ASYMPTOTICALLY SHARP REVERSE HOLDER INEQUALITIES FOR FLAT
MUCKENHOUPT WEIGHTS

IOANNIS PARISSIS AND EZEQUIEL RELA

ABSTRACT. We present reverse Holder inequalities for Muckenhoupt weights in R™ with an
asymptotically sharp behavior for flat weights, namely A., weights with Fujii-Wilson constant
(W)a., — 17. That is, the local integrability exponent in the reverse Hoélder inequality blows up
as the weight becomes nearly constant. This is expressed in a precise and explicit computation
of the constants involved in the reverse Holder inequality. The proofs avoid BMO methods and
rely instead on precise covering arguments. Furthermore, in the one-dimensional case we prove
sharp reverse Holder inequalities for one-sided and two sided weights in the sense that both the
integrability exponent as well as the multiplicative constant appearing in the estimate are best
possible. We also prove sharp endpoint weak-type reverse Holder inequalities and consider further
extensions to general non-doubling measures and multiparameter weights.

1. INTRODUCTION AND MAIN RESULTS

1.1. Main definitions and background. A central topic in modern harmonic analysis is the
problem of finding precise norm estimates for general operators defined on weighted Lebesgue
spaces LP(w), where w is a weight: a locally integrable function w : R* — R with w >
0. The natural class that arises when studying typical operators such as the Hardy-Littlewood
maximal operator, the Hilbert transform or, more generally, Calderén-Zygmund operators, is the
Muckenhoupt class A,,. It is defined as the class of weights w such that

p—1
(1.1) [W]Ap = s1(12p <JCQW> (ngv]‘> < 00, 1<p<oo.

Here the supremum is computed over all cubes Q in R™ with sides parallel to the coordinate axes.
We will often write wq for wi :=w(Q)/|Q| where |E| stands for the Lebesgue measure of the

set E C R™ and w(E) = wa. The limiting case of (1.1) when p — 17 defines the class A4

1991 Mathematics Subject Classification. Primary: 42B25, Secondary: 42B35.

Key words and phrases. maximal function, reverse Holder inequality, Muckenhoupt weight.

I. P. is supported by grant MTM2014-53850 of the Ministerio de Economia y Competitividad (Spain), grant
IT-641-13 of the Basque Government, and IKERBASQUE.

E.R. is partially supported by grants UBACyT 20020130100403BA, PIP (CONICET) 11220110101018, by
the Basque Government through the BERC 2014-2017 program, and by the Spanish Ministry of Economy and
Competitiveness MINECO: BCAM Severo Ochoa accreditation SEV-2013-0323.



2 IOANNIS PARISSIS AND EZEQUIEL RELA

which consists of weights w such that

[W]a, = sup (fw) esssup(w™') < 4o0.
Q

Q Q
This is equivalent to [w]a, being the smallest positive constant C such that
Mw(x) < Cw(x) a.e. x € R™,

Here M denotes the non-centered Hardy-Littlewood maximal operator on R™

e =sup f ly)l dy, xR
Q>x JQ

where the supremum is taken with respect to all cubes Q in R™ with sides parallel to the coordinate
axes. The importance of these weight classes arises from the fact that they characterize the
boundedness of many of the aforementioned operators, as for example, the Hardy-Littlewood
maximal operator, the Hilbert transform, and the Riesz transforms, on LP(w).

The union of all A, classes is denoted by A,. While this is a qualitative description of A, many
quantitative characterizations are also known. For example, a weight w is in the Muckenhoupt
class A, if there exist constants ¢, > O such that for every cube Q and every measurable
E C Q we have

w(E) [E[\n
12 g =)
In accordance with (1.1), there are a couple of different constants that can be used to gauge
As. The most prominent choices in the literature consist of the Khrushchev constant and the
Fujii-Wilson constant. The former was introduced by Khrushchev in [8] and arises by taking the
formal limit in (1.1) as p — 400

o () o)

Another constant that can be used to quantify the A -property was implicitly introduced by Fujii
in [5], and later rediscovered by Wilson, [29,30], and it is defined as
(1.4) (W)a, =sup

1
Q w(Q) JQM(WIQ)'

The A, constant defined above is usually referred to as the Fujii-Wilson A, constant. We then
have that w € A, & (W)a, < +00 & [W]a, < +00.

Any of the above three conditions (1.2), (1.3), and (1.4), can be used to quantify the self
improving property of Muckenhoupt weights, typically expressed via a reverse Holder inequality.
That is, any A, weight w satisfies an inequality of the form

T+e
(1.5) fw‘“ dx < C (wa dx) ,
Q Q
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valid for every cube Q, and the constants C,e > O appearing in the inequality above can be
related to the A, constant of the weight. The aim of a quantitative analysis involving A .-
type conditions is to look for precise versions of inequality (1.5) where the dependence of the
constants C, e > 0 on the A, constant of choice is explicit and, if possible, sharp. This type of
result is important for applications as, typically, one part of the L?(w)-norm of standard operators
in harmonic analysis depends on the self improving property of the weight, quantified by A..
Indeed, a large variety of improvements on weighted inequalities for maximal and singular integral
operators were achieved recently by relying on sharp reverse Holder inequalities for A, weights.
See for example [9, 10, 15].

Sharp reverse Holder inequalities exist in the literature mainly in dimension n = 1. The
prototypes of sharp reverse Holder inequalities are arguably the Aj-result of Bojarski, Sbordone,
and Wik, [2], and the A,-results of Vasyunin for T < p < oo, [27]. In these cases, both the
range of integrability as well as the multiplicative constant is calculated exactly as a function of
the A,-constant. We note here that, in contrast with the present paper, the A.-results from
[27] are given in terms of the Khrushchev constant [w]a_

For A, and A, weights in higher dimensions the only sharp result known is the reverse Holder
inequality for dyadic A; weights due to Melas, [21], and the corresponding dyadic endpoint
version of Osekowski, [22]. On the other hand, the main theorem of Kinnunen in [11] gives an
asymptotically sharp reverse Holder inequality for A; weights in any dimension. In a similar spirit,
an asymptotically sharp reverse Holder inequality for A, in any dimension is given by Korey in
[14], in terms of the Khrushchev constant [W]a_ . Here asymptotically sharp means that the range
of local integrability increases to co as [W]a, — 17 or [wla_ — 17. In another direction, the
analog of the sharp reverse Holder inequality of [2] is extended to multiparameter A; weights in
[11]. The multiparameter weight-classes A} are defined analogously to (1.1), with the averages
over cubes being replaced by averages over rectangular parallelepipeds in R™ with sides parallel to
the coordinate axes. We mention however that multiparameter weights in A} constitute a much
smaller class than one-parameter A; in any dimension n > 1.

Concerning reverse Holder inequalities for A, in terms of the Fujii-Wilson constant, the most
relevant result is from Hyténen and Perez, [10], where the authors prove (1.5) for any 0 < ¢ <
(cn(W)a,, — 1)1, for some large dimensional constant c, > 1. Although this type of result is
sufficient for applications to mixed weighted bounds for maximal operators, it does not recover
the correct range of integrability for weights w for which (w)a_ — 17,

Finally, we mention here that the precise asymptotic behavior of weighted operator norms
ITlltrow) @s Wla,, — 17, for a large class of operators T in harmonic analysis, is contained in
the results of Pattakos and Volberg, [24,23]. In particular these results show that one typically
recovers the unweighted bounds as the weight becomes almost constant, in the sense described
above.

1.2. Description of main results. The purpose of this paper is to provide a precise quantitative
analysis of reverse Holder inequalities for A, weights, where the local integrability exponent and
the multiplicative constant are given as explicit functions of the Fujii-Wilson constant (w)a_,
We are particularly interested in the asymptotic behavior of the local integrability exponent in the
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reverse Holder inequality for weights w for which (w)a_ — 17 and we colloquially refer to such
weights as flat weights.

The heuristic behind the terminology flat weight is that w is “nearly constant” whenever
(W)a, < 141 for small 1 > 0. Since the limit case 1 = 0 corresponds exactly to a constant
weight w = ¢, it is reasonable to expect the local integrability exponent in the reverse Holder
inequality for A, weights will grow to infinity as (w)a_ — 1.

A particularly convenient albeit not so rigorous aspect of the definition of the constant (w)a_
is that, given any cube Q in R™, one can estimate

M(wl w
(KSR(Q) < (Wa. |g|2) < (W i MWL)
We interpret the estimate above as a local A;-condition on M(w1g). It is exactly the localization
that is required in the definition of (wW)a_ that makes the above point of view non-rigorous.
However, the heuristic given by this simple observation allows us, in most cases, to conclude
reverse Holder inequalities for M(w1g), and thus for w on Q, as if M(wlg) were an A; weight
with Aj-constant equal to (W)a_. Our results also show that A, already encodes fully the self
improving properties of weights and that one doesn’t gain any further integrability by assuming,
for example, A; information.

Our first main result provides an asymptotically sharp reverse Holder inequality in terms of the
Fujii-Wilson's constant in all dimensions. In what follows, 1’ is the dual exponent of r, that is

1/r+1/r=1.

Theorem 1.6. Let w € A, with (W)a_ < & for some & > 1 and let Q be a cube in R™. Then
forall1<r<1+ m we have the reverse Hélder inequality

. ' —1 T
ng Sér/—1—2n(5—1)(£w> '

The theorem above shows that for w € A, there exist 1,, = 7,((W)a. ) > T and a function
(1,7,) 21+ C,(r) € [1,00) such that for all 1 < r < r,, we have

forscan( o)

The value of this estimate is that it is asymptotically sharp as we have

lim +T‘W((W)Aw) =400, and lim - Cw(r) = 1,

W)ag—1 W Age—

for any fixed 1 in the allowed range.

In one dimension we prove a sharp reverse Holder inequality for A, weights in terms of the
Fujii-Wilson constant. It is important to note the similarity between the result below and the
sharp reverse Holder inequality for A; weights in one dimension from [2]. This supports the
understanding of M(wlg), with w € A, as a local A; weight.
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Theorem 1.7. Let w € A, with Fujii-Wilson constant (w)a,, < & for some & > 1. For all

1<r< % we have the reverse Hélder inequality

ity < 1771 )

for all finite intervals 1 on the real line. Both the range of integrability as well as the multiplicative
constant are best possible.

We also prove the corresponding sharp reverse Holder inequalities for one-sided Muckenhoupt
weights in A] and A . For precise definitions and statements see §3.1.

Finally, in one dimension, we ask whether one can have a weak-type reverse Holder inequality
for A; or A, at the endpoint, where the strong-type L"™-norm on the left hand side is replaced
by the weak-type L"*°-norm. Indeed such endpoint estimates are true and the following theorem
contains an example of such an estimate.

Theorem 1.8. Let w € Ay with [W]x, < & for some & > 1, and let 1, := 8/(8 —1). Then for
every bounded interval 1 we have that w € L™ (1, &) and

I
Wl 85 < fw.

Furthermore, the range of weak-type integrability and the multiplicative constant 1 are best
possible.

Before proceeding to the proofs of our results, some further remarks are in order.

Remark 1.9. We remember here that for € € (0,2), the Gurov-Reshetnyak class GR; is defined
as the class of weights w such that

cl
su lw—wg| <.
QpW(Q) Q ?

If w e A, we have the easy estimate

(1.10) Jg|w—wQ| < J€|MQ(w1Q) i +£|MQ(w1Q) — Wl £ 2(W)a. — Twa

and thus A, C GRZ((w)Aw—U- Then one can use the results in [13] in order to conclude that
w satisfies an asymptotically sharp reverse Holder inequality with exponent r, where r — 1 =
(W)a, — 1) " as (w)a_ — 1. Observe that this is the same asymptotic behavior as the one
obtained in Theorem 1.6 for (W)a_ — 17. Our proof however is direct and conceptually simpler.

In the dyadic case, observation (1.10) also yields an asymptotically sharp reverse Hoélder in-
equality by exploiting the estimate in [1, Corollary 3.10]. The proof of [1, Corollary 3.10] gives
logarithmic dependence 1 — 1 = log((w)‘j'\y:jiC — 1" as (W)f\y;dic — 17, where 1 is the local
integrability exponent in the reverse Holder inequality.

The rest of this paper is organized as follows. In §2 we provide some technical tools that will
be used in the proofs of the main results. This section plays a purely supportive role. Section
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§3 contains all the one-dimensional results. More precisely, in §3.1 we prove sharp reverse Holder
inequalities for one-sided weights in A7 and Al . In §3.2 we prove the two-sided sharp reverse
Holder inequalities for A... In §3.3 we provide the statements and proofs of the weak-type
reverse Holder inequalities at the endpoint, including the proof of Theorem 1.8 for A; weights.
We also give corresponding endpoint results for A, and for one-sided weights in A7 and Al . In
section §3.4 we discuss some extensions of our results to classes of weights defined with respect to
general non-atomic measures on the real line. In §4 we give the proof of Theorem 1.6 and discuss
extensions of our method of proof to more general contexts, as for example, to multiparameter
weights defined with respect to product measures.

2. SOME AUXILIARY RESULTS

2.1. Flat A, weights. The main guiding principle behind the consideration of flat weights is the
fact that [w]a, = 1 if and only if w is a constant weight. Although we do not, strictly speaking,
use this statement in the present paper we note, for completeness, that this characterization
extends naturally to the A, case; namely, we have that (w)a_ = 1 if and only if the weight w
is constant. This is the content of the following simple proposition.

Proposition 2.1. We have that (W)a., = 1 if and only if there exists a constant ¢ > O such that
w(x) = ¢ for almost every x € R™.

Proof. It is obvious that (w)a, = 1 if w is constant almost everywhere in R™. Now, assuming
(W)a,, = 1 we have for any cube Q C R™ that

0< J€|M(W1Q)(x) —w(x)| = Jg (M(wlg)(x) — w(x))dx

:f (M(wlg)(x) —wq)dx = f IM(w1g)(x) — woldx < (W)a,, — wo.
Q Q

Thus if (W)a, = 1 we get that for every cube Q and almost every x € Q we have w(x) =
Mg (wlg)(x) = wq. Now let x,y € R™ and consider a cube S 3 x,y. We get that w(x) =
ws = w(y) for almost every x,y € R™ and thus w is constant almost everywhere in R™. Since
we know that Muckenhoupt weights are non-zero almost everywhere we conclude that necessarily
c>0. O

2.2. The main lemma. Given some function v: R"™ — R, and some cube Q in R™, our general
approach to proving a reverse Holder inequality for v on Q will be to establish estimates for the
superlevel sets of v in the form v({x € Q : v > A}) < cAl{x € Q : v > A}| for appropriate values
of A,¢ > 0. This point of view is very well documented in the literature as for example in [2,11].
The following lemma will be used repeatedly in the current paper and it is essentially identical to
[11, Lemma 2.14]. We include the easy proof for completeness.

Lemma 2.2. Let v:R™ — R be a non-negative, locally integrable function and Q be a cube in
R™. Suppose that there exists A, > 0 and & > 1 such that

vix € Q: v(x) > A} <0A{x € Q: v(x) > A}, Ao <A< 0.
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Then for all 1 <v < 8/(6—1) we have

fvr < 7\7_1;/_1 JC\)
@ ~ °v=8Jo
Proof. Let us call Ej :={x € Q: v(x) > A}. Using the hypothesis we can then estimate

Ao 0o
J vT:(r—])J )\T_ZV(EAO)dA—k(T—U‘[ A 2v(Ey)dA
Exo

0 o

Ao 0o
gﬁ—])J AT_ZV(EAO)dA+(r—1)J SATTE[dA
0 o

)
< )\(T)—]v(E)\O) + /<J
T

v IEA(,I)\g).
Ea,
Now by replacing v with min(v, N) for some large positive integer N we can assume that fK V<
400 for any set K of finite measure. Our estimates will not depend on N so we this poses no
restriction on v as we can let N — 400 at the end of the proof. With this observation in mind
the previous estimate implies that for all r < 6/(6 — 1) we have
T’ d
T r—1 Y
LM V< ST AT (V(E) — DAER).
The hypothesis for A = A, says that 6A,|Ex,| > V(E,,) which, replacing in the estimate above,
yields
r'/r ' —1
V< LAY () =

o )\(r)_]V(E)\O).

Then for the cube Q we have
fvr < }\‘r—]v(Q\EAo) r,_1Ar—] -V(EAO) < 7\1‘—] T/_] V(Q)
Q« T

Q s [Q 5 Q.

as desired. O

The lemma above will allow us to reduce the proof of reverse Holder inequalities to estimates
of the form v(E,) < c(v)AJE,| for A > A,. In higher dimensions we prove such estimates with
c(v) being asymptotically sharp as (v)a, — 17. These estimates depend on the usual local
Calderén-Zygmund decomposition in Q. However, in dimension one, we can prove the estimate
required for Lemma 2.2 with the best possible choices of ¢(v) and A,. These in turn depend on
some covering lemmas that are specific to the topology of the real line and which we describe

below.
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2.3. Covering lemmas on the real line. We remember here that, on the real line, Mf denotes
the non-centered Hardy-Littlewood maximal operator. We will also need the following one-sided
versions M*f, M—f, defined for f € L| (R) as

loc

x+h X
M*f(x) = sup J f(t)ldt, M f(x) ::supJ f(t)dt, x €R.

h>0 Jx h>0 Jx—h
The following version of the rising sun lemma is essentially taken from [26] and it will be essential
in understanding the structure of sets of the form {t € R : M~ (v1l{)(t) > A}. An obvious
symmetric version can be written for M.

Lemma 2.3. Suppose that v > 0 is a locally integrable function and let 1 be a finite interval of
the real line. Then the set {x € R: M~(vl;) > A} = Uj(aj, b;) where the intervals (a;, b;) are
pairwise disjoint and for every j and x € (aj, b;) we have

JC V].I > A.

)

In particular, v((aj, bj) N 1) = Al(aj, b;)| for every j.

We formulate now a two-sided version of the rising-sun lemma which will be used to analyze
sets of the form {t € R: M(v1;)(t) > A}.

Lemma 2.4. Let f > 0 be an integrable function with compact support and let A > 0. There
exists a countable collection of pairwise disjoint bounded intervals {(a;, b;)}; such that
Ex={x € R: Mf(x) > A} = U(aj,b]-).
j
Furthermore we have the following properties
(i) The (a;,b;)’s are maximal in the following sense: if | is an interval with ﬁf > A then
there exists j such that ] C (aj,b;). In particular, if | is an interval and ] N (aj, b;)¢ # ()
for some j then Jﬁf <A
(i) For everyj and every a; < x < b;j we have

JC f<A and JC f<A.
(a5,x) (x,b5)

(iii) The maximal function can be localized on the intervals (aj, b;)
(Mf)l(aj,bj) — M(fl(aj,bj))l(aj,b-)-

)

Proof. The set E, is open thus it can be written as a countable union of pairwise disjoint open
intervals. Note that the intervals (aj, b;) are the connected components of E5. Also, E, is a
bounded set since f has finite integral and is zero outside a compact set and thus each (aj, b;) is
a bounded interval.

To see (i) suppose that for some ] we have ﬁf > A. Then J C E, and thus there exists at
least one j such that J N (aj,b;) # 0. Then J U (aj,b;) is an open interval contained in E, so
it must be contained in one of the connected components of E5. Since ] intersects (aj, b;) and
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the (aj, bj)'s are disjoint, we get the claim. The second conclusion follows immediately by the
maximality just proved.

For (ii) take any x € (aj, b;] and some interval | := (a;—¢,x+¢) for e > 0. As JN(a;, b;)¢ # 0,
we get by (i) that Jﬁf < A. Letting ¢ — 0" we can conclude that Jfa-,x) f < A. A similar argument
gives the estimate for intervals (x, b;). J

Finally (iii) follows by the maximality proved in (i). Indeed, let x € (aj, b;) for some j and let
J  x be some interval. If ] € (aj, b;) then we have ﬁf < A thus

sup f<A
x€]J ]
]ﬁ(aj,bj)C;&Q)

On the other hand since x € (aj, bj) there exists ]’ > x with f,f > A and ] C (aj,b;) by (i).

Thus
sup JCf > sup ch
JC(aj,b5) x€J
f;]x el JN(a,b5)c£0 J
which gives the claim in (jii). i

3. SHARP REVERSE HOLDER INEQUALITIES IN ONE DIMENSION.

In this section we focus on dimension 1 = 1 where, typically, sharp reverse Holder inequalities
are more readily available, their proofs being based on the special topology of the real line. Let
us consider the reverse Holder inequality in the following form; for some locally integrable, non-
negative function w there exists 1, > 1 and a function [1,1,,) > v — C,,(7) such that

1l < e |+

forall 1 <r<r,. The point is that C,,(r) < +oo for 1 < r < 1, but, in a sharp version of the
inequality above C,,(r) blows up as r — 1.

Ideally, one seeks such reverse Holder inequalities which are sharp, both in terms of the upper
bound for the integrability exponent 1, > 1 as well as in terms of the multiplicative constant
Cw(r). As was discussed in the introduction the sharp reverse Holder inequality for A; weights
on the real line was proved by Bojarski, Sbordone, and Wik, in [2]: If w is an Ay weight on the
real line with constant [w],, then

1J . 1 p—1 1J "
= w < - ( w)
1] Jy [W]r/)\l 1Y _[W]A] 1 Js

[Viv]v}]\%. The inequality above can be seen as a sharp embedding
;
of the class A; into the reverse Holder classes.

In this section we first investigate the case of one-sided Muckenhoupt weights, which shares
a lot of the ideas and techniques with the two-sided case. In fact, although the corresponding

reverse Holder inequalities are weaker, and this is necessarily so since one-sided weight are in

for all r € [1,1,,), where 1,, =
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general a lot worse behaved that two-sided weights, they are very similar formally. Furthermore,
one can typically deduce reverse Holder inequalities for two-sided weights by studying the reverse
Holder inequalities for forward and backward Muckenhoupt weights and glueing them together.
This is however a particular feature of the one-dimensional case as in higher dimensions the theory
of one-sided weights is not as complete, nor is it clear which geometric setup, if any, would give
analogous results.

3.1. Reverse Holder inequalities for one-sided weights. A weight w on the real line is said
to be in the forward class A if

w(a,b) /o(b,c)\P!
S Tla o)l <|(a,c)|> < e

(W] AY =

where o := w77 is the dual weight of w. One-sided weights have been studied extensively, see
for example [3,17,18, 19, 20, 26], and it is well known that w € A;{ if and only if the forward
maximal function

x+h
M*f(x) = supJ [f(t)|dt
h>0 X
maps LP(w) to itself. This again happens if and only if M™ maps L?(w) to LP*(w). For p =1
the class A7 is defined as the class of weights w for which

< +00

M~w
Wiy =|
k W Lo (R)

where we remember that M~ is the backwards Hardy-Littlewood maximal function

‘I X
M~f(x) := sup — J [f(t)|dt.
h>0 h x—h
Finally, the class Al can be defined in several equivalent ways. For example we have A} =
Up>1A; Alternatively A} can be defined as the class of weights for which

= sup ]J M~ (wl;) < 400,
r w(l) )

where the supremum is taken over all finite intervals I C R. For this definition see [20]. Completely
symmetric definitions can be given for the classes A; for 1 <p < oo and all the results that we
prove below have symmetric versions for A

Our first task is to state and prove the analog of the Bojarski-Sbordone-Wik theorem for A7
weights. We note here that almost sharp reverse Holder inequalities have been proved for example
in [20]. However the precise statement below, which is the best possible reverse Holder inequality
for A7 weights, appears to be new. The proof of this inequality follows more or less well known
arguments, as for example in [11], and in particular it follows by establishing estimates as in the
hypothesis of Lemma 2.2.

(W)az

o
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Theorem 3.1. Let w € A] and suppose that [W]AT < & for some & > 1. Then for all
1 <r<6/(6—1) and for all finite intervals (a,b) we have

T =1 r—1
w' < M~ (wl(gp))(b)" 'w(a,b).
(a,b)

— o1y =5
It follows that for all a <b < c and all v < 6/(6 — 1) we have
1T =1
r—1 T T
| ws g peae

Furthermore, these reverse Hélder inequalities are best possible, both in terms of the range of
integrability as well as in terms of the multiplicative constant.

Proof. Let I = (a,b) be an interval and consider the set E) = {x € I: w > A}. Set also A, =
M~ (w1;)(b)/6. The first reverse Holder inequality of the theorem will follow from Lemma 2.2
once we show that w(E,) < SA|E,| for all A > A,.

To that end let us first assume that w is continuous. Then the set {x € R: w > A} is open
thus there exists a collection of disjoint intervals {I;}; = {(aj, b;)}; such that Ex = U;l; N 1. For
each interval I there are two possibilities. If b; < b then by the definition of [W]AT we will have

W(I] N I) S [W]A]*W(b))uj N I| S 67\|I) N I| as bj ¢ E)\. If b § bj then
w(;NI) M~ (w1;)(b)

S| N o

for A > A,. Combining these observations we get that w(E,) < OA|E,| for all A > A,.

For general w € A we use a standard approximation argument as in [12]. Indeed, let ¢ €
C(R) be a smooth function with compact support satisfying ¢ > 0 and [ ¢ = 1. Denoting by
di(x) ==t Pp(x/t) we readily see that ¢ +w is an A] weight, uniformly in t, with [w*c])t]AT <09.
Then for each t > 0 and A > A, we have

J w s by < SAEy]
Ea

and the conclusion follows for general w € A7 by letting t — 0.
The second reverse Holder inequality follows from the first via a standard argument. Indeed for
all a < b < x < ¢ we write

J W< j W< Coo(PM™ (Wl ia)) (x)™ ' w(ay )
(a,b) (a,x)

where we have set C,,(r) :=8""(r' —1)/(r' — 8). Then
(byc) € {x € R M- (whioq (1) > wlaye) Culr) | wr)
(a,b)

and the second reverse Holder inequality of the lemma follows by the weak (1, 1) type of M~ with
constant 1.
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For the sharpness claim, it is enough to check that the second reverse Holder inequality is best
possible, as it follows from the first. For this we use the well known example w(x) := x| for
0 < T < 1. We have that w € A; and thus w € A while one easily verifies that Wiar = T
We consider the points 0 < 1—¢ < 1 for e € (0,1). Then, assuming a reverse Holder inequality

of the form

|(b,c)|f-‘j W < Coo(r)w(a, )’

(a,b)
for all a < b < ¢, and plugging in the previous choices of a, b, ¢, and w, we get that f(o,1—a) W' <
~+00 exactly when r < ]1/1T/T. Furthermore we must have
Co(m) >T((t=Tr+1)" sup e '[1 — (1 —¢) =] = ] il
v 0<e<] (1/t) 1y — 1!
which is exactly the constant in the reverse Holder inequality of the theorem. O

Remark 3.2. In what follows we will state and prove a sharp one-sided reverse Holder inequality
for weights in Al . Observe that the A condition can be written in the form

PO < g S < ML)

for all intervals I = (a,b) C R. As in the comments preceding the statement of Theorem 1.6 the
heuristic is that the function M~ (w1;) behaves locally like an A; weight. This remark should of
course be taken with a grain of salt because of the localization of the maximal function in the
definition of the A, constant.

In order to state the reverse Holder inequality for A in its sharpest possible form we need a
technical definition.

Definition 3.3. Let f be an integrable function with compact support. We then define

X
M f(x) = sup ]J M~ (fl_ny)(y)dy, x€eR.
h>0 x—h

The rather involved maximal operator in the definition above can be understood as a local
version of the second iteration of M~. The motivation for this definition is essentially contained
in Remark 3.2 as we need to find an appropriate A,.-analog of the value M~ (w1;)(b). Recall
that the last quantity played an important role in the statement and proof of the sharp reverse
Hélder inequality for A} weights.

The following estimate is an easy consequence of the definitions.

Proposition 3.4. If I = (a,b) is a finite interval then for allw € AL with (W),+ < & we have

M OWL(D) < M (whi)(b) < SM-(wL)(b)

We are now ready to prove the sharp reverse Holder inequality for AZ .
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Theorem 3.5. Let w be a weight in AL, with constant (W),+ < & for some & > 1. Then for
all1 <r < d/(1—205) and for all finite intervals (a,b) we have

1 r'—1
J M- (Wliep)" <
(a,b)

s M Wlaw) (0) M (Wlep)(a, b)

Proof. We fix some interval I := (a,b) and write Ey :={x € I : M~ (wl;) > A} = Ny =
I NUj(aj,b;) by Lemma 2.3. Note that, because of Lemma 2.3, we have that I; N I # () while
a; > a for all j from the definition of M~. Another important observation is that for x € I N I;
the maximal function M~ (w1y)(x) can be localized on the intervals I N I;, namely we have

M~ (wly)(x) = M~ (Wln)(x),  x €.
To see this suppose that x € I'N I and consider u < a;. Then

X X
a —u X — Q;
leIZ ) JJCW].I.

u X — —u qj

However, since q; ¢ E) we have faj wl; <AL fx wl; by Lemma 2.3. This shows that

Jf Wi < f wl; = f Wiy, < M~ (Wl ) (x)

and thus M~ (w1y)(x) = M™w(1jy)(x) for x € IN ;.

We now define A, := &~ l\/I[2 (WII)(b) and we show the estimate M~ (w1;)(E)) < OAJE,| for
all A > A,. To see this note that for the intervals I; there are two possibilities. If b; < b then
I; C I and by the definition of (W), and the previous observations we have

M~ (wl)(IN]I) :J M~ (wly,) < dw(l;) = 8AIL| = SAIT N Tl
5
The other case is that b; > b for some interval I;. Then Proposition 3.4 implies that for A > A,
we have

M_(WII)(I N I]) = M_(WIIQI).)(I N I)) < |I N I]| M[_Z} (W].I)(b) < 57\O|I N I]’ < 67\|I N I]|

Combining these two cases we see that M~ (w1{)(E)) < AS|E,| whenever A > A, and the estimate
of theorem follows by Lemma 2.2.

In order to see that the range of integrability in the reverse Holder inequality is best possible we
use again the weight w(x) := [x|*! for T € (0, 1) which satisfies [W]AT =1 ' Taking I:=(0,1)
we now have that M—(w1;)(x) = v'w1; and also My (wl)(x) = T2wl;. A simple calculation
shows that this example is an extremizer for our inequality. O

In the theorem above we have chosen to write the reverse Holder inequality for A in a rather
involved way. Our reason for doing so was to highlight the similarity between the reverse Holder
inequalities for A} and Al and to show that the intuition given by Remark 3.2 can be made
rigorous. Below we deduce some more practical versions of the reverse Holder inequality for AL .
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Corollary 3.6. Let w € A with (W),: < & for some & > 1. Then for all v < 6/(6 — 1) and
for all finite intervals (a,b) we have
r’—1

| ML) < 85 M L) (0) 'wla, b
(a,b)

‘r_

Furthermore, for all real numbers a < b < c and for all v+ < 8/(& — 1) we have
/

—1
r(b,c)r”J M- (Whiap) < 8- tw(a, ).
(a,b) =9

These inequalities are best possible, both in terms of the range of integrability, as well as in terms
of the multiplicative constant.

Proof. To prove the first inequality we just use Theorem 3.5 together with the remark of Propo-
sition 3.4. The second inequality together with the optimality claim follow in exactly the same
way as in the end of the proof of Theorem 3.1 and the details are left to the reader. O

3.2. Two-sided reverse Holder inequalities in one-dimension. As we have already com-

mented, the two-sided version of Theorem 3.1, namely the sharp reverse Holder inequality for A4

weights goes back to Bojarski, Sbordone, and Wik, from [2]. The main goal of this paragraph is

to prove the A, version of this result. We rely again on the heuristic described in Remark 3.2,

namely, if w € A, then M(w1;) behaves locally like an A; weight. As in the one sided case the

proof relies on an appropriate version of the rising sun lemma, which is contained in Lemma 2.4.
We now give the proof of the sharp reverse Holder inequality for weights in A.

Proof of Theorem 1.7. Given some open interval I = (a,b) and w € A let Ey ={x € 1 :
M(wl;) > A} We set A, := M(w1;)(I)(8]I]))~". We first show that for A > A, we have
M(w1;)(Ex) < SAE,]

The set {x € R: M(w1;) > A} is open thus by Lemma 2.4 there exists a countable collection
{Ii}; = {(aj, b;)}; of pairwise disjoint intervals and Eyx = UiL,N L If INL] < |I| then INT ¢ 1
and it is of the form (aj,b), with a; > a, or (a,b;), with b; < b, or INT; =1I; ¢ I. Using (ii)
and (iii) of Lemma 2.4 we have for these intervals that

NI
M(w1)(INT) = M(wli )(IN ) < 5V‘M|1j N1 < SAIL N .
j
It remains to consider the case |I; N I| = [I|. However in this case we have
M(w1;)(I)

M(wl;)(L; N 1) :J M(wl,) = 81| = AgST| < AdT]

1 S|1]
since A > A,.
Thus M(w1;)(Ey) = Zj M(wl)(;NI) < oA Zj II; N I| = 8A for all A > A, and the reverse
Holder inequality of the theorem follows by an application of Lemma 2.2.
The optimality of the exponent in the reverse Holder inequality and of the multiplicative constant
follows by considering the usual example w(x) := [x|*' for 0 < T < 1 on the interval (0,1). O
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The reverse Holder inequality was stated above for the maximal function M(w1;) instead of
w itself, as we think that this is a natural way to write sharp reverse Holder inequalities for A,
involving the Fujii-Wilson constant. However we record the following easy corollary.

Corollary 3.7. Let w € A, with constant (W)a_, < 0 for some & > 1. Then for all 1 < r <
/(6 —1) and all finite intervals 1 we have

fo =g ()

and the range of /ntegrab///ty is best possible.

3.3. Sharp weak-type reverse Holder inequalities at the endpoint. The reverse Holder
inequality for A; weights on the real line has the form

JCWY T r'—1 J[W
I _6T]r’—6

whenever 1 <1 <1, = [W]a,/([W]a, —1). We know that this range of integrability cannot be
improved as can be easily seen by inspecting the example w(x) := |x[*' for T € (0,1). Indeed,
Wi, = 7" and w is not locally in L™. However, it can be easily checked that w € L™ (1)
for any interval 1. This suggests that we might be able to consider weak-type reverse Holder
inequalities at the endpoint, that is, inequalities of the form

mi{t ER:w> A< W(fw)rw.

Indeed, such endpoint estimates are proved for example in [22] in the case that w is a dyadic A
weight. See also [25] for a Bellman function approach.

We provide here the analog of the result in [22] for non-dyadic weights in A;, together with
the corresponding endpoint reverse Holder inequality for A, weights on the real line. We don't
pursue higher dimensional versions of these inequalities as, in dimensions greater than 1, it is not
clear what the appropriate endpoint should be.

In what follows, for every finite interval 1 on the real line and a weight w we define

1 1
[ W[ oo, ax) = T supAi{x € I: w(x) > A}|~.

> | T A>0

Furthermore, for a non-negative function w restricted to some interval I we will write w* for the
non-increasing rearrangement of wl;. Note that we use the convention that w* is left-continuous,
as in [2]. With these definitions in hand we can now give the proof of Theorem 1.8.

Proof of Theorem 1.8. We begin by fixing an interval I and a weight w with [w]x, < 8. From
now on we can assume that w = wly is supported on I. As it is shown in [2] we then have that
w* is in A;(0, |I]) with the same constant 8. In particular we have for all t € (0, |I]] that

1

t
J *(s)ds < dessinf w* = dw*(|1]).
t o (o1
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Note here that, as it was shown in [2], the fact that the rearrangement of w has the same A;-
constant is specific to the one-dimensional case. It now follows from [28, Lemma 2] that for all
t € (0,|I]] we have

th*(s)ds < (t);’JI w*(s)ds

0 17 Jo
Letting E) :={I: w > A} we have

w(Ey) < LEAW*(S)ds < (||EIA’|);’ J: w*(s)ds = ('E');’w(l).

As we trivially have w(E,) > A|E,| this implies that
ISAEA™S < w(D)

which easily gives the desired estimate.
Now assume that the first conclusion of the theorem holds with some constant C in place of
1. Then for constant weights w = p > 0 we have for every A < u that

cs AEAST A

Twill T e
whence the optimality of the constant follows by letting A " 1. On the other hand, as we already
discussed, the weight w(x) := [x|*' for T € (0, 1) satisfies [W]a, = T and w ¢ L"*°(0, 1) for
any 1> [Wla, /(Wla, —1). m|

In order to prove the corresponding result for A, weights on the real line we will need to

study how the A, constant behaves under rearrangements. The following lemma is analogous to
[2, Theorem 1].

Lemma 3.8. Let w € A, with constant [W]a_ < 8, for some 6 > 1, and let M(w1;)* denote
the non-increasing (left continuous) rearrangement of M(w1;)1y, where 1 is a bounded interval
on the real line. Then for all t € (0, |I|] we have

] t
tJ M(wl;)*(s)ds < dM(wlq)*(t).
0
Proof. We set Ey = {x € I : M(wl{)(x) > A}. From the proof of Theorem 1.7 we have that
M(w1p)(Ey) < OAEA if A > A, := M(w1;)(I)/(81]). Thus we have
1

[EAl
J M(wl,)* = ]J M(wl;) < A < 6 essinf M(w1;)*(t) = SM(w1,)*(|EA])
[Eal Jo [Eal Je, te(0,[Exl)

*

since M(w1)* is left continuous. This proves the desired estimate for t = |E,| for A > A,.
Now suppose that A < A,. By the definition of (W)a_ we then have that A < w(I)/[I|. Since
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M(w1;) > w(I)/[I| throughout I we get that in this case E, = I. Then we trivially have

1|
JE M(wl)* = fl\/l(wll) < 5“;;” < infM(wly)

— §essinf M(wl))*(t) = sM(w1,)*(|1))

(0,11

as M(w1;)* is left continuous. This shows the desired estimate whenever t = |E,| for some A > 0.

Now for arbitrary t € (0, |I|] we define A; > 0 and t € (0,]|I]] by setting A; := M(w1;)*(t) and
ty = min{t € (0,t] : M(w1;)(t) = A;}. With these definitions we have that [E),| =t < t.
Thus

JE M(wl;)* = J[ M(wl;)* + JC M(w1;)*
0 t Jo t Uy

< tt‘éM(wll)*(h) + 0 <o
= dessinf M(wl;)*(t) = SM(wl;)*(t)

T€(0,t)

which is the desired estimate. O

With the estimate of Lemma 3.8 in hand it is now easy to give the endpoint reverse Holder
inequality of A,,. We omit the details of the proof as it is essentially identical to that of Theo-
rem 1.8.

Theorem 3.9. Let w € A, with (W]a_ < b for some & > 1. Letr, :=08/(6—1). Then for
every bounded interval I we have that w € L™>®(I, &) and

I
Lrw,oo(l,%) S fM(W].I).
I

Furthermore, the range of weak-type integrability and the multiplicative constant 1 are best
possible.

As a corollary we get some useful sharp estimates for A; and A, weights. These should be
compared to the results and discussion in [25].

Corollary 3.10. Let w be a weight on the real line.
(i) Ifw € A, then for all bounded intervals 1 and all measurable sets E C 1 we have

w(E) [EN b
W < [W]/h (m) .

(ii) If w € A then for all bounded intervals 1 and all measurable sets E C 1 we have

M(wl;)(E) -
WMot = ()7
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Proof. To prove the estimate in (i) we note that by Theorem 1.8 we have that ||W]|Lrw.co(1,ax/1) <
wi, where 1, := 6/(8 — 1). Using Hoélder's inequality for Lorentz spaces we get

1 El\ & [ENT
o 1 < ! T ,00 Gl )™ < / N rW.
IIIJW e < lwli, (IdT)(m) —TWWI(|I|)

> 1]

As 1], = [W]a, we get the claim of (i). The proof of (ii) follows similarly, by using the estimate
in Theorem 3.9. m]

One can formulate similar endpoint reverse Holder inequalities for one sided weights. Indeed,
with only minor modifications in the proof one can get the following result.

Theorem 3.11. Let 6 > 1 and set v, := 6/(6 — 1). If w € AT with [W]AT < 0 then for every
bounded interval bounded 1 = (a,b) we have that

[[wllE ) S M~ (w1;) (b)™'w(I).

]_‘rw,oo(I)
Furthermore, if w € Al with [w] A < & then for every bounded interval I = (a,b) we have that

MOV ) < Mig (WL (0)™ "M~ (L) (1.

Lrw,oo(
The range of weak-type integrability and the multiplicative constant 1 are best possible.

Proof. We only give the proof of the Aj-case. The proof of the A -case follows similarly,
exploiting the estimates established in the proof of Theorem 3.5.

So let us assume that w € A with [W]AT < 0. Weset A, := M~ (wl;)(b)/b and we remember
that from the proof of Theorem 3.1 we have the estimate w(E,) < AS|E,| for A > A, where
Ex={x €1: w(x) > A} It is not hard to see that this implies that

t
JC w* < dw*(t)
0

for all t € (0,|E),[l, where w* is the left-continuous non-increasing rearrangement of wl;. A
variation of the proof of [28, Lemma 2] then shows that for all A > A, we have
[EAl

[Eal \ 5 (Ero! [Eal \
wie) = [ ws (20 [ = () wiE).
Yl Exl/ o [Ex,| ’
Using the trivial estimate w(E,) > AJE,| the previous estimate yields

MBS < (M) i) < ()l = M) (0 w(D)

This is the desired estimate and the sharpness follows as in Theorem 1.8. O
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3.4. Extensions to general measures. The one-dimensional proofs of the reverse Holder in-
equalities relied mostly on topological properties of the real line rather than properties of the
Lebesgue measure. Indeed, one can consider a non-negative Radon measure 1 on R and derive
essentially identical results, as long as 1 doesn’t have atoms. To formulate one example let 1 be
such a measure and define A, (1) to be the set of weights w such that

(WA, = sup
+) I:u(1)>of1WdH

where the maximal function M* is defined naturally as
1
MAF(x) = sup i | IFy)ldufy)
I

x€l H(I)
p(1)>0

JM%thu<+w,
I

Here the supremum is taken with respect to all open, bounded subintervals of the real line. It is
well known that M* maps L'(n) to L*°(w) and LP(p) to itself, in fact uniformly over all such
measures. If furthermore p has no atoms then E} := {x € I : M*f(x) > A} is an open set and
Lemma 2.4 can be easily extended to give a description of E§ as a union of its open connected
components which are maximal, as in (i) of Lemma 2.4. An obvious extension of Lemma 2.2 to
general measures then gives the following corollary.

Corollary 3.12. Suppose that w is a non-atomic, non-negative Radon measure on R and w €
Aco(l) with (W)a_ () < & for some & > 1 and set r,, :=08/(86—1). Then for all1 <t <, and
for all finite intervals 1 on the real line with w(I) > 0 we have

1 1T r'—1,1 r
1 widn < Rz
(D) L e T’—é(u(l) I )

Furthermore, we have for all finite intervals 1 that

Wl < de
Lol = Dy J

Once a sharp reverse Holder inequality is proved in one dimension, it would be natural to
extend it to higher dimensions for multiparameter A,, weights defined over the basis of rectangular
parallelepipeds instead of cubes. This extension us usually achieved by slicing and induction type
arguments that can be quite involved. At the end of the next section, as a byproduct of the
main Theorem 1.6, we will present a very simple approach to sharp reverse Holder inequalities for
multiparameter flat weights.

4. ASYMPTOTICALLY SHARP REVERSE HOLDER INEQUALITIES IN HIGHER DIMENSIONS

4.1. The proof of Theorem 1.6. In this section we give the proof of Theorem 1.6. Following
the structure of the one-dimensional proofs, we will want to treat the function M(wlg) as a
local A; weight. However, since in higher dimensions the most efficient covering algorithm we
have in our disposal is the Calderén-Zygmund decomposition, it will be convenient to work on the
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dyadic level relative to a given cube Q. Thus, given a cube Q we define the local dyadic maximal
operator Mg as

Mqf(x) := sup Jclf )|dy,
$eD(Q
SBX

where D(Q) is the dyadic grid contained in Q and generated by repeatedly bisecting the sides of
Q.

The following lemma contains the main estimate for the asymptotically sharp reverse Holder
inequality of Theorem 1.6.

Lemma 4.1. Let w € A, with constant (W)a_ < & for some & > 1. Then for all cubes Q in

R™ with sides parallel to the coordinate axes we have for all A > A, := M(w1q)(Q)/(8|Q]) that
Mo(Wlg)({x € Q: Mg(wlg) > A}) < ca(8)A{x € Q : M(wlg) > Al

where ¢, (&) =0+ (2" —1)(6 —1).

Proof. We define E) == {x € Q : Mg(wlg)(x) > A} and for some fixed A > A, let us consider

the maximal cubes {Q;}; € D(Q) such that fQ. w > A. If there is only one maximal cube Q; = Q

)

then we necessarily have that Ey = Q almost everywhere. In this case we can trivially estimate
Mq(Wlg)(Ex) = Mq(w1q)(Q) = Asd|Q] < AS[E,|

as A > A,. In the complementary case we have that all the maximal cubes {Q;}; are strictly

contained in Q and E) = U; Q;. Furthermore, by the maximality of the cubes Qj, the maximal
function Mg can be localized; if x € Q; for some j then

MQ(W]Q)(X) = MQ(WIQJ)(X).
We conclude that

MQ(W].Q E)\ Z MQ W]-Q, (Q])

For a cube R € D(Q) let us denote by RV its unique dyadic parent. Observe that for each j
we have that w(Q;)/|Q;| > A and W(QJ-(”)/IQ]-(UI < A, as all the cubes Qj are strictly contained

in Q and they are maximal. Thus there is a unique cube Q; such that Q; € Qf C Q]m with
w(Q;) = AlQ;|. Note that Qj is the dilation of Qj;, with respect to the corner that Q; shares
with its parent cube, by some factor 1 <y < 2. Then for each j we can estimate

Mo (Wl )(Q;) < M(wlg)(Q;) < M(wlg:)(Qj)
= MW1o:)(Q5) — M(wlo:)(Q5 \ Q)
< OAQ;T—AIQS \ Qj < dAIQ;1 + (8 — DAIQ \ Qjl.

In the first line of the estimate above we used that Mg(w1ls) < M(wls) for any cube S, while in
the last line of the estimate we used that M(le;) >w(Q)/1QiI=Aon Q7 \ Q;. Now we use



SHARP REVERSE HOLDER INEQUALITIES FOR FLAT WEIGHTS 21

the trivial estimate [Q; \ Q| < |Q)m \ Qjl = (2™ — 1)|Qs| to conclude that
Mq(Wlg)(Ex) < (8 + (2" —1)(8 — 1))AIEA = cn(8)AIEA
as we wanted to show. O
Lemma 4.1 and Lemma 2.2 now immediately imply the following result.

Theorem 4.2. Letw € A, with (W)a,, < b for some d > 1. Then for every cube Q in R"™ and

alll<r<1+ m we have the reverse Holder inequality

1 ' —1 T
M 15)" < M 1 .
JL(; Q(W Q) = &5—1r —1 _2n(6_1)(£ Q(W Q))

The proof of Theorem 1.6 is now an easy corollary of Theorem 4.2.

Proof of Theorem 1.6. By the definition of (w)a_ we have that (J% Mq(wlq))" < 8"™wy and

obviously we have that wlg < Mg(wlg)lg. With these observations, Theorem 1.6 follows
immediately from Theorem 4.2 above. O

4.2. Extensions to the multiparameter setting. In dimensions n > 1 we used the Calderé6n-
Zygmund decomposition and dyadic methods instead of the more precise covering argument of
Lemma 2.4 for the proof of the reverse Holder inequality. This resulted to the appearance of
dimensional constants in our estimate for the local integrability exponent in the reverse Holder
inequality of Theorem 1.6, that are most probably not optimal.

It turns out that the proof of Theorem 1.6 can be adjusted to the geometry of multiparameter
or strong weights. Reverse Holder inequalities for multiparameter weights have been studied for
example in [12] and also in [7,16] while in [4] the authors study several properties and equivalent
definitions of A.-weights defined with respect to general bases of convex sets. The results [7]
also provide reverse Holder inequalities for A% by means of Solyanik estimates, but these are not
asymptotically sharp.

Here we will work directly with multiparameter weights defined with respect to more general
measures. Given a non-negative Radon measure 1t on R™ we define the class of weights A% (u)
to be collection of all weights w on R", such that

1
(W)as () == su J M, (wlg)dp < +o0.
Asln) R:p(RI))>O fRWdFL R RICH

where M denotes the strong maximal operator with respect to n

1
MEf(x) = sup J If] du x € R™
rox  H(R) Jr

The suprema above are taken with respect to all rectangular parallelepipeds R in R™ with sides
parallel to the coordinate axes.

The main idea here is that the proof of Theorem 1.6 relies on three fundamental properties. One
of them is the dyadic structure of the basis defining Mg and the doubling property of the Lebesgue
measure. The second fundamental property used above is that the dyadic maximal function can
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be localized on the maximal cubes from the Calderén-Zygmund decomposition. And we also use
a somehow trivial control of the weight by the maximal function, namely that w < Mqw for a.e.
x € Q which in turn is a consequence of the Lebesgue differentiation theorem and therefore it
also depends on the geometry of the dyadic grid.

We have the following corollary for non-atomic product measures, which clearly includes the
classical case of multiparameter weights with respect to the Lebesgue measure on R™. We can
go beyond doubling measures as in Coroallry 3.12 but here we can jump immediately to higher
dimensions.

Corollary 4.3. Let u = Qi Wi, where W, Hy, ..., W, are defined on R and each W is a non-

negative, non-atomic Radon measure on the real line. Let w € A} (1) with (W)as () < 8 for

some & > 1. Then for every rectangular parallelepiped R in R™ with sides parallel to the coordinate
1

axes such that wW(R) >0 and all 1 <r <1+ T We have the reverse Hélder inequality
1

- ' —1 1 T
Jewdp LW du < 51" —1-=2(6—-1) (wadu Jdeu) '
Proof. We start with the one dimensional case by constructing a p-dyadic grid. Given an interval
I with u(I) > 0O, define the first generation G;(I) of the dyadic grid as the collection {I_,I,}
where 1., I are subintervals of I with disjoint interiors that satisfy u(I,) = u(I_) = u(I)/2.
Note that this splitting [ = I_UI, is in general non-unique. For specificity we always choose I to
have minimal Lebesgue measure among the allowed intervals I_. Define G,(I) = G;(I,)UG;(1)
and recursively define the next generations consisting of closed intervals with disjoint interiors.
Let D*(I) be the family of all the dyadic intervals generated with this procedure. A collection of
nested intervals from this grid will be called a chain. More precisely, a chain C will be of the form
C ={Ji}iew such that J; € Gy(I), and Jiyy C J; for all i > 1.

If we define Co, := je¢ ] as the limit set of the chain C, we have that C., could be a single
point or a closed interval of positive length. In any case, we clearly have that u(Cs) = 0. We will
say that those limit sets C, of positive length are removable. These are at most countably many
and thus their union is also a p-null set. We denote by R the set of all chains with removable
limits. If we define

(44) E=1\J C

CeR

we conclude that p(I) = w(E) and, in addition, for any x € E there exists a chain of nested
intervals shrinking to x. Therefore the grid D"(I) forms a differentiation basis on E. Moreover,
the dyadic structure of the basis guarantees the Vitali covering property, see [6, Ch.1], and
therefore this basis differentiates L' (E).

We define a dyadic maximal operator associated with this grid as follows. For any x € E let

1
M{f(x) := sup J If] du.
JGID“(I) w(]) ]
5%

By a standard differentiation argument, we have that this maximal function satisfies [f| < M{f
almost everywhere on E. The dyadic structure also guarantees that M| can be localized on
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maximal Calderén-Zygmund intervals. As a corollary of the method of proof of Theorem 1.6 and
the discussion above, the one dimensional case of Corollary 4.3 is proved.

For the higher dimensional case we remember that pu = @, pi, where py, Ha, ..., H, are
defined on R and none of them has atoms. We build an appropriate p-dyadic grid relative to a
fixed rectangular parallelepiped R in R™. Suppose that the rectangular parallelepiped R is of the
form R =[], Ii. We perform the partition on each direction in order to obtain the dyadic grid
D¥ = [J;>1 Gj(I;). Following the same idea as in the one-dimensional case we call R; the family
of all chains with removable limits in each direction. After removing all of them, we can assume
that any chain C = {J . }men in D* verifies that lim,, . diam(J,,) = 0. As in (4.4) we define
the sets

E=L\ | Cw, 1<i<nm,
CeR;
and E:=E; x --- x E,. We can build the dyadic grid for R by taking products elements of each
DM of the same generation. More precisely, the k-th generation dyadic grid is

DYR) ={]1 x -+~ x Jn: Ji € G(L), 1 <1< n},
and the full grid is the union of all generations
D*(R) = UDK(R).
K

The grid D*(R) defined in this way is a differentiation basis on E, as in the 1-dimensional case,
satisfying the Vitali covering property. Hence, the same reasoningallows us to conclude that the
maximal operator M%, defined as

1
MEf(x) :== sup J Ifldp
R sepn(r) 1(S) Js ’
Sox
satisfies the inequality w(x) < Miyw(x) for p-a.e. x € E. We also have the localization property
for M and therefore we can proceed as in the proof of Theorem 1.6 in order to conclude the reverse

Holder inequality for multiparameter weights with respect non atomic product measures. O
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