INTERPOLATION ERROR ESTIMATES FOR EDGE
ELEMENTS ON ANISOTROPIC MESHES

ARIEL L. LOMBARDI!

Abstract. The classical error analysis for the Nédélec edge interpolation requires
the so-called regularity assumption on the elements. However, in [18], optimal error
estimates were obtained for the lowest order case, under the weaker hypothesis
of the maximum angle condition. This assumption allows for anisotropic meshes
that become useful, for example, for the approximation of solutions with edge
singularities.

In this paper, we prove optimal error estimates for the edge interpolation of any
order under the maximum angle condition. We also obtain sharp stability results
for that interpolation on appropriate families of elements.
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1. INTRODUCTION

The first family of Nédélec’s edge elements, introduced in [17], is a conforming
family of finite elements in H(curl ). After publication of [17] these finite elements
become broadly used in the approximation of elliptic partial differential equations
in mixed form, such as Maxwell equations, elasticity equations and their associated
eigenproblems [17, 14, 11, 9].

The error estimates for the numerical solutions obtained using these elements
depend on the approximation properties of the associated edge interpolation oper-
ator. The error analysis for this operator developed in [17] is based on the so-called
regularity assumption [10], and therefore the constants involved in the estimates
depend on the ratio between the outer and inner diameters. In this way, narrow or
anisotropic elements are excluded from that analysis.

Anisotropic meshes appear naturally in applications where the solution presents
edge singularities or boundary layers. As described in [8], such a situation is present
when considering the time-harmonic Maxwell equations in a Lipschitz polyhedron
with non-convex edges or corners. In this case, the poor regularity of the solution
causes some obstructions to optimal convergent approximations. One strategy to
overcome this difficulty is to use non-quasiuniform finite element meshes that are
more refined near some edges or corners. The possibility of using anisotropic ele-
ments can make the design of such meshes easier, reduce the number of elements
and take advantage of the best regularity properties of the solution: In fact, in
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many problems, the solutions have more regularity in the direction of the edges
than transversally to them.

The literature on anisotropic interpolation is nowadays rich. For the standard
Lagrange interpolation it is known, since the pioneering works [6, 15] and many
generalizations of them (see [5] and its references), that the regularity assumption
can be relaxed to a mazimum angle condition in many cases. In [2], anisotropic
estimates are obtained for a generalized Lagrange interpolation with arbitrarily
high polynomial degree. These estimates hold uniformly for elements satisfying a
maximum angle condition.

We say that a tetrahedron satisfies the maximum angle condition with constant
Y < m (or shortly MAC(¢))) if the angles between the faces and inside faces are
less than 1. For a vector-valued function u regular enough, denote by IT;u the edge
interpolation of u of order ! on the tetrahedron K (see section 2 for definitions).
Let us briefly describe the kind of estimates for II; in which we are interested. In
Corollary 6.2 (we refer to section 6 for a complete statement) we prove that there
exists a constant C' depending only on 1 and I such that if K is a tetrahedron
satisfying a maximum angle condition with constant ¢ and if 1 < m < [, for all
u € WmHLP(K) (see the restrictions on the values of p in the statement of the
Corollary) we have
(1) [ = )| oy < CR™ D™ ],
with h the diameter of K. We say that the estimate is uniform for elements sat-
isfying a maximum angle condition, because the constant C' does not blows up
if the maximum angle of the element remains bounded above away from 7. We
remark that the aspect ratio of the element may degenerate while the maximum
angle remains controlled.

Our estimates are also of anisotropic type. Indeed, in Theorem 6.1 we prove
that if an element K satisfies MAC(1)), then it is possible to choose three edges
of K, ¢1,0¢5, and {3, with lengths hy, ho, and hg, such that if 1 < m < [ and
u € WmHLP(K) (see the restrictions on the values of p in the statement of the
Theorem) we have the estimate

8m+1u

2) u—Tull ey < C RihIRE || ————
2) | |l () < { > VR S oejok

it+j+k=m+1

Lr(K)

4 pmtl ||Dmcurl U||Lp(K)}

where & = ¢;/||4;||, h is the diameter of K, and where the constant C' depends again
only on the maximum angle of the element K and on | (we refer again to section 6
for a complete statement of the result). It is important to note that the matrix made
up of &;, i = 1,2,3, as columns, as well as its inverse, have norms bounded only in
terms of v, so, the directions are “uniformly” independent. This estimate is not
affected by the relative order of the lengths h1, ho and hg, allowing for elements that
are arbitrarily narrow in some directions. Note also that in front of each derivative
in the right hand side we have the lengths in the directions corresponding to that
derivative. Then, this is an appropriate estimate when approximating anisotropic
solutions, that is, solutions with different behaviors along different directions. We
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observe that we have the diameter h only in front curlu, but in applications, curlu
may be better suited than the solution u itself.

Our work generalizes a result of [18], where the author proves anisotropic error
estimates for the edge interpolation of lowest order under the maximum angle con-
dition. Related results can be founded also in [8], but there the authors consider
elements satisfying a stronger condition on the elements (that, as showed in [3], is
equivalent to the regular vertex property of [1], which we describe below). More-
over their estimates (for tetrahedral meshes) are uniform and anisotropic, in the
above sense, only for the lowest order of the interpolation and for functions having
constant curl.

We remark that our technique differs significatively from the methods followed
in [18] and [8]: firstly, we obtain anisotropic stability estimates for the edge inter-
polation operator. Then, we combine them with known polynomial approximation
results [12], in a classical way, obtaining the desired interpolation error estimates.
We need appropriate estimates for II; in reference elements in order to obtain,
through standard scaling arguments, stability estimates with constants that do not
degenerate for narrow elements. In particular, as can be easily checked, by rescal-
ing the inequality ||Hlu||L,,(f() < C’||u||W1,p(f<) (p > 2) for a reference element K,
we obtain estimates with constants that go to infinity when the element becomes
narrower (see section 3).

Let us finally mention, only to make a comparison with results for related oper-
ators, that in [3], uniform error estimates under the maximum angle condition for
the Raviart-Thomas interpolation are obtained, but such estimates are anisotropic
only for elements satisfying the regular vertex property. We say that an element
satisfies a regular vertex property with constant ¢, if it has a vertex, such that the
matrix M € R3*3 that has as columns the unitary vectors with the directions of the
edges sharing that vertex, verifies | det M| > ¢. This is a stronger property than the
maximum angle condition. In fact, an example in [3] shows that uniform anisotropic
error estimates for the Raviart-Thomas interpolation can not hold uniformly under
a maximum angle condition.

The plan of the paper is as follows: in the next section we introduce the edge
interpolation and some basic facts that we use later. In section 3 we collect an-
alytical aspects of the maximum angle condition. In sections 4 and 5 we obtain
sharp stability results for the edge interpolation on suitable families of elements,
which allow us to prove, in section 6, the main theorem concerning the anisotropic
interpolation error estimates.

2. PRELIMINARIES

Throughout the paper, we use the standard notation for Lebesgue and Sobolev
spaces, LP(D) and W*P(D), on a domain D C R? (d=1,2,3), for their norms
Il - lzr(py and [ - [[wk.»(py, and for the seminorm | - [yx.r(py. We will use, without
explicit mention, the estimates for the traces of functions in W1?(D) on faces (for
arbitrary p > 1) or edges (for p > 2) when D C R3 is a Lipschitz domain.

Bold characters, such as u, v, denote vector-valued functions in R?, with compo-
nents u;, v, i = 1,2,3, and x = (1, x2, r3) denotes the variable in R3. We will use
the standard operator curl (-) = V x - for vector-valued functions. When necessary,
we will denote functions defined in elements K or K , by u or u, the variables in
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those elements by X or X and the differential operators with respect to these vari-

e

ables by, for instance, curl or curl. For the norm of vector-valued functions in
[LP]? or [W*P]® we use the same notation, || - ||L»(py and || - [lyyr.s(py, respectively,
as for scalar functions.

The space of polynomials of degree less than or equal k on a domain D C R?
is denoted by Py(D) (the explicit dependence on D indicates, in particular, the
number of variables of the polynomials). By P, we denote the space of homogeneous
polynomials of degree k.

Let [ > 1 be a natural number, and let K C R? be a tetrahedron. Now, we
introduce the first Nédélec family of edge elements [17] on K, N;(K), of degree .
It is the subspace of [P;(K)]? given by (see for example [14])

NI(EK) = [P1(K)’ @ Si(K)

where _

Si(K) = {p € [R(K) : p(x) - x = 0}.
Remark 2.1. It is not difficult to check that

NU(E) = [Py (K] @ [P (K))* x x.
If we set Qi(K) = [P_1(K)]® x x then we have
(3) Si(K) = Qu(K).
In fact, consider the maps ® : [P(K)]® — P1(K), with ®(p) = p-x and ¥ :

[Pr_1(K)]? — Qu(K), with U(q) = q x x. Then Si(K) = ker ® and since that ® is
surjective we have

dim §(K) = dim{[P,(K)]*} — dim Pryy = U(I + 2).
But, U is also surjective, and, as we can easily check,
ker ¥ = {xq:q € P_y(K)},
hence dimker ¥ = dim P,_o(K). Therefore
dim Q(K) = dim[P,_1 (K)]?> — dim P,_o(K) = I(I + 2).

Then Si(K) and Q;(K) have the same dimension and, since Q;(K) C S;(K), we
have (3).

Now we define the associated edge interpolation operator
I - [WHP (K] — Ni(K),
with p > 2. Let v € [W1P(K)]3. For each edge e of K and q € P,_1(e) we set

Fe<v,q>:/v'tq

(t denotes a unitary tangent field on e). For each face f of K and q € [P_2(f)]?
we set

Ff(v,q):/vxn~q
f

(n denotes the exterior normal field to K on f). Finally, for all q € [P;_3(K)]? we
set

Fg(v,q) = /KV'Q~
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The edge interpolation of v, II;v € Aj(K), is defined by

(4) /Hlv tq = F.(v,q), Vg € P_1(e), Ve edge of K,
(5) /Hlv xn-q = F(v,q), Vq € [P—_o(f)]?, Vf face of K,
!
(6) / ILv-q = Fk(v,q), Vq € [P_3(K)].
K
It is well known [14, 17] that the degrees of freedom (4)-(6) define a unique element
II;v € M(K)

The next result will be used in sections 4 and 5 in order to obtain stability
estimates for the operator II; on different families of elements.

Proposition 2.1. Let K be a tetrahedron. Suppose that u and w are functions in
(WEP(K)]3, with p > 2, satisfying
[Fe(w.q)] < C°(¢)N(u) Vg€ Pii(e), Ve edge of K,
[Fr(w,q)] < CH(@N(u)  Vqe [Pf)]?, V] face of K,
[Fx(w,q)] < C%(q)N(w)  Vqe [P_3(K)P
where N(u) is some norm or seminorm of u, and C¢,CY and C¥ are positive
functionals defined on Pi_1(e), [Pi—2(f)]* and [P_3(K)]?, respectively. Then we
have the estimate
MW || oo (i) < CN(u)
with C' depending on | and K, but being independent of u and w.
Proof. Let
{aff 1i=1,...,dim{[P_3(K)]’}}
be a basis of P,_3(K)3. Similarly, for each edge e and each face f of K, let
{¢:i=1,...,dim P_1(e)}
and
{af :i=1,...,dim{[Po(f)]"}}
be bases of P,_1(e) and [P,_a(f)]?, respectively. Then, for [v € WP (K)]3, II;v is
defined by

/Hlv~tqf = F.(v,q), t=1,...,dim P,_4(e), Ve edge of K,
/Hlvxn~q{ = Ff(v,qlf), i=1,...,dim{[P_o(f)]*},Vf face of K,
f

/Hlv-qf = Fx(v,qf), i=1,...,dim{[P_3(K)]*}.

K

Now, we can consider the dual basis associated with these equations. We denote
this basis by

Ue {vi:i=1,...,dim P_y(e)}

Uy {v{ L= 1,...,dim{[Pl_2(f)]2}}U
{(vEi=1,... dim{[P_3(K)]*}}.

?
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Thus, for example, for each 1 < i < dim P,_3(K)?, the function v € N(K) is
defined by the conditions

Fe(viK,q]K) = 0 j=1,...,dim P,_;(e), Ve edge of K,
Ff(vf(,q]f) = 0, §=1,...,dim{[P_2(f)]*},Vf face of K,
FK(VlK,qf{) = 5ij; _] = 1, .. ,dlm{[Plfg(K)P},

and the functions v¢ and v/ are defined similarly.
Then, II;w can be written as

dim P;_1 (e)
Iw = Z Z F(w,q¢)vi | +
e =1
dim{[P—2(f)]*} dim{[P—5(K)]*}
Z Z F(w, q{)vlf + F(w,q)WwvE.
f i=1 i=1

So, using the assumption of the Proposition we have

dimPl_l(e)
Mwleey < D Do CU@)IVill~w) | +
e i=1

dim{[Pi—2(/)]*}

> S DIVl | +

f =1
dim{[P;_3(K)]*}
S CR)IVE =) | N(w)

— CO(,K)N(u),

as we wanted to prove. U

3. THE MAXIMUM ANGLE CONDITION

The maximum angle condition for tetrahedral meshes was first introduced in
[16], as a generalization of the Synge’s condition for triangles. We introduce now
the definition of this condition and then we present a related result that becomes
useful for the rest of the paper.

Definition 3.1. A tetrahedron K satisfies the “mazimum angle condition” with a
constant 1 < 7 (or shortly M AC(v))) if the mazimum angle between faces and the
mazimum angle inside the faces are less than or equal 1.

In order to obtain an analytical equivalent condition, we introduce the following
families of tetrahedra. In what follows, e;,i = 1,2,3, will denote the canonical
vectors in R3.

Definition 3.2. A tetrahedron K belongs to the family F if its vertices are at 0,
hie1, hoes and hges, where h; > 0 are arbitrary lengths (see Figure 1).

Definition 3.3. A tetrahedron K belongs to the family Fo if its vertices are at 0,
hiei + hoes, hoes and hses, where h; > 0 are arbitrary lengths (see Figure 1).
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In what follows, for a vector ¢ € R3, ||€|| denotes its euclidean norm, and for a
matrix M € R3*3, || M| denotes the corresponding matrix norm.
The next theorem is proved in [3](see also [16]).

Theorem 3.1. For each 0 < ¢ <  there exists a constant C = C(¢)) with the

following property: if K is a tetrahedron satisfying M AC(v), then there exists an

element Ky € F1 UF, that can be mapped onto K through an affine transformation
Fy(X) = MoX + po with || Mo, | My '] < C.

We will present a statement of the previous Theorem that is more appropriated
for our purposes.

Theorem 3.2. For each 0 < v < T, there exists a constant C = C (1)) with the
following property: for a tetrahedron K satisfying M AC(v), it is possible to choose
a vertexr po and three of its edges, ;, i = 1,2,3, such that, if & and h;, i =1,2,3
denote the unitary vectors associated to £; and the lengths of £;, respectively, and if
M is the matriz made up of &1, & and &3 as its columns, then the map X — MX+pg
applies K onto K and |M||,||M~Y|| < C, where K is the tetrahedron with vertices

either {0, hieq, hoeo, hge3} or {0, hiey + hoes, hoes, h3€3}.

We shall obtain Theorem 3.2 from Theorem 3.1, but we want to observe that it
could be proved directly following the same ideas of [3].

Proof. Suppose K verifies MAC(iZ) and let f(o, Fy, po and My be as in the state-
ment of the Theorem 3.1, with || Mo, || My || < C ().

If I~(0 € F1, we suppose that its vertices are at 0, ho,1€1, ho 2e2 and hg zez, while
if l~(0 € F» suppose that they are at 0, ho1€1 + ho2€2, ho2e2 and hpses. In any
case we define ¢; = h; gMpe;. Then, we have

ty = Fy(hioer) — Fo(0) = Fy(hi,0e1 + haoes) — Fo(ha0e2),
bl = Fo(hz,oez) - FO(O),
l3 = Fy(hsoes) — Fo(0),

that is, the vectors ¢; represent three edges of IN{O. Let &; be unitary vectors asso-
ciated with ¢;, i = 1,2,3 (that is, & = £;/||4;]|). By setting h; = ||4;]],7 = 1,2, 3,
we consider the tetrahedron K defined as follows: if I?o € F1, we take K e Fi
as the tetrahedron with vertices at 0, hieq, hoes and hzes, while if f(o € Foy we
take K € Fo with vertices at 0, hie; + hoes, hoes and hzes. Finally we define the

FIGURE 1. Elements in the family F; (left) and F (right).



8 ARIEL L. LOMBARDI

matrix M made up of the vectors &1,&s and &3 as its columns, and consider the
map F(X) = MX + po.

It is clear that F'(h;e;) = Fo(hio€;), 4 = 1,2,3, and so F(K) = K. Furthermore,
if A =diag (hl‘” hz.0 h3‘°> we have M = MyA. Since

hl ) h2 ? h3 ’
h; _ h; )
he = MGl = Me, =12,

we have ||A|| < C(¥) and ||[A~!|| < C(¢), and therefore

1M < C@)?, M7 < Cw)*

Therefore we have the assertion with the constant C' given by C(1))? (where C(3))
comes from Theorem 3.1). g

Remark 3.1. We observe that the constant C(v¢) of Theorem 3.2 blows up when
Y — 7. In fact, for hy > 0 consider the tetrahedron K(h3) with vertices at
0,(1,0,0),(0,1,0) and (%, %,hg). One can easily check that ¢ (hs) — 7 if hg — 0,
where Y (hs) denotes the mazimum angle of K (hs). Let K (hs) € FyUF, be mapped
onto K(hs) by an affine transformation Fy,(X) = M (h3)X + po(hs), as stated in
Theorem 8.2. From |M(h3)~Y| < C((h3)) we obtain |det(M (hs)~1)| < 6C(¢)?
or

1
det M (hs3)| > —.
et M(hy)| > £y
Then we have
1 | K (hs3)]
ey < |det M(hg)| = ==,
6C (¢(hs))? |K(hs)]
where | K| denotes the volume of the tetrahedron K. But, since |[K(hs)| = % and

|K (hs)| remains bounded away from 0 because the lengths of the edges of K (hs) are
greater than ? (see Theorem 3.2), then we have

1
6C (¢ (hs))?

that proves our assertion.

—0 when hg — 0,

To obtain uniform error estimates for the edge interpolation on elements satisfy-
ing a maximum angle condition, we use, in section 6, uniform stability estimates for
the operator II; on elements in F; U Fy. These stability estimates can be obtained
by rescaling the corresponding inequality for reference elements in F; and in Fs.
Let 1?1 be the element obtained by taking h; = ho = h3 = 1 in Definition 3.2, and
IA(Q the one corresponding to Definition 3.3, that we take as reference elements in
F1 and Fa, respectively.

Clearly, we have the following inequalities (p > 2)

(7) Il < Clulyn g, Yue WPE)R =12,

where if ¢ = 1 (resp. ¢ = 2) then II; is the edge interpolation on K, (resp. ]’?2)
Let K be an element in F; U F, and let now II; be the edge interpolation on K .
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Then, it is easy to check that by rescaling inequalities (7) we obtain, for example
for the first component II; ju of Iju, with u € [W1?(K)]3, the estimate

5ui
a(I}j

3 3
~ 1
(8) M 1ul[ze () < ChT > hilluillLoey + > hiby
=1

4,j=1

Lr(K)

(see the proofs of Theorems 4.3 or 5.3) where h; are as in Definitions 3.2 or 3.3.
The presence of, for example, the factor hohs/h; may turn useless the estimate
when narrow elements are considered, where hq, ho and hs are of different orders
of magnitude.

To avoid the appearance of problems like the one described, we obtain, in the
next two sections, stability estimates on the reference elements sharper than the
ones given in (7).

4. STABILITY OF II; ON ELEMENTS IN THE FAMILY Fi

Let I?l be the tetrahedron {(z1,z2,23) € [0,1]® : 21 + 29 + 23 < 1}. For
i=1,...,4, we denote by f; the face having normal n;, where n; = (—1,0,0), ny =
(0,-1,0), n3 = (0,0,—1) and ny = %(1,1,1). Also, for i = 1,...,6, denote by
e; the edge tangent to t;, where t; = (1,0,0), t2 = (0,1,0), t3 = (0,0,1), t4 =

%(O,—l, 1), t5 = %(1,0, —1) and tg = %(—1, 1,0). Let II; be the edge interpo-

lation operator on the element K 1.

Lemma 4.1. Let u = (0, ua(x2, x3), us(x2, x3)),v = (vi(x1, 23),0,v3(x1,23)) and
w = (w1(71,22), wa(w1,22),0) be functions in [WHP(K1)]? with p > 2. Then we
have

ﬁlu = (0, p2(w2,w3) — s1(w2, ¥3)3, p3(T2, 23) + s1(22, 23)72),
v = (qi(z1,23) + sa(w1, 23)x3,0,q3(21, 23) — $2(w1, 23)21)
)
)

)

ILw = (7"1(5517352)—83(3017562)%2,7"2(961,%2)+83($179€2)$170

where pa,p3, s1 € P_1(f1), q1, 43,52 € Pi—1(f2), and 11,72, 53 € P_1(f3).

Proof. We prove only the first equality, since the other equations follow similarly.
Let p2(x2) be the L2-projection of us(w2,0) on the space Pi_1(e3), and let ps(xs)
be the L2-projection of ug(0,x3) on the space P,_1(es). Furthermore, let py, ps €
Pi_5(f1) and s; € Pi_1(f1) such that

/ [_(u2 - 252) + (US - ﬁd)] q, VQ S 13171(64)7

€4

(9) / zs(fr —s1)q = / (us—p2)a Va e Piao(f))

1

/ (~23(p2 — 51) + 22(fs + @1)] ¢

€4

/962(1534-81)61 = /(U3—ﬁ3)q Vg € Pa(f1).

1

Assuming, for the moment, that there exist such ps, p3 and s1, we define
p2 = P2 + Z3 P, p3 = D3 + T2 Ps3.

Then, after some computations, we can check that ps,ps and s; satisfy the first
equation in the statement of the lemma.
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So, it remains only to prove that the system (9) has a solution ps,ps,s1 as
required. We will prove that there exist a unique such solution with ps,ps €
P _5(f1) and s1 € Isl,l(fl). For that purpose, being dimf’l,l(fl) = dim P,_1(e4),
it suffices to prove that if

(10) / [—23(p2 —s1) +22(P3 +s1)] ¢ = 0 Vge P_i(es),
(11) / r3(p2 —s1)g = 0 Vge Pa(f)
(12) [ walistsa = 0 vae Pa(h),

1

then ﬁg,ﬁ;iand s1 vanish. Let z = (z3(p2 —s1),22(P3+51)). Then z € [P_1(f1)]*+
(—x3,22)P,—1(f1), that is, z is in the space of edge elements in a 2-dimensional space
(see [14]). Using the Green formula on f; we have for all ¢ € P_1(f1)

/curlzq:—/z-cur1q+/ z - tq.
1 1 6fl

Note that z-t = 0 on e and e3, while on ¢4 we have z-t = %[7I3(}32*51)+I2(ﬁ3+

s1). Since qle, € Pi—1(e4), there follows from equation (10) that [ z-tqg=0. So

/ z-tqg=0.
of1

€4

Also, since curlq = (—aa—é, 88—52) € [P—2(f1)]?, it follows from equations (11) and
(12) that
/ z-curlqg = 0.
1
Hence

/ curlzg =0 Vg € Pi_1(f1),

and since curlz € P,_1(f1) we conclude that curlz = 0. It follows that z = Vp
with p € P(f1), so z € [P_1(f1)]? (see, for example, [14], p. 263). But then,
s1 € P,_1(f1) must vanish. Therefore, equations (11) and (12) imply that py and
p3 also vanish, as we wanted. ([l

In what follows, for a function v € [W1? (I/(\' 1)]? we denote the i-component of

~

ﬁlv by ﬁlﬂ-v. So ﬁlv = (ﬁ171V7ﬁl,2V, II; 5v).

Theorem 4.2. Let u € [WYP(Ky)]3, with p > 2, such that curlu € [W1(K;)]3.
Denote curlu by 0 = (01,04,03). Then we have

IA

LOO(IA{I) C(”UlHWlp(f(l)+H92|‘W11(f(1)+H93|‘W11(f(1))
[eonll, o O (alhwnniny + 1000 ) + 105l

o

IN

iy = © (el ey + 181l iy + 162l )

where the constant C' is independent on u.
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Proof. We prove the first inequality, the others follow analogously. Due to the den-

sity of [C°°(K1)]? in the space of functions in [W'(K;)]? with curl in [W1(K7))3,
with the norm || - HWL,)(K1 + [leurl ()[lyy1.1(, ), that can be proved following, for
instance, the techniques developed in chapter 3 of [4], we can assume that the

function u is smooth on K1 Let w = (ug,us — u2(0 X9, x3), uz — uz(0, 2, T3)).
By Lemma 4.1 we have Hl u= Hl 1w. But, le is defined by conditions (4)-(6)
on Kl. Define

N(u) = ||u1||W1,p(f<1) + ||92||W1,1(f<1) + ||93||W1,1(f<1) .

Then, by Proposition 2.1 it is sufficient to prove that
(13) |Fe,(W,q)] < C®(q)N(u) Vge P_1(e;),i=1...,6,
(14) [Fr.(w,q)] < Cf(a)N(u) Ve [Ro(fi)? i=1....4,
(15)  |[Fg,(w.a) < CF(a)N(w)  VYae AR
For simplicity, we will denote the constants C¢(q),Cfi(q) or ok (q) always by
C(q) or C(q) without explicit reference to the edges, faces or element.

Note that wy = w1 and wal|y, = ws|f, =0, and the second and third components

of curl w coincide with 65 and 03, respectively.
We begin proving inequalities (13). We have

Fe,(w,q) = / u1q Vg € Pi—1(e1),
€1
Fez(qu) = O VQ c B—1(62)7
F€3(W7q) = 0 vq E B—l(e?)))
Fe,(w,q) = 0 Vge Pi(es),
1
Fe (w, = — w) — W Vg € P_1(es),
awa) = 5 [ —w)e vee o)
1
Fe, (w, = — —wy +w Vqe P_1(e
(w0 = 7 [ Cume Yoe )
Clearly, we have estimate (13) for ¢ = 1,...,4. It remains to consider the cases
i=25and i =6.

A polynomial ¢ € P,_1(e5) can be written as ¢ = ¢(z3), and we can see it as a
polynomial in P,_1(f2). For such a polynomial, using the Green formula in fo, we
have (we denote by (n1,n3) the unitary outward normal in the plane zj23 to dfs)

0 8
/92q ( q g

/ + 75 o =)

o w1 q T+ —= w; —wsz)q,
€1 \/§ €5

1 9q

— w; —w3)q = 0 +/u +/u—.
ﬁ/es( 1 3)q /2 24 ., 19 i 189[:3

Then, we see that

oo, ) < C(a) (It ) + 102y i)

Il Il
| |
S
S
C%Q;

SO
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Similarly, we can prove that

Foy(w, )] < C(a) (Il e,y + 105l ) -

So we have proved inequalities (13).
Now consider the estimates (14). We have

Frp(w,q) = 0 Va=(q,q) € [P2(f1)?

Fr,(w,q) = / w1 q1 + W3 q2 Va = (q1,¢2) € [P—a(f2)]?,
Fp(w,q) = / w1 q1 + w2 g2 Va = (q1,q2) € [Pi—2(f3)]?,
Faova) = [ -t -w)e Va= (o) € RGP

(we remark that we are taking suitable basis on each face in order to have these
formulas). We estimate Fy,(w,q). Given g2 € P_2(f2) we define g» € P,_i(f2) by

1—x3
G2(w1,23) = —/ qo(t, x3) dt.

Z1

Then, using again the Green Formula and keeping in mind that ws = 0 on es,

ggi = ¢2 and @2/, = 0, we obtain

] ) [ o
242 = — wlai_w3q2 - w1 q2.
f2 2 xS €1
/ w3 g2 = (92(]2 +u1 ) —/ U1 Q2.
2 €1

Therefore,

So,
1w, @)l < C(@) (It i) + 182l 7))

as we wanted. In a similar way, we obtain

1w, @)l < C(@) (It i) + 15l )

On the other hand, since ws|s, = 0, we have for each ¢1 € P,_2(fs)

/wgq = /IU3(1—$2—$3,$2,1‘3)Q1($2,$3)
4

1

17%27I3
/ / %(t,m,m)m(m,m)dtdﬂiz dzxs

3:101
87113
= !
K 0x1
= - 02 q1 + L.
K i2¢! 8 T3

where we have extended ¢; from f; to K 1 in the natural way. Hence

[ @ = ws)an < @) (i + 182l i)

4
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Similarly, we have

/ (w1~ w2) a2 < C(a2) (Il iz + 165011 )
4
and then we obtain
1Fr,(w,@)| < C(@) (1ot oy + 102w ) + 105l ) -

Therefore we obtained (14).
Finally, we prove inequalities (15). We have for q = (q1,q2,q3) € [P—3(K1)]?

Fg (w,q) = / (w1q1 + w2q2 + w3q3)
K

Using again that ws|r, = 0 we have

Z1
/f( W2 Gz = /K / 3351 (t, 2, x3) g2(x) dt dx
1 1

Imee ploma=is g l—zy—x3

= / / / wz thawg)/ qQ(X)dxldtdmgde
t
_ / Owy _
7 axl q2
ouq

= | O+ o

Ky K, 8

where

l—xo—x3
Gao(t, 2, 23) = / q2(x1, x2, x3) day.
¢

’[\ w2 g2
Ky

Analogously, we have

’/A w3 g3
Ky

Clearly, we have arrived at

So, we see that

< C(a2) (lhurllyin iy + 1081 z,)) -

< Clgs) (Il () + 10201z, ) -
(K1) (E)

|Ff{1 (w,q)| < C(a) (||U1||W1,p(f<1) + H92HL1(1?1) + ||93||L1(f(1)) :

Hence, we have proved the first estimate of the assertion. (I

Now we can state the main result of this section, concerning the stability estimate
for the edge interpolation operator on elements in the family Fj.

Theorem 4.3. Let K € F1 be the tetrahedron generated by {0, hie1, hoeo, hges}.
Denote by Hl the edge interpolation operator of order [ in K. Then, there exists a
constant C independent of hq,hy and hs such that for all v € [Wl’p(K)} , D> 2,
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with curlv € [WHH(K)]3, we have

ov
83@-

Lp<f<>>

109 e ) < {IKI (llvllmm +Zh

3 —
~ — 1
+ h|K|*1 chrlvH o+ Zhi 8cu~r M
LK) i=1 a.%'l Ll(f()

where h is the diameter of K.

Proof. Consider the map x — X = Bx with B = diag(hl,hg, hs) that maps K,
onto K. Let v € [WhP(K)J?, p > 2, with curlv € [Wh 1(K)] and define v by
setting V(X) = B'¥(X). We also set 0(X) = curlv( ) and 9( ) = curlv(x). It is

known that, if II; denotes the edge interpolation on Ki, then II,v(X) = B'II,v(X).
So, using the first estimate in Theorem 4.2 we have

~ 1 ~
||Hl,1V||Loo(f() = EHHMUHLOOU})
1 . ~ ~
S Chj [H’Ul”wl,p(f(l) + H92||W1,1(f(1) + H03||W1’1(f(1):| .

Now, from this, taking into account that 65(X) = hyh3f2(X) and 03(X) = hqha03(X),
we obtain

o _ 01
MVl ooy < CIE[T <“v1|”(K)+Zh 0i; LP(K)>+
- i 90,
C|K| 'hs IIGzIILl(z}ﬁZhi 07 "
i=1 RIFAYSe)
3 06,
_ N 3
CIE| ™ ha | 105 iy + D P | 5=
i=1 “llza(r)

The corresponding estimates for 1:[1723 and ﬁu? can be analogously proved, thus
obtaining the assertion. ([l

Remark 4.1. By a simple application of Holder’s inequality we obtain from the
previous lemma that for all v € [WYP(K)]3, p > 2, with curlv € [WHP(K)]3, we
have

3

HHﬁHLp(k) < C{HGHLP(;})‘FZM

i=1

o
OF;

LP(K)

3 —
— Ocurlv
eurts], 1Rt I S
+ curlv o) +h th 0% )
=1 Lr(K)

This is an anisotropic inequality, that should be confronted with (8) at the end of
section 3.
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5. STABILITY OF II; ON ELEMENTS IN THE FAMILY Fo

Now we consider the reference element I?g with vertices at (0,0, 0), (1, 1,0), (0,1,0)

and (0,0,1). For : =1,...,4, let now f;, be the faces of K5 with normal n;, where

ny = (=1,0,0),ny = %(1,—1,0),713 = (0,0,—1) and ny = %(0,1,1), and for
i =1,...,6, let e;,2 = 1,...,6, be the edges with tangential vectors t;, with
t; = %(1,1,0),1’;2 = (07170)3t3 = (03031)>t4 = %(Oaflal)at% = %(171771)

and tg = (1,0,0). We alert the reader that we are redefining some notation used
in the previous section.

In thlb section, we denote by II; the edge interpolation operator on Kg, and as
before, Hl the one operator on K 1.

We can use the estimates proved in the previous section to obtaln results con-
cerning the stability of II; on Kg In fact, the reference element K2 is the image of
the element K 1, considered in the previous section, by the mapping X — x = AX,
where

1 00
A=1]11 1 0
0 01

Let u € [W1P(K,)]? (p > 2) with curlu € [W(K,)]?, and define 1 € [W1P(K;)]3
by setting u(X) = Au(x). Then, we have I;u(x) = A'Il;u(x) or

0 ux) = I0,6(X) — 0 ,u(x)
Hl’gu(X) = Hl’2ﬁ(§)
Hl,3u(x) = Hl’gﬁ(ﬁ).

We set 6(x) = curlu(x) and 5(%) = curl u(X). Then, some easy computations
show that

(91 (X)
02 (X) — 91 (X)
Os(x) = 0b3(x),

so, we have

16l sy = N6l zs)

16allpa sy < M6l izyy + 10l ey

H§3||L1(f<1) = H93||L1(f<2)
S ‘ae ’89 < &(H% |2 )
=1 Lk LU(RY) Oy LY(Ky) =\l g, Oz || 1)
3 ‘851 %, < 2y (|2 |12]....)
k=1 T L1(Ry) Oy, L1(Ky) a k=1 Oz, LY(K3) Oy L1(K2)
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Then, for instance, from the third inequality of Theorem 4.2, we have

J(Er—— ois)

C (sl zeyy + 10l iy + 182l ) -

L P L

IA

Wl,l(f(l)

IN

Analogously, we have

||Hl,2u||Loo(f(2) < C (||U2||W17P(IA(2) + H91||W1,1(f(2) + H03||W1,1(f(2)) .

We can not obtain an analogous (and suitable for our purposes) estimate for the
first component of IT;u by this simple change of variables. For that, we need the
next lemma.

Lemma 5.1. Let vo and vs be regular functions defined on the triangle {(z,y) €
0,12 : 2 +y < 1}. Ifv: Ky — R? is given by v = (0,v2(xa, x3),v3(22,23)) then
Hl,lv = 0.

Proof. Consider the map X — x = AX used previously, which applies K, onto K.
Let v be as in the statement of the Lemma, and let ¥V defined by v(X) = Atv(x).
SO, we have, G(SE) = (’Ug(il + .’32, i’g), ’U2(i’1 + i’g, i’g), ’03({271 + (lATQ, "23))

Now, let f be the triangle in the plane 125 with vertices at (0,0), (1,0) and (0, 1),
and define r(x1,z3) = (va(x1,23),v3(z1,23)). Let IIr be the 2-dimensional edge
interpolation of r of order I, that is, II?r is the function in [P_1]* + P,_1(—x3, 1),
verifying

/Hl271r(x170)Q(x1) /01)2(561,0)9(%1) Vg € P,_1([0,1]),

0
1 1
/ I2,0(0,25) glas) = / vs(0.25) alas) Vo€ Pry((0,1)),
0 0
1 1
/ (Hl2,1r - Hl2,2r)‘($1,1*fv1) q(Il) = / (UQ - U3)|(w1717x1) Q(xl) vq € ]Dl—l([oa 1])a
0 0

/Hﬁqu = /vzq Vg € P_o(f)
! !

/ Hl2,21'q
f

Then, it is easy to check that

/fvsq Vg € P_o(f).

MV(R) = (I} 0(81 + &, 23), 17 (81 + &o, £3), TI7 o0 (81 + 42, 83)).
So, since I;v(x) = A~'II;¥(X), we obtain IT; 1 v = 0 as we wanted. O

Now we are ready to estimate II; ;u. As in the proof of Theorem 4.2 we as-

sume the function u is smooth on IA(Q, and obtain the final result by standard
density arguments. Define the vector-valued function w(x) = (u1(x),ua(x) —
us (2, Ta,x3), u2(X) — ug(x2, 2, x3)). Then wo = ws = 0 on fo. Also the sec-
ond and third components of curlu and curlw coincide.
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From the last lemma, we have II; ju = II; ;w. Then, we have to obtain estimates
for II;w in terms of u. As in the previous section, we will use Proposition 2.1. We
will prove that

(16) |F€i (qu)| S C(q)N(u) Z = 1 e ’67 Vq S Plfl(ei),
(17) [Fr(w,q)] < C(@N(u) i=1...,4, Vg€ [Po(fi)?,
(18) |Fr (w,q)] < C(q)N(u)  Vqée[P_s(Ky)

with

N(u) = ||U1||W1,p(f(2) + ||92||W1,1(f(2) + ||93||W1,1(f<2) :
We begin by proving (16). We have

1
Fo,(w,q) = NG u1q Vg € P_1(e1)
el
Fe,(w,q) = / (u2(0,z2,0) — uz(x2, 22, 0))q(x2) Vg € P_1(e2)
e2
Fes (Wa Q) =0 vq € Pl,1(€3)
1
Fe,(w,q) = NG [(u2(0, 22, 23) — uz(w2, T2,73))—
eq
(ug(0, 22, 23) — ug(x2, x2,23))] q(x2) Vg € P_1(ea)
1
Fe,(w,q) = 7 w1 (T2, T2, 3) q Vg € P_q(es)
FEG(WaQ) = / ul(xlalao)q VQEPI—1(€6)-
€6

For i = 1,3,5,6 inequalities (16) are trivially obtained. Now consider i = 2. We
have

\/EFez(W,q) = / /T2 Ous t , L2, ) (ZCQ) dt dzo

_ Ous ouy
= / / |:8q;1 t 1'2;0) - 87]}2(15’ fﬂQ,O) q(iﬂg) dt dxo —
/ /wz Oouy t . ) (1’ )dtdz
(‘3302 2 2 2

For the second term in the last line, we have

/ / gzl t » %2 ) (1'2) dtdmZ B / / aU1 xl,xQ,O)q(I'Q)del dl’?
2

= // (z1,72,0)q(w2) drg day

= / [ur(x1,1,0)q(1) — ui(xy,21,0)q(z1)] doy —

0

1,1
/ / w1 (w1, x2,0)q (22) dwo day .
0 1
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Then

r2 311,1

5, ¢ C(@) (luallze g + luallzoen) + lunllzoes))

t 332, (.1‘2) dt dIQ

IN

AN

Cl@llurllyyrn(i,)-

So, we obtain

Fea(w, )] < C(a) (105l ) + Iy )

Now consider the case i = 4. We write

V2F.,(w,q) = /(U2(0,5E2,T/3)*U2($2,$275E3))Q(5E2)*

eq

/ (u5(0, 29, 25) — s (02, 72, 3)) ql2)

=t I —1If,.
We have

I5, /
-

0
aZ? t 3?2, 2)q<.’1?2)dt dl‘g

2 8”1

81‘2
|:(9UQ

(t,z2,1 — x2)q(x2) dt das

/ |:(9U2 (t, 0,1 —x9) — %(t,xg, 1-— :rg)] q(z2) dt dze —
8562

0

/ a—z:(t, T, 1 — @)] q(x2) dt doxe —
/ / (9u1 (t, 2,1 — x9)q(xs) dxo dt

Analogously for If, we have

= = / / 6.’);‘1 (t, 22,1 — x2)q(x2) dt dxy
= / / [6113 (t, w2, 1 — x3) — %(t,m, 1 —x9)| q(xs) dt dag —
3:53

/ / 8U1 t xg, Q)Q(l‘g) dxg dt

Fo(w,g) = - / (63 + 62) q(2) —

t xg, .132)—

/

So, we arrive at

0 0
/{au;(hwml xz)—£($1,x2,1—$2) q(z2)

. _/ (65 + 62) g(a) — 1.

4
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But for If; we have
1 1 d
Iiz = / / ——[u1(z1, 72,1 — x2)] q(x2) d2 d21
0 1 dxz
1
= / [ur(z1,1,0)q(1) — ur (@1, 21,1 — z1)q(z1)]dr1 —
0

1 1
7/ / Ul(l’l,wg,l7(1;’2)q/($2)d$2d561.
0 Xy
So

Fe,(w,q) = —/4(92+93)Q(!E2) +/f4 u1 ¢'(x2) —q(1) /66 Uy +/65 u1 g,

and therefore
[Feu(w, )] < C(a) (1021 ) + 105l ey + Iy ) -

We proved (16).
Now we consider the face conditions. We have for q = (g1, ¢2) € [Pi—2(f1)]?

Ffl (W)q) = Ifl + 1{27

where

1{1 = /[U3(0,1‘2,JJ3)—u3($2,$2,$3)]Q1($2,$3)d$2d$3
1

1{2 = /[U2(0ax27$3)—U2(~T2»=’C2,5U3)]Q2(5E2,$3)d$2d$3
1

It follows that

I, = /[U3(0 T, x3) — uz(xa, T2, x3)] q1 (w2, x3) drodrs

= /1/ 8x1 331,:62,$3)Q1(562,x3) dzy drodrs

B Ous Ouy ouy
- _/]?2 (8x1 - 8x3> q1 (21, 23)dx — %, 0z 3(11(351,303)d

So we obtain
1531 < @) (1820157, + Iy ) -
Analogously, we have
11l < €@ (183111 7 + Tl i)
and so
1Fy (w, )| < C(@) (1021151 i, + 105111 1y + it iy ) -

Taking into account that we and ws vanish on fy, we have for q = (¢1,92) €

[Pi—2(f2)]?
Fp,(w,q) = \[ ; uy g2

We see that the right side can be bounded in terms of |ju le,p(&)-
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On f3 we have for q = (q1,¢2) € [P_2(f3)]?

Ffs(WaCI) = */ (uz(x1,w2,0) — uz(w2,22,0)) Q1+/ w1 (21, x2,0) g2

3 3
= -If, +1,
We have

. T2
Igl = / / / 8u2 txg, 0) q1(x1, x2) dt de1das
z1
_ / / / ((’Mz_aw)
8931 8;E2 (t,22,0)
/ / / t.TQ, )ql(.’tl,l’g)dtdzldfﬂg
—/ / / (aU2 — 81”) q1 (.%‘1,3?2) daﬁldtdl'g —
0 0 0 3%1 al’g (t,22,0)
1 xro t
/ / / %(taw%0)(]1($1;x2)dx1dtd$2
o Jo o Ozo

~ 6’&1 ~
— [ O3q1 — 72,0
f3 f3 O%2

(19) al(t;$2):/[) q1(x1, x2) dx;.

q1 (21, 22) dtdwydae —

where

On the other hand we have

ouy ou
=5 = / / 1 (21,22,0) g1 (21, 22) droday
fs 02

/ {U1($1,$270)Q1($17x2)\g152:x1 dxy —
0

1
d
/ U1($1,$270)TCI1(J€17$2)d$2 dxy
Xy xz

1
= / [ui(21,1,0)q1 (w1, 1) — s (21, 21,0)q1 (21, 21)]dy —
(9
/ / uy (1, 22,0 n — (21, x2) dzrdzy.
Oxo
Therefore we arrive at

11 < €@ (183l i) + s iy ) -
Also, we clearly have
) < C@lutllyin i,

and by collecting the previous inequalities we obtain

Fry(w, @)l < C(@) (1851 gy + 11 Doy ) -
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Finally, we have for q € [Pj_2(f1)]?
Fy(w,q) = / (w2 —w3)qa +/ u1ge
f4 4

We set

T _

41 - (w2 w3)Q1

4

L{Q = / UuU14g2
4

|IAJ:2‘ < C(Q)||U1||W1.p(1?2)'
Now we deal with L{l. We have

Clearly

1
/w2q1 = // [ug(x1, 22,1 — 22) — ua(22, 22,1 — x2)]q1 (1, 22) dr1das
4

T2
/ / aUQ t 1’2,1 —1’2)(]1(1’1,%2) dtd.’Eld.’Eg

1

— / / Gg(t, ZTo, 1-— Z‘Q)Q1 (.131, .232) dt dl‘1d$2 -

T2
/ / aU1 t (EQ,l 2)Q1(1’1,$2) dtdl’ldl'g
1

~ aU1 ~
= — [ 03q1 — o,
fa fa O%2

with ¢; defined by (19). Analogously we have

8u1~
w3qr = [ O2q1 — el
4 fa fa OT3
So,
~ 8U1 5‘u1 ~
I = 0y + 0 - —_——— .
1 /4( 2 +03)q1 /f4 <8x2 83:3)(h
But

8’&1 3u1 ~ 1 ! d ~
_— = _— 1 —
/f4 <ax2 8x3> @ /O /I1 s [ur (21, 22,1 — x2)|q(21, x2) drodr;

1
= / [u1(2z1,1,0)q1 (1, 1) — wi(z1, x1,1 — z1)]qa1 (21, ©1)dze —
0
[win
s O
/ Our _ Ou -
fa 63:2 81‘3 «

and then we can conclude that

11 < €@ (182l i) + 185l i) + 1 iy )

and so,

< C(a) [lullyprn (i,
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obtaining

Fr,(w,a) < C(@) (102l e,y + 108l i) + et lwn iy ) -

Thus we proved (17).
Finally, we consider the volume conditions. We have for q = (¢1,92,q3) €

[Pi—5(K2)]?

Fg,(w.q) = /AU1Q1+/A w2Q2+/A w3 g3
Ko Ko Ko
= I+ +1.

Clearly
11| < Cl@llull oy -
On the other hand we have

I;/ = /A (u2($1,1‘2,$3)—u2($27$2,$3))fh

= / / t $2,$3)QQ($1,$2,1‘3) dtd$1 da?g dl‘g
Ky Jzq axl

1— T2
= // / / txg,xg)qg(xl,xg,zg)dtdxldxgdxg
1— T2
/ / / / F t$2,$3)q2($1,$2,1’3)d$1dtd$3d$2
1

/ aUQ (t IL‘Q,IZ’g)(]Q(t IL’Q,IZ’g) dtd(l?g d$2
&, 011

Ouy _

= [ O3+ @

o Ky 02
where
t
(jQ(t,Jfg,ﬂfg) = / qQ(xlazan?))dxl'
0
So, we see that
11 < C@) (10501 + ot Doz ) -
Similarly we can obtain
11 < @) (102151 ey + Nt o iy) -
Then, we obtained
Fre, (w,0) < C(a) (1021117, + 105 12 ey + ity ) )

proving (18).
By Proposition 2.1 and inequalities (16)-(18), we have

HHl,IUHLoo(f(Q) < ||le||Loo(f<2)
S C <H92HW1’1(IA{2) + H93HW1’1(IA(2) + Hu1||W1,p(f(2))

Then the following theorem is proved.
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Theorem 5.2. Let u € [WhP(K)]?, with p > 2, such that curlu € [WhL(K,)]3.
Denote curlu by 6 = (01,02,05). Then we have

HHlvlu”L"o(R’z) S C (”’LLl”Wl,p(f(z) + ||02||W11(IA(2) + ||03||W11(IA(2)>

A

20l ez < C Izl + 100wy + 105l ) )

HHl,?)uHLoo(f{z) < C (HUSHWLP([?Q) + ||91||W1,1(f(2) + ||62||W1,1(f(2))
Now we state the main theorem of this section.

Theorem 5.3. Let K € Fo be the tetrahedron generated by {O hiei+hoes, hoes, hyes}.
Denote by Hl the edge interpolation operator of order | in K. Then, there exists a
constant C' independent of hy,ha and hz such that for all v € [W1P(K )} ,p > 2,
with curlv € [WH(K)]3, we have

LP(K)>

g ov
e R GRS o

8:81

3 —
- — deurl
+ h|K|™* chrlvH N +Zhi cu~rv
LK) i=1 aﬁl Ll(f()

where h is the diameter of K.

Proof. The proof follows by rescaling arguments like the ones used in Theorem 4.3,
considering the map x — X = Bx with B = diag(hi, ha, h3) that applies Ko onto
K. So, we omit the details here. O

6. INTERPOLATION ERROR ESTIMATES

In this section we give optimal error estimates for edge interpolation of any order.
These estimates are derived from the stability results obtained in the previous
sections combined with polynomial approximation results.

Let us recall some well known results concerning the approximation of functions
in Sobolev spaces by averaged Taylor polynomials, that have been obtained in [12]
(see also [7, 13]). For a convex domain U C R?® and any non-negative integer m,
given g € W™ +LP(U) we consider the averaged Taylor polynomial

Qmy(x) = |[1]|/UTm9(y,X) dy,

where
— )a
Tng(y,x) = > D% :
la]<m
where, for a function ¢ = ¢g(x) and a multi-index «, D%g indicates the derivative
o] . . .
9°9. We remark that in [12], the average is taken with a regular compactly

oxe *
supported weight function ¢, while for simplicity, here we have taken ¢ = \XTUI (xv

is the characteristic function of the convex set U). The proofs of the next results
given in [12] are not affected by this change.
The following equality holds: if |3] < m then

(20) D?(Qmg) = Qu—5 (D).
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The following result is contained in Theorem 3.2 of [12]: let m > 0 and p,p €
[1,00]. Suppose that

(21)

and that there exists o with

111 1 1 11
(22) O<U§ma}<{rn+—‘,_——l-m—i_,min{l—,_}}7
s 1p p 3 p'p

where [a] denotes the largest integer less than or equal a. Then, there exists a
constant C' depending on m, o and U such that for all g € W™ 1P(U) we have

(23) (9 = Qua)llrw) < Clglwm+rpw-

Now we collect some properties of the averaged polynomials on elements in F; U
Fa. Of course, some of these properties hold also on more general domains, but we
will use them only on those elements. N

Let K € FyUF,, and consider a function i € [W™+1:(T)]3. Define q = Q, (1)
where

Qm(N) = (Qmﬁlv Qma, Qmﬂd) [ m(T)]3v
where Q,n(g) denotes the averaged Taylor polynomial of g € W™+?(K) on K of
degree m. Then, by rescaling inequalities (23) on U = Ky or U = Ky, if m,p, p and
o satisfy (21)-(22), we obtain

8m+1~

~ ~ ~i_1 11 7.1 L
(24) ||U. — qHLﬁ(f() <C |K‘P P Z hi*hs? hi 3~zlaj;28~zs

11 +io+iz=m+1

L?(K)

with C depending only on m, o and IA(l or .[?2. Similarly, using also property (20),
if m > 1, p,p and o satisfy

1 1 m
25 ———+—=20
(25) 57573
and
1 1 11
(26) 0<a<max{[m—‘7—+m7min{1—7}},
31'"p p 3 p D
then there exist C as before, such that
u—a o m—+137
en | 2522 camp > mwgnp| S
T ey irhintiamm 0y 01303 |l Lo i)

and the corresponding inequalities for the derivatives with respect to o and Z3.
Additionally, since

curl (Q,, 1) = Qu_1(curl @)
if m > 1 and p > 1 the following inequality holds:

L =L 1 Ao ~
(28) leurl (@ —q)l| . ) < Ch |K|'"7||D curlul|, i,

with h the diameter of K , and where for a natural number m and a function g, we
are denoting by D™g the sum of the absolute values of all the derivatives of order
m of g (D* = D).
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Finally, if m > 1 and p > 1 we have

[z

(29) oz, curl(u—q)

m—17-1-2 1 PAml 1
<Ch™ K| "?|D cur1u||Lp(I~<

LI(R) )
with C depending only on m,o and on the references elements. This inequality
follows by applying the estimates just presented, when m > 2, or from Hdlder’s
inequality, when m = 1.

Now, we state and prove the main theorem of this article.

Theorem 6.1. Let I > 1. Let K be a tetrahedron satisfying MAC(v)). There
exist three edges of K, {;,i = 1,2,3, and a constant C, such that for each integer
0<m<I[—1 we have
(1) 4f m and p satisfy either m > 2 andp > 1 orm =1 and p > g, then for
allu € WP (K)]? we have
(30)

8m+1u m—+1 m
AeinciAck + h ||D C’U,‘T’lu“LP(K) s
agl 852 853 Lr(K)

(2) if m =0 and p > 2, then for all u € [W'P(K)]® with Deurlu € [L*(K)]3
for some s > 1, we have

[u—ILul|prx) < C > nihdhg
itjrk=m—+1

(31)
ou 2 1_1
— + hllcurlul|p» k) + h7|K|? ™= |[Decurlul

3
[u—TLall L) < C {Z hi 7, LS(K)} :
i=1 tHLr(K)
where h; denotes the lengths of £;, & = £; /|4, i = 1,2,3, and h is the diameter
of K. The constant C' depends only on v, | and p, and it is independent of the
function w. Furthermore, C' can be chosen such that, in addition, if M € R3*3 is
the matriz made up of & as columns, then |M]||,||M~1]| < C.

Remark 6.1. The last sentence in the Theorem implies that det M 1is bounded
bellow in terms of the constant C. It follows that the directions £1,&2 and &3 are
“uniformly” linearly independent.

Proof. From Theorem 3.2 we know that there exists an element K € F1 U Fa
that can be mapped onto K by an affine transformation X — x = MX + pg
with |[M]|,[|[M~!|| < C, where C depends only on 9. The matrix M is made
up of vectors &, ¢ = 1,2,3, as it columns, where & are unitary vectors in the
directions of three edges of K, {;, of lengths h;, i = 1,2,3. Also we can assume
that K is the tetrahedron with vertices at either {0, hiey, hoeo, hses} or {0, hie +
hgeg, h2827 hged}

Assume m > 1. From the conditions on m and p we have % -7 < %, therefore
we can always choose p > 2 and o > 0 such that conditions (21), (22), (25) and (26)
are verified. From the Sobolev’s embedding theorems we know that W™ +1P(K) —
WLP(K). In particular, since p > 2, Il;u is well defined for all u € [W™+12(K)]3.

Define on K the function t by u(X) = M'u(x). Let § = (Qum(it1), Qum (ii2), Qm (iis)) €

[P (K)]3. Finally we set q(x) = M 'q(X), x € K.
We have

[u—Thul| ey < [[u—qllze ) + [T (0 — Q)| 2r(x)-
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Now

1L (u — Q)| ze (k)

N
dx)

Lr(K)

([ fpr i -

1 _ =~ ~ ~
M) || i - @)

IA

IA

1 _ ~ 1
CIM|> | M|k

Thy (8 - a)HLw(R) '

where we have used an inverse inequality. Here, ﬁl is the edge interpolation operator
on K of order . Since u € [WYP(K)]? (p > 2) with curlu € [WH1(K)]? we use
Theorem 4.3 if K € F; or Theorem 5.3 if K € F5, to obtain

LP(K ))

deurl (& — q)
0%;

1 _ ~. 1
lu—Ihul ey < CIM|7 MY |K|?

3
~_1 (1~ ~
><{|K| ? <||u_q|[,p(1})+zhi
=1

d(u—q)
0;

3
LY(K) +; LR }
i= (K)

Due to our choice of p, inequalities (24) and (27) hold true. Using those inequalities
together with (28) and (29) we arrive at

hIK| HEJH(& - a)‘

1 i i omtla
o —Ihul ey < C|M|p||M_1||< hy'hy by Al Ais Ania
i1+i2-§:m+1 81.11 81'12 amé& Lr(K)
(32) R D eurl ) . )
But,
m-+177 m+1
%i):]‘/ﬁ%(x)’
077! 025 0T 0611 0€520E5°
$0
(33) H 8m+1ﬁ - ||M|| am+1u
D Az A = 1 0 Aeiz el :
01y 0T 0%5 oy [ M7 1|08 0657 083" | 1o ()

On the other hand, if we set § = curlu and = c/u\r/lﬁ, and define

0 703(X) 92 (X)
Curlu(x) = | 65(x) 0 —61(x)
—92 (X) 91 (X) 0
and _ N
__ 0 —05(x) By(x)
Curlu(x) = 03(x) 0 —61(x) |,

—05(%)  01(%) 0
then it is known [17] that

C/'_ﬁ?lﬁ(i) = M'Curlu(x)M.
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Hence,
om p p
’WCUTIG < C/ H i1 A~ia ~13 CUTlﬁ(i) dx
0x1' 0250 Lo () 021! 025 0%
P
= 4 AMtCurlu(x)M‘ dx
af’bl 13
2 p
< || AL |”/ H Curlu(x)| dx
IM | dEnD
2 p
< p/ H urlu(x)|| dx
IMI|| | ogn ag;zag (
< M (2+m)p/ D™curlu(x)||? dx.
|M||| | | )l
So, we obtain
o 1
34 HDm curlu ‘ _<cC M/||**™ || D™curlu
31 @), < O | i

Then, inserting (34) and (33) in (32) we obtain (30).
Estimate (31) for the simpler case m = 0 is clearly proved analogously, by using
(24) with p = p and Holder’s inequality. O

Taking into account that h; < h, i = 1,2, 3, and that, since ||&]| =1, if 41 +i2 +
i3 = m then

8m+1

7u(x) < D™u(x),

0&11 0652 0E3?

we easily obtain the following simple corollary, containing a uniform interpolation
error estimate on elements satisfying MAC(1)).

Corollary 6.2. Letl > 1. Let K be a tetrahedron satisfying MAC(x)). There exists
a constant C, such that for each 0 < m <11 —1 we have

(1) if m and p satisfy either m > 2 and p > 1 orm =1 and p > £, for all
u e [WmthP(K)}13 we have

la — Ihul|pe(x) < C A ||Dm+1u||m(1<) ;

(2) if m=0 and p > 2, for allu € [W'P(K)]® with Deurlu € [L*(K)]* we
have
11
Ju = 1)l ) < Ch (D] oy + BT | ).
where h denotes the diameter of K. The constant C depends only on 1, | and p,
and it is independent of the function u.

7. CONCLUSIONS

The maximum angle condition introduced in section 3 allows for meshes that,
for example, appear naturally in the approximation of edge singularities in ellip-
tic problems or layers in singularly perturbed problems, where the classical shape
regularity property becomes too restrictive. We refer to Chapter 4 of [5] where the
author deals with the construction of families of meshes satisfying the maximum
angle condition to obtain adequate approximations for elliptic problems in domains
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with edges. For such a family of meshes, each element satisfy a maximum angle
condition with a constant 1) < 7, with 1) independent on the element and the mesh.

We have obtained in section 6 error estimates for the edge (Nédélec) interpola-
tion. These estimates are valid uniformly for elements satisfying a maximum angle
condition, that means that the constants in the estimates does not degenerate if the
maximum angle of the elements remains bounded above away from 7 (see Corol-
lary 6.2). In this way, by adding the estimates on the individual elements, one can
obtain global error estimates.

Our results are also of anisotropic type as showed in Theorem 6.1. We mention
that interpolation error estimates of anisotropic type are necessary when one wishes
to exploit the independent element sizes hi, he and hgz to treat edge singularities
or layers: if it is known that the gradient of the solution is large in some direction,
it is possible to take a mesh more refined in that direction. Indeed, in many cases,
this can be performed controlling the maximum angle of the elements.

Acknowledgments. We thank the valuable recommendations of the anony-
mous referees that motivate significative improvements to Theorem 6.1. We also
thank Ricardo G. Durén for very helpful discussions on the topics of this article.
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