 351 5 h(2-7) < 4o0.

2. Conversely, if u is a probability measure with compact support and with
In(u) < oo, then there is another probability measure v such that v(X) <
2u(X) for all sets X and such that v satisfies v(B(x,r)) < Ch(r).

Proof. For the first item, since p is compactly supported and

I,(w) = / VI(y) duy),

the finiteness of I, would follow from a uniform bound for the g-potential
Vi (y). Let g < h and y € supp(u). Consider also the annulus

Cj = B(y,277") \ B(y,27).

If we decompose the integral, we obtain

V‘f(y):/ﬁ Z/cglﬂc—yl wle).

Now we use the doubling property for i and note that for any x € C; we have
that g(|z —y|) > g(277). Then,

Vi) < 30—l S Y ) <o,

j ;9
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where the constants involved in the inequalities are independent of y.
We prove the second item, that can be understood as a converse statement.
Define F' as
. 1/h
F:{xeR"JQSQQW@.

Then, by Chebyshev we obtain that

1 <{x € R": V;f < 2—7h(,u)}> < thl(u) /V;‘ du(x) = =,

and it follows that p(F) > % The desired measure v would be defined as

_ WXNF)
VX) = u(F) -

From this definition it is clear that v(X) < 2u(X) for all X € R"™. Now, let
x € R", r > 0 and let B(x,r) be a ball. We consider two cases. First, take
x € F. We compute the h-potential of v as follows,

;= . v 71 v v(B(x,r
V= [ i ) Z/B@,r) W =g YW 2 v B@).

Using that z € F', we conclude

v

1
h(r)

v(B(z,r)) < Vvh <ovh < 4T, (1),

which is the desired bound. On the other hand, if ¢ F, for those r > 0 such
that B(z,r) N F = (), we have v(B(x,r)) = 0. For the other values of r, since
B(z,r)NF # 0, we can take y € B(x,r) N F and then

v(B(z,r)) <v(B(y,2r)) < Ch(2r) < Ch(r).
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